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THE FREE PRODUCT OF GROUPS.* 


By Emir Artin. 


The traditional way of introducing the free product of groups consists 
in defining carefully the product of elements and proving the associative law. 
We shall use here, on the contrary, a method where the associative law is 
obvious and all the difficulties arise from the discussion of equality. 

Let X be a set of groups T. Without loss of generality, we assume these 
groups to be disjoint. The elements of all these groups will be denoted by 


small letters a, b, c,- > + whereas the capitals A, B,- >> stand for symbolic 
products : 
(1) , A= Aila’? © ln. 


The elements a; may or may not belong to the same T. The number n of 
terms is called the length of A. Two such products are equal if and only if 
they consist of the same factors in precisely the same order; in other words, 
no simplification is allowed in (1), not even if two adjoining elements belong 
to the same T or if one of the factors is a unit. Multiplication AB is defined 
in the obvious way by writing first the factors of A and then those of B. 
The associative law is therefore trivial. It is convenient to introduce also 
the “ empty” product Æ which acts as unit element. Nevertheless we do not 
get a group since A # £ does not have an inverse element. In spite of this 
we use as pure notation A for the product On an- t> << ay. 

It might happen that all the a; in (1) are from the same group T and 
that the product a:@.* * * an computed in T has the value 1. We then call A 
an elementary expression. 

Let us now define a certain set A of formal products. It contains those 
products that we want later to equate to # and is defined by induction: 


1) E£isin A. 


2) If A has a positive length it belongs to A if and only if it can be 
written in the form 


(2) A Luna] AptiAylls rei di An-1dnAn 
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where all A; are elements of A (and have smaller length, of course) and where 
the a; are such that a.a@2- * - an is an elementary expression. 


We prove now a few lemmas about our set A. 


1) AeA implies Ate A; AcA and BeA implies ABe A. Proof by 
induction. Both parts are true for A == E. Let A be of the form (2). Every 
A; is shorter than A so that the theorem may be assumed for A+ This 
proves directly the first half. For the second half we can assume A,B eA. 
Now AB has again the form (2) with A»B instead of An. 


2) If AeAand AFH we can always assume that A is of the form (2) 
with Ao = E (or also with Án = E if we prefer). Proof by induction. 
Assume A of form (2) and denote by B the whole product (2) but without Ao. 
Then BeA and A = AB. If Ay =H we have nothing to prove; at any 
rate A, is shorter than A so that we may assume Ay == 5,B,02.B.°- Bn. 
Now A = 0,B,0.B.- + + bn(BnB). 


3) If the first and the last term of an AeA belong to the same I, 
we can even assume in (2) that Ap = Ar = E. 


Proof. We can assume Ao==£; now Ang A so that we can write An 
in the form 
An = Bobi Bibe: > + bn. 
This leads to 


A= MAltA? cl UnBob,B,b: sei BmaDm. 


Since @102% + ` lnb’ ‘bm is elementary, A is of the required forni. 


4) aAa* and A belong to A or do not at the same time. Proof. a) Let 
AeA. aa* is elementary so ada e A. b) Let aAate A. According to a 
previous lemma it is of the form’ 


“Aa = aAydeAe* © * On Ana 
so that we have 


A == AydoAs* * + dn-yAn-y and Ge3* * * Qn- is elementary. 
Repeated application proves: 


5) BAB and A belong to A or do not at the same time. 
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THE FREE PRODUCT OF GROUPS. ne 3 


6) ABeA implies BA£A. Proof. ABeA implies AB-AA*EA 
since AA == AWA belongs to A. From 5) we get now BA £A. 


DEFINITION. A and B are called congruent, A= B, if and only if 
AB*eA (B*AeA would mean the same). 


We see at once: 
a) A= A since AA eA. 
b) As=B implies B==A. Indeed AB- eA implies BA* 8A. 


c) Ae=B and B= C implies A =C, because AB eA and BC eA 
imply BC-+A4B" e A and therefore CA € A. 


d) As=Band C == D imply AC = BD. Indeed B*Ac A and CD! e A 
imply BACD" € A and therefore ACD“B* £A. 


e) AAts= E. 


THEOREM 1. Our formal products form a group if we use the congruence 
instead of equality. The elements of A are precisely those congruent to E. 


Let us now consider the elements A —a of length 1. Two of them are 
congruent, a == b, if and only if ab isin A, Either ab has to be elementary, 
which means a == b, or both factors have to be in A and therefore to be the 
unit elements of their group. Our congruence equates, therefore, only the 
unit elements among our elements a. We therefore denote from now on all 
unit elements by 1. Let next a and b belong to the same group T and let e 
be their product in T. The formal product ab is then congruent to c because 
abc" is elementary. 


Our group contains, therefore, each of the groups T as a subgroup, and 
different I’s have only the unit in common. 


In the sense of congruence we are now in the position to simplify a 
symbolic product A by uniting two adjoining factors as soon as they belong 
to the same group and by dropping every unit element. Since these operations 
reduce the length of A we finally arrive either at # or at an expression where 
no factor is 1 and no two adjoining terms are of the same group. We call 
such an expression normal, 
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THEOREM 2. Every A is congruent to a normal form. 


Lemma. A normal form A == maz’ ` * Gn of length > 0 cannot be == 1. 
Proof by induction. Assume it true for shorter expressions. If we write 
A in the form (2) all the A; are shorter than A and also normal (as parts 


of A). So they must be E and only A = aja2- > ‘an remains and has to be 
elementary. But that is impossible. 

If we ask now when two normal expression can be congruent, aits“ > * du 
== 0,02: + + bm, we have to consider whether @,d.° © *anbm tbm- t" bi! can 


be == 1. Since this product must never become a normal expression before 
being reduced to Æ we easily deduce: 


THEOREM 3. Two normal expressions are congruent if and only if they 
are identical. 
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(L?)-CONNECTIONS BETWEEN THE POTENTIAL AND KINETIC 
ENERGIES OF LINEAR SYSTEMS.* 


By AUREL WINTNER. 


1. Let primes denote ‘differentiations with respect to a real variable, t, 
the range of which will be the half-line ¢ = 0. The functions to be considered, 
f(t), g(t), e(t), will be assumed to be defined and continuous on this half-line. 
For the sake of simplicity, it will be assumed from the beginning that all these 
functions are scalars. In addition, all functions will be regarded as real-valued. 

Correspondingly, z(t) will be said to be of class (L?) if 

x) 
f OLLEN 
Q 


This is neither necessary nor sufficient in order that «(t) be of class 
(L) = (I°): 
: n 
f | a(t)| dt < o. 
A 


In fact, one of the principal difficulties connected with the oscillation problems 
to be considered is that 


(1) s(t) —>0 as t> © 
cannot be assumed. 


The results will deal with the (L*)-solutions, (©), of linear differential 
equations 


(2) o” + f(t)e=—0 
and of the corresponding inhomogeneous’ equations 
(3) 0 wv” + f(t)e—= g(t). 


The issue will be the (L*)-character of the derivative, g’ (t). Such problems 
suggest themselves by the usual formal treatment of the characteristic func- 
tions, «(¢), of a Schrödinger equation (where t =r). For, on the one hand, 
neither 


* Received September 25, 1946. 
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i . 00 


f r’ (t)dt < œ 


0 


nor i 
e (t) >0 ast œ 


should be assumed of a characteristic function and, on the other hand, the 
partial integrations (on which, for instance, the deduction of the relation of 
indeterminacy depends) cannot be made legitimate otherwise. 

In order to avoid this difficulty, I gave (iii) below, under the restriction 
(4), in a lecture many years ago. I noticed only recently that what is actually 
needed when “locating” continuous spectra, namely, (iv) below, can be 
concluded from (iii). 


2. If (2) is interpreted as a dynamical system, then $2” is the kinetic, 
and 4fx? the potential, energy of a solution z= x(t). Their sum is not a 
constant, since the Lagrangian equation, (2), contains # explicitly. To say 
that x(t) is of class (L°) means that the sum total of the density of the 
kinetic energy remains finite as #-> œ. The corresponding remark for x(t) 
and thè potential energy, $fx”, holds only if |f |4, the absolute frequency 
of (2), does not come “ too close” to 0 and œ, as {> œ. 

This suggests that, under an appropriate restriction of the behavior of 
f(t) ast œ, the (L?)-character of z’ (t) can be deduced from that of x(t), 
if use is made of a form of those “ virial” considerations which, in the latter 
part of the fourth of his Vorlesungen tiber Dynamik, Jacobi has applied to 
the (non-linear, but conservative) case of a solar system. What can actually 
be proved in this manner is the second of the assertions of the following 


theorem: ) 


(i) If, as t—> œ, 


then a solution, x(t), of (1) cannot be of class (L*)unless x(t) is also of 
class (L?). The same is true if (4) is relaxed to 


(5) f(t) = Ox(1). 


It is not in general true if (4) is omitted entirely; in fact, even f(t) > 0, 
hence 


(5 bis) f(t) =02(1), 


is insufficient. 
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In (5) and (Sbis), the subscripts refer to boundedness from above 
(“right”) and from below (“left”), respectively. 
The insufficiency of the restriction (5 bis) is proved by the conn 


(5*) f(t) = (e +4) (e — 4) > 0, | (0St< o). 


For, in this case, (2) is readily verified’ to have the solution x(t) = e cos et. 
Clearly, this solution is of class (L*), and (5 bis) is satisfied. Nevertheless, 
x(t) is not of class (Z*). In fact, v(t) is the sum of two terms, one of 
which is O (e), hence a function of class (L°), whereas the other term is 
— et! sin e*, a function which, in view of 


CO Oo - 
0 


1 


fails to be of class (L?). 


3. The verification of the preceding solution makes it clear that, if 
f(t) is given by (5*), both 


a(t) == e cose’ and x(t) = e4* sin et 


are solutions of (2). Since both of these solutions are of class (L°), the 
example (5*) proves the second of the assertions of the following theorem: 


(ii) Jf f(t) is non-negative and satisfies, uniformly for all large t, a 
Lipschitz condition, 


| f(t.) — f (t2) 


then (2) cannot have two linearly independent solutions of class (L*). The 
same is not in general true if the Lipschitz condition (which, incidentally, 
allows unbounded functions f(t), such as È or t, and even tsin°1/t) is 
omitted, that is, if only (5 bis) or f(t) 20 is assumed. 

On the other hand, the Lipschitz condition is superfluous if (5 bis) is 
replaced by the assumption, (5) of (i). More generally, (2) cannot have 
two linearly independent solutions of class (L?) if f(t) has the property that 
no solution, x(t), of (2) is of class (L*) unless x’ (t) also is of class (L*). 





S const. | i — te | , 


The proof of the first assertion of (ii) proceeds as follows: 
It is easily verified (for instance, by a partial integration of the relevant 
Stieltjes integral) that 


de(t) + f(t)a?(t)} = 2°(t)df(t) 
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is an identity in ¢ along any solution, x(t), of (2) (the notation df(t) is 
justified in itself, since f(¢), being subject to a Lipschitz condition, is abso- 
lutely continuous). Clearly, the last two formula lines imply the inequality 


f | d{a’*(¢t) +F) (t)} | = const. VIOLE 


Hence, if x(t) is of class (LF), the integral on the left of this inequality is 
convergent. This means that the function x° (t) + f(t)x°(t) is of bounded 
variation. In particular, it is a bounded function. It follows therefore from 
the first assumption, f(t) = 0 (which has not been used thus far), that £? (t) 
is bounded. In other words, a solution, x(/), cannot be of class (L*) unless 
a(t) =O(1). 

Consequently, if «== x(t) and «== y(t) are two solutions of class (L°), 
then 2’(¢4) = O(1) and y(t) = O(1), and so the Wronskian, 2’(4)y(t) 
— y (x(t), is of class (L°). But the Wronskian of any two solutions of 
(2) is independent of ¢ (Abel). Since a function which is independent of t 
is of class (L?) on the half-line 0 =#< œ only if it vanishes identically, 
it follows that the Wronskian of z(t) and y(t) is 0. Accordingly, æ(t) and 
y(t) are linearly dependent. This proves the first assertion of (ii). 

The fourth assertion of (ii) (which, in view of (1), implies the third), 
can be concluded by a slight modification of the last argument. For, if 
a= x(t) and y = y(t) are of class (L°), then, by the present assumption, 
the same is true of z'(t) and y(t). But the product of two functions of 
class (L?) is absolutely integrable (Schwarz), hence integrable. Consequently, 
the Wronskian, although a constant, is integrable on the half-line 0 St < œ 
and must, therefore, vanish. Since this means that w(t) and y(t) are 
linearly dependent, the last assertion of (i1) follows. ) 


4. The third assertion of (i) has been proved by the example’ (5*). 
The second assertion of (i), which remains to be proved, implies the 
following : 


COROLLARY. If f(t) is restricted by (5), then a solution, x(t), of (2) 
cannot be of class (L°) unless x(t) satisfies (1). 


First, (1) and the assumptions of the Corollary imply that both functions 
a(t), x(t) are of class (L°). Hence, the product a(t)2’(t) is absolutely 
integrable, and so its integral over the half-line Ot < œ is convergent. 
But, since va’ = (3x°)’, the convergence of this improper integral means that 


Í 
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the square of s(t) tends to a finite limit as f> co. Finally, this limit cannot 
be distinct from 0, since x(t) is of class (L°). 


5. The remaining part of (i) is a particular case, g==0, of the 
following theorem: 


(iii) If f(t) is restricted by (4), or merely by (5), and if g(t) ws of 
class (L°), then a solution, a(t), of (3) cannot be of class (L°) unless æ (t) 
is also of class (L°). 


Only the “external force,’ g(t), and not the main ‘coefficient function, 
f(t). of (2) as well, is required to be of class (L*). 

Since x and g are supposed to be of class (L°), the product zg is of 
class (L). Hence, (8) shows that the sum ggz” + fe? is of class (L). In 
order to avoid a secondary complication which arises when (4) is generalized 
to (5), suppose first (4). Then, since x is of class (L°), hence æ? of class 
(L), the product fa? is of class (L). But the same is true of the sum 
ax” + fe?. Consequently, sz” is of class (L). 

However, zz” is identical with (zz) — g”. On the other hand. the 
assertion of (iii), according to which 2’ is of class (L°), means that z” is 
of class (L). Hence, if the assertion were not true, then, since (az')" — g” 
is of class (L), and since <” = 0, it would follow that the indefinite integral 
of (ax’)’ must lend to œ as t—> œ. But this leads to a contradiction. 

In fact, the indefinite integral just mentioned is xx’ -+ const. Since 
ax’ = (427)’, it follows that what is supposed to tend to œ is ($°). Bui 
a quadrature shows that (x°) —> œ implies #7» œ, as 1» œ. However, 
x" > œ contradicts the assumption that æ(t) is of class (L°). This proves 
(iii) in the particular case, (4), of (5). 

In order to relax (4), put f(t) = p(4) + a(t), where p = max(f, 0). 
Then both functions p, — n are non-negative (and continuous, since f is). 
Furthermore, since the assumption (5) means that p is bounded, and since s 
is of class (L°), the product pæ? is of class (L). But e” +- fe? was seen to 
be of class (L) (without any assumption on f}. It follows therefore from 
fx? = px? + na? that the sum zz” + nr” is of class (L). 

In particular, the indefinite integral of this sum tends to a finite limit 
as t—> œ. If the indefinite integral of the second term, na’, of the sum 
does not tend to a finite limit, then, since ng? = 0, it must tend to — œ, and 
so the indefinite integral of the first term, xe”, must tend to oo. Since xz”, 
being identical with (ca) — g”, is not less than (22’)’, this leads to the 
same contradiction as before. 
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Consequently, the indefinite integral of ng? cannot tend to — œ. Since 
ng? = 0, and since zg” + ne? is of class (L), it follows that sz” is of class 
(L). The balance of the proof is the same as before. 


6. It will be convenient to use the following abbreviated manner of 
speaking: 


DEFINITION. Let f(t) be called of class (*) if every solution of the 
corresponding homogeneous differential equation, (2), satisfies 


(6) a(t) = O(1) and 2’(t) =0(1) (t—> œ). 


There are various explicit criteria sufficient in order that f(t) be of 
class (*). For instance, it is known that f(t) is sure to be of class (*) if 
there exists a positive constant, w°, satisfying either 


fed 


(where 0 < lim sup | f(t) — w° | = co is allowed) or 
tO 


f | df(t)| < co and f(t) —> a? ast-> œ 


(these two criteria are independent, even if f(t) > w” is assumed in the frst). 
However, in the following theorem, the property (* i of f(t) can be thought 
of as assured by some criterion. 


(iv) Let f(t) be a function which is of class (*) and satisfies (4) or, 
more generally, (5), and let g(t) be a fixed function of class (E°). Then 
the inhomogeneous equation (3), belonging to the given g(t), possesses a 
solution of class (L°) if and only if there belongs to every solution, x(t), of 
the homogenous equation, (2), a (unique) corstani, c == Cat) for which the 
function | 


t 
(8) dea f x(u)g(u)du 


becomes a function of class (L?). 

The existence of such a constant c is required for every solution of (2), 
rather than for only those solutions of (2) which are of class (L?). 

The point in (iv) is that, in contrast to what is usually assumed in the 
theory of spectra, the (L*)-requirement is now placed only on a solution of 
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the homogeneous equation, rather than on such a solution and on its 
derivative. The rôle of (iii) is precisely this reduction. 


7, The proof of (iv) proceeds as follows: 


Let x(t) denote a fixed solution of (2). If x(t) == 0, then the constant 
the existence of which is claimed in (iv) clearly isc=0. It can therefore be 
assumed that x(t) £0. Then (2) has a solution, say y(t), which is linearly 
independent of x(t). This means that the determinant of the Wronksian 
matrix, 


is} oo JOR 
y(t) 2! (t) 


does not vanish. Since det W(t) is independent of ¢ (Abel), and since y(t) 
can be multiplied by any non-vanishing constant, y(¢) can be chosen as 
follows: det W(#)==1. Then the inverse of the matrix (9) is 


(10) | a(t) —2x(t) 
— y (t) y(t) 


Since x(t) and y(t) are solutions of the homogeneous equation (2), it 
is easily verified from (10) that, if (t) denotes the vector 


î 0 
(11) p(t) = f W (u) ( ) du, 


g(u 


then the first component of the vector W(t)4(#) is a solution, z = xo(#), and 
the second component of (11) the derivative, zy (t), of this solution, of the 
inhomogeneous equation, (3). (Needless to say, the differentiations occurring 
in this verification are equivalent to the proof of the rule for the variation 
of constants.) On the other hand, since either column of (9) is a vector 
the first component of which is a solution, and the second the derivative of 
this solution, of (2), the general solution of (2) results if an arbitrary 
constant vector is transformed by the matrix W(t). Hence, if a and b denote 
the components of the arbitrary constant vector, then the first component 
of the vector 


a 
(12) W(t) o(t) + W(t) G) 


+ 
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represents an arbitrary solution, and the second component the derivative of 
this solution, of (8). 

By assumption, f(t) is class (*). Since the definition of this class 
requires (6) not only for the given s= g(t) but for s ==y(t) as well, it 
follows from (9) and (10) that all elements of both matrices W(t), W(t) 
are O(1) as #-> œ. Consequently, both components of the vector (12) are 
of class (L°) (for fixed a,b) if and only if both components of the vector 


a 
o(t) + 
b 


are of class (L°) for the same values.of the scalar constants a,b. For, on 
the one hand, these two vectors are transformed into one another by the 
matrices W(t), W(t) and, on the other hand, the sum of two functions of 
class (L?), as well as the product of two functions one of which is of class 
(L?) and the other O(1), is of class (L°). 

Accordingly, a solution of (8) is of class (L?) along with its derivative 
if and only if the pair of integration constants a,b which belong to it by 
virtue of (12) is such.as to render both components of the vector represented 
by the last formula line functions of class (L*). However, since the assump- 
tions made in (ili) with regard to f(t) and g(t) are assumed in (iv), the 
restriction just italicized, that concerning the derivative of a solution of (3), 
is made superfluous by (iii). On the other hand, (11) and (12) show that 
the vector in question is 


- 2'(s) — x(s) 0 a 
f ds + 9 
o \-y(s) (8) /\9(8) b 
which means that the first component of the vector is 


t 
; a— f xc(s)g(s)ds 


and the second the negative of 


t 


saba f y(s)g(s)ds. 


Since both of these expressions are of the form (8), the proof of (iv) is 
complete. A 


ti 
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8. Under the first assumption of (i), the content of (i) can be amplified 
as follows: 


(i*) If f(t) satisfies (4) and if a solution, x(t), of (2) is of class (L°), 
then both this solution and its deriwative must tend to 0, whereas no solution 
linearly independent of this solution can remain bounded, as t> œ, 


The first of these three assertions, viz., (1), has been deduced above as 
a corollary of (1). In fact, only (5), rather than (4), was assumed in this 
deduction. The following proof of the second assertion, viz., of 


(1) u(t) >0 ast œ, 


leaves it undecided whether or not (4) can again be relaxed to (5). 

First, (i) implies that the product we’ is of class (L). It follows 
therefore from (4) that the same is true of f times vv’. In view of (2), this 
means that x's” is of class (L). Consequently, the indefinite integral of g's” 
must tend to a finite limit as t > co. Since this indefinite integral is $2”, 
it follows that, if the assertion of the last formula line did not hold, x’ (t) 
could not be of class (L°). 

In order to prove the remaining assertion of the last italicized theorem, 
let z = y(t) be a solution of (2) satisfying y(t) = O(1). The assertion is 
that y(x) and x(t?) must be linearly dependent. 

What this assertion claims is the (identical) vanishing of the Wronskian, 
cy — yr’, the latter being independent of ¢ for any two solutions of (2). 
Hence, it is sufficient to show that zy’ — yx’ tends to 0 as t— œ. But both 
x and a’ tend to 0 as {> co. Consequently, it is sufficient to ascertain that 
both y and y are O(1). But y(¢t)==O(1) is assumed for the solution 
x == y(t) of (2), and so (4) and (2) imply that y” (t) =O(1). This com- 
pletes the proof, since y(t) == O(1) is a necessity for every function y(t) 
having a second derivative and satisfying both y(t) =0(1) and y (6) 
==0(1), as t-> o (Hadamard). 
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IDENTITIES IN THE THEORY OF POWER SERIES.* 


By Issa: ScHUR.! 


1. Introduction. Let a 


(1) g(s) = 1 + aye + dee? + ana e 


be a power series which converges in a certain neighborhood of s == 0. We 
write 


-” 


00 - 
(2) Lg (©) |" = È anp’, (dno = 1); n == 0, + lyi k "a 
p= 
and introduce the infinite set of series 
OO 
(3) dn (x) aa > Anv, vie” 5 n =m 0, Æ 1, d Ry TIE 
PR 
We wish to prove the following theorems: 
I. The ratio 
Pnn (2) 
4 —_—_—« == x 
(4) i. y(x) 


is independent of n. 


II. If we put f(z) = xg(«), then 


(5) yE (2)] =9(0). 
ITI. For every n = 0, += 1, £2. 
(6) f(x) dnl f(a) ] = Lg) 7. 


In order to establish the truth of these propositions, it suffices evidently 
to prove Theorem III. For, dividing two identities (6) for n-+1 and n 
nalt) 


we get the identity (5) with y(x) = (1) 


; this proves further the inde- 


* Received June 10, 1946. 

t Died January 10th, 1941, Tel-Aviv, Palestine. This is the third posthumous paper 
of the deceased. ‘The preceding two papers were: 1. “ On Faber polynomials,” American 
Journal of Mathematics, vol. 67 (1945), pp. 33-41. 2. “Ein Satz über quadratische 
Formen,” American Journal of Mathematics, vol. 67 (1945), pp. 472-480. The present 
Note has been elaborated on the basis of a manuscript of Schur by M. Schiffer, Hebrew 
University, Jerusalem, in cooperation with Prof. M. Fekete. 
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pendence of y(x) of the index n. Thus, Theorems I and II follow easily 
from Theorem III which will now be derived from Cauchy’s Theorem.® 
In fact, we have for small enough r 


Lg (O ge 
Viger EM 


whence, in view of (3), for |æ | small enough 


¢ Org r 
8) ua) =i fa Samy & 


: £) n+1 
= 1/27 f Qi dé 
fom Sin, tg() 2 
Consider now the equation 


(9) : z= yg(y) = f(y) 


(7) avy = 1/2ri J 





which possesses for small enough | æ | a unique solution y in the neighborhood 
of y= 0. Obviously, ¢,(z) is equal to the residue of the integrand of (8) 
at the point é= y. Hence, we get finally 


DA _ lg)" 
(10) on (x) ssa bal f(y) | oe S f (4) ? 
which proves Theorem III. 
Let us write the identity (5) in the form 
(5°) ep[f (x) ] = f(£). 


This is equivalent to the theorem 


IV. The function y= f(x) = g(x) has the inverse function 


(11) s =h (y) = y/4(9). 
Another simple representation for the inverse function A(y) is easily 
derived from (6). In fact, putting n= — 1, we get 


(6) P(2)[1+ a-f (2) + @-sof(2)? F: i i taf (e) o L 


Integrating with respect to x between the limits 0 and x, we get identically 
in © 


xX 
(12) = È (00/0) f(2)" 
V. The inverse function «== h(y) of y == f(s) has the development 


2 The following proof is due to Mr. George Schur. 
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ag) 1-1) = È nr 


The calculation of the coefficients av. is very much facilitated by the 
following remark. The coefficients a4,» in the development 


co 
(18) [9(2)]* = Sa uc 
i= 
are given by the well known formula 
* ae | 
13’ Se — ]) datdet.. tay (Gi + do + an Gu) | Mgt- > - Auh, 
) i I DA Qi lat. - - Gn: TE si 


If, on the other hand, we differentiate identity (2) with respect to ar and ? 
compare the coefficients of se on both sides, we find 


(14) i Oanp/ Od, =_= — Nn, -k (u = k, k + 1, an, 2 


Thus, by means of (14), we may compute all coefficients a_»,u by differentiating 
the a1,». In fact, we obtain 


l (15) 00m, par /OQ, = — Nan, 


whence, by iteration, 

ess | ) n-i dI A, usi 
5° a FEE ( ’ 
Sa ome (nu Tt dani 


The coefficients in the development (12’) have, therefore, the form 


(157) dv r-i = (— = pi diana) 
y Ve da, ` 


and may be easily calculated from (13’). 
We further point out the following identity which results samedi 
from (11) and (127): 


(16) ways x (pins 


The identity (12’) is closely related to Lagrange’s inversion formula. — 
This formula permits to solve the equation 


(17) z =a + yg (z) 


for any given function g(x), analytic at v == a, for small enough y. If $(x) 
is a function which is analytic at v = a, we obtain, by the formula mentioned 
above, the following development of ¢(z) into a series in powers of y: 


s 
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(18) (2) = (a) + Sv! (@/ der) (4 (#)g(2)") Jaw 


which converges for small enough y. 
Let us put in (18) a=0, é(x) = and use our notations from (2). 
We obtain 


CO 

(19) T = x (Gv. va rY 
yzi 

as an inversion formula for 

(197) z= y9(2). 


If we replace g(x) by g(x) == g(<)™ we have to put instead of 4v,v-1 the 
coefficient a_v,v1. Thus, the inversion of y = zg (æ) is given exactly by (12°). 
This identity is, therefore, a simple consequence of Lagrange’s formula, 

Next, we apply Lagrange’s formula (18) with a=0, g(c)=2 
(k= 1,2,- -). We find 


(20) ali: > amavo (Y/ (k +7): 


Putting a = yg(«), we immediately obtain 
(20°) [g (2) |*/k = È ao, (y”/ (k + v)). 
" i y ; 


=0 


Let us replace here again g(x) by g(z)7? and at the same time av p by @-v,n. 
We obtain the identity 


0 
(21) [g (2) }#/k = È a-am.v(9°/(k + v)) 
in < and y, if these variables are connected by the equation 


(21°) y = zg (z) = f(x). 
Multiplying both sides of (21) by y* = av*g(x)*, leads to 


0 
(217) T/k = Di acum (Y"2/(k+7)), (k = 1,2,°° +). 
i v=0 


Differentiating the last identity with respect to 2, we obtain, in virtue 
of (8) and (21’) 
(22) D = Dama P (0) = f (a)l) 
whence in view of (2r) 
(22) (g(a) = f (e) palt (e) 
Thus, we have derived identity (6) for n negative from Lagrange’s formula, 
2 
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2. Inverse Matrices. Lagrange’s formula as well as our identity (6) 
may be proved by means of Cauchy’s Theorem. The main task of this paper 
is to prove Theorem III in a purely arithmetic way and so open a new access 
to Lagrange’s formula. 


The decisive role in the establishment of the basic identities, used in 
this proof, is played by the following trivial 


Lemma. Denote by [y(x)]x. the coefficient of x in the development of 
the arbitrary analytic function y(x) into powers of x. With this notation, 
the function (1) satisfies for k = 1,2,: + the equations 


(23) Lg (2)* + ag te)"g (e) Jx. = 0, 
(28) [g (2) * + 2g(2)#19/(2)].— 0. 
The truth of this lemma follows immediately from the fact that 
(24) g(a)*4g/(x) = (1/k)(9(0)")", g(a) **g’ (x) =(—1/%)(g(2)*) 
whence | 
(28) [eg (2)g (x) Je. = axe [eg (a) "7g (x) Jr. = — aa 
which, in virtue of (2), proves (23) and (23). 


By means of the preceding lemma, we prove now the following 


THEOREM. For every function g(x) of the type (6) define the two 
matrices 


t 00°---- 1 00>.’ 


fo, 10 a, 10°°-- 
l 95 hi = vy) = zz ard's , N = dv uy) == 
( ) i (amu ) i del si ( 5 ”) Aiea, 1+: - 


s e eè à} s È È ® ee, 2 


with dnp vanishing for p < 0 and being defined by (2) for p= 0. Then, the 
inverse matrices are given by the formulae 


(26) M = ((4/v)G-v,pv), N == ((v/p)@-p,p-v)- 


Proof. Obviously, all four matrices mentioned in the theorem are tri- 
angular matrices, the diagonals of which consist of units. To prove, therefore, 
that M and M are in fact inverse matrices, it suffices to show that for 
p>v21 we have 


= Jo E tne: (A/a = 0 
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Now, it is easily verified that ` 

(28) [g(a)*- (g(r) Y2] = È Cp, pYX@-y,x-v = Vd py 
PASE 

and that, therefore, 


(28°) vJ = [vg (@)"(g(£)” — ag (2)? 9" (2) ) In. 
= y[ g (2) — vg (2) g (e) Ju- = 0 


because of (23). Thus, we have proved (27). 
In exactly the same way, we may prove for every u > v È 1 that 


(29) J py == > (A/]) Ap, peer “AA = 0 
PENSA 


which is equivalent to the matrix equation N*-N=1. In fact, we have 


(30) Lg (e) #((e"9(2)?)/0 7) |p, = > Ad-p,u-Ndv,r-v = p pv. 
prrhSZu 


On the other hand, we may write the left hand expression in the form 
(30°) [vg (a) *(g(a)’ + æg (2)™™g (€) ) Juv. 
= y[g (e) + æg (a) t-g (a) Tay, 


which vanishes in view of (23’). Hence, yuv = 0, which completes our proof. 
We introduce a further matrix 


(31) K = (pôw) = 


and write M == M (g), N = N(g) in order to emphasize the dependence of 
these matrices on the function g(s). Then, we obviously have in view of (25) 
and (26) the matrix equation 


(32) M°(g) = KN (1/9) KE, 

since replacing g by 1/9 means a change from ay, to av,» In all matrices. 
Hence, 

(33) K = M (g): K- N(1/9) 

or replacing g by 1/9, 

(33°) K = M (1/9): K:N (g) 

i.e, 


(33°) N(9) = BAM (1/9) K = ((v/1)a-n,pv). 
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Thus, we see that the knowledge of M~, leading to the identity (32), provides 
a new way for calculating N. 


. 8. Lagrange’s Inversion Formula. The matrix identities found in 
the last paragraph will be applied now to prove Lagrange’s formula—and 
thus all ifs consequences—in a purely algebraic way. 

First of all, we want to solve the equation 


(21°) y = æg (x) 
by means of a series in powers of y 
(34) s= FA + Ay? +. 


In order to determine all Ay insert in (84) y = sg (x) and compare on both 


sides the coefficient of e". Putting dm == 3 for m P we get 


(35) dim = Um + Ailo m-2 + Aalls, m-3 -+ NOIA A m-14m,05 (m — l; 2, = * 7 


DIRI 1 
DE Ay 
Ao 
(357) a m Aa ie 


in this notation (35) may be written as 
(35%) ô == N: A 
which yields by inversion 

(36) - A= N>. ò, 


whence, in view of, (26) and (35°), 


(37) Ap = (1/p + i)a- 
Thus, we have solved the equation (21’) uniquely by the development 
(84°) z == y + 40,1(4°/2) + @3,2(98/3) +° °° 


which is exactly the statement of Theorem V. 
Next, let us deal with the more general question of determining the 
coefficients in the development 
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(38) ql = Buy® + Bgy" + Shu 


where y and x are connected by the equation (21’). Comparing on both sides 
the coefficient of x", we obtain 


(39) oem =" BxAx,m-t + Brat Agi, m-k-1 ua pi -H-B mam, o 


In order to express (39) in the form of a vector equation, we define the vectors 


bi 
Ont Be 
Oia 
i Sa DI ae ee with B, =; < © By.=0, Bi= 1, 
(39°) k ; B B, 


By means of these definitions we may write instead of (39) . 
(39°) = N-B 

whence, on multiplication by N=, 

(40) B =N x i. @., By == (k/p)ap pr 
The development (38) has, therefore, the form 


(41) why? + (K/ (le F 1)) @-&+1),11 sia 
-+ (l/ (k +2))@-042),2 per è ‘, k = 2, 3,° e. 


The formula (41), valid in view of (84’) also for k= 1, is identical 
with (21”), i. e., with Lagrange’s inversion formula for the equation y = xg(x). 
We have derived here this important formula in a purely arithmetic way. 

It is usual to give the inversion formula for the equation 


(42) xz = yg (z). 


We have already dealt in 1 with the connections of the corresponding results 
(compare formula (20)). 

We have derived already in 1 the identity (6), for negative n, from 
equation (21) in a purely formal way. Hence, having proved (21) by arith- 
metic means only, we did the same for identity (6) in case of n negative. But 
this identity may be conceived as an identity between the coefficients of x” 
on both sides, which are polynomials in n, ai, @z'' . Therefore, these 
identities remain valid for n positive x l 


in 
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We may even generalise this last result. We put 
(43) ya) = ae + ar + t, g(x) =1+ y(z) 


and define for every real or complex « 


(44) g(a=È (* xa Doxa, dele) = Z der. 


p=0 


Evidently, the ax-v,v are still polynomials in «x, 41, 42, © +. Hence, the identity 
(6), being valid for n= —1,—2,— 3: : :, remains valid for all complex 
values of n. Thus, we have proved the most general form of (6) by purely 
algebraic means. 

Finally, we mention another group of identities. In analogy to ¢n(2) 
we define series 


Us) e Un(2) -$ anno. 


We emphasize the correspondence between bn, y and the initial function g(x) 
by the notation ¢n(v;g) and yn(x;g). Then, we have obviously 


(46) | 9n(259) = $-a (2; (1/9). 
For every integer value of n we have, in view of (16), 
(47) i g(a)" = (ag (x) ) pneg (2); g). 


Replacing g(x) by 1/9(x) yields, in virtue of (46), 


(47) g(a)" = (2/9(2))"@n(0/9(7); 1/9) = (2/g (2) YY- (2/9(0) ; 9). 
Writing — n instead of n yields clearly 


(47) g(a)" = E (z)pa(2/g (2) 59), E(x) = g(s) —2g’(z). 
From (47) it is obvious that 
(48) W(x) = Yn (£) Yn (T) 


is independent of n; but this result is also a consequence of definition (46) 
and Theorem I. 
Further, we may write, in view of (47) and (47), 


(49) g(x)" = (g(x) + ag (&) )¥n(2g (x) = (g(x) —x9°(2))Un(c/9(2)), 
whence the result that | | 
(49) Yn(2/9(2))/0"(cg(2)) =g(2) + 29(2)/9(2) — 29/(2) 


is independent of n. 
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4, Another Inversion Formula. In this paragraph we shall consider 
series of the type 


(50) w= 2 m + a/z + 5/2? +: - = 2g (1/2), 

i g(s) =1 + ae + ae? +>: 
We wish to invert (50) into the form 
(51) z==w-+A,+Ao/wt--:. 


In order to determine the coefficients Ay, put x =1/z and consider the 
identity in 2: 


(51°) z = zg (£) + A, + A»0/9(2) + Ase?/g(0)° + - 
Comparing the coefficients of æ” on both sides of this identity yields 


pol 
(52) Ay = — iy, ily | > A p+đl-p,v-p-1 == () (v = 2, 3, A “a 
i p=1 
We introduce the vectors 
— o As 
— flg Az 
— (A; : 
(52) Gus) Ud. Deer! S 


then, the system of equations of (52) may be written, in view of definition 
(25), in a single vector formula 


(527) C=N(1/9) -D, 
whence, in virtue of (26), 


il 
(53) D Lissa N(1/9)" j C, j. e., pA pad = — 2 AQ, pr." AX+1» 
=1 


We introduce the series 


(54) p(z) = age? + 2age* +--+ nanne pes, 
We have by (53) evidently 
(55) Lg (x) si (x) Jnn. = È Minh “ayn ta NA n» 


On the other hand, 
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(56)- g(a) + (2%) —1 = ae + 2a? + 3a + - | -= eg (2); 

hence, in virtue of (55) and (56), 

(7) nner = Leg (2)": g (2) —g (2) + 9(2)"Ine 

Now, we apply the lemma of 2; in virtue of (23) with k==n + 1 we have 

(57) —~ NAngs = [g (0)" |ne. = Onna 

We find, therefore, for (51) the simple expression 

(58) z= w — dy — ty,o/1*(1/w) — 2,3/2: (1/w?) — > | ` — daa /n* (1/w") — 
If we write z == 1/2, y = 1/w, we may put (50) into the form 

(42) l z= yg (T). 


This allows the following interpretation of (58): 


(59) — 1/z = — 1/y +a t (4,2/1)y + (40,3/2)y? 
et tb nman) ++», 
i. e., this series is a generalization of Lagrange’s inversion formula (20) 
for k = — 1. One might be tempted to apply directly (20) with k == — 1; 
but in this formula appears the term ,1,1/(X + 1) which is undefined for 
k=-—1. If, however, we replace this meaningless term by a; the formula 
(20) with k == — 1 is the same, term by term, as (59). 
Let us write (20) with k = 1; we obtain 


(60) s= y- (a2,1/2)9" + (03,0/3)9 ++ << + (anman) +. 
Multiplying (59) by (60) we obtain the identity 
(61) (1— ay — (0,,2/1)y° — (02,3/2)y° —- - +) 

(1+ (02,1/2)y + (03,2/3)y? +H: <) = 1. 


There arises now the question of generalizing Lagrange’s formula (20) 
for general k. We proceed in an analogous way as in 8. We solve equation 
(42) by the development (60): 


(62) x = yh(y) =y(1+ (02,1/2)Y + (43,2/3)y +: > >). 


We introduce this development into the formula (20), valid for positive integer 
values of k. After dividing by y* we obtain 


(63) h(y)*/b = È (aav/le +) 
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If we write 


DO) 
(64) hly)! = SY bay (n== 0,1, 2,°° :) 
y=0 S 


we get, by comparing the coefficients of like powers of y” on both sides 
of (63), 


(65) bem/k= üt m/k + m (ik =1,2,8°--3m—=0,1,2,- °°). 


By definitions (2), (62) and (64), the Ge:m,m and di,» are, for m fixed, poly- 
nomial functions of k, 41, 02,1 *. Therefore, on each side of (65) stands a 
rational function of & and both functions coincide for positive integer values 
of k. Hence, these functions are identical and the equality (65) holds for 
every (complex) value of k. Formula (20) is, therefore, also true for every k, 
except for negative integers for which one of its terms becomes meaningless. 

In order to generalize (20) for the case of negative integers too, we have 
only to replace the undefined quotient «;+n,n Pi (k-n) in the case k == — n by 
the limit 


lim arn n/ (ke + n). 
k>-n 


We have obviously 


bri 
(66) lim do = log g(x), 


i=0 


whence, by comparing the coefficients of €" on both sides, 


(67) lim @,m/1= [log g(2)]m. (m=1,2,°--). 
1=0 
Hence, in the case k== —n, we have to replace in (20) the term 
len n/ (ke + n) by [log g(r) fn. 
If we put 
00 
(68) log g(a) = 2 ya" 
we may write Lagrange’s inversion formula (20) for k == —n in the form 
(69) ot H (anna (2-1) ) yO 


Aes (aama/— D+ Yn H (Gina/Ly bese 


In a similar way, we obtain a new identity by adding to both sides of 
(63) the term — 1/% and then passing to the limit k == 0. We obtain 


co 
(70) log h(y) = 2 (dv,v/v) y. 
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On the other hand, we have in view of s = yg(x) and x = yh(y) obviously 
h(y) = g(x) and thus 


(70") log g(2) = X'(ax/1)y" 


Finally, we apply the formula (69) in the case of series (50). We put, as 
before, 2 = 1/2, y = 1/w which transforms equation (50) into (42) and 
vice versa. Instead of (69), we obtain, for positive integers n, 


(71) 2°/n=w"/n+ (ann ì/ (0—1) jw H- <A (41,n1/1)w 
` — Mn/l ' (1/w) — lonyo / A * (1/w°) me a’ 


LI 





Yn 


Consider now the polynomial 


(72) Pu (w) == n [aw /n + (@¢n-1),1/(n si 1) )wr-t 
te fb (Gana/1) 0 — yn]; 


it has the remarkable property that by introducing w = zg(1/z) = f(z) we 
get a development 


(72) Pa(f (2) = 2" + 2/24 02/24», 


with 2" as the only non-negative power of z. By this characteristic property 
the polynomial Pn(w) is associated uniquely with the series w = f(z) and is 
called the n-th Faber polynomial of f(z). It plays an important role in the 
theory of conformal representation.? 


Om comparing the developments (68) and (70) we obtain, in view of 
(20), the equality 


co xX 00 x 
(73) 2 ya" == 2 kyk z (arv, v) y /k +. y == 2 (av y/n) y”. 
= fs po p= 


Comparing the coefficients of equal powers of y on both sides yields 
; m~1 
(74) p2 (m a V)Ym-vAm,v = Um,m (m ms 1, 2, son >}, 
p=:0 


an interesting relation between the @uv. 


3? Compare: Schur, I., “On Faber Polynomials,” American Journal of Mathematics, 
vol. 67 (1945), pp. 33-41. 
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By N. JACOBSON. 


In this note we consider division subrings ® of a division ring P such 
that the left dimensionality (P : ®)1 is finite. If & denotes the ring of linear 
transformations in P regarded as a vector space over the set ®: of left 
multiplications by elements of ® then clearly & contains the subring P, of 
right multiplications by elements of P. The relation (g : P.) _ = (P : ®): 
can be established (Theorem 1).- Thus Q has finite right dimensionality 
over P;. The principal result of this paper is that the converse of these results 
holds, namely, if % is any ring of endomorphisms of the additive group of P 
such that 1) X contains P, and 2) (% : P+)» is finite, then A coincides with 
a ring & of linear transformations of P over ®, where © is a division subring 
of P such that P over ®; is finite. A complete reciprocity is established 
between the rings W (or &) and the subrings ® of P. 


There are a number of applications of our results. One of these, the 
theory of automorphisms in a division ring, is developed here. In this con- 
nection we generalize the concept of a closed group of automorphisms intro- 
duced by Emmy Noether * for groups of inner automorphisms and we establish 
a Galois correspondence between closed groups that satisfy a certain finiteness 
condition and their division subrings of invariants. The theorem of Noether ?- 
Artin and Whaples* on commutators of division subalgebras containing the 
center T and our own results on finite groups of outer automorphisms are 
contained as special cases of the theorems derived here. 


1. Let P be a division ring and ® a division subring of P of finite left 
index m. By this we mean that the left dimensionality (P : $): =m < o, 
Here we are regarding P as a left vector space (or module) over ® or, what 
amounts to the same thing, as a group relative to the set ®: of left multipli- 
cations €—> fa; == aé, € in P, ain ®. Let & denote the ring of linear trans- 
formations (l. t.) of P over ®:. Thus AeX if and only if A is an endo- 
morphism of the additive group of P and 





+ 


* Received June 28, 1946. 
1 [5], p. 529. 
2 [5], p. 528. 
3 [1], p. 104. 
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(aé)A = a ($A) 


for all «e ® and all ée P. Evidently 2 contains the set P» of right multipli- 
cations — pr = ép in P. Since leP,, & may be regarded as a (right) 
vector space over P,. When this is done we obtain the following theorem: 


THEOREM 1. The dimensionalities (2: Py), and (P : ®): are equal.* 


Let é, &,° © >°, ém be a left basis of P over ®. Then any l.t. in P over 
$, is completely determined by its effect on the é. Now define (Cj, 
j} == 1,2,:<,m, to be the lt. such that 


&C0;=1 and &C;=0 if i). 


Then =Cjyjr maps & into 7. Hence SC inir = 0 implies that all the n; = 0. 
Thus the C’s are right independent relative to P,. On the other hand if A 
is any 1. t. in P over ®,, let &A =y. Then A coincides with 3Cyyj,. Hence 
the C’s form a right basis for 2 over P,. 


2. We assume now that % is any ring of endomorphisms acting in the 
additive group of P that 1) contains P, and 2) has finite dimensionality 
(X : Pr)» Let C be any endomorphism in P that commutes with every 
Ae. Then since C commutes with every right multiplication, C = y: a 
left multiplication.” The totality of y obtained in this way is a division sub- 
ring ® of P that we shall call the division ring of W-invariants. 


THEOREM 2. Lel A be a ring of endomorphisms of the additive group 
of P such that 1) WP, and 2) (4: P) =m < © and let ® be the 
division subring of U-invariants. Then (P : ®); =m and A = the com- 
plete ring of l.t. of P over Di. 


Since A 2 P,, % is an irreducible ring of endomorphisms in P. Since 
(X : P.)r< œ, A satisfies the descending chain condition for right ideals. 
Now ®; is the division ring of endomorphisms commutative with the elements 
of the irreducible ring YU. It follows from known results on irreducible rings 
of endomorphisms that (P : $); < o and that Y == the complete ring 
of I. t. of P over ®;.6 By Theorem 1 (P : ®);= (UW : Pr), 

To complete the reciprocity between ® and & we require the following 
theorem : 


*The present proof of this theorem, which is simpler than my original one, was 
communicated to me by R. Brauer. 

5 [2], p. 54. 

© [4], in particular Theorems 6 and 3. 
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THEOREM 3. Let © be a division subring of fimte left index P and let 2 
be the ring of 1.t. in P over ®1. Then reciprocally ®ı is the complete set of 
endomorphisms in P that commute with all the endomorphisms belonging to &. 


This result is well known for arbitrary vector spaces.’ It can also be 
obtained as a consequence of Theorems 1 and 2. For let Y be the division 
ring of X-invariants. Then by Theorem 2, (P : Y): = (Q: Pr),. On the 
other hand Y > ® and (P : ®);= (2: P,), by Theorem 1. Hence ¥ = 4, 

If (P: $): << co and & is the ring of Lt. of P over ©: our results 
establish a (1— 1) correspondence between the division rings Y between P 
and ® and the rings B between P, and &. If Y is given then ® is the ring 
of l. t. of P over Vr. Clearly P»-C BCX. On the other hand if 8 is a ring 
between P, and & then the set © of B-invariants is a division subring con- 
taming ®. These two correspondences are inverses of each other. 

All of the above results can, of course, be duplicated for division subrings. 
of finite right index. In the remainder of this note we consider some applica- 
tions of these theorems to the theory of automorphisms in a division ring. 


3. Let A be an automorphism in P. Then A is an endomorphism of the 
additive group of P and (&)A == (4) (4). Thus we have the following 
fundamental commutation rules governing automorphisms and multiplications: 


(2) qrA = A(n4)r 1A = A (A). 


We consider now the possible forms of linear relations with coefficients 
that are multiplications that can hold for automorphisms ‘in P. First let 
lı, Is, + -Ia be inner automorphisms, say, él; = rift; Then Ij = rjitje? 
if 7j1 is the left multiplication determined by 7; and rjr is the right multiplica- 
tion determined by 7;. Suppose that the r’s are linearly dependent over T where 
T is the center of P. Then there exist y: not all 0 such that Sriyi = 0. Hence 
Sliriryir = Zriryir = Sriryit = 0. Since not every rjryjr equals 0 this shows 
that the J; are linearly dependent over Pr. 

Conversely suppose that we have a relation 3linir == 0 where not every 
nir = 0, Then Srijpir = 0 where p; = 7;"*n; so that not every uj= 0. We 
assert that this implies that the r; are dependent over I. This is the following 
well-known lemma: 


LEMMA 1. If ti, ta, ma are elements of P that are linearly indepen- 
dent over T then the left multiplications Tit, Ton’ | th are linearly 
independent over Pr. 


7 [2], p. 22. 
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For the sake of completeness we give the proof. If the r:’s are dependent 
over P, there exists a shortest relation which we can suppose to be of the form 


(3) | TutPir * Toler F’ © * + Temsr == 0 


where all the p; are different from 0. We may assume also that pir = ly 
Since the +; are independent over I, one of the ws, say we, is not in F. 
Hence there exists a v such that pev — vua 540. Multiplication of (3) on 
the left and on-the right by'vr followed by subtraction of the resulting 
relations gives a new relation shorter than (8). This contradiction proves 
the result. | 

We suppose next that 41, 42,  :, Ax are automorphisms that are in 
distinct cosets of the subgroup of inner automorphisms. Then no 44; 
tÆ j, is inner. Let W denote the ring of endomorphisms generated by the 
left and the right multiplications. The elements of U have the form 
U == Tiir + Totter +‘ + +. We wish to prove the following lemma. 


LEMMA 2. If Ai, Aa + ©, Au are automorphisms such that no AsA;*, 
tÆ J, ts inner, then a relation 34,0; = 0 where the U;eU can hold only 
if every U; = 0. 


We may choose elements 11, 72,: * °, 7 such that the left multiplications 
Til are independent over P, and such that every U = Srjipjir. Then our 
relation reads ZAirjyjir == 0. We shall show that every w;=0. For 
otherwise we may suppose that ZA;r;1&jir = 0 is a shortest linear relation 
connecting the hu elements Aitj: in which the coefficients gjer 350. We may 
suppose also that #11==1. We shall show that no A other than A, occurs 
in this relation. For suppose that 


(4) Aatitpur A Aotuitrar -4 e È == 0, 


Multiply (4): on the left by é and on the right by (ÉA4:)r and subtract the 
resulting relations. This yields 


(5) Aotri[ (Aa) rror — por (ÉA1) r] + c+ + soe (), 
If the bracket is 0 for all é 
EAs = Pre (ÉA1) pro 


contrary to the assumption that A; and A: do not differ by an inner auto- 
morphism. Hence there is a € such that the bracket is not 0 and this gives 
a shorter relation than (4). Thus (4) must have the form 


Ai (trrpair + + +) 0. 


$ 
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Since A, is an automorphism this implies that riyur-+* < = 0 contrary 
to the assumption that the 7;: are linearly independent over Pr. 

Suppose finally that we have an arbitrary linear relation with coeflicients 
that are in P, connecting a finite set of automorphisms, We may write this 
in the form ZA;/;w;;ir= 0 where the I; are inner and the A; are in different 
cosets relative to the subgroup of inner automorphisms. If Ij == titir", 
DA sryitje pyar = 0. Hence by Lemma Rs SL jpujir == 3riirjirpjir = Q. By 
Lemma 1, either all the ws are 0 or the 7; are linearly dependent over T. 


4. An element ¢ of P is invariant under an automorphism A if pA = ¢. 
By (2) ¢ has this property if and only if the left (right) multiplication $1(¢,) 
commutes with A. If G is a group of automorphisms we shall call ¢ a G- 
invartani if $ is invariant under every A e G. The totality of these elements 
is a division subring ® of P. Let N == GP, denote the totality of endo- 
morphisms in the additive group of P that have the form ZAiņir where the 
A; £ G. Clearly A is closed under addition and subtraction and by the first 
equation of (2) X is closed under multiplication. Hence U is a subring of 
the ring of endomorphisms of P. Since G contains the identity, X contains P+. 
Thus an endomorphism commutes with every element of if and only if it 
is a left multiplication that commutes with every A e G. It follows that the 
division ring of G-invariants coincides with the set of X-invariants in the 
sense defined above. 


Let H be the invariant subgroup of inner automorphisms contained in 
G and let l = main” and I= tarar? belong to H. Then clearly 
I = lla = tara? where Ta == rr. An element $ is an J, and an /2- 
invariant if and only if it commutes with rı and with re. If this is so, $ also, 
commutes with every 7 = 71y1 + rey, yi in T. Hence we do not change the 
set of G-invariants if we adjoin to G the inner automorphisms by the element 7 
obtained in this way. This remark leads us to restrict our attention to the 
study of groups G that are closed in the sense that if J; = turi and. 
Io = rarrar > are in G then so is I == rirr*, where 7 == riy, + rey: and the yi 
are arbitrary in T. It is readily seen that G is closed if and only if the 
subgroup H is precisely the set of inner automorphisms that are defined by 
the non-zero elements of the division subalgebra A of P that contains the 
center T. The algebra A, which is uniquely determined, will be referred to as 
the division subalgebra associated with the closed group G (or H). 


We shall say that a closed group G has finite reduced order if 1) 
(A : T) is finite and 2) H has finite index in G. The product of these two 
numbers will be called the reduced order of G. Our aim in the remainder 


A 
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of this note is the establishment of a Galois correspondence between closed’ 
groups of automorphisms of finite reduced order and their division rings of 
invariants. We prove first the following theorem: o 


THEOREM 4. Let G be a closed group of automorphisms of finite reduced 
order in the division ring P and let Y= GP, be the ring of endomorphisms 
of the form SAinir, Ai in G. Then (X : P.)r = reduced order of G. 


Let Aı,' ` *, Au be representatives of the cosets of H in G and let 
I,,°*-,I1n be inner automorphisms such that if Z j = 7jitjr then the elements 
T; form a basis.for the subalgebra A associated with G. Then any auto- 
morphism in G has the form Axl where J is in H. If I= rr}, r= Xriyi. 
As we have seen this implies that J = 3Jjnj, where nj = 7;jyjr!. Hence Axl 
is a linear combination of the automorphisms Arlı, Aklo," + +,Ardn. Con- 
sequently the hw automorphisms A;/; are generators over P, of W. Now if 
ZAil jujir = 0 then 3Zjujir= 0 by Lemma 2., Moreover XZju;;x = 0 ang the 
independence of the r; over T implies that all the uji = 0. Thus the A:I; are 
independent over P;. Hence (XN : P,),= hu. 


5. We may now establish the Galois correspondence between groups of 
automorphisms and their division rings of invariants. The basic results are 
contained in Theorems 5 and 8. i 


THEOREM 5. Let G bea closed group of automorphisms of finite reduced 
order in the division ring P and let ® be the division subring of G-invariants. 
Then (P : $)ı = reduced order of G = (P : ®), and any automorphism. 
_of P that leaves the elements of ® invariant belongs to G. 


Let X= GP,. Then by Theorem 4, (X : Pr)-= reduced order of G. . 
On the other hand we know that ® is the division ring of XM-invariants. Hence 
by Theorem 2, (P : ®)1 an (% : P.),. Hence (P : ®); — reduced order of G. 
The equality (P : ®), = reduced order of G follows by symmetry since the 
concept of reduced order is a “two-sided” one. Suppose now that A is any 
automorphism in P with the property that ¢4—¢@ for all ge. Then 
Ad: = $A and A is a linear transformation in P over ®;. Hence by Theorem 
2, A&%. Thus A = 3Ailjpjir where the A; and J; are determined as in the 
proof of Theorem 4. By Lemma 2 this relation must have the form A = Ai 
= A,XI;ujr. If I = rır”, Lemma 1 implies that 7 is T-dependent on the 7;, 
y=1,---+,h. Hence Je H and A = Al eG. 

The special case of this theorem in which G = H consists of inner auto- 
morphisms is due to Artin and Whaples.8 We note also that if G is a finite 


8 [1], p. 104. ; 
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group of automorphisms A, such that each A; 1 is outer, then G is closed 
and of finite order. Hence Theorem 5 applies in this case too. The result 
‘ thus obtained has been given in a previous paper of the author’s.® .\ more 


general result can be obtained by combining Theorem 3 with the following 
theorem : 


THEOREM 6. Let F be any finite group of automorphisms and let J 
be tis subgroup of inner automorphisms. Then the closed group G generated 
by F has finite reduced order. If J == {ryt <<, tmitm*} then the 
reduced order of G is the product of the order of the set (rı, ` īm) over T: 
by the index of J in F. ° : 


Since J is closed under multiplication trj = reyijz, yaj in TD. Tf A is any 
‘automorphism and Z is the inner automorphism rity? then AIA is the 
inner automorphism (7rA)i(7A),*. Hence if AeF, (1iA)i (tid) ted. 
It follows that 7,4 = Tròn, dn in T. Now let A denote the totality of linear 
combinations Zriyi, yi in T. Since the product of any two rs is a multiple 
of a 7, A is a subalgebra. Clearly A has a finite basis and the dimensionality 
(A : T) is the order of the set (rı, - - <, tm) over T. Since A has a finite 
basis, A is a division algebra. Let H denote the group of inner automorphisms 
determined by the elements of A. Evidently H is contained in the closed 
group G generated by F. If Ae F and I= rire H where r= Xr;y; then 
AIA is the inner automorphism determined by the element (7:4) (yA). 
Since 74 == mid, ôr in T and yAeT, AMA =F is in H. It follows that 
the totality G” of automorphisms of the form AJ, A in F and J in H is a 
group. For the product (Al) (Aal) = A,A (AA) is in this set and 
(AI)? = IA” = A> (AIA) is in the set.” If AI is inner, so is A. 
Hence A isin J. Thus Ale H.: This shows that H is the group of inner 
automorphisms contained in G’. Since H is a group determined by the 
elements of an algebra, G” is closed. Hence G” = G the smallest closed group 
containing F. Since the elements of G have the form AJ, A in F, it is easy 
to see that the index of H in Gis the same as that of J in F. It follows that 
G is of finite reduced order and that its reduced order is the product of 
(A : T) by the index of J in F. 


6. Let G be an_arbitrary closed group of finite reduced order and let 
A — GP,. We wish to establish a (1— 1) correspondence between the closed 
subgroups K of G and the subrings & of % that contain P,. 

We note first that if £ is any subring of % containing P,, then 


e [3], p. 4 
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K = &a^aG is a closed subgroup of G. Evidently K is closed under multi- 
plication. If AeK, A has an inverse. Hence A is not a zero-divisor in £. 
Since £L satisfies the chain conditions this implies that Ate &. Hence K is 
a group. Now let D = tarr and Iz= tatr te K. Then tar = It 
+ Leror eX and if 735450, Is =rgr3r*e R. Since G is closed I;£ G. Thus 
Ise K. It follows that K is a closed group of automorphisms. 

Next let K be any closed subgroup of @ and let Q= KP.. Clearly 2 
is a subring of % containing P,. Let KG. Then K’ 2K. On the 
other hand the elements of K’ leave invariant every K-invariant. Hence, by 
Theorem 5, K C K. Thus L'=20G=K. 

Finally let & be any ring between X and Pr. Let K==29G and let 
AY == KP,. We wish to show that ®v =. Let L==&a H. Then L is the 
subgroup of inner automorphisms in K. We may choose representatives 
Ai, Aa: `, Au of the cosets of H in G such that A,,- > >, A: are repre- 
sentatives of the cosets of L in K. Also we may choose the inner auto- 
morphisms Jy == turi, © +, [n= turrir’ in such a way that (71,° ° +, 72) 
is a basis for the algebra A associated with G while (m1,°°°,7f) is one 
for the algebra B associated with K. Now suppose that the element 
V = SAgljpjir € Q. ‘We wish to show that Ve’. Since Aie K if ist, 
and 7 = f it suffices to assume that pj; = 0 for 7S f, i © t and to prove under 
this assumption that if Vex, V = 0. 

Suppose then that there exists a V=40 in & such that if V = ZAiljpjir 
then up =0 for jZf, iSt. We may assume also that V is an element 
satisfying these conditions that has the fewest “number of non-zero 
coefficients ujir. Then by the argument used to prove Lemma 2 we see that 
Va did Ijujir = Arjit piro By the argument used to prove Lemma 1 


we can see that we may assume that the elements y; = rj tuj €T. Hence 
V == Å;ðrjryj and since V =Æ 0, t= 3r;y; #0. Thus V == Alr; where 
I == rir. Evidently Ale K == Qa G. Hence t= t¢ and 7 is a linear com- 
` bination of the 7; with j S f. This contradicts the assumption on the form 
of V. We have therefore proved the following theorem: 


THEOREM 7. Let G be a closed group of automorphisms of finite 
reduced order and let X= GP,. Then any subring Q of X containing P, 
has the form KP, where K is a closed subgroup of G. Moreover, distinct K°s 
give rise in this way to distinct rings &. | 


‘ Let ® be the division ring of Ganvariants. Then we know that X is the 
complete ring of 1. t. of P over ®:. We have also seen that there is a (1 —1) 
correspondence between the rings & between % and P, and the division rings 
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between © and P. If we combine this (1— 1) correspondence with the 
(1 — 1) correspondence between the rings & and the closed subgroups K of G 
we obtain the following result which includes the basic theorem of the 
ordinary Galois theory: 


THEOREM 8. Let P be a division ring and let G be a closed group of 
automorphisms in P of finite reduced order. To each closed subgroup K of G 
we associate the division subring Y = P(K) of elements that are invariant 
under every Be K and to each division subring © of P containing ® = P(G) 
we associate the closed subgroup K = G(%) of automorphisms of G that leave 
the elements of Y invariant. Then these two correspondences are inverses of 
each other, and each is (1—1) between the closed subgroups of G and the 
division rings between P and ®. 


7. It is an unsolved problem to determine conditions on a division sub- 
ring ® of P in order that there exist a closed group G of finite reduced order - 
whose ring of invariants is ®. If P is commutative we know that necessary 
and sufficient conditions are that P be finite, separable and normal over ®. 

Suppose now that (P : T) < co and that ® is a subfield of T such that 
(T: ®) < co and let G be a closed group of automorphisms of P that has ® 
as ring of invariants. Let H be the closed subgroup of G of automorphisms 
that leave the elements of T invariant. Now it is well known that an automor- 
phism that produces the identity effect in T' is inner. Hence H coincides with 
the subgroup of inner automorphisms of G. If A is the subalgebra associated 
with H we know that (A: T) = (P : T). Hence A=P. Thus G includes 
all the inner automorphisms. The automorphisms A of G induce auto- 
morphisms A in T and the correspondence A to A is a homomorphism of G 
on a group G of automorphisms in T. The kernel of this homomorphism is 
the set of automorphisms that leave the elements of T invariant. Hence the 
kernel is H and G = G/H. Now © is the field of invariants of the group G 
acting in T. Hence T is finite, separable and normal over 2. 

Conversely suppose that P is finite over T and that T is finite, separable 


- and normal over ®. Assume, moreover, that every automorphism A of the 


Galois group of T over ® can be extended to an automorphism A in P. 
Let G be the totality of automorphisms of the form AJ where / is inner. 
If AB =C and A,B, 0, respectively, are the extensions of A, B,C then AB 
and C differ by an inner automorphism. Hence AB= CI. It follows easily 
that G is a group of automorphisms containing all of the inner automorphisms 
and that ® is the ring of G-invariants. : 

Thus we have proved the following result which is in essence due to 


+ 
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Teichmiiller: 1° If ® is a subfield of the center T of P and (P : ®) is finite 
then necessary and sufficient conditions that there exist a closed group G of 
automorphisms whose set of invariants is ® are 1) T is separable and normal 
over and 2) every automorphism of the Galois group of T over ® can be 
extended to an automorphism in P. - 

When these conditions hold we have seen that G is a group extension of 
the group H of inner automorphisms of P by the finite Galois group G of T 
over ®. It is natural to seek conditions that this extension split in the sense 
that G contains a subgroup G’ whose elements are representatives of the cosets 
of G/H = G. It is easy to see that this is equivalent to the requirement that 
P be a direct product 3 X T where 3 and T are algebras over ®. Conditions 
for this have been given by Teichmiiller., 


Tue Jonns Hopkins UNIVERSITY. 
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THE DOUBLE CHAIN CONDITION IN CYCLIC OPERATOR 
GROUPS.* 


By REINHOLD BAER. 


In attempting to generalize Fitting’s Lemma t the author found? that 


this was possible for abelian operator groups meeting the following require- 
ments : 


(a) the descending chain condition is satisfied by the admissible sub- 
groups; 
(b) if Z is a cyelic subgroup (i.e., if Z is generated by one element), 


then the ascending chain condition is satisfied by the admissible subgroups 
of Z. 


Naturally one wonders whether condition (b) is a consequence of (a); 
and added strength is given to such a conjecture, if one remembers Hopkins’ * 
Theorem to the effect that in rings possessing an identity the ascending chain 
condition for right-ideals is a consequence of the descending chain condition. 
However, it is possible to construct examples of cyclic groups where the 
descending, though not the ascending, chain condition is satisfied by the 
admissible subgroups. 

In the light of Hopkins’ Theorem, just quoted, it is only natural to 
assume that there will exist a large class of groups where cyclicity and 
descending chain condition imply the ascending chain condition; and it is 
the object of the present note to exhibit such classes of groups. 

Let A be an abelian group where the composition is written as addition 
a+ b; and assume that A admits the elements in the system M as operators 
(= right multipliers). The M-subgroup 8 of A is said to be of length 
n= n(S), if the M-group § possesses a composition series * of length n. 

An M-subgroup J of A is termed minimal, if J s 0 and if J does not 


* Received January 3, 1946. Presented to the American Mathematical Society 
December 26, 1946. 

1 See Jacobson (1), p. 9 for a statement of Fitting’s Lemma. Various applications 
of this proposition may be found in Jacobson’s book. 

2? Baer (2). 

3 Apart from Hopkins’ original paper, see Baer (1) for a proof, under weakened 
hypotheses, or Jacobson (1), p. 71, Theorem 29. 

t See e. g., Jacobson (1), p. 7. 
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possess any M-subgroups apart from 0 and J. This is equivalent to saying 
that minimal M-subgroups are the M-subgroups of length 1. The sum of all 
the minimal M-subgroups of A will be called the socle 5 S(A) of A. It is well 
known ê that double chain condition, ascending chain condition and descending 
chain condition for admissible subgroups are equivalent properties of the socle. 


The ascending Loewy series L(A,t) of A may now be defined‘ induc- 
tively as follows: L(4,0) =0, L(A, i+ 1) is the uniquely determined M- 
subgroup of A satisfying: L(A,1-+-1)/L(A,1) —S(A/L(A, i)). The sub- 
groups ZL(A,t) form an ascending chain of M-subgroups of A so that their 
(set-theoretical) join is an M-subgroup L(A,w) of A. It is clear how to 
define the Loewy series for tranfinite ordinals as well; but we have no need 
to do so. 


LEMMA 1. L(A,i) contains every M-subgroup of A whose length does 
not exceed i. ) 


Proof. 0 is the only subgroup of length 0, proving our contention for 
i= 0. Thus we may assume the validity of our contention for t — 1 in order 
to prove it for è. If T is some M-subgroup of A such that n(T) S14, | 
then T possesses a maximal M-subgroup T” so that n(T)=n(T) +1. 
Since, therefore, »(Z’) Si—1, it follows from our induction hypo- 
thesis that T = £(A,1—1). Since 7” is part of T also, this implies 
that T = TaL(A,i-1)=T. But T/T’ is of length 1; and thus 
T/[T ^ L(A,+—1)] is of length 0 or 1. This latter group is isomorphic to 
[T + L(A,i.—1)]/L(A,i1—1) so that this last group is either 0 or a ` 
minimal subgroup of A/Z(A,+—1). It is therefore part of the socle of 
A/L(A,i—1) proving that T + L(A,i—1) = L(A, i). Hence TZ L(A, i) 
whenever n(T) <= 4, completing the proof. 


COROLLARY 1. If the double chain condition is satisfied by the M-sub- 
groups of L(A,1)/L(A,1—1) for every positive i, then the following 
properties of the M-group A imply each other: 

(i) A=L(4,0). | 


‘ 


(11) The cyclic M-subgroups* of A are of finite length. 
Proof. It is readily seen that every L(A,1) is of finite length. If (i) 


5 Following Remak. Note that the socle may be equal to 0. 

° See e.g. Jacobson (1), p. 14, Theorem 12. 

© Following Krull. 

8 An M-group is termed cyclic, if it is generated, as an M-group, by one element. 
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is satisfied, then every cyclic M-subgroup C of A is part of some L(A,1). 
But L(A,i) if of finite length and thus every M-subgroup of L(A,t) is of 
finite length. Hence C is of finite length, proving that (il) is a consequence 
of (i). ? i 


If, conversely, (ii) is valid, then it follows from Lemma 1 that every 
element in A belongs to some L(A, t); and thus (i) is a consequence of (11). 


COROLLARY 2. The double chain condition is satisfied by the M-sub- 
groups of A tf, and only if, 


(a) the double chain condition is satisfied by the M-subgroups of 
‘L(A,0)/L(A,0 1) for every positive i; and 


(b) there exists an integer N such that every cyclic M-subgroup of A 
is of length not exceeding N. l 


Proof. If the double chain condition is satisfied by the M-subgroups of A, 
then A has a definite finite length N which is an upper bound for the length 
of all its M-subgroups. This proves the necessity of condition (b); and the 
necessity of (a) is a consequence of the well known fact that subgroups and 
quotient groups of groups of finite length are of finite length too. 


If, conversely, conditions (a) and (b) are satisfied, then we infer from 
Lemma 1 that A = L(A, N) by (b); and this group is of finite length by (a). 


Example 1. Denote by » a prime number and by A a direct sum of a 
countable infinity of cyclic groups of order p. Then A possesses a basis 
b(1),6(2),- + -,6(4),b6(@+1),---+. There exists an endomorphism s(t) 
of A such that b(j)s(1) = 0 for 754 2i + 1 and b(24+ 1)s(2) == 6(2%) ; and 
there exists an endomorphism #(#) of A such that b(7){(1) = 0 for 74 u + 2 
and 6(21-+ 2)¢(4) == b(21). The s(i) and ¢(+) for 0 < t form the system M. 

It is readily seen that L(A,4) for 0 <1 is generated by the elements 
b(1),6b(3),- - -,b(21— 1), 6(22); and that b(2i— 1), b(2i) represent a 
basis of L(A,1)/L(A,t—1) so that this group is of length 2, Thus the . 
M-group A meets the requirement (a) of Corollary 2 in the strengthened 
form: 


(a’) the groups L(A,1)/L(A,+—1) for 0 < tare of bounded length. 


Since every element in A belong to some L(A,t), we see that the 
following form of condition (b) of Corollary 2 is satisfied by A: 


(W) : A= L(A, v). 
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But it is clear that the ascending chain condition is not satisfied by the 
M-subgroups of A, since L(A,i—1) < L(A,4) for 0<4. The descending 
chain condition is not satisfied by the M-subgroups of A either, since b(21— 1) 
for 0 < + is not contamed in the M-subgroujî of A which is generated by the 
elements b(21),b(21-+1),---,b(2t+9),-°°. 

Note, furthermore, that (b’) is just the ‘condition (i) of Corollary 1 and 
that (a’) implies the general hypothesis of Corollary 1. Thus the groups 
meeting all the requirements of Corollary 1 need not satisfy any of the chain 
conditions. l 

Following H. Prüfer we say that lhe M-group A is of finite rank, if there 
exists an integer R with the following property: 


(R) Jf U isa finite subset of A, then there exists an M-subgroup V of 
A which is generated by not more than R elements and contains U. 


Every finitely generated M-group is of finite rank through the converse 
is not true, as may be seen from the example of the groups of type p®. 
Quotient groups of groups of finite rank are of finite rank too; but subgroups 
of groups of finite rank need not be a finite rank, as may be seen from the 
following 


Example 2. If p is a prime number, A a direct sum' of a countable 
infinity of cyclic groups of order p, and if b(0), b(1),- <<. bi), <- is a 
basis of A, then there exists one, and only one, endomorphism a(t) for 0 < 1 
which maps 6(0) upon 6(7) and 6(7) for 0 < 7 upon 0. Denote by M the 
system consisting of the endomorphisms a(t). 

Clearly A is a cyclic Af-group generated by b(0). Denote by B the 
subgroup of A which is generated by the elements b(1) for 0 <1. Every 
subgroup of B is M-admissible; and it is clear that B is not of finite rank. 


This Example 2 shows furthermore that we would have obtained a 
narrower class of groups, if we had substituted for condition (R) the following 
| stricter condition. 


(R’) If the M-subgroup U of A is finitely generated, then it may be 
generated by Æ of its elements. 


LemMMA 2. The double chain condition is satisfied by the M-subgroups 
of A if, and only if, 


(a) A ts of finite rank; and 


(b) the lengths of the cyclic M-subgroups of A are bounded. 
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Proof. If the double chain condition is satisfied by the M-subgroups 
of A, then A is finitely generated, proving the necessity of (a); and the 
necessity of (b) is a consequence of Corollary 2 


Suppose, conversely, the validity of conditions (a) and (b). Denote by 
R an integer such that every finite subset of A is contained in a M-subgroup 
of A which is generated by not more than & elements; and denote by N an 
integer such that the length of every cyclic M-subgroup of A is at most N. 
If an di-subgroup of A is generated by not more than 2 elements, then it is 
clearly of a length not exceeding «N ; and the length of every finitely generated 
M-subgroup of A consequently does not exceed RN. Hence there exists an 
M-subgroup B of greatest length (note that Af-subgroups of finite length are 
always finitely generated). If Z is a cyclic M-subgroup of A, then Z is of 
finite length and hence B+ Z is of finite length. This length cannot be 
greater than the length of B, proving (by the Jordan-Holder Theorem) that 
Z= B. Hence B = A so that A itself is of finite length, as we wished to show. 

Again it is easy to show that neither of the conditions (a) and (b) can 
be omitted. 

It is clear on reading the proofs of Lemmas 1 and 2 that the arguments 
used are purely lattice theoretical. It would be easy, though too lengthy for 
our purposes, to state these lemmas as theorems on lattices. \ 


Example 3. Denote by p a prime number and let A be a direct sum 
of a countable infinity of cyclic groups of order p. Denote by 6,6(1), 
b(2),: + -,b(t),- > +, for 0 <%, a basis of A. Then there exists one and 
only one endomorphism a(t) of A which maps b upon b(i) and which 
maps every 6(7) upon 0; and there exists one and only one endomorphism 
a(i) of A which maps b(i+ 1) upon d(i) and which maps b as well as b(7), 
for 7541-+1, upon 0. Denote by M the system consisting of the a(i) 
and a(i). 

It is clear that A is a cyclic M-group, generated by b. Denote by S(2) 
the subgroup of A which is generated by 6(1),-- -,0(?); and by S(w) the 
subgroup of A which is generated by all the b(t). These subgroups of A are 
readily seen to be M-admissible; and they satisfy: 


0< S(1)<-:-< S(t) <S8G+1) <<< S(0) <A. 


Consider now some M-subgroup S of A. If § is not part of S(w), then 
S contains an element of the form: b + b’ where b’ is in S(w). But then 8 
contains (b + d’)a(1) = b(i) for every i. Hence b’ and therefore b are in $, 
proving S= A, if S is not part of S(w). 
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If the M-subgroup S of A contains an element that belongs to S(1+ 1), 
- but not to S(+), then S contains an element of the form b(t -+ 1) +z for z 
in S(i). Consequently § contains (6(i +1) +2)a(i) = b(i), b(i)a(i—1) 
= 6(41—1) ete., so that S(t) = S. Hence z is in $ also which implies that 
b(t1-+1) belongs to S. Consequently S(t -+ 1) = 5. 

From the results of the last two paragraphs we deduce that 0, S(7), S(w) 
and A are the only M-subgroups of A. Thus we see that A is a cyclic M-group 
and that the descending, but not the ascending chain condition is satisfied 
by the M-subgroups of A. 

If the abelian group A admits the elements in the system M as operators, 
then denote by M* the ring of endomorphisms of the ordinary abelian group A 
which is generated by the identity and by those endomorphisms of A which 
are induced in A by elements in M. A subgroup of A is M-admissible if, and 
only if, it is 1/*-admissible. Hence it does not involve any loss in generality, if 
we assume in the future that M itself is a ring containing an identity 1 which 
acts as an identity on A so that x1= x for x in A. Nothing will be gained, 
‘however, by assuming that the elements in M are endomorphisms of A, since 
endomorphism rings of A are, in general, not endomorphism rings of the M- ` 
subgroups of A. [For different endomorphisms of A may induce the same 
endomorphism in a subgroup. |] . 

If Z is part of M, then it is possible to consider the M-group A at the 
same time as a Z-group; and it will be possible to gain information about ~ 
the M-group A from information concerning the Z-group A, since every M- 
subgroup of A is at the same time a Z-group of A (though not conversely). 
From the remarks in the preceding paragraph it follows that we may assume, 
without loss of generality, that Z is a subring of M. which contains the identity 
of the ring M; and we shall make this hypothesis throughout. 

If Z is a subring of M and if «x is an element in the M-group A, then 
we denote by Q(x,Z) the set of all the elements z in Z, satisfying zz = 0. 
Clearly Q(2,Z) is a right-ideal in 4 which may be called the Z-order of x. 


Lemma 3. If A==gM is a cyclic M-group and if Z is a subring of M 
such that i 
(a) MOZ) = Q(9,4)U, 


(b) the descending chain condition is satisfied by the Z-subgroups of gZ; 
then the cyclic Z-subgroups of A are of bounded length. 


Proof. From the definition of the Z-order and from condition (a) we 
infer that l 


gZ Q(g, Z) = gMQ(g,2) =g Q(g.Z)M =0. 
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Hence ZQ(9,Z) <Q(g,Z) so that Q(g,Z) is a two-sided ideal in Z. 
Mapping the element gy, for y in Z, upon the coset Q(g, Z) + y we obtain 
an isomorphism of the Z-group gZ upon the Z-group Z/0(9,Z); and this 
isomorphism induces, in particular, an isomorphism of the lattice of Z-sub- 
groups of gZ upon the lattice of right-ideals in the ring Z/0(9,Z). It 
follows from (b) that the descending chain condition is satisfied by the right- 
ideals of the ring Z/Q(g,Z), a ring with unit. Applying Hopkins’ Theorem ° 
we see now that the double chain condition is satisfied by the right-ideals in 
Z/Q(g,2). Using the isomorphism between gZ and 2/Q(g,4) we conclude 
that 


the cyclic Z-group gZ is of finite length N. 


If x is an element in A = gM, then there exists an element m in M 
such that z= gm. Hence it follows from (a) that 


cQ(g,4) = gm (gZ) = gM (gZ) S99 (9,4) M = 0. 
We deduce, therefore, from the definition of the Z-order that 


Q(g. Z) = Q(z, Z) for every gin A. 


As before we see that the Z-groups 7Z and Z/@(x,Z) are essentially the 
same; and that, therefore, the lattices of Z-subgroups of sZ is isomorphic to 
the lattice of right-ideals between Q(z, Z) and Z. From Q(g, Z) S Q(z,Z) 
and the fact that the lattice of right-ideals between Q(g, Z) and Z is of length 
N, we infer now that the lattices of right-ideals between Q(z, Z) and Z is of 
a length not exceeding N. The Z-group xZ is, therefore, of length not greater 
than N; and this completes the proof. 


THEOREM 1. The double chain condition is satisfied by the M-subgroups 
of the cyclic M-group A = gM, if there exists a subring Z of M with the 
following properties: 


(i) MQ(9,4) = @(9,4)M, 
(ii) the descending chain condition is satisfied by the Z-subgroups of A. 


Proof. It is an immediate consequence of conditions (i) and (ii) and 
of Lemma 3 that the conditions (a) and (b) of Corollary 2 are satisfied by the 
Z-subgroups of A. It follows from Corollary 2 that the double chain con- 
dition is satisfied by the Z-subgroups of A. But.the system of M-subgroups 





° Which we stated in the introduction. 
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n i 
of Á is part of the system of Z-subgroups of A, proving the validity of the 
double chain condition for the M-subgroups of A. 


COROLLARY 3. The double chain condition is satified by the M-subgroups 
of the cyclic M-group A, if either of the following conditions is satisfied by 
A and M: ; 


(1) Every righi-ideal in M is two-sided; and the descending chain 
condition is satisfied by the M-subgroups of A. \ 


(2) If C is the center of M, then the descending chain condition is 
satisfied by the C-subgroups of A. 


This is an immediate consequence of Theorem 1. 
The ring M shall be said to be of finite rank over its subring Z, if the 
addition group M, of M is a Z-group !° of finite rank. 


Lemma 4. If A=gM is a cyclic M-group, and if M is of finite rank 
over its subring Z, then A is a Z-group of finite rank. 


Proof. There exists an integer Æ with the following property: 
If F is a finite subset of M, then there exist elements m(1),-- |, m(%) 
k 
in M such that k = È and such that FS > m(i)Z. 
a 4=1 


Consider now a finite subset T of A. Then there exists a finite subset F 
of M such that T == gF. Hence there exist elements m(1),,° + -,m(k) such 


k k 

that k= È and FSX m(i)Z. Clearly T =gF SF [gm(t)]Z, proving 
q=1 i=1 

that the Z-group A is of finite rank. 


THEOREM 2. The double chain condition is satisfied by the M-subgroups 
of the cyclic M-group A = gM, if there exists a subring Z of M with the 
following properties: 


(i) MQ(9,Z) SQZ) M; 

(ii) the descending chain condition is satisfied by the Z-subgroups 
of gZ; 

(iii) M is of finite rank over Z. 

Proof. It is a consequence of Lemmas 3 and 4 that conditions (a) and 


(b) of Lemma 2 are satisfied by the Z-subgroups of A. We infer from 


1° The elements in Z act as right multipliers only for M. 


+ 
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Lemma 2 the validity of the double chain condition for the Z-subgroups 
of A, implying the double chain condition for M-subgroups. 


COROLLARY 4. The double chain condition is satisfied by the M-sub- 
groups of the cyclic M-group A = gM, if M is of finite rank over ris center C 
and if the descending chain condition is satisfied by the C-subgroups of gl. 


This is an immediate consequence of Theorem 2. 
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RADICALS AND SUBDIRECT SUMS.* + 


By BAILEY Brown and Near H. McCoy. 


1, Introduction. The radical N of a ring &, in which the right (left) 
ideals satisfy the descending chain condition, is usually defined as the join 
of all nil right (left) ideals in R. It is well known that N is a two-sided 
ideal in Æ and that the ring R/N is semi-simple, that is, has zero radical. 
Furthermore, a necessary and sufficient condition that R be semi-simple is 
that Æ be isomorphic to a full direct sum of a finite number of simple rings, 
each of which is a complete matrix ring over a division ring (Wedderburn- 
Artin theorems). 

Various definitions have been proposed for the radical of an arbitrary 
ring,” most of which are in terms ‘of nil ideals. Jacobson, however, has 
abandoned nilpotence as fundamental in the notion of radical; * instead, his 
definition is in terms of a concept first introduced by Perlis.* If N” is the 
Jacobson radical of R and N° R, that is, È is not a radical ring, it turns 
out that N” is the intersection of a set of two-sided ideals B in Æ such that 
R/B is of a special type called primitive. From this, it follows that N° = 0 
if and only if £ is isomorphic to a subdirect sum of primitive rings. In the 
presence of the descending chain condition for right ideals, a primitive ring 
is necessarily simple, and a subdirect sum of a finite number of simple rings 
is actually a full direct sum of a finite number of these rings. Jacobson’s 
results thus generalize the Wedderburn-Artin structure theorems mentioned 
above. 

Our point of view, based somewhat on the form of Jacobson’s results, 
is that the radical N of an arbitrary ring should be a two-sided ideal whose 
vanishing is a necessary and sufficient condition that Æ be isomorphic to a 
subdirect sum of rings of some particular type. Furthermore, if the descending 
chain condition holds for right ideals in Æ the radical should coincide with 
the classical one. We shall presently define a radical which generally differs 
from Jacobson’s but which, in common with his, meets both these conditions. 


* Received May 18, 1946. 
- + Presented to the Society, April 27, 1946. 
* Kéthe [1], Levitzki [1] and [2], Baer [1]. 
? Jacobson [1]. 
4 Perlis [1]. 
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First, however, we state his definition in terms which will conveniently lead 
to ours. ~ 

Let a be an arbitrary element of È, and consider the right ideal {ax — a}, 
where x runs over R.” Now b is in the radical N’ of R, as defined by Jacobson, 
if and only if ae {ax -— x} for every element a in the right ideal generated 
by b. We shall henceforth refer to N’ as the Jacobson radical of RR. 

Now let G(a) be the two-sided ideal in Æ generated by the right ideal 
{ax — x}, that is, 


G(a) = {ax — x + Zyuazi — Zyizi}, 


where x, yi, zı vary over È, the sums naturally being finite. We shall say 
that b is an element of the radical N of R if and only if ae G(a) for every 
element « of the two-sided ideal generated by b. Unless otherwise stated, 
this is henceforth the meaning we attach to the word “radical.” We show 
that N is a two-sided ideal in ÆR, that R/N has zero radical, and that the 
radical of a complete matrix ring En is Nn. The vanishing of N is a necessary 
and sufficient condition that R be isomorphic to a subdirect sum of simple 
rings with unit element. 

If be N”, and a is an arbitrary element of the two-sided ideal generated 
by b, then, since WN’ is itself a two-sided ideal, it follows that a e {ax — z}, so 
that ae G(a) and be N. Thus NC N and, since a primitive ring need not 
be a simple ring with unit element, in geheral, N° is properly contained in N. 
However, the definitions coincide if R is commutative, and hence for commu- 
tative rings, N = N. We shall show that also N” = N if the descending chain 
condition holds for right ideals in A. Thus our results furnish another 
generalization of one of the Wedderburn-Artin structure theorems and also, 
in common with Jacobson’s, yield as special cases a number of known results 
on subdirect sums." i l 

Actually, we use a somewhat more general approach which may be of 
some interest in itself. In the proofs of some of the theorems about the radical, 
the only property of the G(a) defined above which is actually used is that if 
a — ã is a homomorphism of R onto R, then G(a) = G(a). Accordingly, we 
consider an arbitrary mapping a + F(a), defined for all rings, of R into the 
set of two-sided ideals in R such that F(a) = F(a) for every homomorphism 
a—>dof R onto a ring R. If, then, in the definition of radical, we use F(a) 
in place of G(a), we get what we shall call the F-radica! of È; thus the radical 





ë Jacobson uses {ax + 2}, but we find it convenient to use this equivalent 
formulation. 
8 Stone [1], McCoy [1], McCoy and Montgomery [1]. 
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is the G-radical. It is shown that the F-radical Nr of R is a two-sided ideal 
in È and that £/Nr has zero F-radical. The vanishing of Nr is a necessary 
and sufficient condition that R be isomorphic to a subdirect sum of subdirectly 
wreducible rings of zero F-radical." Although the F-radical has a number of 
“yadical-like ” properties, it will not in general reduce to the ordinary radical 
in the presence of the descending chain condition. The concept is, therefore, 
not a true generalization of the radical, but rather a device leading to sub- 
direct sum decompositions of various types, depending on the choice 6f the 
mapping PF. 

In view of these results, it becomes of some interest to characterize the 
subdirectly irreducible rings of zero F-radical. In the final section, we do 
this for several different mappings a —> F(a), thus obtaining some other 
interesting special cases of the general subdirect sum decomposition theorem 
stated above. 

Inasmuch as we shall be chiefly concerned with two-sided ideals the word 
ideal shall henceforth, unless otherwise stated, mean two-sided ideal. 


2. Subdirect sum of rings. An element of the (full) direct sum 9 
of rings A, will be denoted by 


a= (Qi, Ge, ` ` ‘Ja 


where a; € R; and 1, despite the notation employed, runs over an index set of 
arbitrary cardinal number. By a subdirect sum of the rings R: is meant a 
subring T of S such that, for each i, the homomorphism a+ a; of S onto Ri 
maps T on all of R;, inducing a homomorphism of T onto Ri. If a ring R is 
isomorphic to T, the product of the isomorphism and this homomorphism is a 
natural homomorphism of # onto Ry. A ring R is isomorphic to a subdirect 
sum of rings Ry if and only if, for each i, E contains an ideal M; with 
R/M; = Ri, and the ideals Mı have zero intersection.’ 

By a subdirectly irreducible ring” is meant a ring F such that in every 
isomorphic representation of EÈ as a subdirect sum of rings R:, the natural 
homomorphism of R onto A; is an isomorphism for some t. Thus, Æ is sub- 
directly irreducible if and only if the intersection of all nonzero ideals in R 
is itself a nonzero ideal J. This ideal J is a unique minimal ideal in È if È 
has more than one element and is vacuous otherwise. 


™The concept of subdirectly irreducible ring was introduced by Birkhoff [1]. 
See 2 below. 
8 McCoy and Montgomery [1], McCoy [1]. 
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8. The F-radical of a ring. Suppose that in each ring R there is 
assigned a mapping F of È into the set of ideals in È in such a way that if 
a —> ã defines a homomorphism of F onto a ring R, and F(a) is the image in 
R of the ideal F(a) in R, then F(4) = F(a). An element a of È shall be 
F-regular if and only if ae F(a), and an ideal in È shall be F-regular if and 
only if each of its elements is F-regular. 


DEFINITION. The F-radical Nr of R is the set of elements b of R which 
generate F-regular ideals (b) in È. 

If Np = R, R is an F-radical ring. 

If ae F(a), then de F(a) =F (a). It follows that F-regularity of 
elements, and therefore of ideals, is preserved under homomorphism, and that 
the f-radical of R goes into the F-radical of R. 

The following theorem characterizes the /°-radical :° 





THEOREM 1. The F-radical Nr of a ring R is the intersection UM of 
the ideals M in R such that R/M is subdirectly irreducible and has zero 
P-radical. 

We show first that HUM C Nr. If béNr, then for some « in (b), 
at F(a). By Zorn’s Maximum Principle, there is an ideal M containing F(a) 
but not containing a, such that every ideal in Æ which contains M as proper 
subset does contain a. If 4 is the residue class to which 4 belongs modulo M, 
it follows that every nonzero ideal in £/M contains d=4 0, so R/M is sub- 
directly irreducible. But since f(4) = F(a) == Ô, a@¢F(a). Thus every 
nonzero ideal in E/M contains an element which is not #-regular, so that 
R/M has zero f-radical. Since a¢ M, it follows that bẹ M, and b ¢ IM. 

Conversely, Nr C HM. For if be Nr and M is any ideal of the specified 
type, then b is in the F-radical of R/M since P-regularity is preserved under 
homomorphism. Since R/M has zero F-radical, b = 0,beM. Thus be IM. 


COROLLARY 1. The F-radical of R is an ideal in R. 


COROLLARY 2. A ring R is an F-radical ring if and only if R ttself is 
the only ideal M in R such that R/M is subdirectly irreducible of zero 
P-radical. 

COROLLARY 3. The F-radical of R is the join of all F-regular ideals in R. 


This last statement follows from the fact that, by definition, Vr consists 
of the elements of Æ which generate F-regular ideals. Since Nr is an ideal 
it is clearly an F-regular ideal which contains every /-regular ideal. 


y 
° Cf. Birkhoff [1]; Jacobson [1], p. 311. 
4 
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THEOREM 2. The ring R/Nr has zero F-radical. 


Let b denote an element of the F-radical of R/Nr, and M any ideal in R 
such that R/M is subdirectly irreducible and has zero F-radical. Since 


R/M = (R/Nr)/(M/N r), it follows from Theorem 1 that be M/Np. Hence 
be M, belM=Nr,b=0. . 


THEOREM 3. A subdireci sum of rings R; of zero F-radical has zero 
F-radical. 


If a is in the /-radical of R and a-> a; is the natural homomorphism 
of R onto Ay, then, for each i, a; is in the F-radical of £;. Hence a; = 0 
and a = 0. i 

Almost immediate is 


THEOREM 4. A ring has zero F-radical if and only if it is isomorphic 
to a subdirect sum of subdirecily irreducible rings of zero F-radical. 


The necessity of the condition follows from Theorem 1 and the results 
of 2; the sufficiency, from Theorem 3. 

If, for example, the mapping F is defined in each ring R by F(a) = 0 
for every a in È, zero is the only /-regular element of A and every ring has 
zero F-radical. Theorem 4 then reduces to the ring case of Birkhoff’s theorem 
on algebras with finitary operations.’ 

We now prove 


THEOREM d. A subdirectly irreducible ring È has zero F-radical if and 
only if the minimal ideal J contains an element a 0 such that F(a) = 0. 


If E has zero #’-radical and 750 is an element of J, some element a of 
(7) =J is not F-regular, that is, at F(a). This element 4 can not be zero 
and is contained in every nonzero ideal in Æ. Hence we must have F(a) = 0. 
Conversely, the #-radical of & does not contain J, for, by hypothesis, J con- 
tains an element a which is not F-regular. Hence the F-radical is the zero 
ideal. 

In the next two sections, we make a detailed study of the radical, that is, 
the case in which the general mapping a > F(a) is specialized to a > G (a), 
where G (a) is as defined in the introduction. In 6, further illustrations and 
applications of this general theory will be given. 


4. The radical of a ring. 


We now repeat the 
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DeriNITIONn. The radical N of a ring È is the set of all elements b 
of R such that for every element a of (b), 


ae G(a) = {az — e + Zyiaz, — Zizi}. 


A ring with zero radical will be said to be semi-simple; a ring which 
coincides with its radical is a radical ring. If a ring has more than one 
element and a unit element 1, it is clear that 16 G(1) = 0, so that such a 
ring can not be a radical ring. 


THEOREM 6. A subdirecily irreducible ring is semi-simple if and only 
of it is a simple ring with unit element. 


The theorem is trivial for one-element rings.!° If the simple ring S 
has more than one element and a unit element 1, then 12/47, G(1) =0, and 
Theorem 5 shows that S is semi-simple. Conversely, let S be a subdirectly 
irreducible ring of more than one element. If S is semi-simple, Theorem 5 
states that its minimal ideal J contains an element e s£ 0 for which G(e) == 0. 
Hence ex = v for all 2 in S and SCJ, that is, S is simple and has a left 


unit e. The proof is completed by establishing the following lemma: 


Lema. If eis a left unit of a simple ring S, then e is the unit element 
of S. 


It is given that ex = for all x in S. The set # = {re—-x;reS} isa 
two-sided ideal in S. If E = S, then e = ye — y for some y in S, and right 
multiplication by e yields e = ye — ye = 0. Hence a=ex=0 for all g, 
and S is a one-element ring. If S has more than one element, then E = 0, 
and g == ex = ve for all æ in S. 


COROLLARY. A simple ring is semi-simple if it has a unit element, 
otherwise it is a radical ring. 
The following characterization of the radical follows at once from 


Theorems 1 and 6: 


THEOREM 7. The radical of a ring R is the intersection of all ideals M 
in R such that R/M is a simple ring with unit element, 


COROLLARY 1. If R is not a radical ring, the radical of R is the inter- 
section of all maximal ideals M in R such that R/M has a unit element. 


10 In order to avoid any possible confusion, we explicitly point out that, according 
to our usage, a one-element ring is a simple ring with unit element. 
11 This was pointed out to us by R. E. Johnson. 
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COROLLARY 2. If R is not a one-element ring and has a unit element, 
the radical of R is the intersection of all maximal ideals in R. 


Theorems 4 and 6 yield at once the following important result: 


THEOREM 8. A ring È is semi-simple if and only if it is isomorphic to 
a subdirect sum of simple rings with unit element. 


This is, for general rings, a generalization of one of the Wedderburn-Artin 
theorems for semi-simple rings in which the right ideals satisfy the descending | 
chain condition. We shall show that it actually yields that theorem if merely 
the descending chain condition for two-sided ideals is assumed. 


THEOREM 9. In the presence of the descending chain condition for two- 
sided ideals, a semi-simple ring R is isomorphic to the full direct sum opa a 
finite number of Stone rings with unit element. 


Since È has zero radical, there exists a set of ideals M in £ such that 
R/M is simple with unit element, and HM = 0. Since the descending chain 
condition is assumed, there is a finite subset {Mz}, (i = 1,2,: - +, k), of these 
ideals with ILM; = 0, and which, furthermore, is minimal in the sense that 
the intersection of any 4 — 1 ideals of the subset is not zero. If ae R and a; 
is the image in R/M; of the element a under the natural homomorphism of 
E onto E/M., it is clear that the correspondence | 


(1) ad (01; do, ` ` "5 y) 


defines an isomorphism of È onto a subdirect sum of the simple rings R/M. 
However, it is easy to show as follows that this subdirect sum is actually the 
full direct sum. From the minimality of {M:} it is clear that there is an 


element ¢ of R in I Mi, but not in M,. For this c, the correspondence (1) 


yields c—> (¢1,0,- © -,0). Since c, is a nonzero element of the simple ring 
R/M, it follows that a — R/M,. Hence, under the isomorphism (1), every 
element of the form (71,0,---,0), rx e E/M, appears as the image of some 


element of R. A similar result holds if M, is replaced by Mj, (J = 2,-++,k). 
Thus, finally, every element of the direct sum of the rings E/M: appears as 
the image of an element of R under the isomorphism (1). This shows that 
R is isomorphic to the direct sum of the rings R/M, (s=1,2,°°°+,k). 

It was pointed out in the introduction that the Jacobson radical N° is 
contained in the radical N. We now prove 


THEOREM 10. If the right ideals of È satisfy the descending chain 
condition, the radical N of R coincides with the Jacobson radical N’ of R. 
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In view of the remark just made, it is enough to prove that NC N°. 
In R/N°, the descending chain condition holds for right ideals and the 
Jacobson radical is zero. This implies ° that B/N” is isomorphic to the direct 
sum of a finite number of simple rings, each of which has a unit element 
because of the chain condition, Thus £/N” has zero radical by Theorem 8. 
Hence if be N, then È is in the radical of R/N’, so b = 0 and be N’. Thus 
N CN’, as required. 

If R has more than one element and a unit element, Jacobson has shown 
that N°” is the intersection of all maximal right (left) ideals in Æ. The second 
Corollary to Theorem 7, together with the result just established, shows that if 
È has a unit element and the descending chain condition holds for right ideals 
in È, the intersection of all maximal right (left) ideals coincides with the 
intersection of all maximal two-sided ideals. 

We shall conclude this section with some further miscellaneous results. 
First, we remark that if a is a nilpotent element of a ring R, then ae G(a). 


n-1 

For if a” = 0, n > 1, and z = — >) a’, it is easily verified è that a = ax — z. 
t=1 

This establishes 


THEOREM 11. If all elements of (b) are nilpotent, then b is in the 
radical of R. 


We now pass to the proof of 


TreorEeM 12. If A is an ideal in R, the radical of the ring A is con- 
tained in the radical N of ÈR. 


Let M be any ideal in Æ for which R/M is a simple ring with unit 
element. Then A/(A* M) = (A,M)/M, which, as an ideal in the ring 
R/M, is itself a simple ring with unit element. Thus, by Theorem ", the 
radical of the ring A is contained in A“ M, and therefore in N = UM. 


COROLLARY. Any ideal in a semi-simple ring is semi-simple. 


5. The radical of a matrix ring. The ring of all matrices of order n 
with elements in a ring Æ will be denoted, as usual, by En. The purpose of 
this section is to prove 


THEOREM 13. The radical of Ra is Nn. 


If M is an ideal in R, it is clear that M —> M, is a one-one mapping of 
the set of ideals in Æ onto a subset of the ideals in Ry, and that M C W if 
and only if M,C Mn. 


54 ` BAILEY BROWN AND NEAL H. MC COY. 


LEMMA 1. Let L be an ideal in Rn and a the element in the (i,ĵ) 
position of a matrix A in the ideal L. If x and y are elements of E, then L 
contains a matrix with xay in the (p,q) position and zeros elsewhere. 


If ce R, let Xi; denote the matrix with è in the (i, j) position and zeros 
elsewhere. Then Xy;AY jq is the required matrix in L. 


© Lemma 2. Sisa simple ring with unit element if and only if Sn is a 
simple ring with unit element. i 


If S is simple with unit element and L a nonzero ideal in Sn, let a s£ 0 
be an element of some matrix in L. .In S, the ideal (a) = {3r:ay:} = 8, 
and hence by Lemma 1, if se $, there exists in L a matrix with s appearing 
in any given position and zeros elsewhere. Adding matrices of this type, 
it is clear that L= S» and it is obvious that S» has a unit element. Con- 
versely, the mapping M —> M» establishes that Sx is not simple if S is not, 
and it is well known that S» has no unit element if S does not. 

The theorem will follow readily when we have proved 


Lemma 3. I f R/M is a simple ring with unit element, then Rn/Mn is 
a simple ring with unit element. Conversely, if L is an ideal in Ry such that 
Rn/L ts a simple ring with unit element, then the set M of all elements of R 
which appear as elements in the matrices of L is an ideal in È, L= Mn and 
R/M is a simple ring with unit element. 


The first assertion follows from Lemma 2 and the readily proved fact that 
Rn/Mn = (B/M)n. 

For.the converse, let M“ be the set of elements of Æ which appear in the 
(1,1) position in matrices of L. Clearly M* is an ideal in R and M* C M. 
We show that M C M* and hence that M = M*. 

Since, by hypothesis, n/L has a unit element, En contains a matrix 
U = (wij) which is the unit element of È, modulo L. Thus 


(2) UXU=Z (L) 


for every matrix X in fn. If, in particular, we choose X to be a matrix with 
an arbitrary element r of R in the (1,1) position and zeros elsewhere, and 
consider the elements in the (1,1) position of the two members of (2), we 
see that 

(3) Unt =r (M*) 


for every element r of R. If be M, there is a matrix in L containing b in 
some position. Lemma 1 then shows that there exists a matrix in L con- 
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taining Unbun in the (1,1) position. Hence ubun € M* and it follows 
from (3) that be M*. Thus M C M*, and M is an ideal in È. 

We show next that L= Mn. It is evident that LC Mn, so it suffices 
to prove that Man C L. If ce M, then UCÒ&U can be considered as a sum of 
matrices of the type described in Lemma 1, hence UCU e L. From (2), it 
follows that Ca: e L. But any. matrix of Mn» can be expressed as a sum of 
matrices of the form Ci. Thus Mx C L and therefore L = Mn. 

Finally, since (R/M )n = Bn/My = En/L, which is a simple ring with 
unit element, it follows from Lemma 2 that E/M is a simple ring with unit 
element. This completes the proof of Lemma 3. 

It is apparent from Lemma 3 and the properties of the mapping M > Ma 
that the ideals M in Æ for which R/M is a simple ring with unit element 
correspond one-to-one with the ideals L in Ay for which &,/L is a simple ring 
with unit element. Furthermore, it is clear that intersections of corre- 
sponding ideals also correspond. It follows from Theorem 7 that the radicals 
correspond, and thus the radical of E» is Nn. 


COROLLARY. If E is a radical ring, En is a radical ring. - 


6. Some other special cases of the general theory. In this section, we 
return to give some further illustrations and miscellaneous results of the 
general theory of 8. We recall that the mapping a— F(a) of E into the set 
of ideals in È is assumed to have the property that if a ->@ is a homomor- 
phism of R onto R, then F(a) = F(a). 

In addition to the important special case, a— G(a), discussed in detail 
in the preceding two sections, we may list the following expressions for F(a}, 
all of which are ideals and meet the above stated condition. ‘The list is by 
no means exhaustive but suggests some of the possibilities. In the following, 
a is an arbitrary integer: 





Pa(a) = {ar — ax + ya — ay + Sriasi — arisi}, 
Fat(a) = {aw — ca + Sryas; — aSris;}, 

Fut (a) = {2a — ax + SMAS — atri}, 

Ha(a) = {3rias; — aXrisi}, 

G* (a) = G(— a?) = {ax + x + Irisi + Srisi}. 


In these expressions; x, y, 7%, si vary over the elements of È and the sums 
are finite. 

It will be noted that the G(a), used in the definition of the radical, is 
just F! (a). 
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Obviously, Fa(a) = 0 if and only if az = xa == gg for all z in È, that is, 
ais an a-fier of R? Thus, as a consequence of Theorem 5, we obtain 


THEOREM 14. A subdirectly irreducible ring R has zero Fa-radical if 
and only if the minimal ideal J contains a nonzero a-fier of R. 


This theorem together with Theorems 1, 6 and 7 show that the /-radical 
of a ring coincides with the radical. In fact, the F,”-radical is also just the 
radical. 

Consider next the mapping defined by a-—>G@*(a). Here G*(a)=0 
if and only if — a? is a left unit of E. Theorems 4 and 5, together with the 
argument used in the proof of Theorem 6, establish at once the following 
result: 


THEOREM 15. A ring has zero G*-radical'if and only if it is isomorphic 
to a subdirect sum of simple rings, each with a unit element 1 and an element 
whose square is — 1. 


The principle used in constructing G*(a) can obviously be generalized 
by using, in place of — a°, any polynomial in a with integral coefficients and 
zero constant term. This process may also be applied to the other mappings 
as well as to G. 

If R has a unit element, Fa = Fa! = Fa = Ha, but in general they are 
different. We discuss, in some detail, the cases of Ha for a=-1 and 0 
respectively. 

It is clear that Hı (a) = 0 if and only if 


(4) ray — ry = 0 


for all x and y in R. Thus, by Theorem 5, a subdirectly irreducible ring È 
has zero H-radical if and only if its minimal ideal J contains a nonzero 
element « for which (4) holds. We now consider two cases. 

We suppose first that the subdirectly irreducible ring # has no right or 
left annihilator except zero. That is, zE = 0 implies z= 0, and Rz—0 
implies z == 0. From (4), we see that (ra — z) E == 0 and R(az— zr) =0 
for every cin R. Hence az = za = v, and a is the unit element of R. But 
a £d, so Ris a simple ring with unit element. 

Suppose, on the other hand, that Æ has a nonzero element c such that 
ck =0 or Re= 0, and, for definiteness, assume that ch —0. It follows 
. that (c) consists of all elements of the form ne + re, where # is an integer 


12 Brown and MeCoy [1]. 
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and re R. But ae (c) since JC (c), hence ak = 0. From (4), we have 
that zy = 0 for all ©, y in R, that is, that R? = 0.% 

Conversely, in either case, a subdirectly irreducible ring has zero Hı- 
radical. Hence from Theorem 4 we obtain 


THEOREM 16. A ring has zero H,-radical if and only if it is isomorphic 
to a subdirect sum of rings, each of which is either a simple ring with unit 
element or a subdirectly irreducible ring whose square is zero. 


Finally, we consider the case of Ha in which a=0. Here Hala) =9 
if and only if 
(5) ray = 0 


for all v and y in R. As in the preceding case, we only need to characterize 
those subdirectly irreducible rings Æ which have a nonzero element a of the 
minimal ideal J such that (5) is satisfied. Let us assume for the moment 
that aR £0, hence that there exists an element z of A such that az 40. 
Now the ideal (az) must contain a, hence in view of (5) we have 


a == NAZ + azr, 


where n is an integer and re Æ. From this, again using (5), it follows that 
Ra=0. Hence either Ra = 0 or aR = 0. Since (a) = J, it follows at once 
that either RJ == 0 or JR = 0. It is clear that if this condition is satisfied, 
the subdirectly irreducible ring #& has zero Ho-radical. Theorem 4 now 
establishes i 


THEOREM 17. A ring has zero H-radical if and only if tt is isomorphic 
to a subdirect sum of subdirectly irreducible rings Ry with the minimal 
ideal Ji such that either Rid; = 0 or JiRı =Q. 


It is an easy consequence of Theorem 14 that in the decompositions 
induced by the vanishing of the #-radical, the rings R: satisfy JR; = Rid; 
==, For the M)'-radical (#o"-radical), they satisfy J:Riı = 0 (Ridi = 0). 


AMHERST COLLEGE. 
SMITH COLLEGE. 


13 A detailed characterization of subdirectly irreducible rings R with 2? = 0 would 
take us too far afield. However, it is not difficult to show that the additive group of 
such a ring is primary of rank one, as defined by Prüfer. Hence such a group is either 
of the type p or of the type po (Prüfer [1]). 
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ON CONGRUENCES AND CONJUGATE NETS.* 


By V. G. GROVE. 


1. Introduction. In this paper we study conjugate nets from a metric 
point of view. The equations of the sustaining surface, assumed to be non- 
developable, are written in terms of arbitrary parameters. ‘The formulas 
convenient for the study of the net are written in terms of these parameters 
and certain normalized components of vectors along the tangents to the 
curves of the net. An invariant of a curve of the net, which we have called 
the asymptotic curvature of the curve, has been found which is related to 
isothermally conjugate nets in a manner similar to the relation between the 
geodesic curvature of the curves of an orthogonal net to isothermic nets. 
Conditions that a congruence of lines protruding from the surface be conju- 
gate to the sustaining surface, and to the net are found. Some attention is 
paid to pencils ‘of conjugate nets. 

Let the parametric equations of the surface S be zt = zt (ut, u?) and let 
X*(u*, u?) be the direction cosines of the normal to S at the point x with 
coordinates (x, x", <°). These functions satisfy the differential equations 
(1. 1) Tiap ni dapX*, Xa = Maf L$, ps mal = — dapg”? | 
the comma denoting covariant differentiation with respect to the metric tensor 
gap. Let du'/du® = U!/U?, du'/du? = V!/V? be the differential equations 
of the conjugate net N. Then dpoU?V?=0. We shall call the curve of N 
whose tangent vector is U*(V%) the U-curve (V-curve) with similar names 
for the tangents to these curves. 

Since only the ratios U! : U*, V! : V? are material, these components 
may be normalized so that 


(1. 2) dpoUPU? = é1, dpa VeVe ss Co 


wherein ¢,, e. are + 1 according as the radii of normal curvature Ran, Ry) 
in the directions of the U- and V-tangents are positive or negative. From 
(1.2) and the definitions of these curvatures we have 


È, w = e19peU?U°, Riv sn Cogfpo VPVI. 


* Received July 9, 1946. 
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Since S is non-developable we may define the functions d°f by the 
expression d°dpg == 84%. Let 
Ua bia dapUP, Ve = dap V’. 


The following relations exist between U‘, Ve: 


(1.3) UP + ea VVE — d, 6,0 40g + e2Va Vg = dag, 
UaV8 — VUB — EB, Ve = U p Ue = «PV, 
wherein 
€ mm ¢?? me (), = — 1 = (ed)-4, e = €109 
€11 == €29 = 0), acs talia} = (ed)?. 


2. S referred to N, and the asymptotic net. Let us now write the 
differential equations (1.1) of S in terms of the conjugate parameters of N. 
To this end put 


(2.1) æ= fUPet», a= grin, F=logf, G= log g. 
wherein f and g are to be chosen so that (st): = (ats). We find from 


(2.1) that 
L'a = beU gts /f + 02Var'2/g. 


and, since (2*,)2== (gta); 


| (2. 2) VPP.p ste eU p WP, U? Gp == — E2 V p WP, 
wherein 
We = UPVa, — VU p. 


The functions æt, X* satisfy the equations 


(2.3) tag = Papp + DagX', Xa = M Php, 
wherein ' 


iy == ef (UF, p + UpU?,5U°), Uoo= €1:9°U pV Lo V/F, 
lir == 02f°VpUP,0U°/g, ` Poa = 639 (e2 VPG, p + Vo V’, Ve), 
Pie = egU p V’ US, Pie = eaf V pU., V9, 
(2. 4) Da = ef’, Di: = 0, Doz = e29", 
M == — @hpo UP UF, M?, = — e2fhpoU?V°/g, 
M?, = — erghpoU?Ve/f, M?s = — eshpaVV?, . 


hag being the metric tensor of the spherical representation of S. 
One. may show readily that, under the conditions (2.2), the expressions 


du = U pdu? /f, dv = Vpdu?/g 


Poni 
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are exact, and hence (2.8) are the Gauss differential equations of S in the 
parameters u, v and in which st, = dz'/0u, ete. 

As an illustration of the use one may make of (2.3), we recall that the 
focal point on the U-tangent is given by the formula 


O Pa = T — 2 /P yp = ot — 620 ato /(VaU%,,V*). 
Similarly the focal point on the V-tangent is given by 
(2. 5) pia = ri — e1V°x',p/(UoV9g0). 
Moreover the direction numbers A? of the axis of N are given by the formula 


Xi ealta /G? 4 eilitt /f? F Yi 
= e| U pV’, o VUn + VU? UV] + t. 
Again N is isothermally conjugate if and only if (log Dı1/D22)12 = 0. Using 
(2.1), (2.2) and (2.3) this condition reduces to the vanishing of the 
invariant J defined by 


(2. 6) I = e,(UpW*) oU% + ea(V pW.) oV. 
Define the vectors 4% B* by the formulas 
(2.7) A= Ut + V—eV®, Br—U*—V—e V4 


One finds readily that dpoA’A" = 0, dpoB?B° = 0, hence-these vectors are 
tangent vectors of the asymptotic curves. We shall speak of these tangents 
as the A- and B-tangents. 

Defining ‘1, vts by the expressions 


at, = mA?z',p, wi, = NBPx*,o, M = log m, N = log n; 
and demanding that (zt): = (z*.), we find that m and n must satisfy the 


conditions 
BM yp = — eV € Bp We, APN p = eV € Ap W’. 


It follows that zł, X* are solutions of equations of the form (2.3) with 


coefficients defined by 
Dai = 4e,mA? (2e,M jp + BoA”,p), 1199 = in?BpB?,0B°/m, 


là; a term” ApA’, A7, I? 50 == Fen B? (2eN yp + AoB”,p), 
(2. 8) lis == 4¢,nBpB’,cA’, °° == 4e,mA pA? cB, 

MM}, == — 46:Npc AB’, M = — te,mhpo APA?/n, 

M+, = — 4enhpoBPB°/m, M?; = — ie lippoA9B°, 


Du = Das = 0, Djs = IMNE. 
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As an application, we observe that S is ruled if R Rə = 0 and a quadric 
if R, == Ra = 0 where 
(2.9) By = GÅ pA’ AT, Ro = e,Bp B? o B°. 
Using (2.7) we may write (2.9) in the form 
R, = &— V— ey, R, = -+ V— eY, 

wherein 

P = eU pU’, US = eo (Up V’ o V” Ad FpU’, VE + Vp V’, US), 

m ea Vp V. o Ve = eı( V pU’, oU" + Tp V? US + UpU’ o Ve}. 

Hence $ is a quadric if and only if ® = ¥ = 0, 


As a second application of this section, it is well known that the polar 
reciprocal /, if the line /, joining the points 
ri = tt — eri /(bm), vi, = at — 6,0%o/ (an) 


has direction numbers 
cio — eant — e,bma's. 


Using (2.8) the direction numbers of l, assume the form 
At == 41 (Bp B’,cA% — 2a) A` + (ApA’,oB* — 20) B*]x*,, + Zè. 
It follows that the reciprocal of the normal to S joins the points rt (1), Tto 
defined by 
Tia = we — Rex Alat.p/(AcB%,B), 
Tiia = gi — de, Beet, p/ (BoA% A). 


3. The asymptotic curvature of a curve. Denoting covariant differ- 
entiation with respect to the tensor dag by a semicolon, we find from (1. 2) 
that 

dpe UU? U` == 0, 


Hence the vector U®;pUP is conjugate to the U-tangent, and we may write 


(3. 1) l U® ;pU? i kin Ve. 
Using the third of (1.3) we find that 
(3. 2) TER == epo URUS 304, 


We shall call the function keu, defined by (3.1) or (3.2) the asymptotic 
curvature of the U-curve. 
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Similarly the asymptotic curvature of the V-curve is given by the 
expression 
Ie ew) = epa VP VE; VA, 


An alternate form of (3.2) may be found by multiplying both members of 
(3.1) by Va and summing on a. We find that 


(3. 3) leu) == 8a V pU? sal”. 


From (1.2) we find that UpU?;oV9= 0. Hence (3.3) may be written in 
the form 
(3.4) Teca == 02U? ;o( V pU — Up Ve) = eodpreUP jo = € Uap. 
Since 
Up\WP= Up(U°VP;5 — VU? ;0) == (ULVE — VPU®)U p,0, 


we have other expressions for ku), namely 


(3. 5) Tea = — eaU p WP === ae eV’EF p. 
Similarly 
(3. 6) ko) = eP V ap = e1 V p W? TEREE cenone eU?G,p. 


If the parametric curves on S are conjugate and if these curves are 
chosen as the U- and V-curves, then we may write 


Ut s (214,1) 3, U°= 0, U, == (e:d41)4, U,=0, 
V3 Set 0, WS — (62452) È, Vi E e Vo anz {(e2d22)?. 


Then ka) and ka, may be written in the forms 
(3. 7) dec) = — es(ed)#0/0u"(e;d;1)?, ka == — 6, (€4)~20/0u} (esdas)? 


These latter forms of the asymptotic curvatures of the curves of a conjugate 
net show their resemblance to the geodesic curvature of orthogonal curves. 
Comparing (3.5) and (3.6) with (2.6) we find that if the asymptotic 
curvatures of the curves of a conjugate net are constant along the corre- 
sponding curves of the net, the net is isothermally conjugate. 
The curve whose differential equation is du*/du? = C/C? is an extremal * 
of the integral 


I= (Vedpodu?du” 


if the components C* satisfy the equation 


epoCPC7 a = 0, 
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It follows from (3.2) that a non-asymptotic curve is an extremal of the 
integral I only if the asymptotic curvature of the curve vanishes at each of 
its points. 

Now define the vectors U*, Ve by the formulas 


Üe — U% cos 0 + V” gin 8, 


(3. 8) : ; 
Va — — U%sin 0 + V* così, 


if e, == eo, e = 1, that-is, if K > 0; and by the formulas 


U® — U* cosh 0 + V* sinh 9, 


(3.9) . 
V* = U“sinh 09+ V° cosh 0, 


if e = — e e= 1, that is, if K<0. Im either case dpoU?Uc=e,, 
dpoV PV = e», and hence these vectors are normalized. One may readily 
show that the U- and V-tangents are conjugate, and that the curves defined 
by them form a pencil of conjugate nets if and only if 9= const. Denoting 
the asymptotic curvatures of the U-curves and V-curves by ku and ky) we 
find from (8.4) and (3.6) that 


ka = ka cos O — ke sin 8, 

ka = ku sin 6 + kw cos 6, KD>0; 
and : 

ka = ka cosh 9 + ky sinh 8, 

lo = ka sinh 0 -+ k cosh 0, K <0. 


For these two cases therefore we observe that 


ban + Eo = k?n +m, K >O, 
lu — kw = uy ko KO. 


In either case-we observe that if the curves of a conjugate net are the extremals 
of the integral I, then all curves of the pencil determined by the net are also - 
extremals of I; moreover the given net is isothermally conjugate. 

If we denote the transform of the invariant I defined by (2.6) under 
the transformations (3.8) with 0= const. by I, we find that [=J. We 
therefore corroborate Wilezynski’s theorem * that if one net of a pencil of 
conjugate nets is isothermally conjugate, all nets of the pencil are isothermally 
conjugate. . a 

If K > 0, the associate conjugate net of the given net N is given by 
(3.8) with 0 = x/4, and if K < 0 by (8.9) with 0 = 1/4. Suppose N is 
such that its associate net form the lines of curvature. Then from 
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gpoUPVo = 0, 0 — 27/4, we find that the radii of normal curvature of the 
curves of N are given by 


Ea) ssa Ew) PTE (R + R) 


fy, Ro being the principal radii of normal curvature. The net whose associate 
net is the lines of curvature is then the net of mean curvature. The same 
result follows from (3.9), it being observed that the given net is then 
imaginary, the lines of curvature being real. The radii of normal curvature 
in the directions of the tangents to the curves of any net (3.8) whose basis 
net is the net of mean curvature are given by 


Ra) = R, cos" (6 = re -+ Ro sin? (0 un vay 


6 


Rw) = È, sin? (6 TS PT + Re cos? (60 — 7) 


From (2.4) we observe that the U-curve is a geodesic if J7,; = 0, that is if 
VpU?,cU% = 0. 
Moreover its asymptotic curvature is zero if and only if 
(3.10) VpU? 30° = 0. 


If L“gy and A°gy are respectively the Christoffel symbols formed from the 
tensors gag, dag, one finds readily that l 


A%gy = L% gy + T°py 6 
wherein l 
(3. 11) Tg, = 3d°Pdgy,p. 


If the U-curve is a geodesic, equation (3.10) may be written in the form 
TroVpU°U*= 0 

which by (3.11) may be written in the form 

(3.12) Up V’, U0 = 0. 


9 


Comparing (3.12) with (2.5) we observe that if the U-curve is a geodesic, 
it has zero asymptotic curvature if and only if the ray of the net is parallel 
to the V-tangent. 

The meridians on a surface of revolution are known to be geodesics. 
We shall find the condition that their asymptotic curvature vanish. If the 
equations of S are written in the form 


5 
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T = w cosu’, g =w sinaw, g = ol), 
then 
di =@"/(14+ (PF), diz = 0, do =wp/( + (PY) p = do/dw. 


Hence from (3.7) the asymptotic curvature of the parallels vanishes; the 
asymptotic curvature of the meridians vanishes if and only if 


aðu log { (ut¢’)*/1 + (#)?} = 0. 


Integrating we find that 
d = c cosh u/c. 


Hence the only surfaces of revolution whose meridians have zero asymptotic 
curvatures, are the catenoids; the parallels and meridians of this surface 
therefore form an isothermally conjugate net, a well known fact. 


4, Congruences conjugate to S and N. Let there be given a congru- 
ence A of lines J protruding from S at x. The components of the vector 
along ! may be written in the form ) 


(4. 1) Xi == p (Ort, + X*), p 5E 0, P = log p. 
From (4.1) we find 
(4. 2) Ayo — wort + (Pyo + ba), 
wherein 

e pa = p (0o + ma — bob). 


The curves on S corresponding to the developables of A are the integral curves 
of the differential equation 
i Epai? odu*dut = (), 


It follows that A is conjugate to S if and only if 
(4. 3) | epod = 0). 


Using the fact that «8 is skew symmetric, and that dag.y — day,g = 0, con- 
dition (4.3) may be reduced? to 


(4. 4) 00,8 e Öga aman 0. 


Condition (4.4) is equivalent to the condition that the differential 
equation @pdu°’—0 is an exact differential equation. “Let therefore 
o(u*, u?) = const. be an arbitrary one-parameter family of curves whose 
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differential equation is w, du’ = 0. A point y on the conjugate to the curve 
C of the family through x has coordinates defined by the expression 


+ 


yt = 2 + pdlwot'p. 


Erect at y a perpendicular of length cp (c= const.) to the tangent plane to S, 
determining a point z. The direction numbers of the line Z joining € to z 
are of the form 


Ni = p(dw,00',p + oX*), 


The most general congruence XA conjugate to S is generated by this line |. 


A special case gives rise to an interesting class of congruences conjugate 
to S. Suppose in (4.1) that dpo0?9" = e,. The condition (4.4) that A be 
conjugate to S, is equivalent to saying that the 6-curve has zero asymptotic 
curvature. Moreover this condition is invariant under the transformation 
Ba == cda (c = const). This class of congruences may be constructed as 
follows: Select an arbitrary one parameter family of extremals of the integral 
I; at the intersections of the tangent lines to these curves with the Dupin 
indicatria, erect perpendiculars of constant length to the tangent planes to S. 
The lines l determined by the points x of K and the terminal points of these 
perpendiculars generate a congruence conjugate to K. 

From (4.2) one finds that the conditions? that the developables of A 
correspond to a parametric net are 


pig = 0, a pb. 


Multiply (4.2) by fU" and then by gV” and sum on o, In the notation of 
(2.1), the resulting equations may be written in the form 


dia = yP. at p + Agr’ 
wherein 
vy" == eofpPoU®Vo/g, v == egua VU p/f, 


the remaining coefficients not being material for our purposes. The develop- 
ables of A therefore correspond to the U- and V-curves if and only if 


(4. 5) uPaU”Vp = 0, pPaVIU p == l. 


Conditions (4.5) are not independent; in fact the vanishing of their sum is 
implied by (4.4). If in the first of (4.5) we let 0° = — d(log o), that 
equation may be written in the equivalent forms 
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O°V*(a,0 — 2T’ ow, p — how) = 0, 
UF p[ (don), + darg?o] = 0. i 


This latter form is equivalent to Springers result.? 


5. Normal congruences. There is a striking similarity between the 
theory of congruences conjugate to a surface S, and that of congruences 
, normal to a second surface S. In (4.1) choose p so that NA? = 1, and let 
pi = pe. Then (4.1) assumes the form 

At = Px" sp * px", NN = | = p? + Jpop’. 


We may write the parametric equations of any transversal surface S’ of A 
in the form 8 


yt = vt + qa. 


Then A is the normal congruence of 8’ if Aty’, =0 for a=-1,2. These 
conditions are equivalent to the conditions 


Jap?” + Ga = 0. 


Hence A is normal to S° if and only if 


(5.1) (Japp) — (Japp) a = 0. 
Let da = Jap” ; then (5.1) becomes? 
(5. 2) Pa — Phra 


Let o(u*, u?) = e be a one-parameter family of curves whose differential 
equation is w, du’ = 0. A point y on the tangent to S perpendicular to the 
tangent to the curve-C of this family through x has coordinates 


wherein c is a constant such that gfw poo < 1. At y erect a perpendicular 
to the tangent plane to S at x intersecting the unit sphere with center at æ 
in the points 21, 22. The line l determined by x and zı (or 22) generates the 
most general normal congruence. 


By analogy ‘to the method in the latter part of 4, consider a vector ° 
of constant length c, that is let 
g pad pe sf C7. 
We find that 


g poppa pt ai 0. 
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The vector $*,»¢? is therefore perpendicular to ¢*. Then 


“ph? = kap, gpp =l, gpady” = 0 


where ky is the geodesic curvature of the ¢-curve, kg being given by 
kg == VeK Appo, da = Japp”. 


Hence the condition (5.2), for a vector of constant length is equivalent to 
the vanishing of ky. Our results may be stated as follows: Select a one para- 
meter family of geodesics on S, lay off points on these tangents at a constant 
distance from the points of contact; erect perpendiculars to the tangent planes 
of © of constant length from these points. | The lines | determined by x and 
the terminal points of these segments generate a congruence normal to some 
surface 8. ) 
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THE ELLIPTIC MODULAR FUNCTION AND A CLASS 
OF ANALYTIC FUNCTIONS FIRST 
CONSIDERED BY HURWITZ.* 


By ZEEV NEHARI. 


Introduction. In spite of its wide applicability in various branches of 
the theory of functions, the elliptic modular function is often used with a 
certain hesitation. ‘This is mainly due to the fact that its application pre- 
supposes familiarity with a comparatively intricate formalism, in particular 
when the determination of numerical constants is involved. In fact, the 
endeavor to avoid the elliptic modular function has given rise to an extensive 
mathematical literature aiming at proving certain theorems in an “ elemen- 
tary ” way, the word “ elementary ” being used here as a synonym for “ witb- 
out making use of the elliptic modular function.” As an impressive example, 
Picard’s theorem on integral functions might be quoted. 

The difficulties which beset the numerical treatment of the elliptic 
modular function go essentially back to the fact that, on the one hand, the 
formalism of this function can only be developed with the help of the Jacobian 
elliptic functions while, on the other hand, what is needed in the applications 
are the conformal mapping properties of the modular function, and the con- 
nection between these two different aspects of the modular function has to be 
established through the medium of the theory of Schwarz’ differential para- 
meter or by a very detailed study of the periodic properties of the Jacobian 
elliptic functions. 

The object of the first part of this paper is to show how those properties 
of the elliptic modular function which are required for the applications may 
be derived in a simple way by the exclusive use of elementary principles of 
the theory of conformal representation. It will be shown that once the 
“ modular surface ” is defined, the functional equation 


(1) J(e) =4VI(P)/[L + VI)? 


g 


satisfied by the elliptic modular function can be obtained almost by inspection. 
This functional equation—which is a special case of Landen’s transformation 
of the Jacobian elliptic functions—has no other solution except the elliptic 


* Received May 3, 1946. 
70 


THE ELLIPTIC MODULAR FUNCTION. 71 


modular function, if the further conditions J (0) = 0, J’(0) > 0 and J (2) 
regular for | z | < 1, are stipulated, as then the Taylor coefficients of J (z) can 
be successively computed with the help of (1). It will then be shown that 
the infinite product representing the square of the modulus of the Jacobian 
elliptic functions (taken as a function of the period ratio) likewise satisfies 
equation (1) and the additional conditions. Equation (1) having only one 
such solution, this implies the identity of J (z) and the square of the Jacobian 
modulus and yields, at the same time, the convenient product expansion of: the 
modular function. 

It will further be shown that, apart from (1), /(z) also satisfies some 
other functional relations which together amount to the fact that J(eT*) is 
an automorphic function of 2, i.e., it is invariant with respect to a certain. 
group of linear transformations of g. 

In the’ second part of this paper, a number of theorems on functions 
f(z) = @124+ doz? +--+, regular for |z|<1 and not vanishing there 
except at 2—0, are proved with the help of the elliptic modular function. 


PART I. 


1. The elliptic modular function w == M(z) (the relationship between 
M(z) and the function J (z) referred to in the Introduction will appear later) 
may be defined as the analytic function effecting the conformal representation 
of a curvilinear triangle with zero angles in the z-plane on the half-plane 
Jm{w} > 0, the sides of the triangle being circular arcs orthogonal to the 
circle | z | = 1; the vertices of the triangle (which necessarily are situated on 
| z | = 1) may be made to correspond to the points w 0, 1, œ. By the well- 
known procedure of inverting the triangle along its sides, then again inverting 
the resulting figure along its sides etc. etc., the whole circle |z| <1 will 
eventually be covered by an infinity of triangles. By Schwarz’ symmetry 
principle, all these triangles are mapped by w= M(z) on half-planes 
JIm{w} > 0 or Jm{Ww} < 0 which are connected with their neighboring half- 
planes along the stretch O<w<1 and the rays — © Cw<0 and 
1<w< co, respectively. The full circle | z | < 1 is mapped by w = M(z) 
on a Riemann surface, say £., which covers the w-plane an infinity of times, 
with the exception of the points w == 0,1, co which are isolated boundary 
points of R. - 

In many applications it is more convenient to use a Riemann surface 
slightly different from A,. This surface, say Ra, differs from R, by the fact 
that while w == 0,1, œ% are all outside &,, one sheet of È: covers the point 
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w= 0. The function mapping |z| < 1 on R: will be denoted by w == J (z). 
In virtue of Riemann’s fundamental theorem, J(z) is uniquely determined 
by the further conditions J(0) = 0 and J’(0) > 0. 

Both M(z) and J(z) are called ‘elliptic modular functions’; indeed 
they are connected by a simple relation. It is seen without difficulty that the 
function l 

v = u (z) = B- etia) /-y2)) [> 0, |8| =|y|=1] 


maps |z| < 1 on a surface which covers the circle | v | < 1 an infinity of 
times and has inside | v | = 1 the only boundary point v = 0, which more- 
over is a boundary point for all sheets of the surface. Therefore, if we form 
the function J[w(z) |, we see that the point w = 0 is “removed” from R», 
E. thereby being transformed into R,. Hence , 


M(z) ae J[B ; gH) 0-va], 


2. We shall now derive the fundamental functional equation of J (z). 
To this end we consider the function w = VJ (2?) which, as is easily seen, 
maps | z| <1 on a surface whose only boundary points are w = 0, + 1, ©, 
all of which are outside the surface, apart from w= 0 which is covered by 
one sheet only (for z== 0). As in the case of Re, there are no inner branch- 
points to this surface. We now consider the function 


w* = p(z) = 4V J (2*)/[1 + VI (22) J’. 


The critical points w == — 1,0, 1, co are transformed by w* = 4w/(1 + w) 
into w* = o,0,1,0 respectively. Hence, w* = p(z) takes the value w* == 0 
only for z=0 and leaves out the values wř==1, œ. Since dw*/dw 
== 4(1—w)/(1-+ w)” vanishes only for w = 1 and this value is not taken 
by w= VJI(#), we obtain the result that w* = p(z) maps |z| <1 ona 
surface Æa whose only boundary points are w” = 0, 1, œ which are all outside 
Rs, apart from w* = 0 which is covered by one sheet of Rs (for z=0); 
moreover, Ra contains no inner branch-points. 

But this means that £; is identical with Re, as there is only one Riemann 
surface of this description. For let w == J (2) = az + a:2° + - > be the 
function mapping | z | < 1 on R, and w = p(z) = biz + baz? +--+ + (a, > 0, 
bı > 0) the function mapping ,z|<1 on R, Clearly both functions 
w(z) =J"[p(z)] and wi(z) = p*[J(z)] are regular for |z| <1 and we 
have there | w(z)| < 1 and | wi(z)| < 1, as no path within R: can lead out 
of E and vice versa, both surfaces having only the isolated boundary points 
w==0,1,0 and no branch-points. The expansions of w(z) and w,(z) 
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beginning with w(z) = (b:/a1)2-+- - + and w,(z) = (ai1/b1)z +: | - respec- 
tively, we have | b./a | = 1 and | a:/b, | <1, which, a, and b, being positive, 
implies a, = b, and consequently w(z) =z and w,(z) =. Therefore, if we 
choose the positive branch of V J (2°), we are lead to the equation J(z) = p(z), 
i. e., l 


(1) J(2) = 4VI(2)/11+ VI (2) ]*. 


As can be easily verified, this functional equation permits the successive 


computation of the coefficients a, of the Taylor expansion dJ (2) = Ð anz”. 
nzl 


For the first coefficient a, we obtain « = 4V a, i. e., a: = 16. This coefficient 
determines the constant in a classical theorem by Hurwitz to be mentioned 
later. 


3. In order to find a convenient analytical expression for /(z) and, 
at the same time, to establish the identity of J(z) with the square of the 
modulus of the Jacobian elliptic functions, we proceed as follows: 

Let w =f (23) be the analytic function, real for real values of z, which 
maps the annulus p<|z|<1 on the full circle |w|<1 cut along the 


stretch 0 = w <= Vilo). It can then be easily shown that the formalism 
connecting £(p) with £(p°) is the same as that connecting J (2) with J (2°). 
In fact, by inverting the annulus p < |2| < 1 along its outer boundary we 
find, by Schwarz’ symmetry principle, that w == f(z; p) maps the annulus 


p < |z| < 1/p on the full w-place cut along the stretch OS w < V£(p) and: 
the ray 1/Vf(p}}S w = æ. Remembering that the function 


w= 4/VE(p)-2#/(1+2)? 


maps the circle |a|< 1 on the full w-plane cut along the ray 1/V£(p) 
= w = co, we have consequently 


4f (pz; e*)/VE(o) [1 + flez; e) ]* = f (23). 
For z = p, this reduces to . 

Af (p; o?)/[1 Fl; e] = VE) Flep). 
But f(z; p) being real for real values of z, we have necessarily 


f(esp) = VE(p) 


and we thus obtain for €(p) the functional equation 
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AVELL VEG]? = Ep), 


i. e., equation (1). 


Obviously, equation (1) is not only satisfied by the modular function J(p) 
but also by all functions J (pY), where y is any complex number. In order to 
find out to which of these functions £(p) corresponds, we need some more 
information ‘about the analytical behavior of {(p) (which so far is only 
defined for positive values of p) in the unit circle. To this end we shall 
construct an explicit expression for f(z;p) which, for z == p, will furnish an 
expression for £(p). 

Since w = f(z; p) = f(z) maps the circle | z | = 1 on the circle | w | =1 
and the circle | z | = p on part of the real axis we have, by Schwarz’ sym- 
metry principle, 


—_——~ 


f(1/2) =1/f(z), —-f(p?/2) =f (2). 


Since f(z) is real for real 2, we have the additional relation f(z) = f(z) 
which, combined with the two previous ones, yields 


(2a) f(1/2) —1/F(2) 
and 

(2b) f(p?/z) = f(z). 
(2a) and (2b) entail the further relation 

(2c) f(p*2) = f (2) ; 


` indeed we have 


f(ptz) = f(1/0°2) = 1/f(p°2) = 1/f(1/2) = f (2). 

Accordingly, g(x) = f(e”) is an elliptic function possessing the two elemen- 
tary periods 2ri and 4log p. | 

f(z) being real for real values of z, we have f(— p) ==0; moreover, 
w= 0 being the end of the cut 0 Sw 5 Vélo), it follows that z = — p 
is a double zero of f(z). By (2b) and (2c), all further zeros of f(z) are 
also double and coincide with the points — p! (n=0,+1,22,:-°:); 
obviously, there are no other zeros of f(z) apart from these. By (2a), all 
poles of f(z) are also double’ and coincide with the numbers — pi". 

We now consider the infinite product 


TI (2 + pte)? TT (14 pta) 
G 46) a (0<p<1), 
II (1 -|- pinta)? IL (1 pir*1z)? 
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which converges for all values of z differing from 0 and œ. By its construc- 
tion, ¢(z) has the same zeros and poles as f(z). It is further easily verified 
that (z) satisfies the equation $(p*z) == (z), i.e., (e?) is an elliptic 
function of x possessing the same zeros, poles and elementary periods as f(e”). 
By Liouville’s theorem, ¢(z) and f(z) are therefore identical, apart from a 
multiplicative constant. In view of (2a), this constant can only take the 
values + 1. f(z) being assumed positive for positive values of z, the negative 
sign is ruled out and we have 


f(z) = $(2). 
Remembering that f(p) = Vf(p), we obtain from (3): 


VE) = Fle) = (0) = 40 IE (14 at )/(1 + ov) It 


ee 
C(p) = 160° LI [2 + o™)/(1 + pt) JP. 

This product converges absolutely for all values | p | < 1 and represents there 

an analytic function of p. As shown above, this function £(p) satisfies for 

positive values of p the equation 


Ele) = 4V£(p?)/[1 + VE(p?) |. 


As a relation between analytic functions this equation must remain true for 
all values p for which the functions involved may be continued analytically, 
i.e., for all values | p| < 1. 

As mentioned further above, the functional equation for {(p) is also 
satisfied by all functions £(p*). If we denote £(Vp) by n(p), we have for 
n(p) the expression 


ale) — 6p TL [( + e°)/(1+ p), 


which shows that y(p) is analytic for |p| <1 and satisfies 7(0) == 0, 
7 (0) > 0. n(p) further satisfies equation (1). As there is only one such 
solution to equation (1), we must necessarily have 


n(p) = J (p), 
whence 


(4) T(z) — 16a TI [0 2) / (1 H 29*)]?,. 
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which is the well known formula for the square of the modulus of the 
Jacobian elliptic functions with z = e™’7, where 7 is the period ratio of these 
functions. 


4. In addition to the functional equation (1), there are three more 
‘functional equations satisfied by J(z), viz., 


(5) 1 J(—2) =J(2)/(I(2) — 1), lel <1, 
(6) 0 J(e) ed (ene) =1, Ríg} > 0, 
(7) J(— et) J (— e/a) = 1, 


These equations are simple consequences of the fact that the set of points 
. (0,1, œ) is transformed into itself by the transformations w* == w/ (w — 1), 
w* == 1 — w and w* = 1/w respectively. 

As shown above, w= J(z) maps |z| <1 on a locally “schlicht” 
surface R the only boundary points of which are w == 0, 1, œ, all of them 
outside Rz apart from w == 0 which is covered by one sheet of E; (for z = 0). 
- This surface is obviously transformed into itself by the transformation 
w* == w/ (w — 1) which leaves the origin fixed and interchanges the two points 
1 and co. The function mapping |z| < 1 on this surface is | 


w* == J(z)/(J(z) — 1)=—gS'(0)2 -+> >. 
As seen earlier, a function f(z) mapping |z| < 1 on R is completely deter- 


mined by the conditions f(0) = 0 and f’(0) > 0. As both — J(z)/(J(z) —1) 
and —J(—- z) satisfy these conditions, we must, therefore, have 


T(—2) =J(2)/(I(2) —1), 


i:e., equation (5). This relation may also be derived directly from (1). 
From | 
J(2) = 4VI(2)/11 + VIPP 
follows 
J(-2) =— 4V I (a) — VI), 
VI(#) being an odd function of z. By combining these two formulae 
we obtain 


J(2)/7 (—2) =— [0 — VJ(22))/(1+ VIF 


= 4V J (2) / + VI (2)]7— 1 =J (z2) — 1, 
i.e, (5). 
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In order to prove (6), we pass from È. to the surface R, described 
earlier, by the transformation . 


W == M (z) == J [eatin], a> 0. 


The surface R, on which |z] <1 is mapped by w=M(z) is locally 
“schlicht ” and has no boundary points except w = 0,1, ©, all of which are 
outside #, We now consider the function 


w* =-(z) = M (2) — $ = Je eed /-e)D] — 4, 


where « (a > 0) has been so chosen as to make J (e) == 4. With this value 
of « we have ¥(0) = 0; besides, the surface on which | z| < 1 is mapped by 
w* = y(z) is symmetrical with regard to w* =0 (its boundaries being the 


points w* = + 4,00). We may, therefore, conclude that y(z) is an odd 
function of z, i. e., y(— z) =— &(z), or 
(8) J [ea it+2l/f-21) ] MERN 4 METRO J [eo ([1-2]/11+21) ] + 4, 


With «== (1-+2)/(1—z) (£{x} > 0) this becomes 
(8a) J (e22) + J (eV?) = 1, 
which is identical with (6) provided we have J(e") == 4 (as will be shown 
presently). 
Equation (7) is obtained by combining (5) and (8a). Indeed, by (5): 
ef en" ed (a 8) mtd CO FL] 


In view of (8a), the terms on the right-hand side cancel out and we obtain 


(8b) J (— ew) - J (— eV?) = 1 

It now remains to show that J(e7™) —=4. To this end we note that, 
by (5), J(e*) =} entails J(— e¢*) ==— 1. By virtue of (1) we have 
further : 


I (ie) —4VT(—6)/[1 + VI = di/(1+)?=2, 


whence 
J (e*) J (— ie?) == 1, 
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Although formula (8b) does not generally mean that for any two values z, 
and zs for which J (z1) `J (z2) = 1 there exists a value x such that z, —=—e™ 
and `z == — e, we may show that in our case this is nevertheless true. 
In view of J(— e) =— 1, (8a) is fulfilled for «= 1. We now connect 
w == — 1 with w=3 by a path ¢ in the upper half-plane and let x vary 
continuously from 1 to the point defined by —-e*™ =e so that 
w=J(— e") describes t w=1/J(— e) = J (— e?) will then de- 
scribe a path # in the lower half plane, likewise starting from € = 1 and 
ending at a point given by —e/?+?i/2 m= — ga/s, since — ie? == 2 
= 1/J(— eri) and J(z) =? has no other solution except z = — te 
inside the half circle Im{z} = 0, |2{ <= e*/*, (This will be shown in detail 
in the proof of Theorem V, Lemma II.) ‘The equation 


J (— grat) P J (— pass) == 1 
therefore entails the existence of a number go such that 


— a — mi == —- Io 
and 
— 6/2 + 11/2 == — 4/%o, 
whence 
(a + mt) (@— ri) = 20, 
al a? = 20°, 


Q? == ar”, 
1 


« being positive, we have therefore 


X = 7, 


5. Relation (6) also contains the fact that J(e™"), (Jm{r} > 0), is an / 
automorphic function of r. For if we write—as usual in the theory of 
, elliptic functions—k?(r) = J(e™'7), (6) takes the form 


(9) e(r) + ei (0/7) ] = 1 
Because of J (e7?7) = J(e7*(**)) we have further 
(10) k? (r + 2) = k? (7). 


By combining (9) and (10) we obtain 
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1 [— (1/r)] = k (1) = (r 2) 1 (1 (2 8), 
1. e., . 


k°[— (1/7] = [— (1/(r + 2)) J. 
On writing — 1/7 instead of r, this becomes 
` k? (r) = k?°[r/ (1 = 2r) ]. 


Now it can be easily verified that by a suitable combination of the 
transformations r->7r +2 and 7-r7/(1+%) any transformation 
r—> (ar + £8)/(yr +8) can be obtained, where « and è are two odd, and 
B and y two even integers satisfying «è — 8y==1. For such integers 
%, B, y, è we have, therefore, | 


WL (an + B)/(yr +3) ] = (7). 


Part II. 


1. We now begin a discussion of a class of analytic functions, first 
considered by Hurwitz, which we shall denote by H. A function w == f(z) 
== 0,2 + doz?-+-- >+ is said to belong to H if f(z) is regular in the unit 
circle and does not. vanish there except for z = 0. 

The elliptic modular function J(z) clearly belongs to H; moreover, 
any function w == f(z) of H which, for |z| < 1, omits a finite value w = d, 
can be represented with the help of J(z) and a bounded function o(z). 
Indeed, if we consider the function 


o(2) = J{f(2)/d], 


we see that, starting from z= 0, w(z) may be uniformly continued within 
the whole circle |z | < 1, since the critical values of J [w] (w==0,1, œ) 
are not taken by w==f(z)/d for 0<|z|<1. Besides|/*[w]|<1 for - 
all values of w differing from 0,1, œ. Hence, 


(13) f(z) =d-J[a(z)], 
where w(z) is regular for |z| < 1 and 

(18a) | o(2) |S 2], 
i.e. f(z) is subordinate to d- J(2). 
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From (18) and (13a), many properties of the functions f(z) belonging 
to H may be inferred. The first result to be mentioned here is the following 
classical result due to Hurwitz: | 


THEOREM I. A function w = f(z) =z + ax? +: - - belonging to H 
takes, for |z| < 1, every value inside the circle 


e 


| w | = 1/16. 
The constant 1/16 is the best possible. 


The proof of this theorem follows immediately from the representation 
(13), by which 
l1 =d:w (0): J (0), 


where d was a value not taken by f(z) for |z| <1. Remembering that 
J’ (0) = 16, we have therefore 1 16 | d |, ie, |d] = 1/16. 


Remark. It is worthy of note that in the representation f(z) =d J[(z)], 
w(z) is not only bounded but satisfies also w(z) 40 for z £0; on the other 
hand, in the proof of Theorem I—as also in the proofs of other theorems to 
follow—only the fact that w(z) is bounded is made use of. Consequently, 
these theorems also remain true for the more general class of functions 
g(z) =‘d- J[o,(z)], where o,(z) is an otherwise unrestricted bounded func- 
tion. This class of functions, say Ha, may also be characterized as follows: 
A function ‘w= g(z) = bız + bez? +- - - ‘belongs to Ha if g(z) is regular 
and g(z) 4d for |z| <1 and if any zero z = « of g(z) may be connected 
with z=0 by a curve z = z(t) such that the curve w(t) = w[z(t)] does 
not surround the point w = d. 

We therefore arrive at the following generalization of Theorem I: 


= TEEOREM Ia. Letw=g(2)=2+ b: +: -be a function regular for 
| z| <l; then any value w = d not taken there by w = g(z) and not sur- 

rounded by a curve w(t) =g[z(t)], where the curve z(t) connects z = 0 
with another zero of g(z), satisfies 


| d | = 1/16. 
2. An immediate consequence of (138) is 


If |S] a | Max |70)]. 
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Although the best possible, this inequality is not very convenient to handle. 
A more convenient bound for | f(z)| —which, of course, is not “the best 
possible” any more—is given by 


THEOREM II. If f(z) belongs to H and f(z) #d for |2| <1, then 
| f(2)| = (| d (16) emnoze, [|z|=el. 


Proof. From the product expansion (4) which, by replacing z by — z, 
takes the form 


(14) oa 162 TI La de ain) |; 


we may conclude that all the coefficients of the sania of —J(—2) 
in powers of 2 are non-negative, this being true of each single factor 
[(1 + 2°")/(1 — 229!)] making up this product, This entails the equality 
Mas | J(z)| =— J3 (— p) 
g = 
and the inequality Í 
— J (— p) = 16p. 


In view of formula (7) which, replacing e~% -by p, may be written 


J (—p)J(— enee) == I, 
we, therefore, obtain 
|f(a)|=]d] Max | J(z)| =— |a| J(—p) 
—— (14 ])/19(— erry] = (| d | /16) oe Peee, 


It should be noted that this inequality gives the correct order of growth 
of Max |f(z)| for p+>1, since lim — (J[—p]/16p) =1 entails 
fiz) CH i p->0 


lim — J(— p) - 16er°/iozo — 
pi 


3. By Theorem I, the modulus of the first coefficient of the Taylor 
expansion of f(z) is smaller than or equal to the first coefficient of the 
expansion of — | d | J (— z). We shall now show that the same inequality 
holds between all other corresponding coefficients of f(z) and — | d | J(— z). 


THEOREM III. Let f(z) = a Anz” ii to H and let d be a value such 
that f(2) d for |2| < 1;then 
6 
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| an | S| d | An, 


where An (n=1,2,:--) are the coefficients of the expansion 


0 
— J (— 2) = 2 Anz”. 


# 


~ 


Proof. As already seen, all coefficients An are non-negative. Further- 
more, if we denote the first and second differences An — An-1 and An — 2An-1 
+ Ane by Dal and Dy, respectively, we have, by (14), 


5 (1-+2°)5 2 (ES) 
el == 2 = (G)ayn — tezza 
(1 z)J ( z) 2 Dn % 162 (1-2) II 1 —- g28-1 
and 


7 oO (1 + 27)8 Oo (HE) 

=: uaar. a (2)on fa e a LI lina 

(1 z) J ( da 2 Da g 162 (1— =z)? II 1 —~ gen 
(with Di) = A, D,@ = A, D,@ = A,—2A,). Both products being 
composed of factors the expansion of which in powers of z have non-negative 
coefficients, all numbers Dn and Da’ are non-negative. Now, by a well 

. i Cx) r 
known theorem, the coefficients an of a function f(z) = 2 &nz” subordinate 
n=l 


00 
to another function F(2) == Nene" with a’; > 0, da — a’, 20, an — Uni 
n=1 


+ d'n = 0 (n= 3), satisfy the inequality |an | Sa'n. This completes the 
proof. 

Although Theorem III gives the exact bounds for the coefficients an, 
it is sometimes more desirable to have a convenient, though inexact, bound 
for the coefficients an, since the computation of the coefficients An becomes | 
rather tedious for large n. .Such a bound is given by 


/ Tueorem IV. If f(z) = s anz” belongs to H and f(z) =d for| z| <1, 
n=1 i 
we have 
la| S (| d [/16)e?*v", 


This is an immediate consequence of Theorem II. Indeed: 


| an | = [1/p") Max | f(2)| = (| d |/16) pr eoo, 
Ri=p 


r 


1See J. E. Littlewood, Lectures on the Theory of Functions, Oxford University 
Press, 1944, p. 169. 
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For p = e-'"/V™ this becomes 


| an | = (| d |/16) e°”. 
4, We shall now prove the following theorem: 


TaroreM V. If f(2)=2+a22° +: - - belongs to H and f(z) Æ% 
for |z| <1, then there exists a positive number p=p(|a|) such that f(z) 
is univalent inside the circle |z|—p. For | d| = 8/16, where B is the 
positive solution of | 


(VEL) p-(BVB/IBHD) g(a), 
VB+2+ VB 


we may take 


p=1- log 16 | d| —V (1 + log 16 |d |)? —1, 





and for | a | < 07/16, the positive solution of 
p: [16 | d |] 0/00 — e-(7/2). 


The value of p given for the case | d| = e8/16 is the best possible, while in 
the case |d| ef/16 the value given tends to the best possible only for 
| d | —> 1/16. 


For the proof of this theorem we require the following two lemmas: 


Lexma I. Let w(z) = az + ce? +` `- be regular and |o(z)| S] z| 
for |z| <1, and let w(z) further satisfy o(z) #0 for 0< |z| <1; then 
w(z) is univalent inside the circle | z | = p with 


p= 1 + log 1/| a |— V (1+ log 1/| «|)?—1. 
This value of p is the best possible. 


Proof. By hypothesis, o(z)/z40 and |(z)/z|S1 for |z| <1. 
Hence, the function 


g(z) = log [z/w(z) ] = log 1/a— (¢2:/a)z+: ` 


is regular for | z | < 1 and we have there R{g(z)} > 0. By a classical result, 
this entails 
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G5) E{g(0)}[(1—|2])/(1+]2})] S R{g(2)} 
= B{9g(0)}[(1+]2])/(—-]z})] 


and 
(16) | 9 (0)| = 2E{g(0)}. 
In view of (15), we have 
log | 2/0(2)| = log 1/| «|[(1—[2])/(1 4+ ]2]|)1, 
1. @, 
(11) [o(a] | |> | a [D/s 


Since the linear substitution 2" == (z—z)/(1— 2) (|x| <1) trans- 
forms the unit circle into itself, we have also R{g(z*)} > 0. Now the first 
terms of the expansion of h(z) = g(z*) in powers of z are 


h(2) = g[ (z —2)/ (1 — #2) ] = g(x) — (1—-]e])g (2 +: > 
= log ¢/w(x) — { (1 — | æ |?) /a}{[1 — (20'(2))/0(2)]}a +. 


The real part of h(x) being positive for | z| < 1, we have, by (16), 


i | h’(0)| = 2R{h(0)}, 
whence 

{((1— |z |?)/|¢|} | 1— (zæ (x) /o(x))| = 2 log | a/o(a) |, 
. Le, 


(18) | 1— (ao"(x) /o(w)) | S2 {] z |/(1— | @|?)} log | 2/0(2)|. 


The necessary and sufficient condition for the circle | z| < p to be mapped 
by w = è(z) on a schlicht and star-shaped domain is R{zw’(z)/w(z)} = 0 for 
|| <p. This condition is certainly fulfilled if | 1 — (2w’(z)/o(z)) | <1. 
By (18), this inequality holds for values z satisfying 


- {2]2|/(1—| z ]*)} log | 2/o(z)| 1. 
By (15), we have 


| log | z/w(z)| Slog {1/[a]}{(1+|2})}/(1—]z})], 


{2]|z2|/A—|z |2) } log |z/w(z)| Slog 1/| @|-2|2//(1—|2])*. 
w(z) will therefore be univalent for |z| < p with p satisfying 
log 1/| æ | - 2p/ (1 — p)? =1 
i. e a 


p= 1 + log 1/| a |— V (1+ log 1/| a |)? —1. 
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That this result is the best possible is shown by the function 
5wo() == g+ glogla][(1+2)/{1-2)] — | x | z+--- 


for which | o(z)| S |z| and w(2) #0 for 0<|z| <1, as required by the 
hypotheses of the lemma. As easily verified, the derivative of wo(z) vanishes 
at z= p and w(z) is therefore certainly not univalent in a circle |2| <r 
with r >p. 


Lemma II The radius of univalency of the elliptic modular function 
J (z) is p= er), . 


Proof. By (1), J(4:) =J (z2) is equivalent to 
aV T+ VIG) = 4VIG2)/1+ VIE. 


This equation has two solutions, viz., J (21.7) = J (23°) and J (21°) :J(22°) = 1, 
If z, and 2, are both assumed to lie on the circumference of the circle of 
univalency of J(z), J (2:7) =/(ze°) is clearly impossible and we must 
necessarily have J(z,”)-J(z”) =1. As shown before, | J(z)| attains its 
maximum on the circle | g| =r for z =— r; we further had J(e7) =4 
and J(— z) = J(z2)/(J(z) —1), whence J/(—e™) =—1. For values z 
satisfying |2°| < e" we therefore have |J{z?)| <1. Consequently, if 
| 21 | < e and | za | < e, we certainly have J (21?) - J (42°) # 1, which 
is equivalent to J (zı) s4J (22). Therefore, J(z) is univalent in the circle 
|2| <<e "/), On the other hand, in virtue of (1): 








J(+ ied) = 4 (—e*)/[1 + VI (—e*) 2 = + 4/(1 + i)? 2, 


i.e, both J (ie) and J(— e) have the value 2. Hence, p = e-7/2) 
is the exact radius of univalency of J(z). 

In order now to prove Theorem V itself, we note that the univalency 
of f(z) =d-J[w(z)], ([o(z)|S]2]|), can break down owing to two 
different reasons. These are: 1) w(z) ceases to be univalent; 2) although 
w{Z,) A (22), we have J[w(2:)] =/[0(z2)]. Since, by Lemma II, the case 
J[o(z1)] =/[0(22)], o (21) £ o (22) cannot happen for | w(a.)| < e and 
| w(ze)| < e-/ and, by Lemma I, w(z) =2/1léd-+-- - is univalent for 
|2|<p({d@|) =1-+ log 16 | d|— V (1+ log 16 | d|)?—-1, f(z) will also 
be univalent for |z|<p({d|). By (17), |o(2){ 5 |2] [16 | q | Jilt, 
Accordingly, the formula for the radius of univalence derived just now will 
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hold good as long as |d| is larger than the positive solution |do| of the 
equation obtained by eliminating p from the equations 


p= 1 + log 16 | do | — V (1 + log 16 | do )}—1 


and 
p: [16 | d | ]e-t/e+t = 0717/2), 
i.e, | do | = 8/16, where B is the positive solution of 
(ete) g-BVBIOB) — g- (7/2), 
V2+B+VB 


If |d| is smaller than | do |, the formula for the radius of umivalency of 
w(z) of course still holds, but since | o(z)| may now be larger than e 1/9, 
the multivalency of /(z) may come into play. This can be avoided by 
choosing | 2 | smaller than the positive solution p of 


p[16 | d |] 00/0 me (r/2) 


Since, for | d| < | do |, this value p is smaller than the radius of univalency 
of the functions e(z), f(z) =d-J[w(z)] will therefore be univalent for 
|z| <p. This completes the proof. 
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ON THE LAPLACE-FOURIER TRANSCENDENTS OCCURRING IN 
MATHEMATICAL PHYSICS.* 


By AUREL WINTNER. 


1. The success of Laplace’s method of adjoints in case of a given differ- 
ential equation (which is ordinary, linear, homogeneous and will be assumed 
to be of second order) always depends on the discovery of a “suitable” path 
of integration. The existence or non-existence of such paths is sensitive under 
arbitrarily small modifications of the coefficient functions. The situation is 
made particularly unstable by the implied demands of what are called the 
applications, which (for reasons of reality) preter rectilinear paths and, at 
the same time, positive density functions (as to this terminology, cf. [6], 
pp. 226-240, 274-285). One could almost say that the relevant “ classical 
transcendents of mathematical physics” have been added to the list of “ known 
functions” because their differential equations present some of the few cases 
in which a contour and the method of contour deformations have, accidentally, 
succeeded in the above sense. Correspondingly, the only essential idea which, 
since the eighteenth century, has been added to the subject is Cauchy’s theory 
of contour integrations, that is, his justification of Laplace’s indiscriminate 
use of complex variables. 

Thus it is natural to desire a replacement of the substantially finite set 
of classical examples by a theoretical approach which, upon an inspection of 
the differential equation, should be able to guarantee the existence of a 
solution representable as a definite integral of the type in question. Needless 
to say, such a plan cannot succeed if it involves, as usual, boundary conditions 
and contour deformations, the issue being precisely the existence or non- 
existence of an appropriate path of integration. Inasmuch as the desideratum 
is surely not novel (it could be as old as the method itself), it is somewhat 
unexpected that, as will be shown below, it can be realized, and in quite a 
“ practicable ” or “ explicit ” fashion, in real terms which are available since 
a long time (though not of course since Cauchy’s time). 

All that will be needed is a combination of two theories, both of which 
concern the real domain. The first of them is contained in A. Kneser’s 
elementary considerations (1896) on the characteristics of differential equa- 
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tions of second order, made easily accessible by Borel’s lectures on divergent — 
series (1901). The second, available only since about a quarter of a century, 
is supplied by the existence theorem of Hausdorff-Bernstein on complete 
monotony, a result generally kriown. Correspondingly, what is somewhat 
unexpected is, not that the latter theorem, originally found in its own pure 
context, turns out to supply an answer to an old “applied” question, but the 
circumstance that this does not seem to have been observed before. 


2. The above formulation of the desideratum is such as to make it 
clear that the criterion a priori cannot dispose of the necessity of explicit 
calculations, if explicit results are wanted. In this regard, the resulting 
situation can be described as follows: In the classical approach, there are 
two unknown elements; namely, a suitable integration path, which need not 
exist and must be guessed when it does, and a corresponding density function 
(the “lower function” of the transformation), which, if it exists, is supplied 
by a suitable solution of the adjoint differential equation. In contrast, the 
criterion a priori will assure the existence of a suitable integration path and 
of a corresponding density function. In addition, it will suppiy the deter- 
mination of a suitable integration path, which will simply be the half-line 
w =u, (0 <u < co), in Laplace’s case and the half-line w = iv, (0 < v < œ), 
in Fourier’s case. Moreover, the density function will be guaranteed to be 
real and non-negative. Since the possibility of its vanishing (though not, 
of course, of its identical vanishing) is included in its being non-negative, 
this will comprise the case of integration paths which are finite segments, 
or half-lines terminating at a point z == cs£0. But what will not (and, 
by the very nature of the desideratum, should not) be furnished is an explicit 
determination of that non-negative density function. 

The calculation leading to such a determination must therefore remain 
dependent on a solution of the adjoint of the given differential equation or 
on equivalent means. Actually, the given differential equation being of second 
order, it will (at least in principle) be admissible to assume it in the nor- 
malized self-adjoint form, 


(1) + f(t)e— 0.” 


The last parenthetical proviso is necessary, since any relevant criterion must 
surely be so sensitive as to fail to be covariant under transformations leading 
to the normal form (1); the more so as the coefficient function, say g == g(t), 
which occurs in the general form, (gx Y’, of a self-adjoint differential operation 
of second order is made to be g==1 (cf. Liouvilles transformation). But the 


/ 
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normal form (1) suffices for the presentation of all the essential points in the 
procedure. 


3. A systematic embedding of classical transcendents into the general 
theory will be developed elsewhere. The following remarks, illustrating the 
theory in the simplest case, that of Bessel’s equation, 


y+y/r+ (1—a2/r*)y = 0, 


can therefore be somewhat high-handed.* In this case, one of the substitutions 
leading to the normal form (1) is simple indeed: 


r=t, y= thr; 
the coefficient of (1) then becomes 
(1 bis) f(t) =1— B/C, where B = (a + 3) (a— 4) 


(for another, function-theoretically superior, substitution and the corres- 
ponding f(t), ef. [4], p. 157). The index, o, is here arbitrary. However, 
the classical “ real ” representation of Ja(7) as (7% times) a Fourier transform 
is valid only when a > — 3. Instead of this, suppose that 8 > 0. Then, by 
the last formula line, f(t) becomes the simplest of those polynomials in 1/#° 
which have real coefficients with alternating signs (and with a positive zeroth 
coefficient). 

It turns out that this property alone is sufficient for the existence of a 
solution of (1) which is a (generalized) Fourier transform of a non-negative 
density function. Moreover, nothing is changed if the polynomial is replaced 
by a transcendental entire function. In addition, even the requirement of 
an alternating coefficient sequence is unnecessarily strict. In fact, what it 
requires is that the coefficients should become positive after the substitution 
t—>it. But this is sufficient in order that f(tt) be completely monotone 
(in fact, the n-th derivatives of the functions 1/t?, 1/t4, 1/t9,- - -, where 
0<t< œ, are positive or negative according as n is even or odd). How- 
ever, all that really matters is the complete monotony of the even function 
f(tt) on the half-line {> 0: 


1What will be disregarded is the necessity of replacing the. relevant solution, 
y =J (r), by the corresponding Fourier integral, which is -a times J (r); the 
additional transition to (1); which modifies the factor r-a to r-a-4; finally, the deter- 
mination of the “ correct branch” when r is replaced by rè in this factor (the exponent, 


—a-—4, is an integer only in the elementary cases of J,). 
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` If f(1/2) is an even entire function in z and if 
(2) (— 1) "df (it) /dt” = when 0< t< œ, 


where n = 0,1,- - -, (for instance, if 
00 

f(2) = 3 (—1)"an/2?" when z5< 0, 
n=0 Y, 


where an = 0), then the differential equation (1) possesses a Fourier solution 
x( #20), of the form 


(3) s(t) = (f) eltrdg(r) if 0<t< œ, 


where @ (=£ const.) is a monotone, but not necessarily bounded, function on 
the half-line 0 =r< co. 


Since this half-line is closed, the possible unboundedness of $ takes place, 
of course, only when r-> co. The parenthetical integral sign in (3) refers 
to the Abelian value of the Fourier-Stieltjes transform. By this is mea 
that, if { (> 0) is fixed, the integral 


00 


f eedpi(r), where ddi(r) = ettrde (r), 


9 


is convergent when e > 0 and tends, as e 0, to a finite limit, which is (3) 
(the existence of this limit is part of the assertion). According to the integral 
form of Abel’s lemma on power series, (3) is identical with 


00 


f erago), (t > 0), 


0 


provided that the latter integral (which, since the total variation of $(r) 
can be œ, must be meant as an improper Stieltjes, rather than as a Lebesgue- 
Stieltjes, integral) is convergent; in which case (3) is sure to exist. Inci- 
dentally, it remains undecided whether the replacement of the last formula 
line by (3) is actually necessary (for some f satisfying the assumptions of the 
theorem). 

The assumptions required of f are satisfied if f(¢) ==1 (this is the 
limiting case, 8 = 0, of the normalized Bessel equation considered above). 
Then (1) becomes the differential equation 2” += 0, having the linearly 
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independent solutions «= cost, x==sint which, since f(¢) is real, are 
equivalent to the single solution x = ett. Inasmuch as the latter results by 
choosing $(r) in (8) to be the step function 4 sgn (r— 1), the appearance 
of a Stieltjes integral in this quite analytical context becomes understandable 
to some extent. 


4. The function ¢(7) must be absolutely continuous, in fact, piece- 
wise analytic, if it can be obtained by the classical method of the adjoint 
differential equation. But, as exemplified by the function Jo(¢), a Fourier 
transform (3) can (even though, as shown by the example of t? or exp (— t°), 
need not) perform an infinity of “oscillations” or “waves,” when ¿t varies 
from 0 to co. On the other hand, there are no formal techniques leading, by 
some method of comparing coefficients, to “ wave” solutions of the type (3) 
(with dọ = 0), when f(t} in (1) is a given function. This is precisely the 
reason why all direct attempts trying to satisfy a (suitable, but still unspeci- 
fied) differential equation (1) by anything like (3) could not succeed. 
However, the transformation t —> dt, used above, replaces each of the partial 
vibrations, e**, of the bundle (3) by the corresponding damping, e‘, and 
the corresponding bundle cannot, of course, have “ waves.” 

Actually, the solution curve which thus results upon the transformation 
t-> 11 becomes so smooth in the large that a combination of the results of 
Kneser and of Hausdorff-Bernstein, referred to in the introduction, becomes 
applicable. Correspondingly, the criterion italicized above will not have to 
be considered directly, since it results as a straightforward corollary of the 
following theorem: 


If a function f(t), defined on the open half-line t > 0, has derivatives of 
arbitrarily high order satisfying 


(4n) (~mt) So, 0<t< o, 


where n = 0, 1,: : -then the differential equation (1) possesses a Laplacean 
solution x( =£0), of the form 


00 


(5) a(t) = f crd, 0<t< a, 


where p (. const.) is a monotone, but not necessarily bounded, function on 
the closed half-line r = 0. 
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That this latter theorem implies the former as a corollary, follows from 
the circumstance that, if # in (5) is replaced by a complex variable, say z, 
then, since the convergence of the integral (5) on the half-line ¢ > 0 is part 
of the latter theorem, the resulting integral converges to a regular function 
in the half-plane Rz > 0. Thus the former theorem can be obtained by letting 
Hz > 0 and taking into account the definition of the parenthetical integral (3). 
In fact, every solution of a linear differential equation (1) (in which 4 is 
now complex) is regular at every point ¢ at which the coefficient function, 


f(t), is regular. 

5. The second theorem is of a more symmetric nature, since it can simply 
be expressed as follows: If — f is completely monotone, then (1) has a com- 
pletely monotone solution x ( 320); 0<%t< wo. In fact, the existence 
theorem: of Hausdorff-Bernstein states that (5), where dẹ = 0, is always 
implied by (and, of course, implies) the conditions 


(6n) (— i)z (t) = 0, . 0<t< a, 


where n= 0, 1,: - +. The formulation in terms of (4r) and (5) is preferable 
only because, f being the given function, condition (4r) can easier be checked 
than the existence of an integral representation, whereas what is wanted of the 
unknown solution is precisely the existence of an integral representation. 

If z(t) is a completely monotone solution ( +£0) of (1), another such 
solution is Cx(t), where C is an arbitrary positive constant (this agrees with 
(5), where $ can be replaced by C$). But only this C remains undetermined : 
Two completely monotone solutions of (1) are linearly dependent. In fact, 
(5) implies that s(t) = O(1) ast— co. It does not imply that z(t) = 0(1), 
since $(7) can have a jump at r—O (as illustrated by the simplest case, 
f(t) =0, which, according to (1), (5), belongs to x(t) =0, (r) = sgn r). 
But it is clear that this effect of a possible jump of $(r) at r—0 is removed 
if dẹ(r) is multiplied by r. Since the resulting integral is 

DO { 

f etrag(r) =—2'(0), 

di i 

by (5), it follows that z’ (t) =0(1) as #-> œ. Hence, if c=x;(t) and 
£= T(t) are completely monotone, then since x;(t) =0(1) and æ; (t) 
= 0(1) as to, the Wronskian, c.c — gx, is 0(1). However, the 
Wronskian of two solutions of (1) is always a constant and cannot, therefore, 
be 0(1) unless it vanishes identically. This proves the last italicized remark. 
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6. The theorem which remains to be proved is equivalent to the state- 
ment that, if f satisfies the infinity of conditions (40), (4:),: © +, then (1) 
has a solution «( =£0) satisfying (6), (6:),--°. The proof will succeed 
only because the statement can be “ finitized.” In fact, it can be sharpened 
to the following assertion, in which m denotes a fired non-negative integer: 


(Im) If a function f(t), where 0 < t < œ, is of class CM) and satisfies 
the m +1 conditions (49),: °°, (4m), then the differential equation (1) 
has a solution «( 320) satisfying the m + 2 conditions (60), > >, (Gmn). 


This will be concluded, by complete induction, from the case m == 0, 
which is substantially equivalent to the following theorem: 


(7*) If f(t) ts a real-valued, non-positive, continuous function on the 
open half-line 0 < t < co, then the differential equation (1) has a solution 
x(t) which is non-negative and non-increasing at every point of the half-line 
(and does not vanish everywhere). 


Ad (%). The assumption of (7%) is the same‘as that of (7*), namely, 
' (4o). The assertions of (7*) are (60) and (61), whereas (7o) claims (62) 
also. However, since (1) means that o 


(80) Cs, 
(62) is implied by (60) and (7%). 


Ad (%,). The assumptions of (71) are (4) (along with the existence 
of a continuous f’) and the assumptions of (7o). The new assertion is (63). 
However, from (8), 


(81) — a = fa’ + Pa. 


According to (40), (4;) and (6), (61), both terms on the right of (8,) are 
non-negative. Hence, (63) follows from (8:). 


Ad (%2). The assumptions of (72) are (42) (along with the existence 
of a continuous f”) and the assumptions of (71). The new assertion is (64). 
However, from (8;), 


(Be). ara fa — Rf —{". 


According to (40); (41), (42) and (60), (6:), (62), all three terms on the 
right of (82) are non-negative. Hence, (64) follows from (82). 


à 
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Since the binomial coefficients, introduced by m-fold differentiation of 
the product (8), are positive, it is clear that the play of alternating signs is 
preserved in the induction m—> m + 1. Consequently, all that remains to 
be assured is (7*). 


7. If the assumption, f 5 0, of (?*) is replaced by f< 0, then the 
assertion of (7*) can be refined as follows: 

(7 bis) If g(t) is a positive, continuous function on the open half-line 
0<t< œ, then the differential equation - 


(9) | a’ == g(t)c a 


has a solution x = x(t) which is positive (and so, by (9), convex) and 
decreasing for 0<t< co. 


Remark. Neither 


(10) (+0) 55 0 
nor , 
(11) ' x(c0) 0 


is claimed in (7 bis). 


Actually, (?*) can be concluded from (7 bis), if use is made of Helly’s 
selection theorem and of the locally continuous dependence of the general 
solution on f = — g. 

Incidentally, (7 bis) instead of (7*), along with the induction 
m— m + 1, is sufficient to assure the existence of a representation (5) in 
the case in which (4n) is assumed for every n. In fact, f(t) is regular at 
every ¢ in this case, and so it is clear from the convexity assumption (42) 
that f(t} cannot vanish at all unless it vanishes identically. But then the 
differential equation becomes æ<” ==0 and possesses, therefore, the solution 
x(t) =1, which, of course, has the properties claimed. 

Accordingly, only (7 bis) remains to be ascertained. 

Let (?) denote the sentence which becomes of the sentence (7 bis) if the 
open half-line, 0 < t < œ, is replaced by a closed half-line, say 1S t< co, 
in the assumption and in the assertion of (7 bis). 

What corresponds to the negation of (10) (namely, the possibility | 
x(1 an 0) = œ) cannot occur in the case of a closed half-line. The latter 
can therefore be attacked by an initial point, t=1. Thus (?bis) is some- 
what more elaborate than (7). However, (7 bis) can be reduced to (7°). 
In fact, if an arc, say t StS ta of a solution path, x == x(t), is in the upper 
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half-plane (x > 0), then it is convex (“subharmonic”) ; if it is in the lower 
half-plane (z < 0), it is concave. ‘This is clear from (9), since g > 0. 
Hence, if (7) is granted, and if « = x(t) denotes a solution supplied by (7°) 
on the half-line 1 & t < co, the extension of (7) to (7 bis) is furnished by 
that solution of (9) on the interval 0 < #21 which is determined by the 
initial values 7(1), e°(1). ù 

This reduces everything to the truth of (Y). But (Y) is known. In 
fact, (7) is contained in Kneser’s geometrical considerations ([5], pp. 188- 
191), which deal with a non-linear generalization of (9), where g > 0. 
Correspondingly, Kneser’s proof admits of simplifications in the linear case 
of (7) (in this respect, cf. pp. 42-46 of Borel’s monograph [2]; actually, 
the proof can be simplified still further). 


8. For the sake of completeness, a final comment must be made; one 
concerning the impossibility of (11), which is claimed by Kneser ([5], p. 191) 
but is not claimed above. This discrepancy can be cleared up as follows: 

Let 2,(¢),v2(t),- - > be a sequence of continuous (or, for that matter, 
regular analytic) functions on the half-line 1 = # < œ, and let t, ta, - - bea 
monotone sequence of ¢-values satisfying 1 < tn-> © as n—> ©, Suppose 
that x(t) is negative and concave (“superharmonic”) on the half-line 
tn <t< œ; that z(t) is positive, convex and decreasing on the interval 
1=t< tn; finally, that all curves 2—«a,(¢t) meet when #=1 (and, for 
the sake of simplicity, that, if n and m are distinct, æn (t) = <n(t) holds only 
when ¢==1). Then it is clear, for instance from Helly’s theorem, that the 
sequence 2;(1),22(t),- © ‘ contains a subsequence which, uniformly on every 
bounded #-interval, tends to a limit function, say x(t); and that «(¢) is 
positive, convex and decreasing on the whole half-line. In particular, x(t) 
tends to a finite, non-negative limit as t-> œ. 

What Kneser seems to consider to be evident ([5], p. 182) is that, since 
in > œ as n—> œ and Zn(t,) = 0, this non-negative limit, (<), cannot be 
positive. Actually, it is easy to draw a sequence of curves which satisfy all 
the above conditions but lead to a positive ~(«). In fact, the convergence, 
uniform on every bounded #-interval of the half-line, need not be uniform on 
the whole of the half-line. 

This explains the discrepancy. It was mentioned because it is important 
in connection with (3), (5). In fact, the inclusion of discontinuous functions 
(r) was seen to be an essential point in the above theorems on integral 
representations, But (11) is precisely the condition for a solution (5) in 
which $(r) has no jump at r =Q. ` . 
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Since the unknown of the problem is the function $(1), it is worth while 
to mention that a jump ¢(+ 0) £ 4(0) in (5) can be excluded by a criterion 
involving only the coefficient function of (1). In fact, such a criterion is 
contained in the following remark (which, instead of (41), assumes only that 
f(t) $0): 

If f(t) and a(t) satisfy the assumptions of (7*), then (11) cannot be 
true unless the integral 


OO 
(12) f f(t)di is convergent. 


For, if f(t) and s(t) satisfy the assumptions of (7*), then, since g(t) 
is convex by virtue of (1), the derivative v(t) must tend to 0 as to. 
Since (1) means that 


(13) L+ f fu 


is independent of 4, it follows that 


(14) f f(t)e(t)dt n convergent, 


whether (12) be satisfied or not. Hence, it is clear from f(t) = 0 that (11) 
is impossible if (12) is assumed (the existence of (oo) being implied by 
(7*) alone). 


Appendix. 


Under the assumptions which had to be made for the existence of Fourier 
and Laplace solutions, (3) and (5), the coefficient function, f(¢), of (1) 
must of course be non-negative and non-positive, respectively. Corres- 
pondingly, the simplest illustrations of the “elliptic” case and of the 
“hyperbolic” case are f(t) =a? with z(t) = cosat and f(t) =— a with 
x(t) = e, respectively, where a is a positive constant; ef. (3), (5) and (1). 
In the case of e, the possibility (11) does not take place. In the case of 
+ cos at, the (real) solutions z(¢) are oscillatory, that is to say such as to possess 
an infinity of zeros (of first order). The limiting “ parabolic” case, f(t) = Ù, 
of (1) satisfies the assumptions of both (5) and (3). But since all solutions 
of x” = 0 are linear, each of its solutions x(t) 550 presents the exceptional 
possibility (11) and none of them is oscillatory. Hence, if (12) is interpreted 
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as an assumption the negation of which carries (1) “too close” to a” = 0 
in the hyperbolic case, f(t) = 0, of (7*), it is reasonable to expect that the 
same negation will prevent the existence of non-oscillatory solutions in the 
elliptic case, f(t) = 0. 

This heuristic dualization suggests a counterpart of the last italicized 
remark. It is easy to see that the resulting dual happens to be true: 


If f(t), where 0<t< œ, is a real-valued, non-negative, continuous 
function, then, unless (12) is satisfied, every real-valued solution x(t) £0 of 
(1) is oscillatory. l 


This remark, though quite on the surface (and possibly well-known), 
is not clear from a direct “ comparison” (Sturm) of (1) with 2” + ax =Q. 
In fact, the negation of (12), that is, the assumption 


(15) f f(t)dt = œ, where f(t) = 0, 


is compatible with lim f(t)=0 (as is (12) with lim sup |f(t)| = œ), 
as L — to. 

Since an interval containing two zeros of any (real-valued) solution 
x(t) 0 of (1) must contain a zero of any other such solution of (1) 
(Sturm), and since z(t) can be replaced by — x(t) in (1), it is sufficient 
to verify the following assertion: If (1) has a solution which is positive from 
a certain t == to onward, then f(t) cannot satisfy (15). i 

To this end, let the integral condition be disregarded. The remaining 
assumptions (namely, f(t) Z0 and x(t) > 0, where t > te) imply, by (1), 
that z” (t) =0. In other words, the curve © == x(t) is concave from below 
(from t= i onward). Since it stays in the upper half-plane, it follows that 
x(t) is non-negative and non-decreasing, whereas z’(¢) is non-negative and 
non-increasing. Hence, there exist a positive limit #( co) = o and a non- 
negative limit z’(«) < co. But (13) is independent of ¢ by virtue of (1), 
and so the existence of a finite limit (0) implies (14). Finally, (14) and 
the existence of a (finite or infinite) positive limit æ( æ) necessitate (12), 
since f(t) = 0. 


THe JOHNS HOPKINS UNIVERSITY. 


98 


[1] 


[2] 
[3] 


[4] 


[5] 


TRI 


AUREL WINTNER. 


REFERENCES 





S. Bernstein, “ Sur les fonctions absolument monotones,” Acta Mathematica, vol. 
52 (1928-29), pp. 1-66. 

E. Borel, Leçons sur les séries divergentes, Paris, 1901. ` 

F. Hausdorff, “Summationsmethoden und Momentfolgen, II,” Mathematische 
Zeitschrift, vol. 9 (1921), pp. 280-299. 

F. Klein, Vorlesungen über die hypergeometrische Funktion (ed. O. Haupt), 
Berlin, 1933, l 

A. Kneser, “ Untersuchung und asymptotische Darstellung der Integrale gewisser 
Differentialgleichungen bei grossen reellen Werthen des Arguments, I,” Journal 
fiir die reine und angewandte Mathematik, vol. 116 (1896), pp. 178-212. 

L. Schlesinger, Einführung in die Theorie der gewöhnlichen Differential- 
gleichungen auf funktionentheoretischer Grundlage, Berlin and Leipzig, 1922 
(3rd ed.). 


ON THE TAUBERIAN NATURE OF IKEHARA’S THEOREM.* 


By AUREL WINTNER. 


In case of ordinary Dirichlet series, Ikehara’s theorem can be formulated 
as follows: If the series 


(1) f(s) — 3 a/n 


is absolutely convergent in the half-plane o > 1 and represents there a function 
which goes over into a continuous boundary function on the line e = 1, then 
the Tauberian condition 


(2) Qn = O1(1) 

is sufficient to ensure that 

(3) Š d&n = 0(2). 
n=1 ' 


This is not the usual formulation (cf. [6], pp. 127-130) but is readily seen 
to be equivalent to it. In fact, if a constant, c, is added to every 4, then 
(2) remains unaltered, (1) goes over into f(s) + c£(s) and acquires there- 
fore a “pole”, of “residue” c, at s= 1, and, correspondingly, the o(s) in 
(3) becomes ca + 0(7). 

The proof of Ikehara’s theorem depends on the same technique as 
Wiener’s result on Lambert summability. The content of the latter result 
is (cf. [6], pp. 119-124) that the (L)-summability of a series c1 + ca +‘ 
and the Tauberian condition 
(2 bis) Cn/n= Or(1) 


imply (4)-summability. The analogy is the more relevant as either of the 
theorems suffices for the transition from the non-vanishing of £(14- it) to 
the prime number theorem. It is true that, in the Lambertian approach, 
recourse must be had to the Hardy-Littlewood lemma, according to which 
(A)-summability and (2 bis) together imply (C,1)-summability (in fact, 
convergence as well; but this is not needed in the deduction of the prime 
number theorem), but Karamata [4] has discovered that this additional step 


* Reecived September 12, 1946. 
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is simple indeed. For the general methodical situation, cf. [1], pp. 34-35, 
46-47 and [8], pp. 38-40. 

Actually, Wiener’s Tauberian result on (L)-summability, when formu- 
lated in the above form, somewhat disguises the true situation. In fact, his 
result is just a corollary of an earlier theorem of Hardy and Littlewood 
[2], according to which (L)-summability always implies (A)-summability 
(whether a Tauberian restriction, such as (2 bis), be satisfied or not). But 
this theorem, though deeper than the prime number theorem itself, is not at 
all Tauberian in nature. 

It is therefore natural to ask whether the situation is similar in the 
parallel case of Ikehara’s approach to the prime number theorem; in other 
words, whether his Tauberian restriction, (2); is actually superfluous (at any 
rate, by, virtue of the prime number theorem or, as the unconditional impli- 
cation, (ZL) (A), of Hardy and Littlewood, by virtue of a‘somewhat deeper 
theorem). The purpose of this note is to answer this question in the negative. 

The situation would be simple indeed if, in the above formulation of 
Ikehara’s theorem (which, as it stands above, is tautologous), it were not 
stipulated that the Dirichlet series be absolutely RESI in the half-plane 
o>1. For, if. 

Un = = 1)*n, 


the Dirichlet series (1) is convergent in the half-plane o > 1 and attains 
continuous boundary values on the line o==1; in fact, the function (1) 
becomes the entire function (27%—1){(s—-1). Nevertheless, since 


lim inf S Sa aaa — 4, lim 1 sup 3 (-1)"n/x=}, 


g> 00 n=1 n=1 


(3) is not true. 


The construction of a Dirichlet series (1) having 1 as its abscissa of 
absolute convergence will be based on the general identity on which Riemann’s 
proofs of the functional equation of £(s) depend. This identity, first justified 
by Perron [5], states that, if (1) is convergent in the half-plane o > 1, then 

4 
(4) | f(s) = F(s)/2(8); 


where 


5 xX 
09 
(5) F(s) -Í zE Sane "da, o>1 
nz1 
1) i 
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Needless to say, the convergence of (1) for o > 1 implies that the power 
series multiplying «5 in (5) is convergent for e7 < 1, i.e., for every æ in 
the interior of the integration domain (the integral (5) must therefore be 
interpreted as improper at both ends, £ = œ and a= 0). 


Suppose that 
1-0 
o0 
(6) | Sau" | dr < œ. 
n=1 , 


0 


Then the integral (5) is absolutely, hence uniformly, convergent in the closed 
strip 102. In fact, this is clear for the contribution, 


00 


DO 
xs"? Dane "dx. 


n=1 
1 


of the integration range 1 Ss < œ. On the other hand, the contribution 
of the remaining range, 0 S221, to (5) is majorized, uniformly in the 
closed half-plane o = 1, by 


oo 1-0 


“O OO 

f | X ane”? | da = f | 3 an1” | dr/r, (r = 67°). 
n=z1 n=1 

0 0 


But the last integral differs from the integral (6) only in the factor 1/7, 
which does not influence the convergence assumed for (6), since 1/r is bounded 
near 7 == 1, and is absorbed by 7” at + == 0, the summation index n= 0 being 
excluded. 

Consequently, the function (5) is uniformly continuous (and, inci- 
dentally, bounded) in the open strip 1 <o < 2. Since 1/T(s) is not bounded 
in this strip, it does not follow that the function (4) 1s uniformly continuous 
there. But, since T(1 -+ it) =£0, it does follow that the function (4) repre- 


sents in the half-plane o > 1 a regular function which attains continuous 
boundary values on the line ¢ = 1. 


Accordingly, it is sufficient to show that the following three conditions 
are compatible for a sequence a, @2,' °°: 
(i) The Dirichlet series (1) is absolutely convergent when o > 1. 
(ii) Condition (6) is satisfied. 
(ii) The estimate (3) fails to hold. 
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To this end, first choose an increasing sequence of positive integers 


ki, ko,’ © in such a way that, on the one hand, 
DO 

(7) Shkn* < œ for every e > 0 
mal 


and, on the other hand, 


+ 


DO : 
(8) 3 kmr” — O(1 — r) as r—> 1—0. 


m=i 


Such sequences exist (in fact, both conditions are satisfied by 4m= m!*, the 
second, (8), being satisfied even by km = m’). 

It can also be assumed that the sequence hy, ke,: >> does not contain 
consecutive integers. Then a unique sequence a, d2,°* © is defined by the 
following assignment: an is n, — n + 1 or 0 according as n is a km, a km -t 1 
or neither a km nor a km +1. 

It is readily seen from this definition of an and from the first of the 
conditions, (7), imposed on the sequence ki, kzt ‘ +, that (1) is satisfied. 
In order to ascertain (ii), it is sufficient to show that 


(9.9) 
(9) Z ant” = O (1 — r)? as r= 1—0. ° 
n=1 


But the definition of a, means that the power series on the left of (9) is 
identical with 





00 OO 
3 km Z epr > 
m=1 m=1 


so that, since this difference can be contracted into 


OO 
(1 — r) 5 bmt”, 


mzi 


(9) follows from (8). 


Accordingly, only (iii) remains to be verified. However, by the definition 
of An, 


(10) > Un == 5 hem An 5 lem. 


n=1 kmSx kmZa-1 


Clearly, the difference on the right of (10) vanishes except at a-values 
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corresponding to its points of discontinuity, and the jumps amount to just 
the respective values of x itself. Accordingly, 


oe 


gz 
lim inf S @n/x = 0 but lim sup 3 an/z = 1, 


2-00 n=1 æ- N51 


* 


and so (8) fails to be true. 
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UNION-PRESERVING TRANSFORMATIONS OF HIGHER ORDER 
SURFACE-ELEMENTS.* 


By Joun DE Cicco. 


1. Curve-element transformations of the union-preserving type. In 


1943, Kasner and De Cicco began the study of transformations in the plane 
and in space from differential elements of order n into those of first order. 
We have termed such a correspondence union-preserving if it converts every 
union into a union. This class of union-preserving transformations includes 
the Lie theory of contact transformations as a special case.” In the previous 
work, our attention was devoted to the study of correspondences from curve- 
elements of order n into lineal-elements.* In the present article, we shall 
develop the theory of correspondences from surface-elements of order n into 
planar-elements. 

For the purpose of contrasting our new theory with the previous study,‘ 
we shall state some of the results concerning union-preserving transformations 
in space from curve-elements of order n: (2,y,2,9,2,°°°,y™,2™), where 
the accents denote total differentiation with respect to x, into lineal-elements: 
(X,Y,Z,Y",Z"). The general union-preserving transformations are deter- 
mined by a single directrix equation of the form 


(C) Q(X, Y 2. T, Y, Z, Y, CARE . œ ay, gin-2)) = 0, 


involving derivatives of order (n— 2), at most. If n == 2, this has the same 
form as the directrix equation of Lie. Although the directrix equations are 
the same for this case n= 2, the induced union-preserving transformation 


of second order is different in general from the induced contact transformation 
of Lie. 


The special union-preserving transformations are obtained by extending 


* Received August 15, 1946. Presented to the American Mathematical Society, 1946. 

1 Kasner and De Cicco, “ Union-preserving transformations of differential elements,” 
Proccedings of the National Academy of Sciences, vol. 29 (1943), pp. 271-275. 

* Lie-Scheffers, Beruhrungstransformationen, Leipzig, 1896. 

* Kasner and De Cicco, “ A generalized theory of contact transformations,” Rivista 
de Matematicas de la Universidad Nacional de Tucuman, Argentina, vol. 4 (1944), pp. 
81-90. 

t Kasner and De Cicco, “ Union-preserving transformations of space,” Bulletin of 
the American Mathematical Society, vol. 50 (1944), pp. 98-107. “Comparison of 
union-preserving and contact transformations,” Proceedings of the National Academy 
of Sciences, vol. 32 (1946), pp. 152-156. 
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to lineal-elements transformations which carry curve-elements of order 
(n— 1) into points. Thus the class of union-preserving transformations 
from curve-elements of order n into lineal-elements consists of the general 
type defined by a single directrix equation of the form (C) or of the special 
type described above. 

Any transformation not of the union-preserving type converts either 
precisely œ0?(%+1) or œ% unions into unions. 

The only available union-preserving transformations in the whole domain 
of curve-elements are firstly, the group of point transformations, and secondly, 
the set of union-preserving transformations from curve-elements or order n 
into lineal-elements; together with the extensions of these two types. This 
is an extension of. Lie’s theorem which states that the group of contact trans- 
formations of lineal-elements constitutes the extensions of the correspondences 
of the group of arbitrary point transformations. 


2. Union-preserving transformations of higher order surface-elements. 
In this section, we shall state some of the results of the present article. It 
will be found that our new transformation theory is more analogous to the 
Lie theory than that described in the preceding section. 

We shall study transformations in space from differential surface-elements 
of order n: (€, Y, Z, Pro, Por’ ` * > Piym-js* © `, Pon), where p;i,m-j = O"2/dxi0y™3 
for 7==0, 1, 2, - -,m, and m= 1, 2,- > -,n, into planar-elements 
(X,Y,Z, P,Q) where P = 05/0X and Q = 0Z/0Y. Thus our transformations 
convert the co !*8n+5)/2 surface-elements of order n into the œ planar- 
elements. Our union-preserving transformations may be defined by a single 
directrix equation 


(S) Q(X, Y,4,%,Y,%, Pro» Pon’ © * > Pim-js' © “> Pn-1,09° © * Poni) = 0, 


involving partial derivatives of order (n — 1) at most; or by a pair or triplet 
oî such directrix equations. For n= 1 this result coincides with the theorem 
of Lie concerning contact transformations of surface-elements of first order. 

Thus our union-preserving transformations are defined by one arbitrary 
function of (n° -+-n+8)/2 independent variables, or by two arbitrary 
functions of (n° + n + 6)/2 independent variables, or by three arbitrary 
functions of (n? + n + 4)/2 independent variables. Therefore in the nota- 
tion introduced by Kasner, the contents of the three different classes 
of union-preserving transformations are cotfl(m*+n+8)/2] 00 2f[(m*+n+6)/2] and 
co 3F[(n°+n+4)/2] respectively." 


5 Kasner, “A notation for infinite manifolds,” American Mathematical Monthly, 
vol. 49 (1942), pp. 243-244. 
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Any transformation not of the union-preserving type converts at most 
oo (n°+5n+2)/2 or 00° unions into unions. For n= 1, this coincides with a 
theorem of Kasner concerning transformations of surface-elements of first 
order. 
| The only available union-preserving transformations in the whole domain 
of surface-elements are firstly, Lie’s group of contact transformations of 
planar-elements, and secondly, our set of -union-preserving transformations 
from surface-elements of order n into planar-elements, together with the 
extensions of these two types. 


3. The conditions for union-preserving transformations. Any trans- 
formation T from surface-elements of order n into planar-elements is defined 
by equations of the forms 


(1) 


where 
(2) Dimi = 02 /Ortdy”) for j = 0,1,2, m, and m==1,2,0-<,n. 


P mem P (a, Yo 23 Di,m-j)5 Q ica Q(z, Y, 2, Di,m-5) ; 


Of course, P == 0Z7/0X and Q = 04/0Y. | 


‘Thus any transformation T converts the totality of oo (#°5%+9)/2 surface- 
elements of order n of a certain region of the (2, y,z)-space into the œ% 
planar-elements of a certain region of the (X, Y, Z)-space provided that the 
rank of the jacobian-matrix 


Xe Ye Lg Pe Qe 
Xy Y, Zy Py Oy 
(3) 
A piini Yo, m-j Z Pjsm-j P. PJom-j Voi 


which consists of five columns and (n° + 3n + 6) /2 rows, is five throughout 
a certain region of the (z, y, 2)-space. 

A double-series consists of co? surface-elements of order n and may be 
defined by the parametric equations: z = (7,s), y=y(r,s), 2=2(7,8); 
Dj,m-j == Pj,m-j(7,8), Where r and s are independent parameters, such that at 
least two of the functions are functionally independent. If all the functions 
in this system of equations are functionally related, the surface-elements of 
order n reduce to œt in number, and the resulting geometric configuration is 
called a simple series. i 

A double-series forms a union if and only if 


(4) da == P 10d -+ P ody, dP;,m-3 = Pir1,m-j dx + Pi,m-j iY, 


X = X (x,y, 25 Piani), YY (0,y,23pim-i), 2—Z(x,y,25 pid 
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for j=0,1,2,: <<, m, and m==1,2,---°,n—1. A simple series is terme 
a strip if the system of equations defining it satisfy the above system (4) 
identically. l 

A special type of union is the conical-union. This consists of 0° surface- 
elements of order n which have in common a fixed surface-element of order 
(n—1). The equations of any conical union are: £ = To, Y = Yo, Z = Zo, 
Pio = (P10) 0; Pa = (or) 0» SM “4 Puo + (Pu-1,0) 05 °° Pon1=" (Po,n-1) 05 
Pno = Pno (T, $),* © ©, Pon = Pom(7,8), where r and s are independent para- 
meters. Through a given surface-element of order (n-—1), there pass 
co (m-17(2) conical-unions. Thus in totality, there are co (m+n4)/2+(n-1)7(2) 
conical-unions. 

Before continuing with our work, it is found convenient to introduce 
the two linear operators 


k m 
Ax ni d/0x + Pio (9/02) | py 2 Pisim-j (0./0D;,m-3) E, 

(5) k i 
By mg 0/0y + Por (0/02) + > 2z Pi -m-jit (0/0P;,m-1) . 

m=i j= 


It follows that if A is any function of (2%, y,23pjm-j) involving partial 
derivatives of order k at most, then Ax(A) (or Bx(A)) represents the total 
partial derivative of A with respect to x (or y) where z is considered to depend 
on both x and y. It is found that both Ax(A) and Bx(A) involve partial 
derivatives of order (k + 1), at most. 

We seek all the unions that become unions under the transformation T 
as defined by the system of equations (1). By (1), (8), and (5), we find 
that the required unions satisfy the system of partial differential equations 


(6)  An(4) = PAn(X) + QAn(¥), = Ba(Z) = PBn(X) + QBn(Y), 


of order (n + 1). In general, there are at most co (#°+52+2)/2 solutions except 
when the equations are in involution in which case the solutions involve 
arbitrary functions.® 


THEOREM 1. All the union-preserving transformations T from surface- 
elements of order n into planar-elements satisfy the (n-+- 3) conditions 
Lees casi FX pia + QY prens for j = O, E E 
(7)  Ana(2) = PAna(X) + QAn (F), 
Bua(Z) = PBa- (X) + QBaa (Y). 


8 Kasner, “General transformation theory of differential elements,” American 
Journal of Mathematics, vol. 32 (1904), pp. 392-401. 
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Any other transformation T converts either at most co °5n+2)/2 op qo 
UNIONS into unions. 


In a later section, ave shall prove that all union-preserving transforma-, 
tions may be defined by a single directrix equation or a pair or triplet of such 
directrix equations. 


4. The degenerate union-preserving transformations. A union-pre- 
serving transformation T is said to be nondegenerate if the rank of the 
jacobian-matrix 


Ae Yo Ly 
x. Y. Z 
g Y Y uv 


P OTE Vp05,m-5 prm- 


formed from the first three columns of the jacobian-matrix (3), is three in 
a certain region of the (a, y,2)-space. If the rank is two or less our union- 
preserving transformation T is called degenerate. Thus a union-preserving 
transformation T is called degenerate if and only if there exists at least one 
functional relationship between the components (£, Y, Z). We shall give a 
very brief discussion of the degenerate cases. 

If all three functions (X, Y, Z) are identically constant, then T converts 
every union into a conical-union; these conical-unions all pass through a 
common point. If only two of the functions (X,Y,Z) are identically 
constant, then either P = 0 or Q=0 or 1/P = 0 or 1/9 = 0, in which case 
every union is converted into a strip whose points describe a fixed line parallel 
to one of the coordinate axes. Finally if only one of the functions is iden- 
tically constant, then either P = Q = 0, or P/Q = 1/0 = 0, or Q/P = 1/P 
== 0, in which case every union is converted into a plane parallel to one of 
the coordinate planes. 

If there exist exactly two functional relationships between (X,Y, Z), 
then every union is carried into a single fixed strip. 

Finally if there is a single functional relationship between the three 
components (X, Y, Z), then every union is carried into a single fixed surface. 

Henceforth we shall consider only nondegenerate union-preserving 
transformations. 


5. The general union-preserving transformations. We shall say that 
a non-degenerate union-preserving transformation T is general if it does not 
convert every conical-union of order n into a strip or conical-union. It is 
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said to be intermediate if every conical-union is carried into a strip. Finally 
we shall term T special if every conical-union is sent into a conical-union. 
Thus a non-degenerate transformation T of the union-preserving type is either 
general, or intermediate, or special. 

A union-preserving transformation 7 is general, or intermediate, or 
special according as the rank of the jacobian-matrix 


(9) (A ia Fais VATE, for = 0, 1, 2, t a ty 


is of rank two, or one, or zero in a certain region of the (z,y,2)-space. Of 
course, by Theorem 1, the rank of this matrix cannot be three. 

In this section, we shall study general union-preserving transformations 
so that the rank of the jacobian-matrix (9) is two. 


THEOREM 2. For a general umon-preserving transformation T, the 


(n-+-1) independent variables p;,n-; for j = 0,1,2, >`, ,n, can be elimi- 
nated from the three functions (X, Y, Z) ; thus obtaining the single eliminant 
(10) OX, ki, Li; T, Y, ky Pr0> Po ro Pn-1,0» "a Po,n-1) mre 0. 


We call this the directrix equation of our general union-preserving trans- 
formation T. 

The above result is an immediate consequence’of the first (n + 1) 
equations (7). For clearly the jacobian-matrix (9) is of rank two. Thus 
by the theory of jacobians, we find that all the partial derivatives of order n 
may be eliminated from the three functions (X,Y,Z) yielding the single 
directrix equation (10). 


THEOREM 3. A general union-preserving transformation is determined 
completely by a single directria equation. 


Thus a general union-preserving transformation T depends on one arbi- 
trary function of (n° + n -+ 8)/2 independent variables. The content of 
the set of general union-preserving transformations ig oo *fl(n®+n8) /2), 

In the first place, it is obvious that under a general union-preserving 
transformation T, any point in the (X, Y,Z)-space corresponds to a family 
of co° surfaces in the (x,y,z)-spaces defined by a partial differential 
equation of order (n—1). These surfaces are defined by the directrix equa- 
tion (10) where (XY, Y, Z) are considered as constants. The partial derivatives 
of these surfaces of orders n at most, satisfy the equations 


(11) Q=0, Ana1(Q)=0, Bri(Q) =0. 


Secondly, any conical-union of order n in the (a, y, 2)-space is converted 
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into a union in the (X, Y, Z)-space. This union is defined by the directrix 
equation (10) where (2, Y, 2, Pio, Pors’ * *, Pa-1,00° °°» Po,n-1) are regarded as 
constants. The partial derivatives of first order of this union satisfy the two 
equations | 

(12) Qy + Pag = 0, Oy + OQ, == 0, 


We shall prove that the functions (X, Y, Z, P, Q) of our general union- 
preserving transformation 7° must satisfy the equations (11) and (12). It 
is seen thatthe components (X, Y, Z) of T satisfy the directrix equation (10) 
since it was obtained as a result of eliminating the partial derivatives of 
order n: pj,n-; from the first three of equations (1) defining T. 

Next let us differentiate the directrix equation (10) with respect to 
Pi,n-j. Upon using the first (n -+ 1) conditions of (7), we find that the 
result is 


(13) Xosa (Qx + POz) + Fony (Qx + QOz) = 0. 


Since for a general union-preserving transformation 7, the rank of the 
jacobian-matrix (9) is two, it follows from (13) that we deduce the equations 
(12). 

Apply the linear operators (5) where k = n — 1 to the directrix equation 
(10) where (X, Y, Z) are given by the first three of equations (1). Because 
equations (12) are satisfied, we obtain the equations (11). 

That we can actually solve (11) and (12) for (X, Y, Z, P,Q) follows 
from the fact that the directrix equation (10) represents a three-parameter 
family of partial differential equations of order (~-—-1) in the (2, y,z)- 
space. 


6. The intermediate union-preserving transformations. In this sec- 
tion, we shall consider the union-preserving transformations T whereby every 
conical-union of order » is converted into a strip. Thus the rank of the 
jacobian-matrix (9) is one. 

THEOREM 4. For an intermediate union-preserving transformation T, 


the (n+ 1) independent variables Pj n-i for j=0,1,2,: > <, n, can be elimi- 


nated from the three functions (X, Y, Z), thus obtaining the two eliminants 
(14) Qı (X, Y; 4, L,Y, Z, Pios Pors’ °°» Pn-1,02° * > Po,n-1) "= 0, 
Da (X, Y; 4, T, Y, Z, Pio Pois tta Pn-1,0» "03, Po,n-1) =" 0. 


These are the two directrix equations of any intermediate union-preserving 
transformation 7°. 
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The above result follows from the fact that the rank of the jacobian- 
matrix (9) is unity. 


THEOREM 5. The five functions (X,Y,Z,P,Q) defining an intermediate 
union-preserving transformation T satisfy not only the two directriz equations 
(14) but also the three equations 
(15) Qx + Paz _ Dot QUz Ana(Q) _ Bna(Q) 

Qx + Poz Oey A QNg An-1 (Q) Bus (Qe) 
The transformation T is obtained by solving (14) and (15) for (X,Y,Z, 
P,Q). 

Thus a pair of directrix equations (14) determines completely an inter- . 
mediate union-preserving transformation T. Any such transformation T is 
determined by two arbitrary functions of (n° + n + 6)/2 independent vari- 
ables. The content of the set of intermediate union-preserving transformations 
ig op 2f[(nP+n+8) /21 

To prove our Theorem 5, we proceed in the following manner. First 
of all, the components (X, Y, Z) satisfy the two directrix equations (14) 
since they were obtained as a result of eliminating the partial derivatives of 
order n: pj,n-3 from the first three of equations (1) defining T. Moreover, 
these two directrix equations (14) are functionally independent. 

Next differentiate each of the directrix equations (14) with respect to 
` Pim-je Introducing the first (n + 1) conditions (7), we obtain the results 


X Djing (Qix -+ Pz) + Wai (Quy + VA) m 0, 
A oaii (Lx + Paz) + E (Qy + QQez) = 0. 


Since the rank of the jacobian-matrix (9) is unity, the ratios 
Xopney/Vpyny> are all equal for f == 0,1,2,-°-,n. Also not all of the 
expressions Xpan; and Yo, are identically zero. For otherwise by (7), the 
rank of the jacobian-matrix (9) would be zero. Hence from these remarks, 
we find that the equations (16) yield only a single eliminant which is equi- 
valent to the first proportion of (15). 

Apply the linear operators (5) where k = n — 1 to the directrix equations 
(14) where (X, Y,Z) are given by the first three of equations (1). Because 
of these conditions (7), we find 


(Qix + PQyz) Aner (X) + (Qiy + Quz)Ana(Y) + An-1(Q1) aoe 0, 
(Qex + Paz) Anci (X) + (Qey + QQoz) Án (Y) + An-1 (Q) =< 0, 


and a similar set of two equations where the operator An-1 is replaced by the 
operator Bn. 


(16) 


(17) 
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Because of the first proportion of (15) which was established in the 
earlier paragraphs, it follows that for the equations (17) and the similar set 
where the operator An, is replaced by the operator Bn, to be valid, we must 
have the continued proportion (15). 

It is assumed that Q, and Ls are so constructed that five of the equations 
derived from (14) and (15) are functionally independent with respect to 
(X,Y,Z4,P,0). Hence these can be solved actually for (X,Y,2,P,Q); 
thus obtaining our intermediate union-preserving transformation 7. 


7. The special union-preserving transformations. A union-preserving 
transformation is special if it converts every conical-union of order n into a 
- conical-union of planar-elements. In this event, the components (X, Y, Z) 
will not involve the partial derivatives of order n: pj,n-;, explicitly. Thus the 
first (n -+ 1) conditions of (7) are satisfied identically. The P and Q of such 
a transformation are determined by the remaining two equations of (7). 

From the above remarks, it is seen that a special union-preserving trans- 
formation is determined completely by a system of three functionally inde- 
pendent directrix equations of the forms (10). 

The special union-preserving transformations depend on three arbitrary 
functions of (n° -+ n +- 4) /2 independent variables. The content of the set 
of special union-preserving transformations is co*!f (n°+n14)/21, 

This completes our discussion of the union-preserving transformations. - 
The non-degenerate union-preserving transformations are general, intermediate, 
or special. These are determined by a single, pair, or triplet of directria 
equations, respectively. The contents of the three different classes are 
co TFL (n+n+8) /2) co AFT (n2+1+6)/2], 00 SL (n°%+1+4)/2], respectively. 

It is noticed how the above result constitutes a direct extension of Lie’s 
theorem on contact transformations.‘ 


8. The union-preserving transformations in the domain of surface- 
elements. The following result concerning union-preserving transformations 
from surface-elements of order n = 2 into surface-elements of second order, 
will be established. 


7 Kasner, “ Lineal element transformations of space for which normal congruences 
of curves are converted into normal] congruences,” Duke Mathematical Journal, vol. 5 
(1939), pp. 72-83. Also the following two papers by Kasner and De Cicco: “ Curvature 
element transformations which preserve integrable fields,” Proceedings of the National 
Academy of Sciences, vol. 25 (1939), pp. 104-111; and “Transformation theory of 
integrable double-series of lineal elements,” Bulletin of the American Mathematical 
Society, vol. 46 (1940), pp. 93-100. 
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THEOREM 6, All the non-degenerate union-preserving transformations 
from surface-clements of order n = 2 into surface-elements of second order, 
are the extensions of the umon-preser wing transformations of surface- VERNIO 
of order (n — 1) into planar-elements. 


A non-degenerate transformation from surface-elements of order n = 2: 
(2,4,%;P;,m-j) for j= 0,1,2, -> m and m= 1,2, n, into surface- 
elements of second order: (X, Y, Z,P, Q, R, 8, T) is given by equations of the 
forms 


== X (C, Y, 2; Pimi) Y= Y (2,4,2; Pimi). Z = Z (T, Y, 2; Pimi)» 
(18) P= P(8, 4,23 Pimi), Q = Q(z, Y, 25 Paws), 

R = R(T, Y, 23 Pim-j), S == S (8, Y, 25; Pimi) . T= T (2, Y, 2; pins), 
where the jacobian-matrix of these eight functions is of rank eight in a certain 
region of the (a, y, z)-space. 

We seek to find all those unions of surface-elements of order n which 
are converted into unions of surface-elements of second order by this trans- 
formation (18). The differential conditions (4) must correspond tò the 
conditions >< 


(19) dZ = PdX + OdY, dP = RdX + SdY, dQ = SdX + TaY. 
Thus by (5), we find the equations i 
An(Z) = PAn(X) + QAn(Y),  Ba(Z) = PBn(X) + QBu(¥), 
(20) An(P)= RAn(X) + SAa(Y), Bn(P) = RB.(X) + SB,(Y), 
An(Q) = SAn(X) + TAn(V),  Bn(Q) = SBn(X) + T'Ba(Y), 
of order (a+ 1). In general, there are at most co (°+5-9)/2 or 0° unions 
which become unions. 


From the above equations, we discover that if ine transformation (18) 
is union-preserving, it must satisfy the conditions 


VAT a PX ppn T Uras An-1(4) e PAn (X) ae QAna (Y), 
Bn-1(4) == PBri (X) + QBua(Y), 
(21) Pones = BX ny + SYoyny, Ana(P) = BAna(X) + SAri (F), 
Bn (P) = RBna(X)+ SBr.(¥), 
Vojng = SXo ny t TFou Ana Q) = SAna (X) + TAni(Y), 
Ba-1(Q) = SBn(X) + TB, (F). 


Let us assume that not all the Xpan; and Yp,,,.,, are zero. Accordingly 
our union-preserving transformation (18) is general or intermediate according 


3 


‘ 
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as the rank of the jacobian-matrix (Xn, Pook “PIG a) is two or one in a certain 
region of the (2, y, z)-space. 

First consider the general case. From (X,Y,Z) of (18), we may 
eliminate all the partial derivatives of order n, obtaining | a single eliminant 
of the form 


(22) VA — n F(X, To; T, Ys 3 Di,m-3) 
where 7 = 0, 1,2,---,m and m = 1,2, >- ,n— 1. 
Substituting this into the conditions (21), we find the following results 


P = Fy, Q9 = Fy, B= Fx S == yy, T = Fyy, 
(23) Anci (F) == 0, Basi (FP) = 0, An-1 (Fx) = 0, 
By (Fx) =—=,(), Ani (Fy) = 0, f Basi (Fr) = 0. 


‘Thus the components (X, Y, Z, P,Q, R,8,T) of our transformation (18) 
must satisfy the equations (22) and (23). 

= Upon differentiating the conditions An-1(F)=0, B,(F)=0, with 
respect to the pjn.j, we find, in view of the last four of equations (23), 
the conditions F',,,.;==0. Hence our transformation (18) must satisfy the - 
conditions 
(24) An-2(F) = 0, Bu-2( F) = 0, Foy nay = 0. 


At least one of the components (X,Y) must be effectively present in 
these equations. For otherwise these equations are identities and thus our 
eliminant (22) is of the form Z = F(X, Y). This contradicts the fact that 
our transformation (18) is not degenerate. 

Next it is seen that this system of equations (24) is not satisfied by a 
single solution of the form: Ý = Y (X, x, Y, 2; pim-j), (or X= X(Y,%,4,%; 
Pi,m-i)), where j= 0,1,2,- - -m,'and m=1,2,---,n—1. For then our 
transformation (18) is defined by two eliminants and this contradicts the 
fact that the transformation (18) is general. 

Thus it follows that the system (24) must have a common solution of 
the form: XA=A(%,4,2;p;im-j), Y = Y(%,4,%; P;j;m-;), which involves 
partial derivatives of order n — 1, at most. This contradicts the fact that our 
transformation (18) is general. 

o Therefore we have succeeded in establishing that there are no general 
union-preserving transformations from surface-elements of order n = 2 into: 
surface-elements of second order. 

Finally consider the intermediate case. From (X,Y,Z) of (18), we 
can eliminate the partial derivatives of order n, obtaining two functionally 
independent eliminants of the forms 
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(25) Y = F(X, T, Y, Z; Piani); Z = G(X, T, Y, Z; Pi,m-j), 


for 4 = 0, 1,2,- m, and m = 1,2,---:,n-—~1. These are found on the 

assumption that at least one X7,,,_;, is not zero. Otherwise a Yp,,,.; is not zero 

and the roles of X and Y are interchanged fh these equations (25). 
Substitute (25) into those conditions of (21) which involve Z. We find 


(26) Gr=P+ QFx,  Ana(G) = QAna(P), BnG) = QBrn (F). 


It is observed that the equations An.1(F7)=0, and Bn_1(F)=0 (and 
similarly when / is replaced by G) can not hold simultaneously. For other- 
wise we can differentiate these with respect to the pj,n-;, and thereby deduce 
that Fy,,.,== 0. Thus the function X must satisfy the conditions 


(27) Ane(F)=0, Boo(F)—=0,  Forn.,—0. 


If X is not present in these equations, they must be identities. ' The first 
of equations (25) reduces to the form Y= F(X). This contradicts the fact 
that our transformation (18) is not degenerate. 

In the other possibility, the system (27) must possess a common solution 
X, which can involve partial derivatives of order n — 1, at most. This con- 
tradicts our assumption that at least one Xy,,,,, 18 not zero. 

The above arguments demonstrate that Ans:(#) and B,(F) (and 
similarly when F is replaced by G) are not simultaneously zero. From these 
facts and (26), we find that Q has the form 

An (È) Baa (G) 


(28) Q = H(X, 2, Y, 25 Pim) = Ana(F) — Baa(F)’ 


Substitute H for Q into the equations of (21) which involve the partial 
derivatives of Q with respect to the pjn-;. We derive 


(29) elet 


These prove that the total partial derivatives of H. with respect to the 
Pi,n-j are proportional to the RI ones of X. Hence in the function 
H of (28), we must have j7= 0, 1,2, - -,m, and m = 1,2, >: ,n— i. 

By using the conditions that the @p,,,.; are i to the Xp;n-js 
we find by (28) that l | 

An-2(G) Bn-2(G@) Cp pmts 
30 m RN m= ORALI. — Pet 
RN C= Ana() Broa) Formas 

If this sytem of equations possesses a common solution for X, then £ 
can involve partial derivatives of order (n — 1), at most. This contradicts 
our assumption that at least one Xp;,n; is not zero. 


116 JOHN DE CICCO. 


The only other remaining case to be considered is when the equations 
(30) are all identities. All the partial derivatives of G with respect to the 
small letters are proportional to the corresponding ones of F in this case. 
Therefore, all the small letters may be eliminated from the two equations 
(25), yielding an eliminant of the form: A(X, Y,Z)=0. This contradicts 
the fact that our transformation (18) is not degenerate. 

Thus it has been established that there are no intermediate union- 
preserving transformations from surface-elements of order n = 2 into surface- 
elements of second order. 

Therefore the only unidn-preserving transformations of the required kind 
are the extensions of the union-preserving transformations from surface- 
elements of order (n— 1) into planar-elements. Theorem 6 is proved 
completely. 


THEOREM 7. The only umon-preserving transformations from surface- 
elements of order n = 1 inta surface-elements of order m where n= m1, 
are firstly, the contact group of planar-elements of Ine, and secondly, the 
union-preserving transformation from surface-elements of order n, where 
n is 2 or more, into planar-elements, together with the extensions of these 
two types. | 


For, by hypothesis, any two unions which have contact of order n = 2 
must be carried into two unions of second-order contact, at least. By Theorem 
6, our correspondence must be consequently an extension of a union-preserving 
transformation from surface-elements of order (n —1) into planar-elements. 

Therefore if T is a union-preserving transformation from surface- 
elements of order n into surface-elements of order m where n = m = 1, T is 
the extension of order m of a Lie contact transformation if n= m; and if 
n > m, T is the extension of order (m —1) of a union-preserving trans- 
formation from surface-elements of order (n — m + 1) into planar-elements. 
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A NEW DEFINITION OF THE GODEAUX SEQUENCE OF 
QUADRICS.* 


By CHENKUO Pa. 


A sequence of quadrics has been defined by L. Godeaux® at a generic 
point of an analytic non-developable surface in ordinary space. The first of 
them, $, is the quadric of Lie and any two consecutive quadrics dn, ¢n In 
the sequence touch each other at four points, which are in turn the charac- 
teristic points of both quadrics. The second quadric ¢, has been found 
independently by B. Su, who called it the associate quadric.* Godeaux* has 
shown the equivalence of this quadric and the quadric $,. In connection 
with these investigations the present author* has generalized this quadric 
from the point of view of Finikoff.5 . Following Godeaux, the definition of a 
Godeaux sequence consists in representing in S; the asymptotic tangents of a 
surface, and consequently has an indirect interpretation in Ss. The object 
of this paper is two-fold; first, to give a geometrical significance of this 
sequence by means of certain linear complexes associated with a point of a 


surface, and second, to generalize this new definition to a W congruence so as 


to obtain a generalized sequence of quadrics.° 


1. For the subsequent discussion, it is convenient to utilize the normal 
coordinate system of Cartan’ at a generic point M of a surface. Let 
{I M: UM} be a tetrahedron of reference of such a system; we have, on 
putting 


* Received August 24, 1945. 

1 L. Godeaux, “Sur les lignes asymptotiques d’une surface et Pespace réglée,” 
Bulletin de VAcadémie royale de Belgique (1930), pp. 812-826; (1928), pp. 31-41, or 
“ La ihéorie des surfaces et l'espace réglé” (1934). 

? Buchin Su, “On the surfaces whose asymptotic curves belong to linear complexes 
Il,’ Tôhoku Mathematical Journal, vol. 40 (1935), pp. 433-448. 

*L. Godeaux, “ Remarques sur les quadriques associées aux points d'une surface,” 
Journal of the Chinese Mathematical Society, vol. 2 (1937), pp. 1-5. 

1 Chenkuo Pa, “A generalization of associate quadrics of a surface,” American 
Journal of Mathematics, vol. 66 (1944), pp. 115-121. 

5S. Finikoff, “Sur les quadriques de Lie et les congruences de M. Demoulin,” 
Recucil Mathématique de Moscou, vol. 37 (1930), pp. 48-97. 

° Ci. L, Godeaux, “ Sur une propriété de enveloppe de certaines familles de quad- 
riques,” Rendiconti dei Lincei, Ser. 6, vol. 11 (1930), pp. 54-58. ` 

Cf. S. Finikoff, Comptes Rendus, vol. 197 (1933), pp. 883-885; B. Su, Téhoku 
Mathematical Journal, vol. 41 (1935), pp. 203-215. 
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| M M, | =V, | M Mz | = V 


that U (or V) is the image of the asymptotic u-tangent (v-tangent) in the 
Klein hyperquadric Q of Ss. The locus of U (or V) forms a conjugate net 
on Q and U satisfies the following Laplace equation: 


Thus it gives rise to a Laplace sequence self-conjugate to Q, namely, 
Sa (Ug aU )s (U,),° Arg (Ua), Se 


where U_1== V and (Un) denotes the Laplace transform of (U,-1) in the 

sense v. Let hi, kı be the Darboux-Laplace invariants of the net (U;); then 

we have the following via : 
OU n 


bd 














do Ua t Ung =~ log (Bhi: < ha), 
È = in Unis (Uo=U, Us = F, ho = == B), 
du 
PU, 0Un d | 
aay do Bp 108 (Blt: lin) — nUn=0; 
a == Van + Vaz 7, 8 ie ‘ den), 
uù 
OV» 





lalla (Vor V, Vi=U, ko=y), 


PV, Van d 5 E 





The intersection of the plane (UnUnUn+2) with Q is known to be the 
image in Ss of one regulus of the quadric n, namely, the n-th quadrie in 
the Godeaux sequence. 

Let us now consider the osculating linear complex Ri(u,v) of the 
asymptotic u-curve at the point M (u,v). It can easily be shown that this 
complex is represented in $; by the intersection of the hyperplane 
U, V, Va Va, Va] with Q. If M(u -+ du,v -+ dv) be any point of S near 
M (u,v), the corresponding linear complex Rı(u -+ du, v + dv) may then be 
expressed by Rı + Ridu + Ridu 4+-- >+ and therefore all the linear com- 
plexes corresponding to points in the first order neighborhood of M have a 
common regulus formed by lines common to Rı(u, v), Rin(u,v), Riv(u, v). 
This regulus constitutes the quadric + of Lie, as was shown in the former 
paper. 
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We now consider the linear complexes R,(u, v + dv) = Ri + Rido 
+ (1/2!) Rido? ++ - + corresponding to points in the second order neigh- 
borhood of M along an asymptotic v-curve. We find easily that these linear 
complexes have one regulus of the quadric d, in common, and the linear com- 
plexes Rilu, v + dv) = R, + Rudo + (1/2) Rindo? + (1/3 Biondo +: - - 
_ corresponding to points in the third order neighborhood of M along an 
asymptotic v-curve have two common straight lines gı, ge, whose images on 2 
are the points of intersection of (VV) with Q. When these lines gi, gz vary 
in the direction u, we obtain two ruled surfaces Gi, Go There exists a linear 
complex R.(u,v) having a contact of the third order with both Gi and G, 
along the generators gı, 92 respectively. In fact this complex R:(u,v) == Re 
is determined by [V.VsV,VsFYs]. With the aid of Re(u,v), we obtain, on 
making use of a similar method, the quadrics 42, di, pa. More precisely, 
they are determined as common reguli of the three sets of linear com- 
plexes Ro + Rondu + (1/2!) Renydu?, Be + Roudu+- Rovdv and PR. + Rady 
+ (1/2!) A.wdo® respectively. If we consider all the linear complexes 
Ro + Rody + (1/2!) Rewdv*® + (1/3!) Revwedv? corresponding to points in 
the third order neighborhood along an asymptotic v-curve, we get two straight 
lines similar to gı, gz Applying the process successively we can define the 
whole sequence. 

Thus we have proved the following 


THEOREM. The Godeaux sequence of quadrics associated with a point 
of a surface can be simply defined with the aid of asymptotic osculating linear 
complexes. 


2. In the next place let us consider the asymptotic osculating ruled 
surface Ru generated by v-tangents along an asymptotic u-curve. The image 
of the osculating linear complex Si(u,v) of È, at M is evidently the hyper- 
plane [VViV2V3V4]. All the linear complexes S, + Siudu + (1/2!) Siuudu? 
corresponding to points of the surface in the second order neighborhood of M 
along an asymptotic u-curve have one regulus of the quadric $ in common; 
all the linear complexes S, 4 Sindu +- Si.dv corresponding to points of the 
surface in the first order neighborhood of M have one regulus of the quadric $i 
in common, and all the linear complezes Si + Sivdv + (1/2!) Stovdv? corre- 
sponding to points of the surface in the second order neighborhood of M along 
an asymptotic v-curve have their common lines in one regulus of the 
quadric pa. Similarly, among the linear complexes Sı + Sisdu + (1/2!) Sivedv® 
+ (1/3!) Siwrdv* corresponding to points of the surface in the third order 
neighborhood of M along an asymptotic v-curve, there are only four inde- 
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pendent ones, namely, 81, Siv, Sivv Siri» and, in consequence, they have two 
common straight lines. Proceeding in the same manner as in 1, we can define 
the quadrics œs, $i, ds successively, and thus obtain the whole sequence. In 
summary, we can state the following 


THEOREM. Wath the aid of osculating linear complexes of the asymptotic 
ruled surfaces associated with a point of a surface, we can also define the ` 
Godeaux sequence of quadrics. 


3. There is now no difficulty in generalizing the notion of a Godeaux 
sequence of quadrics to a W congruence.’ For, by a classical theorem of 
Darboux, the image (U) of a W congruence in the Klein quadrie of 8; forms 
a conjugate net. Letting (Ui) be the Laplace transform of (U;) in the sense 
v, we get a Laplace sequence 


a (U-n-1), (Cadet "3 (U1); (U), (Ui); 3 (Un), (Uns): nar 


Hence by the method used by Godeaux in the case of the asymptotic congruence, 
we can define a sequence of quadrics: 


4 
"ty Penn? "3 Per Per) P hr, den 3 E 


where $» is defined by (UnUnaUnss). 

It should be mentioned that the quadrie ¢., decomposes into two focal 
planes of the congruence, and this sequence has properties similar to the 
Godeaux sequence. 

+ By the method used in 1 and 2, we can readily define the new sequence. 
In the present case, the quadrics of the sequence can, however, be determined 
by the osculating complexes of the congruence. 

In fact, the osculating linear complex of a IV conguence is determined 
by (U..U,UU,U2). By the method of 2, we first define the quadries ¢-2, 
¢.1, $, and then obtain, on using the same complex in the sense v, the 
quadries $1, dr, $s, and similarly, the quadrics $_3, @-4, $-s, ete. 

Thus we have arrived at the following 


THEOREM. Wath the aid of osculating complexes of a W congruence, 
a sequence of quadrics can be defined to be associated with each ray of the 
congruence, that is, the generalization of a Godeaux sequence of a surface 
to a W congruence. 


NATIONAL UNIVERSITY OF CHEKIANG, 
Kwrichow, MEITAN, CHINA. 


SL. Godeaux, loc. cit. $. 


UNILATERAL VARIATIONS WITH VARIABLE END-POINTS.* 


By Juran D. MANCcILL. 


emea 


1, Introduction. For the derivation of certain necessary conditions for 
an are Fi: to minimize an integral in the form 


* to to 
I= | F(z, y, x,y) dt == f F(a, 2) dt, 
ty ty 


we shall assume that #(a,2’), Fo (u,v), and Fy(a,2’) are continuous in a 
region £ of the xy-plane, and for all (2’, y) (0,0). The function F(z, =) 
is assumed to be positively homogenous of the first degree in 2’ anes y’. 

Admissible curves will be supposed always in the form 


and of class D’ in the region R.! In order to emphasis the problem at hand, 
we shall assume, unless otherwise stated, that the- minimizing curve Es lies 
along the boundary of the region R of admissible curves. Our problem then is 
to derive the properties of the are Fis in order that it minimize the integral J 
in the class of all admissible curves joining a given curve D through the point 1 
and a given curve C through the point 2. We shall assume that the curves D 
and C are of class €” in the region È. 

The usual procedure in deriving necessary conditions in order that an 
are minimize the integral J in the case of free variations has been to derive 
the Euler equations first? and then to make use of them in deriving further 
necessary conditions. Recent studies have shown that such a procedure is not 
necessary nor desirable for the derivation of two of the so called first order 
conditions. These two conditions for the are Fis are the Weierstrass condition,? 
which states that 


E(x, z, p) =F (x, p) — pFe (a, 2’) —qFy (a, 2’) 20 
along Fıs for all (p,q) =Æ (0,0), and the corner conditions.* 


* Received October 22, 1945; Revised September 5, 1946, 

t For a definition of the term “class” as here used see Bolza, Lectures on the 
calculus of variations, University of Chicago, p. T. 

2 See, e. g., Bolza, loc. cit., p. 122. 

° Graves, “A proof of the Weierstrass condition in the calculus of variations,” 
American Mathematical Monthly, vol. 41 (1934), pp. 502-504. 

t Mancill, “A proof of the corner conditions in the calculus of variations,” 
American Mathematical Monthly, vol. 43 (1936), pp. 68-70. 
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In the present paper we shall derive a third first order condition, the 
transversality condition at the points 1 and 2, without making use of the Euler 
equations. These transversality conditions involve inequalities in the case of 
unilateral variations instead of equalities as in the case of free variations. 
The proof is made with weaker hypotheses than the usual proof by means of 
the first variation. The method of proof is simple and may be applied to 
parametric or non-parametric problems in space of any number of dimensions. 
So far as the author knows these results are new since there seems to be no 
reference in the literature to transversality at points of the boundary of the 
region of admissible curves. 

Jacobi’s criterion will be formulated for the cases in which the Euler 
equations are satisfied along £,». There is no restriction on the length of fy. 
in the case where the Euler equations are not satisfied along E». 

A set of sufficient conditions in order that the arc #,. shall minimize the 
integral Z will be given after appropriate modification of the original hypo- 
theses on the region # and the function #(z,2’). There are many cases and 
they lead to a large number of distinct sets of sufficient conditions. The only 
cases not treated fully are the ones usually omitted, that is when F (s, 2’) = 9 
along Fis at the points 1 and 2 when the curves D and C are transversal or 
tangent to Fin. The methods used are applicable to non-parametric problems. 

The treatment of sufficient conditions given here for the case where Eiz 
is an extremal and the curves D and C are transversal to Fıs applies to free 
variations, and the method of proof is simpler than that given by Bliss® for 
non-parametric problems. He assumes that the integrand function is positive 
throughout the region of admissible curves for all directions, whereas in the 
present treatment it is only assumed that F(z,2’) 30 along Eis at the 
points 1 and 2. 


2. The tranversality condition. Let the equations of the minimizing 
curve Faa be 
s = a(t), y = y(t), h S t St 


and those of the curves D and C be respectively 


D: t = X (r), y = Y, (7), 
and 
C: a=ZXs(7), y = Ya(7), 


s“ Jacobi’s criterion when both end-points are variable,” Mathematische Annalen, 
vol. 58 (1904), pp. 70-80. 
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interior to the region E. Let the equations 
E: «= $¢(s,4), y = (sa) 


represent a one parameter family of admissible curves intersecting Fis for 
s= s(a), t=t(a), and intersecting the curve C for s = s.(a), r==7(a) 
in a neighborhood of the point 2. The incidence relations of these curves are 
expressed by the equations 


s[U(a)] = $[s: (0), a], yf #(a)] =¥Ls(2), a], 
Xa[r(0)] = $[ss(0), a] © Yalr(a)] = vis: (a), a], 


(1) 


‚where we may assume t (a) > 0 at a= 02. 





KS 


Now consider the admissible comparison curve 


Fig.l / 


E, = Eis + Esa, 


of the type indicated by the heavy line in the figure. The function 


I(a) = I (Ea) 
has the derivative 


(2) I' (as) = F(x, 2) t (a2) — F(a, p’) (a2) + F(a, $’) 8s Ca) 


at a = ds. By means of the homogeneity property of F, the incidence relations 
(1), and their derivatives with respect to a, we find that 


= sir —= sr i ne 
Tn 
a 
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(3)  T(a) = E(2,9,0)t (ae) + [X Fo (z, p) + Poly (a, p) Ir (02) 
0 | 

at the point 2 since Fia is to minimize the integral J and ¥ (a2) is assumed 

positive. The parameter ¢ may be chosen so that t (a2) = 1. Now, if we let 


the direction (¢’,¥) approach the direction (x,y) at 2 and assume that C 
is not tangent to Fiz at 2, it follows from the inequality (3) that 


(4). X’ Fola, a’) + YPy(a,0) = 0 


if r'(a.) < 0, that is if the curve € is interior to & for rÆ rta Likewise 
if 7’(as) > 0, that is if C is interior to R for 7 £ ra, it follows from (3) that 


(5). X'Py (0,0) + Y Pyle) SO. 


The two inequalities (4). and (5). can be combined into the single 
condition 


Tad, Xx.) = [X Fe (e, 2’) + Y’.Fy (2, g) ]/ De, X) = 0, 
if 
g Xa 


D(a’, X’, E ; 
t ) y Y’ 





n° 


as the transversality condition at the variable end-point 2. This is true because 
D(a’, X’2) is positive when (4). is necessary and is negative when (5): is 
necessary. This condition can be derived directly from the inequality (3) 
if we make the additional assumption that the well known function 
F(z, 2’) > 0 along Fis at the point 2. For then it follows that 


(X Fe (a, 0") + Y'Fy (x, 0°) |r’ (a2)/t (a2) <0 


at the point 2 for the direction (¢’,y’) sufficiently near but distinct from 
the direction (2’, y’) of E1: at the point 2, since è E(x, ¢’,2’) > 0 at 2 under 
these conditions, From the derivatives of the relations (1), we have 


7 (ax) /t (a2) =D(W#,0)/D(P,X%). 


Since the admissible region Æ is to the left along E, the determinant 
D(¢’, 2’) is negative and we have 


° Cf. Bolza, loc. cit., p. 140. ' 
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[AP er (a, p) + PoP y (0, 8) DF, X's) > 0 


at the point 2 if the direction (#’,w) is sufficiently near but distinct from 
the direction (z’,y’) there. Therefore, it follows that T (2, a’, X’) 2 0 if 
D(x, Xx) 0 at 2. 

If D(a’, X’2) —=0 at the point 2, that is if (X's, Y"2) = (ke, ky’) for 
k >= 0, several cases arise: 


1) If the curve C precedes the normal line to Hy. at 2, then 
s’3(@2) == 8’s(d2) in (2) as follows from the derivatives of the relations (1). 
Therefore, in this case we have 


P(e, e) S0, 


since we assumed that #(a.) > 0. This result holds for Æ positive or negative 
and is independent of the element (,$") used in the construction. 


2) If the curve C lies beyond the normal line to Ei: at 2, then we may 
make use of the family of admissible curves (€) following 2 and in the 
relation analogous to (2) we would have again s'3 (4) = s'4(a2). Therefore, 


in this case 
I (a2) / (az) = F(a, 2’) Z0 


at the point 2. This result is true for k positive or negative and is independent 
of the element (2, ¢’) used in the construction. 


3) If the curve C interior to & lies on both sides of the normal line 
to Hy. at 2, that is if C does not cross Eis, then the results of cases 1) and 2) 
must hold simultaneously and therefore in this case 


F(a, 2’) = 0. 


Analogous conditions can be shown to hold at the point 1 between the 
curves Fis and D with each inequality reversed. 

If either of the points 1 or 2 is interior to the region Æ of admissible 
curves, then a construction similar to the one used above but on the opposite 
side of Es shows, with the results already obtained, that for free variations 
all inequalities in the conditions are to be replaced by equalities. That is, 
at an interior variable end-point 


T(z, v, X’) =0, 
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if the transversal direction (X’, Y’) is distinct from the direction (2’,y’), 
and 


F'(2, 2’) == 0 


if (X, Y’) = (ha’, ky’) for k0. 
We may summarize the results of this section in the following: 


THEOREM 1. If the curve Ei, minimizes the integral I in the class of all 
admissible curves joining the curves D and O; and 


1) if the point 2 is interior to R, then T(2,2';X’2) —0 for 
(Xo Va) Æ (ke, ky) (k >0) and F(2,0)=0 at 2 for (Xa, Y'a) 
= (kz, ky’) (k 40); 


2) ifthe arc E,» is along the boundary of R, then T (a, 2’, X’.) 2 0 at 
2 for (X's, Y2) = (kz, ky’) (k> 0) and for (X's, Ya) = (ke, ky’) (k 0) 

F(x,0°) =0 if C precedes the normal line to Ers at 2, 

F(z, 2’) 2 0 if C hes beyond the normal to Hy, at 2, 

F(a, 2’) =0 if C lies on both sides of the normal to By. at 2. 

Similar results hold at the point 1 for Ey. and the curve D but with the 
inequalities reversed. 

The conditions in the second part of Theorem 1 have a simple geometric 
interpretation. Suppose that the curve Č is interior to R for 7272. Then 
the inequality (4). must hold even when (X: F2) = (ka, ky’) (k30) 
since in this case 


X'oFy(0,0) + VoPy(c,0) = kF(x,0°) Z0 
at 2. Similarly, if the curve D is interior to R for TZ tı, we have 
(4), XP y (2, 2’) + ¥’,Py(2,2’) S0 


at the point 1. Consider now the two relations (4), and (4). along with the 
equations 


(6) oP (a, 2") +o Py (2,2) = F (2,2), 
and ` 
(7) XR y (2,2) + Y’Fy (2, 2’) = 0, 


where (X’, Y’) denotes the direction transversal to (#’,y’). The equations 
(6) and (7) in general involve three directions at a point of Fıs, namely 


©” - 
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(2,9). (X, Y’), and (Fo, Fy), where we assume for the moment that not 
both the derivatives Fe and Fy are zero. Equation (7) shows that the 
direction (X’, Y’) is orthogonal to (Fe, Fy). Equation (6) shows that the 
angle between the directions (2’,y’) and (Fe, Fy) is acute if F(2,2’) is 
positive and is obtuse if F(x, 2’) is negative. The inequality (4): shows that 
the angle at 2 formed by the directions (X’2, Y’2) and (Fe, Py) is acute, while 


(x) Y) fat 
ry") = xi yi) 
j gp (Be 54 / ( Reed", 
N (xig / 


N 
(Gb) 
oon Era | | / SN \A 





P xy by (xiy 
s TANA 
Fis. 2 
(Xray 
I Fees / 
npt em! ~ 
Ce (4:57 (Xi Y’) 


i <\ \ \ | | | | A use) 





(Fe Fe) Fic.3 

the relations (4), shows that the angle at 1 formed by the directions (471, Y’1) 
and (Fe, Fy) is obtuse. These relations are shown in figure 2 when F is 
positive at 1 and 2 and in figure 3 when F is negative at the points 1 and 2. 
The curved arrow indicates the possible range of the directions of the curves 
D and C directed toward the interior of R, and analogously the broken curved 
arrow indicates the range of the directions of D and C directed toward the 
exterior of R in each case. It follows, therefore that if F(z, 2°) Æ 0 at 1 and 
2, then there exist directions for which the conditions of the Theorem.are 
satisfied. 


A 


i 
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If F(2,72°)=0 at 1 and 2, then equations (6) and (7) show that the 
directions (2’,y’) and (X’,¥’) are coincident or in opposite directions at 
1 or 2, unless F's and Fy are both zero. . In the latter case any direction may 
be defined as transversal to (2’,y’). If Fe and Fy are not both zero but | 
F(x, 2’) is zero, there may or may not exist directions distinct from (2’,y’) 
for which the conditions of the Theorem are satisfied. . 


8. Sufficient conditions. For the treatment of sufficient conditions, as 
well as for Jacobi’s criterion, we shall assume that F(z, 2’). is of class O” in 
a region X containing £ in its interior and for all (a’, y’) #2 (0,0). We shall 
assume that our problem is regular, that is F,(a,2’) >0 in R for all 
(x,y) # (0,0). We shall suppose also that the curves D and C are of class 
O” in È. l 

In addition to-the function T(x, x’, X’) already defined, we shall need 


. the function 7 


P(x, 2’, 0”) = Poy (@, 2) — Fy (x, 0’) + Fy (a, w) (2y — ey). 
THEOREM 2, Suppose that Hy. has the properties : 
1) Es is of class C” and has T < 0 along it; 
2) af D(a’, X) ~0 at 1, then P(x, a’, X’,) =0 there; or if D(a’, X^) 
== 0 at 1, then 
>F (2,0) > 0 at 1 of D precedes the normal to Ey. at 1, 
F(a,a’) <0 at 1if D les beyond the normal to Ey. at 1; 


3) if D(a’, X2) Æ 0 at 2, then T (2, wv’, A.) Z 0 there; or if D(x’, X's) 
== 0 at 2, then 


F(a, e) <0 at 2 if O precedes the normal to Ey. at 2, 
. F(2,2’) > 0 at 2 if C lies beyond the normal to Ey, at 2. 


Then the arc Ey. minimizes the integral I in the class of all admissible 
curves sufficiently near Ey. joining the curves D and C. 


Since T < 0 along ‘Fy. it remains less than zero along the boundary of Æ 
in neighborhoods preceding the point 1 and following the point 2. We shall 


"If E. is of class ©” and minimizes the integral J, then 70 along it. For a 
proof see, Bolza, loc. cit., p. 148. ` 


UNILATERAL . VARIATIONS WITH VARIABLE END-POINTS. 129 


denote this extended are by sé, where the points 5 and 6 are sufficiently near 
1 and 2 respectively. Then the one parameter family of extremals 


E: e=$(t,a),°  y=y(ha), 


tangent to Ess for t = t(a), a; Za = ae, forms a field F. adjoining Ess 
in R for - | 
Ala) <tSt(a) tes as StS Us, 


if es is salienti small.3 Also, the family of extremals (€) forms a field #, 
adjoining Hs, in & for 


tla) e StS tla), aS aS de, 


if e, is sufficiently small. The functional determinant 


A(t, al Wa ve 





is positive interior to #1, negative interior to Fe, and is zero on Esa. Now 
choose a point 8 on Hy. at which /(x,2°) 40. Let L represent a curve of 
class C” through the point 8 in the unique direction transversal to Æ,» there. 
The one parameter family of extremals 


È : a= (t,a), y= (ta), 
cut by L transversally forms a field F, in R for 
tg — e; = tS ts + és, dg SS aS ds + d, 


where e and d are sufficiently small positive numbers. This family of 
extremals contains the extremal € of the family (€) for a=as. Let the 
region in the xy-plane common to the regions #, and Fa be denoted by 
F. Let Vi denote any admissible comparison curve in F joining the curves 
D and Č in the points 1’ and 2’, respectively, and distinct from Mie. Let ? 
represent the last point along Vi», in which Vi. crosses €s preceding 8. 
Also, let 9 denote the first point beyond ? along Vy. in which Vi» crosses 
€ beyond 8. Then it is easily seen that & can be so restricted that V7 
lies in the region Fa. 

Now, by considering only the field 4, and making use of the assumption 
of regularity, it can be shown that? 


8 Bolza, Vorlesungen über Variationsrechnung, Berlin, 1909, pp. 403-05. 
®*Mancill, “ The minimum of a definite integral with respect to unilateral varia- 


9 
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(8) I(Vir + Ers) >I (Ers + Ess). 
By considering the field #2 it can be shown in the same way that 


(9) T (Ess + Fog) > I( Ess + E). i 










LY | 
N | /* 
/* 


L 


S 


Fsi6.4 


Also, by making use of the well-known invariant integral /* in the field Fs, 
it can be shown that 


(10) I Vie) Sd Ge eu) 


Combining the mequalities (8), (9), and (10), we obtain 


(11) (Var) > T(Evs + Esa + Er). 

It is our purpose now to show that in general, under the hypotheses of our 
theorem, l 

(12) T(€yvs) >I (Es), 

and 

(13) I(E) >I (Es), 


if the field & is sufficiently restricted. 


tions,” Contributions to the Calculus of Variations, 1933-1937, University of Chicago 
Press, pp. 129-32. 
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We shall prove the inequality (13) in two parts. bv making use of the 
extremals of the field Fə. First consider the case where D(z’, X’,) 0 
at the point 2. The function 


I, (a) sel (Bay + Eyar), 
where +’ is on #4. and 2” is on C, has the derivative 
I’,(a) = A(t,a)T (2, ¢’, X’), 


which is negative near the point 2 and is zero at 2, if T (x, wv’, X's) > 0 there. 
If T(x, 2’, X’.) =0 at 2 we shall need to consider the derivative of the 
function 


gola) == [X Fe (x, p) + Y Fyple p)” 
near 2, Direct calculation shows that this function has the derivative 
G2 (a) ae [A2A (t, a) + Bå: (£, a) 1/D($, Xo) 


near 2, where A» is a known function of the elements of our problem and 
B: = [D(¢’, X’2) ] F(x, 6). Therefore,g’2(a@) has the same sign near 2 as 
has the function 

D(a’, X’) Fi (a, 2) At (te, de) 


at 2; this function is not zero and has the sign opposite to that of D(a’, X’) 
since A; (t2, 62) is negative. Therefore, it follows that even if T (ap I) =0 
at 2 it is positive near 2 in the field Fe, if this field is sufficiently restricted. 
Thus, (a) is negative near 2 and the function Io(a) is decreasing. But it 
‘is obvious that l 

I (Esx) — I (Es) = I2(04) — Io (ae), 


where as < a» if 2° is distinct from 2, and the inequality (13) is proved. 
Next we shall consider the case where D(a’, X".) = 0, that is (X's, Y’s) 
= (ke, ky’) (k0), at 2. Suppose that the curve C is interior to the 
region È for r=72. Then it follows from the hypotheses of the Theorem 
that 
X’. F(a, 2) + Y Fyle) > 0 


at 2. Consider the function 1° 


W (a, y) = I(Eyy + Eyar), 


> Compare Bolza, Vorlesungen, pp. 405-07. 
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and define 
S (ror) == Water, yor). 
It can be shown that 
S (to) = Xo Fe (x, p) + YOR y (2, g) 
at 2”, which is positive near 2. It is easily seen that 
I(E) — I (Es) = 8 (ry) — S(72) 


if the point 4 precedes 2 along Es. Therefore the inequality (13) holds in 
this case if #2 is sufficiently restricted. In the same way we can show that 
this inequality holds if C is interior to E for 7S re. 

If D(a’, X’,) = 0 at 2 and C lies beyond the normal to Fie at 2 in such a 
way that the point 4 lies beyond 2 along Fso, then the inequality (11) becomes 


(14) I (Vue) > (Ers + Es) + L(y + Cao). 
An argument similar to the one just given can be used to show that 
(15) I(E + E so) > 0, 


in this case if the field F+ is sufficiently restricted. From the inequalities 
(11) and (18) or from (14) and (15), it follows that 


(16) I (Vy) > I(E -+ Exe). 


Steps perfectly analogous to those just completed, but making use of the 
field F, defined by the family of extremals (€) preceding their points of 
tangency with Es, can be taken to prove that the inequality (12) is true if F4 
is sufficiently restricted and the point 3 follows 1 along Fse If D(x, X’) =0 
at 1 and the curve D precedes the normal to Fiz at 1 in such a way that 3 
precedes 1 on Fse, then the inequality (16) becomes 


(17) . I(Vuo) > (êr + Es: + Po), 

and it can be shown as in the analogous case at 2 that 

(18) I(Er3 + Ez) > 0. 

From the inequalities (12) and (16) or from (17) and (18), it follows that 


I(Vre) > I(Ex). 
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This completes the proof of Theorem 2 under the assumption that there 
is some point 8 on Es at which F (s,s) 350. If E: is a solution of the 
differential equation J’(#, 2’) = 0, that is if F is identically zero along Fis, 
one may replace the field F, used in the above proof by one determined in a 
neighborhood of 8 by the one parameter family of extremals through the 
point 8, for example. 

It should be pointed out that if F(s, 2’) —0 and not both Fa and Fy 
are zero at 1 or 2, then Theorem 2 may be vacuous as follows from the 
geometric interpretation of the conditions of the Theorem already given. For 
example, if this is true at the point 2, then the curve Č is not tangent to Hy. 
and T(z, z’, X",) is positive or is negative for all directions (4%, Y'a) 
# (ke, ky’) (k 0). In the latter case there is no direction (4%, Y'a) 
for which the conditions of the Theorem are satisfied. 

The next four theorems have to do with the case where T == 0 along E12, 
that is when Fıs is an arc of an extremal. Therefore, each theorem will involve 
the Jacobi condition for the arc Fis. By means of the methods used by the 
author! and those of Bliss for two variable end-points, one is able to 
derive the Jacobi condition for each of the cases. These proofs do not 
require that.the enveloping curve have a regressive branch at its point of 
contact with the minimizing curve. We shall state these conditions strength- 
ened in the usual way. 


(I) E. contains no pair of conjugate points. 


If the curve D is transversal to Hy. at the point 2, then 


(II) E does not contain the critical point of the curve D. 


If the curve C is transversal to £12 at the point 2, then 


(ITI) Ei: does not contain the critical point of the curve O. 


If the curves D and C are transversal to Hy. at the points 1 and 2 respectively, 
then 


(IV) The critical point d of the curve D and the critical point c of 
the curve C lie in the order 12cd or some cyclic order with all points distinct. 


1! Manecill, “The Jacobi condition for unilateral variations,” Duke Journal of 
Mathematics, vol. 6 (1940), pp. 341-44. 
12 Loc. cit., p. 74. 
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The next theorem is analogous to Theorem 2 for the case where E, is 
an arc of an extremal. © 


~ 


THEOREM 3. Suppose that Hy. is an extremal arc with the properties: 
1) condition (I) is satisfied by Ea; 


2) if D(a’, Xi) 40 at 1, then T(x, x, X’) <0 there; or if D(a’, X'i) 
=) at 1, then i 
F(x,0°) > 0 at 1 if D precedes the normal to E, at 1, 
F(a, 2’) <0 at 1 if D lies beyond the normal to Ex at 1; 


ae 


3) f D(a’, Z) 0 at 2, then T (2, x’, Xa) > 0 there; or if D(a’, Xs). 
=0 at 2, then | 
F(z, 0) <0 at 2 if O precedes the normal to Ey. at 2, 
F(a, £) > 0 at 2 if O lies beyond the normal to E; at 2. 


Then the are His minimizes the integral I in the class of all admassible 
curves sufficiently near E. joining the curves D and C. 


There exists a one parameter family of extremals 3 


s= ġ(t, a), y=y(t, a), 


through a point 0 preceding the point 1 on Ze, containing Hy. for a = do, 
and which forms a field F determined by the parameter values 


dA ZA + e, #—eSt=ti.+e, 


for e sufficiently small. This field lies interior to the region È of admissible 
curves. If we assume that the curve D is inferior to # for r=, and 
that C is interior to & for r= ra, then it follows from the hypotheses of the 
Theorem that | 


Xs (2, a’) A YF y (x, x’) =< Q 
and l E 


X’.Fy (a, 2’) + ¥'Fy(2, 2’) > 0 


at 1 and 2 respectively. Let Vie be any admissible comparison curve in & 
. joining the points 1’ and 2’ respectively. Then we have 
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(19) L(V 2") — I (Eig) = ] (Virx) — I* (Ei) 
SA na S a A CaN =n) 


because of the invariance of the integral J*. But the right member of (19) 
is positive since our problem is regular and 


I* (Dix) < 0 


and 


I* (Cav) > 0, 


d 


if the field & is sufficiently restricted. Obviously the same conclusion can 
be reached if the positive direction along either D or C is reversed. Therefore, 
Theorem 3 is proved. 


THEOREM 4. Suppose that Ey, is an extremal arc with the properties: 
1) , P(a,2’,X’,) =0 and F(a,2’) £0 at the point 2; 

2) condition (II) is satisfied by Ly; 

8) same as in Theorem 3. 


Then the are Ey. minimizes the integral I in the class of all admissible 
curves sufficiently near Hy. joining the curves D and C. 


The one parameter family of extremals cut by D transversally forms a 
field in Æ in which we may apply the same proof as in Theorem 3, since C 
is not transversal to F,» at the point 2. In the same way we can prove the 
next theorem. 


THEOREM 5. Suppose that Ey. is an extremal arc with the properties: 
1) T(z, a’, X’5) =0 and F(a, 2’) £0 at the point 2; 
2) same as in Theorem 3; 


8) condition (III) is satisfied by Es. 


Then the arc Ey. minimizes the integral I in the class of all admissible 
curves sufficiently near Ey. joining the curves D and C. 
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In the next two theorems we shall treat the case analogous to the problem 
of free variations with both end-points variable,” that is where Jy. is an 
extremal and both D and C are transversal to Fıs. The one parameter family 
of extremals 


(20) a= (t, a), . y= ot, a), 


cut by D transversally contains Ey, for a = a. If this family forms a field 
about Fi», we shall denote by C’ the transversal of this field through the 
point 2, which in this case will be tangent to C at 2. 


, THEOREM 6. Suppose that Ey. is an extremal arc with the properties: 
1) T(a, 2’, X) = 0 and F(x, x’) ~ 0 at the point 1; 
2) condition (II) is satisfied by Ers; 
3) T (2, 2’, Xs) == 0 and F(a, x’) 0 at the point 2; 


4) F(2,2') > 0 at 2 and C coincides with or lies on the same side of C 
as does D near 2 in R; or F(a, 2’) <0 at 2 and C’ coincides with C or hes 
on the side of C opposite to D near 2 in R. 


Then Ey. minimizes the integral I in the class of all admissible curves 
joining the curves D and C and sufficiently near Fais. 


Under the -hypotheses of the theorem the family of extremals (20) forms 
a field about £12. Also there is a uniqué curve C” through 2 which cuts each 
of the extremals of the field transversally. Let V denote any admissible 
comparison curve in the field intersecting the curve D and C in 1’ and 2’ 
respectively. Suppose that the first part of hypothesis 4) of the theorem 
is satisfied. Then the usual proof shows that | 


(21) (Var) > Esx), 


where s» is the particular member of the family (20) through the point 5 
on D and the point 2’ on C. Let the extremal Es» meet C’ in the point 3, 
and we have 


I (Eso) = I (Esa + Ese) =I (Bre + Ese"), 


since D and O’ are both transversals of the field. Since F(z,2’) > 0 at 2, 


13 For the problem in non-parametric form see, Bliss, loc. cit., pp. 75-80. 
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it will remain positive along each member of the family (20) in a sufficiently 
small neighborhood of 2. Therefore, if the field is sufficiently restricted, 
we have l 


I(E) 20. 


Consequently the theorem is proved for the case when C’ precedes C or 
coincides with C along the extremals (20) and F(z, x) > 0 at 2. 

Now suppose that the second part of hypothesis 4) of the theorem is 
satisfied. In this case F(x, 2’) < 0 at 2 and 


I (Ers) < 0 


if the field is sufficiently restricted. Therefore, it follows from the inequality 
(21) that 


Vry) > I (Esa + Ers) = I (Ei), 
since D and C are transversals of the field. 
THEOREM 7. Suppose that E, is an extremal arc with the properties: 
1) T (2, z, X’) = 0 and F(a, x’) 0 at the point 1; 
2) T(x, 2’, X',) = 0 and F(a, 2’) 40 at the point 2; < 
3) condition (IV) ts satisfied along Eiz; 


Then Li. minimizes the integral I in the class of all admissible curves 
. joining the curves D and C and sufficiently near Era. 

Again the family of extremals (20) forms a field about Fi». It has 
been shown in general that the position of the critical point c of the curve C 
depends only upon the curvature of C at its intersection 2 with Fıs. The 
radius of curvature r of C at 2 is thus a known function of the parameter t 
of the critical point c. This function has a non-zero derivative dr/dt whose 
sign is that of 

F(x, x’) sin (62 — 00) /Fi (2, 2’) 


at 2, where 9m and fo are the angles that Eis and C respectively make with 
the x-axis.14 Now suppose we consider the case where the order of points in 
condition (IV) is 12cd. We shall break the proof into two cases: 


14 Bliss, ‘“ The second variation of a definite integral when one end-point is variable,” 
Transactions of the American Mathematical Society, vol. 3 (1902), p. 139. There seems 
to be an error in sign in the formula for dr/dt on this page. 
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1) F(#,2') > 0 at the point 2: 


If C is directed toward the left of Ws, that is toward the interior of R 
at 2, then the derivative dr/dt < 0 and rc > re, since c precedes d and d is: 
the critical point of ©. But in this case ro and re are negative, and 
therefore CO’ lies to the left of C, that is on the same side of C as D. 
If C is directed toward the right of His, then the derivative dr/dt > 0 and 
fo < ro since c precedes d. But in this case ro and ro are positive, and 
therefore ©” lies on the same side of C as D. Thus, Theorem 6 applies in 
this case. 


2) F(e,0)<0 at the point 2: 


If C is directed toward the left of £.., the derivative dr/dt > 0 and 
Te < ro since c precedes d. But in this case re and ro are positive and ©” 
lies on the side of C opposite to D. If C is directed toward the right of Fiz, 
then dr/dt < 0 and re > re: since e precedes d. But in this case re and re are 
negative and €” lies on the side of C opposite to D. Therefore, Theorem 6 
applies again. 

A similar proof can be made for each of the cases determined by the order 
of the points 1, 2, c, and d. If the points c and d coincide, then Fis may or 
may not minimize the integral J, but Theorem 6 furnishes a set of sufficient 
conditions in this case. 

The treatment of the case where Fi. is an extremal and the curves D 
and C are transversal to E. just completed is the same for free variations. 
It is the opinion of the author that the treatment given here is simpler than 
that given by Bliss to which we have already referred. 
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ON SOME TRIANGULAR SUMMABILITY METHODS.* 


By JosHua BARLAZ. 


1. Let there be given a sequence-to-function transformation 
OO 
(1.1) ¥(2) = È s(a), 


where {yv(x)} is a sequence of functions defined on a point set € having a 
limit point € not belonging to the set; then the generalized limit of the 
sequence {sv} is defined by 


lim (x) = s = gen lim sv 
an 


if the limit on the left exists. In a recent paper, Otto Szász considered the 
question of selecting a sequence of points {xx} belonging to the point set €, 
In -> É as n—> œ, and associating with it the sequence-to-sequence triangular 
transformation 


(1. 2) Bn(&n) == DI Svy(Tn), i Š n == 0, 1, nye al 
p=0 


where the generalized limit of the sequence {sy} is now defined by 


lim By (an) = s = gen lim sy. 

TF OO 
It is to be noted that B,() is defined by taking the first n + 1 terms of the 
series defining the function Y(x); the summability method is then constructed 
with the sequence {x}. 

As set forth in the aforementioned paper of Szàsz,° the regularity of 
either method (1.1) or (1.2) does not imply the regularity of the other 
method. On the other hand, if the first method is boundedness preserving, 
then the associated triangular methods are also boundedness preserving for all 
sequences {tn}, cn > £. The conditions of regularity for the transformation 
(1.2) are 


(1.3) lim yr (£n) = 0, v=0,1,2,- °°, 
BIO 


* Received February 27, 1946. Presented to the American Mathematical Society, 
September 15, 1945. The author wishes to thank Professor Otto Szász for his interest 
in the preparation of this paper. 

. 1 The superscripts refer to the notes and references at the end of the paper. 
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(1. 4) 5 | wv(an)| < K, K independent of n, 
y=Q 
(1.5) lim Š yy (2n) = 1. 
N-300 250 


The purpose of this paper is to consider the triangular matrix trans- 
formation which results when y(x) is taken equal to e@x’/v!; that is, when 
the generating process is applied to Borel’s exponential method. The 
generalized limit of the sequence {sv} is now defined by 


(1. 6) gen lim sy = lim e S (svan’/v!), In > 0. 
n00 p= 


2. The first problem considered for this summability method is the 
determination of necessary and sufficient conditions on the sequence of points 
{cn}, 2n —> ©, so that the regularity conditions (1.3), (1.4), and (1.5) are 
satisfied. It is easily seen that the conditions (1.3) and (1.4) are here 
fulfilled with every sequence {zn}, so long as £a —> co. Therefore, in order 
to insure regularity, it remains to choose the sequence {xn} so that 


n 
(2. 1) gn(Xn) == Yan = cen Y an/v! 51 as nerd ©, 
y=9 


In determining the sequences {£n} satisfying (2.1), we shall use the following 
limit due to Gauss:* ` 


(A) limes D a’/yl=1/V2e f "Pdt = p(o). 


->00 pA atwV aD 
The function p(w) has the following properties: 
1, p(— 2) = lim p(o) = 0, 
W-3- 00 


p{0) TE 1/2, 


2 
(B) i 
3. p(o) = lim p(w) —1, 
OO 
4 


p(w) increases continuously as w increases. 


THEOREM 2.1. A necessary and sufficient condition that 


(2.2) ` Gn(tn) >A as N—> 00, SASi 

is that 

(2.3) lim (an — n) / Vn = — p, En > 00 
NIK i ‘ 


where p(p) =À, è 6., p= pa (À). 
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Proof. (a) Sufficiency: We consider first the case when p is finite. It 
follows from (2.3) that for every positive «, however small, there exists an 
Ny = No(e) such that 


n— (pe) Vn Say Sn— (p—e) Va, n > No. 

Transforming the above inequalities, we have 
(Vn— (p+ €)/2)? — (p + €)?/4 Zan S (Vn — (p—e)/2)? — (p — «)?/4. 
Choosing » so large that Van > (p+ e)/2, we obtain 

Ven + (p—«)?/4-+ (p—e)/2S Vn & Vant (p+ e)/4+ lo + e)/2 

tn + (p—€) VEn F (p—«)*/4-+ (e —€)?/2 

<nZ%n+ (pte) Vat (p+0)?/44 (p+ 0)?/2. 
Inasmuch as £n > ©, we have for n large enough 
în + (p — 2e) Van E n E En + (p + 2e) Von 

From this it immediately follows that 


(2.4) emn Š, a/v! SE gnr Ser > hl; 
pont (p~26) Van vSaent (pere) Van 


letting n become infinite, we get from (A) 
| p(p— 2c) £ lim ga Slim gn S p(p + 2e). 


Inasmuch as e may be chosen arbitrarily small, and p(w) is continuous, we 
have 
lim gn (tn) = p(p) =À. 


If p is positive infinity, the condition (2.3) leads to the mequality 
| n È ta + EV Tr 
K arbitrarily large, n large enough depending on K. This implies that 
p(K) = lim ga S lim gr $1, 


whence it follows that 
lim ga = p(2)= 1. 


If p is negative infinity, we obtain similarly 


n Æ tn — EV an, 
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and consequently 0 = lim gn < lim gr < p(— K) which yields lim gn 
= p(— 0) == 0. This completes the proof of the sufficiency. | 

(b) Necessity: The necessity of (2.3) for (2.2) follows easily from 
(a), the proof .of the sufficiency; for, by (a), the sequence {(x. — n) / Vn} 
could not have more than one limit point, finite or infinite, in order that gn» 
have a limit. Again by (a), the one limit point must be — p. 


THEOREM 2.2. A necessary and sufficient condition that the summa- 
bility method defined by (1.6) be regular is that 


(2.5) lim (en — n) / Vn = — o, Ind 0 END A., 
N->00 


This theorem follows immediately from the preceding one and the fact 
that (1.3) and (1.4) are satisfied when tn —> ©. 

It is easy to see that we can derive from Theorem 2.1 the following 
result: Consider the summability method defined by the relation 


da n 
(2.6) gen lim sy == lim e-28/A Di sven”/v!. Tn ©, OLASZI1. 
n00 p=0 


A necessary and sufficient condition for the regularity of the method is (2. 3). 
Theorem 2.2 is the special case ÀA = 1, p = œ. 

The transform (1.6) clearly is always boundedness preserving. If 
lim (en — 7)” exists, the transform is convergence preserving. Further- 
more, if lim (a —n)n-# = œ, the method sums every bounded sequence to 
the value zero. l 


3. The first application that we shall discuss for the transform (1.6) 
is to analytic functions of a complex variable defined by a power series with 
a finite radius of convergence. It is the purpose of this section to show that, 
with certain conditions on the sequence of points {xx}, the summability 
method defined by (1.6) yields the analytic continuation of the function 
within the Borel polygon.* 

Let there be given a function defined by a power series in a positive 
circle of convergence: 


i 00 \ 
(3.1) f(z) = 2 az”, lel <r, 
Let | 
(3.2) Sn(2) — 5 oa, | n= 0,1,2,--*, 
p30 


(3.3) F(z, ty) = Pale) = e" sv(2)0w/v!. 
pad 


4 
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Then it is clear that (3.3) gives the application of (1.6) to the sequence 
of partial sums defined in (3.2). When {xx} satisfies the condition (2. 5), 
Theorem 2. 2 implies that Fa (z) > f(z) asn—> © for |z| <r. As has been 
anticipated, the object is to determine additional conditions on {zn} so that 
Pn(2) > f(z) as n— co in a larger region for z, namely the Borel polygon 
for f(z). We first proceed to set up several formulae relating Fa(z) to f(z) 
more directly than is done by the defining formula (3.3). 

Having started with the function f(z), defined by (3.1), let T be any 
closed Jordan curve containing the origin, such that f(z) is regular interior 
to and on T. Then from the formula 





gmtl 


(3.4) Um == 1 /2art * [@) dz, m = 0, 1, 2,- 
r? 


it follows that 
Svy(z) = 5 AZ” == 5 zit /Qart FE) dé, 


mtl 
13=90 m=0 we 


= ) f(g) 1 — orth gett 
sv(2) = 1/2mt f z j p | dé, z not on T. 


Assume now that z is interior to r. We obtain 


sv(z) = 1/2ri J L(g) z IE — leat Í OE ah 





f(£) . gurl 
Jr (£ — 2) P" dé. 


Substituting now the formula (3.5) for sy(z) into (3.3), we get 


f(£) gr+1 
T (€— 2) gett dé 


(3. 5) Sv(z) = f(2) — 1/2ri 


n n 
P,(2) = er E f (2) an”/v | — e/i $, &n/v! 
p=0 p=0 


(3.6) Fa(s) = em X fav eri S qs ( Banter at, 


or 


(3. 6’) F(z) == f (2) gn (an) — I (an, 2), 
where 
(3. 7) I (En, 2) = In = eeni f {i rae { > Tn” /t"v!} di, 


and gn(tn) is given in (2.1). Thus the problem has been reduced to the 
determination of conditions on {xx} 80 that gn>1, In->0 as n= o. 
Clearly Fn(z) —> f(z) under these conditions. 


144 JOSHUA BARLAZ: 


We now proceed to simplify the integral I, by means of a transformation 


n . 
of the kernel È 2,”2”/f’v! into an integral. As has become standard in such 
p= 


cases, the starting point for the conversion is the familiar formula 


» 00 
= j ”etdt, We have 
[$] 


f n IA” n-Vp-t y 
Ka) =1/n! > sani | retdi — N}, 


(3.8) 
Oyen f+ 1)"e-tdt, n= 0, 
ieri na 
Kens K (204/4) = 1/n! (Ct + (ana/t))nertdt. 
=i Í, (E + aty + ibra) "eidi; 
WK, = eom Í. (i + izp) retat 


CO 
de esnla+iB) f (t a Wn B) "en tizh) dt, 
den 
Considering t + ix» as a complex variable s, we have 
etn ly = f e-8s"ds 
l H 


where C is the straight line path ano 4 Enp > + 0 + i£. Let C(p) 
designate the straight line path zna + ixn8->p + irn8. Then 


(3.9) . ersann IE, = lim f e-ss"ds. 


p00 Cip) 


From the fact that e-5s" is a regular function of s in the whole complex plane, 
it follows that 


(3.10) f e-8s"ds = (f + f +f ) sre == 7, +7.+-7; « 
Cip) Ci LO Čs 


where Cı, C2, Cs are the straight line paths Zne —> 0, 0 — p, p> p + tanB 
respectively. It is easily seen that 


(3.11) | Ta | S | 2ng | e | p + tan8 |” = 0(1) as p —> %, 


0 
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(3. 12) T, = f esas —> n! as p> o. 

We now have from (3.9), (8.10), (8. 11), (3.12) 

(3.13) Ky -f Ina [Ey | == een + (atom /n 1) ferie. 
Combining (8.7) and (8.18), we obtain 

(3,14) In = 1/2ri Te een -A/ Ode 4. Ba(2), 
where 


(3.15) En(2) = 1/%ri ee EIA RA Í s"e*ds} dé. 
r(¢— Ci 
THEOREM 3.1. If an=0(n) as n— œ, then Ry(z) — 0 as n— œ, for 
all z (not on T). i 


we From the hypothesis, it follows that for any positive e, however 
small, en = en for n large enough. Using Stirling’s formula: n! = nre” (22), 
we get 


‘| em) /n | f ste-8ds | SS e-tnlt-a) glalen | gig /g | "t/n! 
Ci 


gAan Bntly nt2 gti 


n'en(Qan) ” ae 


Recalling that I is a closed Jordan curve containing the origin, we see that 
K, A,B are absolute constants independent of £, £ on T. Hence, if e is chosen 
small enough, it follows that the right hand member of the above inequality 
tends to zero uniformly as to £, on T, as n—> œ. This is sufficient to prove 
the theorem.* 


THEOREM 3.2. If an =0(n), rn > ©, as n— œ, then Falz) > f(2) 
as n—> œ, for all z in the Borel polygon of the function f(z). 


Proof. From the condition 2, ==0 (n), Theorem 2.1 implies that gg > 1 
asn—> co. If z satisfies the inequality ® (z/£) < 1 for all £ on T, clearly 


(3. 16) 1/2 Si oe ee (1-2/5) dt > 0, n > 0. 


It is well known that the condition R (z/Z) < 1 for all £ on T implies that, 
10 
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with the proper choice of the curves T, (8.16) can be proved for all z in the 
polygon.” Applying the formulae (3. 6’), (8.14), and Theorem 3.1, the 
proof is rendered complete. 

Theorem 3.2 gives a condition under which the triangular summability 
method defined by (1.6) sums a power series within the Borel polygon. of the 
function represented by this series. However, we can also use the formulae 
derived,on the preceding pages to show that if a, = o (n), then the transform 
(1.6) is as powerful as Borel’s exponential method of summation when 
applied to a power series with a non-zero radius of convergence. 

To demonstrate the result just mentioned, let us return to formula (3. 5). 
We observe that if 2 is exterior to T, then (3.5) becomes 


(3. 17) sv(2) == —1/2r0 Siena. 


Using (3.3). (8.5), 3. 6°), (3.14), (8.17), we can now write for all z not 
on I 


Eh VER _ 1/2xri FE) onl-/0Af__ P.(. 
(8.18) F(z, oa) = B(8,1)f(2)gu(2n) — 1/27i f PE dt — Ra (i 


where T is any closed Jordan curve containing the origin, such that f(2) 
is regular interior to and on T, and 


(3.19) ò(z, T) = 1, if z is interior to T 
== 0, if z is exterior to T. 


The equation giving the application of Borel’s exponential method to the 
series in (3.1) is 


(3.20) B(z,c) = 8(z,T)f(z) — 1/27 { for, een (e/g —> ow, 


Combining (3.18) and (3.20), we have at once 
B(2, tn) — F (z, a) = 8 (2, T) f (2) [1 — gn] + Pale). 


Using Theorems 2.1 and 3.1, we have 


THEOREM 3.3. If &n ==o0(n), then the transform (1.6) is as powerful 


as Borel’s method in summing power series with a positive radius of 
convergence. 
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4. In this section we consider the application of the transform (1. 6) 
to Fourier series. It is immediately seen from Theorem 3. 3 that if e, = 0(n), 
then the triangular method will sum a Fourier series whenever Borel’s method 
does. Ilowever, the proof of Theorem 3.2 and the footnote referred to therein 
suggest the possibility of less restrictive conditions on the sequence {xx} in 
the case of Fourier series. 

Let f(8) be a Lebesgue integrable function of period 27. Following 
the usual notation for Fourier series, we have 


(4.1) f (0) — 40/2 + 5 (a, cos nO + bn sin né) == 5 An(0). 


(4.2) An(0) >0 asna œ, uniformly as to 8. 


(4.3) Tün = fio cos nidi, tbn = fio sin ntdt, n= 0. 
Writing l 

sa(0) = x Av(0), n=O, s2*(0)=s2(0) —$4n(9), n>0, s*a = 0, 
it follows that 
(4. 4) es f y (0, t)cot (4/2) sin vidt, where 
(4.5) #(0,6) = HEO + t) +f(0—1)}. 


From (4.2) and the fact that the method (1.6) is linear and boundedness 
preserving for all sequences {æn}, therefore preserving convergence to zero 
as well as uniform convergence to zero, it follows that we may use the sequence 
{sn*(0)} instead of {s,(0)} in the formal application of (1.6). 
Write 
(4.6)  Pa= P (0, 2n) =e X 5*(8)an"/v}, peniga 
y=0 


Then from (4. 4) 


(4.7) n= 0-20 far f "P(O, t) cot (4/2) { Ù en” sin vt/v !}dt. 


Employing (3.8) and (3.13), we obtain 
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Š an? sin vt/y! = QL $ ewet /yl} = {K (zne) } 
p=0 p=0 


== A {exp (zett) } + Afexp (snet) f rer Ids}, 
where C4 is the straight line path zett —> 0. Therefore 


(4.8) Pn 1/7 f 400, t) cot (¢/2) e-en(1-cost) sin (Xa sin t)dt + Qn 
0 
== B(0,¢n) + Qn 


2 


where 


(4.9) ‘Q=1/ f iaia colt) f” sre1/n!ds}dl, 


and B(6,2) is the same as the familiar expression which is obtained when 
Borel’s exponential mean is applied to Fourier series. 


THEOREM 4.1. (i) Jf 
(4.10) tn = n/e +K, n>N, Ka constant, 
then Qn = 0(1) as n— œ, uniformly as to 9. 


(ii) If {an} satisfies (4.10), then (1.6) will sum a Fourier series 
whenever Borel’s mean sums the series. 


Clearly the second part of the theorem is an immediate consequence of 
the first part. Writing 


Dy, = exp (— tnr + nett) f s’e8/n! ds, 
Ci 


we have 
R l 
Dy = exp (— an + ene + i(n + 1)t) f w” exp (— we) /n! dw, 


gn 
| Dy |S f exp (zncos t — Zn — W cos t)w"/n! dw. 
0 


Observing that £a cost — tn — w cos t = 0 for OS wa, and for all #, 
we have 


| Dn | S an™*/ (n 4- 1) ! =(e2n)"/(n + 1)? (2Qr)*(n + 1)*. 


Hence if 
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(4.11) {ex,/(m + 1)}"? = o0((n+1)%) as n> œ, 


it follows that Da = 0(1) as n—> ©, uniformly as to t. Inasmuch as (4.10) 
implies (4.11), the theorem is proved. 

By virtue of the theorem just demonstrated, we note that the many 
results concerning the application of Borel’s method to Fourier series, which 
have been derived in the literature, can be transformed into theorems for the 
triangular method (1.6).° 


5. We conclude this paper with two results for the transform (1.6), 
which are known to exist for Borel summability. 


THEOREM 5.1. The summability method of arithmetic means is not 
included in the method (1.6) for any sequence {tn}. 


Proof. For certain sequences {x}, the theorem is immediate from the 
results of the preceding section on Fourier series. However, we use here a 


general method invoking the Silverman-Toeplitz conditions for regularity. 
Let 


tn == En DI Syty”/v!, on = (So tS +: + 38,}/(n+1), n= 0. 
v=0 
Clearly 


tn == enon} {(v + 1) ov — vov-1}%n"/v!, 0-1 == 0 
v=0 
nel 
(5. 1) tn = gn > (v + l)oy{2,’/v! an LnP*/ (y | 1) 1} 
p=0 


ti” 
+ een (n + L)on/n! = D, anvoy, 
y=0 


where 


(5.2) Anv = Er (v + 1) {2r / r! — an? / (vy H1, 


y <I Pp eeen 1, lnn == en -+- L)an"/n I, 


In order that the transformation of {oy}, defined by (5.1), be regular, it is 
necessary that 


(a) > any = e99{ $o tiae oa 8) + (n + ah 


n 
= ta S En”/v! I, N—> 0. 
yn 
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W) gn | aw | eS (+ 1) a/r — a y $1) 1] 
‘+ (n + 1) an”/n!} = O(1) as n> o. 


Theorem 2.1 shows that (a) is satisfied if {gn} satisfies (2.5). In fact, 
we shall admit those sequences {zn} satisfying (2.3) with p > — ©. Then 
for some k, 


(5.3) n <n + EVn, rl. 


On the contrary, (b) cannot be fulfilled if {xn} satisfies (5.3). To prove 
this, we consider two cases. 


(i) Suppose n < tn <<N+khVn. Then 
qa = en S: (1) a/v — a/v 1) 1) e + Lata! 


Qn = RET (n + 1)cn"/n! — ean 5 Dn? /v! > 2e*nw,"/n!— 1. 


y= 


It is easy to see that the function eg”, z, n > 0, attains its maximum when 
z = n and that it is a monotone decreasing function of 2, «> n. Therefore 


Gn > Ret. n- (n + kn*)*/n!—1 = Un — 1. 
Inasmuch as | 

Un = (n/r) eA 1 4 en)" = (n/Qn)be 2, 
it follows that qn» is of the order n* for the case being considered. 


(ii) Suppose rx < n. Letting » = [xx], we have 


que (V+) (28/01—-20%/(1+1)1) 
+ > +1) (m/v! a0 / (+1) 1) + (n + 1an} 
= 6 {—2 È (v+ 1) (a/v — m (v ) D+ > 20/01) 


— 2em(p + 1)2y4/p1— Rem x ta? [vl + em Y) a/v 


> Re Entf p! — 2, 
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Recalling that pS £n < p + 1, and using the monotone nature of the function 
ext for «> p, we obtain ° 


qa > Ret we (WE 1)t/p1— 2 = ep — 2. 
Inasmuch as wy = (4/27) A it follows that qn is of the order 2,” for this case. 


Combining the results of (i) and (ii), we see that (b) and (5.3) are 
incompatible. Therefore (a) and (b) cannot be satisfied with the same 
sequence {xx}, thus completing the proof of the theorem. 


THEOREM 5.2. The method (1.6) sums the sequence sv==(— 1)”, 
v==0,1,2,- - -, to the value zero for all {£n}. 


n 
Proof. Writing et, = X, (—1)’2n”/v! = K(— tr), and applying (3. 8), 
v=0 


we obtain 


Š 00 co 
In == €9/n! Í (t — zu)" tdi = °t jn! f ure "du, 
0 -En 


OO wn 
by == go mn] Í. uredu + (—1)"(eP*/n!) f uredu, 
0 lt) 
tn == e72an AL (— 1 ) Ure 


Using the fact that the maximum of the function ure” occurs at u =n, 
we have 


en i tn 
Tn == eann! f eure tdu S e enren! Í. e tdu 
0 


7 0 


< Kn hean( gsn 1) = o(1), N, Tn DA. 


Therefore tn == 0(1), n—> co, which was to be proved. 
Theorem 5. 2 shows that the method (1.6) is not included in convergence, 
for any sequence {xx}. 
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In the paper referred to in note 1, the problem was considered for Abel and related 
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See (i) M. Kac, “ Note on the partial sums of the exponential series,” Univ. Nae. 
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divergentes, Paris, 1928; (ii) Introduction to the Theory of Divergent Series, 
lithoprinted lectures by O. Szasz, written by J. Barlaz, Ann Arbor, 1944. 

We took 2, =0(#) so that Rh, ->0 for all è. Clearly #, > 0 for certain 2 even if œ, 
is not o(n}). 

See the books referred to in note 5. 

Referring back to note 6, we see that it is possible to have analytic continuation 
even if @,, is not 0(#). However, the region would be smaller than the polygon. 
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(i) G. H. Hardy, “ Remarks on some points in the theory of divergent series,” 
Annals of Mathematics, vol. 36 (1935), pp. 167-181; (ii) G. H. Hardy and 
J. E. Littlewood, “ Some new convergence criteria for Fourier series,” Annali 
della Scuola Normali di Pisa, vol. 3 (1934), pp. 43-62; (ili) C. N. Moore, 
“On the application of Borel’s method to the summation of Fourier series,” 
Proceedings of the National Academy of Sciences, vol. 11 (1925), pp. 284-287; 
(iv) L. Lorch, “ The Lebesgue constants for Borel summability,” Duke Mathe- 
matical Journal, vol. 11 (1944), pp. 459-467. 


TOPOLOGICAL RINGS.* 


By Irvine KAPLANSEY. 


1, Introduction. The paper consists of two sections which may, for 
the most part, be read independently. Part I is devoted mainly to the study 
of compact rings. We first give some preliminary results, including a sum- 
mary of Jacobson’s [11] theory of the radical in a form convenient for our 
use, some remarks on “@-rings” (rings in which elements near zero are 
quasi-regular), and an abstract theory of boundedness. The structure theorems 
for compact rings are given in Theorems 14-20. A noteworthy feature is the 
extent to which compactness serves as a substitute for the classical chain 
conditions. 

In Part II the ring of continuous functions from a topological space X 
to a topological ring A is studied. When Æ is totally disconnected, the 
theory of the maximal, prime, or primitive ideals can be worked out satis- 
factorily with mild restrictions on A. We also give a generalization of the 
classical case where A is the ring of real or of complex numbers. The paper 
concludes with a study of two subrings: the bounded functions and those 
vanishing at a point. 


PART I. The Structure of Compact Rings. 


2. Q-rings. By a topological ring A we shall mean an (associative) 
ring which is also a Hausdorff space, such that a-—-b and ab are continuous 
functions of a and b. The additional assumption of the continuity of the 
inverse, whenever it exists, will be considered below. 

In a metric ring there is associated with every element a real number | a | 
such that | 0 | = 0, | a | > 0 for a 0, | —a |= |a |, |a+b| Sla! +b], 
|ab|=&]|a]|jb|. If in the last statement equality holds, we say that the 
ring has a valuation. Evidently a ring with valuation can have no divisors 
of zero. 

In A we introduce the operation o defined by soy = æ +- y + xy. It is 
readily verified to be an associative operation with 0 acting as an identity 
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element. In general A does not form a group or even a semigroup under 0, 
for the cancellation law may fail. | 

An element is said to be right quasi-regular (r.q.r.) if there exists an 
element y with coy = 0; the latter is a right quasi-inverse of x. Left quasi- 
inverses and quasi-regularity are similarly defined. As is well known for 
associative systems, if x has a right quasi-inverse y and a left quasi-inverse 2, 
then y =z; we then call y the quasi-inverse of æ and say that x is quasi- 
regular (q.r.). 

The following related result can be proved: if x has a unique right quasi- 
inverse y, then y is also a left quasi-inverse. For it follows from thé identity 


vo(yox +y) = (x0y) (2 + 2) 


that yor + y is a right quasi inverse of x. Hence yor + y == y, you == 0. 
A right ideal is r.q.r. if it consists entirely of r.q.r. elements, The 
following lemma is useful. 


LEMMA 1. /faisinar.g.r. ideal, and xis r.q.r., then a+ x is r.q.r. 


Proof. Suppose zoy==0. Since a + ay is in the right ideal generated 
by a, we have (a + ay)oz= 0. The following identity then shows that yoz 
is a right quasi-inverse of a + z: 


(1) (a + x) oyoz = (a + ay)oz + (xoy) (1+2). 


We define the radical & of A to be the (set-theoretic) join of all r. q.r. 
ideals. It follows readily from Lemma 1 that # is a right ideal. To prove 
that R is also a left ideal, we must show that dba e È where ace R, be A, and 
for this it will suffice to prove that ba(c + i) is r.q.r. for any integer © and 
ce A. Let ax=a(c+i) and let y be a right quasi-inverse of sb. The 
identity ui 

bzo (-~ bx — bye) = — b(xboy)x 


shows that be is r.g. r. E | © 

A ring A whose radical is all of A is said to be a radical ring; one whose 
radical is 0 is semi-simple. 

For brevity we shall call a topological ring a @r-ring if its r. q. r. elements 
form an open set. For rings with unity element this is equivalent to saying 
that the elements with right inverses form an open set. The following lemma 
provides a criterion which is often more convenient. 


Lemma 2. A ring which has a neighborhood of 0 consisting of r.q.r. 
elements is a Qr-ring. 
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Proof. Let x be any r.g.r. element and y a right quasi-inverse. By 
taking « sufficiently small we can he sure that a+ ay is r.q.r., say 
(a + ay)oz = 0. Then by (1),a+ «is r.q.r. Hence x has a neighborhood 
consisting of r. q.r. elements. 

If the left q.r. elements are open we shall call the ring a QYi-ring, and 
if the q.r. elements are open, a W-ring. It follows from Lemma 2 that a ring 
is a Q-ring if and only if it is both a Q:-ring and a Q,-ring. However I do not 
know of any @,-ring which is not a Q-ring. 

The force of the hypothesis that a ring is a Q-ring can be assessed in part 
from the fact (Theorem 21) that a locally compact ring without divisors of 
zero is a Q-ring, and from the fact that any complete metric ring is a Q-ring. 
The last assertion follows from Lemma 2 and the following lemma. 


Lemma 3. In a complete metric ring an element x with |æ | <1 is q.t. 


Proof. The series — a+ a? — 25. <+(—x)"+- << converges say 
to y, and we have roy = you == 0. 


Thus the condition that a ring be a Q-ring is somewhat related to its 
completeness. However completeness is neither necessary nor sufficient. 

(a) Example of a Q-ring which is not complete: the rationals under 
the ordinary topology. 

(b) Example of a complete (even compact) ring which is not a @-ring: 
the Cartesian direct sum of an infinite number of finite fields. 

Let z’ denote the quasi-inverse of x, whenever this exists. A question of 
some importance is whether the function «—2’ is continuous. We first note 
the following result. 


LEMMA 4. In a Q-ring the quasi-imverse is continuous wherever defined 
if it is continuous at 0. 


Proof. Let U be any neighborhood of 2’. There exists a neighborhood 
V of 0 such that ze V implies g'oz e U, and a. neighborhood W of 0 such that 
ae IV implies that a + ax’ has a quasi-inverse z in V. Then (1), with y = 7, 
shows that the ‘quasi-inverse of a + v is g'oz, and the latter lies in U. 


-LeMMA 5. The quasi-inverse is continuous in a complete metric ring. 


Proof. By Lemmas 3 and 4, it suffices to prove continuity at 0. Since 
a’ = &(— x)", we have that | «|< Min(1/2, «/2) implies | 2’ | <.« 


We shall show below (Theorem 22) that the quasi-inverse is also con- 
‘tinuous in a locally compact ring without divisors of 0. However to encompass 
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more general cases we shall in general assume the continuity of the quasi- 
inverse as an additional hypothesis. It is to be noted that in case the. ring 
has a unity element, this axiom coincides with the assumption of the con- 
tinuity of the ordinary inverse, which has often been added to the axioms 
for a topological ring. 


With the aid of the foregoing axiom we can prove the following theorem. 


THEOREM 1. If A is a Q-ring with continuous quasi-inverse, and An is 
the ring of all n by n matrices with elements in A, then An is a Q-ring. 


Proof. It is understood that the topology in An is that of the Cartesian 
product, i. e., if U is a neighborhood of 0 in 4, then a neighborhood of 0 in An 
consists of all matrices (a;;) with aij £U. 


For a matrix (ai;) with elements suitably near 0, we then seek a matrix 
(bi i) with 


(2) dij + dij + 2 ambi = 0 (i,j—=1,---,0). 


Keeping 7 temporarily fixed, this gives n equations for the n unknowns 
bij," © +, Uni. It is convenient to establish the-‘existence of a solution of these 
equations by the following lemma. 


LEMMA 6. If ci, di (4,7—=1,°++,2) are elements of a Q-ring within 
a sufficiently small neighborhood of 0, then the equations 


n 

(3) d i (t==1,:--,2) 
zi 

have a solution. 


Proof. Let ¢ be the quasi-inverse of ¢1, (it exists if cı, is near enough 
to 0). We have c'o(x1 + cuzi) = č +2, Then on applying c’o on the left 
of the first of the equations (3), we get an equation which is explicitly solved 
for zı We substitute for x; in the remaining n— 1 equations and obtain a 
system of equations of the same form as (3), with coefficients which are 
polynomials in the c:;, di, and c'. By induction we may assume that these 
n— i equations can be solved, provided their coefficients are sufficiently 
near 0, and this can be assured by taking the c’s and d’s sufficiently near 0. 
By virtue of our assumption of the continuity of the quasi-inverse, c’ will be 
near 0 along with ci. 

Since the equations (2) are of the form (3), it follows from Lemma 6 
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that (2) can be solved for di; provided (aij) is near 0, and then the matrix 
(aii) has the right quasi-inverse (bi;). Hence A, is a Qwring. Similarly 
An may be proved to be a Q:-ring, and therefore it is a Q-ring. 

Remark. If A is commutative, we can rearrange the above proof so as 
to avoid the assumption of the continuity of the quasi-inverse. The ordinary 
algebraic method of elimination would be available: multiply the first of 
equations (3) by c, the t-th by 14- cu, and subtract (t = 2, >- n). 


3. The radical. We shall consider in this section questions related to 
the nature of the radical and in particular to whether it is closed. First 
we prove the following lemma.’ 


LeMMA 7. If e is an idempolent in the Q,-ring A, and B is a right ideal 
dense in eA, then B = eA. 


Proof. B contains elements e + ® with æ arbitrarily small, say so small 
that czeoy = 0. Left-multipiying by e and using ex = 2, we obtain veoey = 0. 
Then 

(e -+ we) (e+ y) = e + weoey = e. 


Since e + se = (e + g)ee B, we have ee B and B= eA. 

Let M be a maximal right ideal in a Y,-ring A which has a left unity 
element. Then the closure of M is either M or A. But in the latter case 
Lemma 7 implies that M == A. The same argument works for a maximal 
ideal.? We therefore obtain the following theorem. 


THEOREM 2. In a Qrring with left unity element the maximal (right) 
ideals are closed. 


Since è in a ring with left unity element the radical Æ is the intersection 
of the maximal right ideals, Theorem 2 implies further that Æ is closed. 
This may be proved for Q,-rings without unity element. 


THEOREM 3. In a Q,-ring the radical is closed. 


Proof. Let y be an element in the closure & of R. We can write 
y==a-+-a2 with ae R and © r.q.r. By Lemma 1, y is r.q.r. Hence È 
consists of r. q.r. elements, RC R, R= R. 


i Prof. Ambrose informs me that Lemma 7 fills in a slight gap in the proof of 
Theorem 4.3 of [1]. 

2“Ideal” will always mean two-sided ideal. 

è [11, Th. 18, Cor. 2]. The proof given there actually makes use only of a left unity 
element. 
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THEOREM 4. If the r.q.r. elements are closed, then the radical is closed. 
Proof. Again È will consist of r.q.r. elements, whence È = R. 


Theorems 3 and 4 provide useful classes of rings with closed radicals. 
© We shall now give an example of a ring with a radical which is not closed.‘ 
Let C be the set of all power series 


a = yo + lit +: +aae +: x 


with real coefficients, such that X | a|/i! converges. This sum is to be the 
norm of «, written || «||. Elements « and 8 are added and multiplied in 
the usual manner for formal power series. It is readily verified that @ -+ £ 
and «8 are again elements of C and that we have ||«+£8]|[=}|[e|[{+|{I 8] 
[[e8||={|e]| I] Al], and [[aa]|=|@]| [||| for a real. Next, C is 
complete. For let a; = Xa;;jx/ (61=1,2,: - -) be a sequence of power series 
with || am — an || —> 0 as m,n-> œo. We have | @mj—~4nj 1/5! SS || em — Ga ||, 
and hence for fixed 7 the sequence tij, d2j,* © © converges say to aj. The norms 
|| a: || are bounded, say by M. Then 





a m 
> | ay |/j!== lim & | as; [/7! 
j=0 i>00 j=0 


must also be bounded by M. Hence X! a; |/j! converges, and the series 
g = Saj;r/ isin C. Given e, suppose that || a; — &p || < € for i= p. Then 
|| «— ap || Se For if not, then for some n 


n n 
e<Z|a;— ap; |/j1= lim X |d — ay; |/} L 
j=0 4-700 j=0 


which is impossible. i 
The ring C is a real normed ring in the sense of Gelfand [7]. We next 
show that its radical is the ideal (x), i.e., the set of all polynomials with 


constant term zero. Given any such power series @==a,0-+a.07 + + -= gB, 
with || 8 || =a, we have {| æ || S |] 2"{]-|| 6" || 5 | a” |/n!. The series 
y = — a+ a? — a- - - converges since it is dominated by the series for e*, 


and we have yoa = aoy == 0. Thus every element in the ideal (x) is q.r., 
so that the radical contains (x). Moreover it is evident that no power series 
with a constant term different from zero can be in the radical. Hence the 
radical is (x). (We could. also verify that || æ” || Y” —> 0 and use Gelfand’s 
characterization of the radical.) 


‘The ring C was constructed in conversation with H. Rubin, 
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Now let D be the set of all sequences X = (4, %, &,° © ‘) of elements 
of C with the property that || æn || increases no faster than a polynomial in n. 
Formally: for some % (depending on X) and all n we have || an || < né. 
Elements of D are to be added and multiplied component-wise, and the 
topology is that of point-wise convergence. It is evident that D is a topological 
ring. 


We define a sequence F» of elements of D by 
Yh (a ets 00,0) 


These elements approach the element Y e D which has nz in the n-th com- 
ponent for all n. Each Y», is clearly in the radical of D; but Y is not 
for it is not even quasi-regular. Its quasi-inverse would have to be an 
element Z = (61,82: © -,Bn° °°) with Ba the quasi-inverse of nz. But 
Bn = — nx + nr? — nèr? - - so that || Bn || =e” — 1. Hence Z is not in D. 
Thus the radical elements Y, approach an element not in the radical; the 
radical of D is not closed. 

To conclude this section we shall note some generalizations of theorems 
which are well known in the discrete case. 


LEMMA 8. If in a Qr-ring the set {x + ax}, for fixed a and variable x, 
is dense, then a is T. q.¥. l 


Proof. We have s- ar = —@ + y with y arbitrarily small. Hence we 
may take y r. q.r., say yoz == 0. Then aoroz = yoz =Q. 


THEOREM 5. A Q-ring with no proper closed right ideals is either a 
radical ring or.a division ring. 


Proof. If A is not a radical ring, suppose that a is not r. q.r. By 
Lemma 8 the right ideal {x + ax} cannot be dense in A. Hence s + as = 0 
for all z and —a is a left unity element. Take a maximal right ideal M in A. 
If M #0, M is both dense in A and closed by Theorem 2, a contradiction. 
Hence A has no proper right ideals at all. Such a ring is known to be a 
division ring. 

_ We remark that the hypothesis that A is a @;-ring cannot be dropped in 
Theorem 5. An example is furnished by the ring of all rational numbers 
which can be written in the form ap” with a an integer prime to p and n 
any integer, under the p-adic topology. This ring has no proper closed ideals 
but it is not a field. 
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THEOREM 6. If a Q,-ring has no proper closed ideals, its center is 
either a radical ring or a field. 


Proof. Suppose that the center contains an element a which is not q.r. 
It follows, as in the proof of Theorem 4, that —a is a unity element 1. 
Now for any b=40 in the center, bA is dense, so that be =1+y with 
yoz = 0, ba(1-4- 2) = 1, whence the center is a field. 

If an element a in the center is q.r., then its (unique) quasi-inverse b 
is also in the center. For zoa= aov for every æ, and applying b left and 
right we obtain box = zob whence b is in the center. It follows that if the 
center consists of q. r. elements, it is a radical ring. 


4. Boundedness. Following Shafarevich [16] we shall say that a subset 
S of a topological rmg A is right bounded if for any neighborhood U of 0 
there exists a neighborhood: V such that V-SC U. Left boundedness is 
similarly defined, and a set is bounded if it is both left and right bounded. 
We shall further say that A is locally (right) bounded if migre exists in Á an 
open set which is (right) bounded. 

It is evident that a ring which has a neighborhood system consisting of 
(right) ideals is (right) bounded. This remark suggests the following 
example of a right bounded ring which is not left bounded; the ring of infinite 
matrices over a field having only a finite number of non-zero elements in each 
row, under the finite topology (a neighborhood of 0 consists of all matrices 
with first n rows 0). This ring is right bounded but not left bounded; in 
fact it is not even locally left bounded. 

It is not true conversely that a bounded ring has ideal neighborhoods 
of 0; for a counter-example take any connected abelian group and make it a 
ring by defining all products to be 0. We can however prove the following 
partial converse. 


Lemma 9. If a (right) bounded ring has a system of group neighbor- 
hoods of 0, then it has a system of (right) ideal neighborhoods of 0. 


Proof. Suppose that A is right bounded. Given a neighborhood U, let 
V be a group neighborhood with V + V CU, and W a group neighborhood 
with WC F, WAC V. Then W -+ WA is an open right ideal contained in 
U. If A is bounded we use a similar argument for W +- WA + AW + WAW. 


6 We use A- B to mean the set of all pore ab, AB to mean the set of all sums 
of such products. 
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In case A is a metric ring, boundedness with respect to the metric implies 
boundedness as we have defined it, but not necessarily conversely: take the 
reals with all products equal to 0. However in a ring with a valuation the 
two notions coincide. 

We list some further properties of boundedness which may be readily 
verified by the reader. 


(1) Any discrete ring is bounded. 

(2) Any subset of a bounded set is bounded. 

(3) The closure of a bounded set is bounded. 

(4) Any convergent sequence is bounded. 

(5) The set-theoretic union of a finite number of bounded sets is 
bounded. 

(6) If and T are bounded, so are S +T and S:T. 

(7) If a;-0 and {b:} is bounded, then aibi— 0. 

(8) The Cartesian sum of bounded rings is bounded. 


The concept of boundedness derives much of its importance from the 
- following result. 


LeMMA 10. Any compact set is bounded. 


Proof. Given a neighborhood U and any point v in the compact set K, we 
may find neighborhoods V(x), W(x) of © and 0 such that V (x): W(a#) CU. 
A finite number of the V’s cover K and if X is the intersection of the corres- 
ponding W’s we have KX CU. 

We shall now prove several theorems concerning bounded rings. It of 
course follows from Lemma 10 that these results extend at once to compact 
rings. 


THEOREM 7. The radical of a right bounded Qr-ring is open. 


Proof. Let U be a neighborhood of 0 consisting of r. q.r. elements, and 
V a neighborhood with F- AC U. Then for ve V and any aed, va is r. q.r. 
Hence V is contained in the radical of A, which is therefore open. 


COROLLARY 1. A right bounded semi-simple Qr-ring is discrete. 
COROLLARY 2. -l compact semi-simple Qr-ring is finite. 


THEOREM 8.° If C is the component of 0 in a right bounded locally 
compact ring A, then CA == 0. 


© This generalizes a result given by Otobe [14]. 


li 
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Proof. For any fixed element f in the character group of A, let I(f) 
denote the set of all ae A with f(a4) 0. We show that I(f) is open. 
Choose neighborhoods U, V with f(U) < 1/2, VAC U. Then for xe V 
we have nrAe U for all integers n and hence f(nza) = nf(ca) < 1/2 for 
allas A. It follows that f(xa) =0, ce I/(f), and Z(f) is open. Since J(f) 
is a group, it is also closed. We then have CC I(f), f(CA) = 0 for all f, 
whence CA = 0. 


Twrorem 9. A locally compact bounded ring with no proper closed 


ideals is discrete. 


Proof. The component of 0 in the given ring A is a closed ideal which 
= must be either 0 or A. Hence A is either connected or totally disconnected. 
In the latter case it has group neighborhoods [13, 450], hence by Lemma 9 
ideal neighborhoods of 0. This is possible only if A is discrete. 

If A is connected, then by Theorem 8 we have A® == 0; in effect A is a 
connected locally compact abelian group with no proper closed subgroups. 
It follows [18, 110] that A is compact. But then the character group is 
discrete and has no proper subgroups at all; it must be finite which means 
that A is finite. 

The theorem [9, Lemma 1] that a compact field is finite may now be 
generalized as follows. l 


COROLLARY. A compact ring with no proper closed ideals is finite. 
Still another generalization is the following theorem. 
THEOREM 10. A right bounded division ring is discrete. 


Proof. In a division ring A we have 1e U- A for any U £0. Hence A 
can be right bounded only if it is discrete. 


5. Compact semi-simple rings. We shall say that an element z is- 


nilpotent if a*-> 0. (In the present context there will be no confusion with 
purely algebraic nilpotence which of course corresponds to the discrete case.) 
A ring is a nil-ring if all its elements are nilpotent, and it is nilpotent if for 
any neighborhood U of 0 there exists N such that R" CU for n> N. 

A nilpotent ideal is not necessarily in the radical: in the ring of integers 
under the p-adic topology the radical is 0, but the ideal (p) is nilpotent. 
However under suitable further assumptions the result is true. 


THEOREM 11. Ina Qr-ring, if a subsequence of {x"} approaches 0, then 
T i8 Y. q.r. 


wÅ 
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Proof. For some large n we have (— x)" r.q.r., say (—2)"oy = 0. 
Set z = [— s + r? — z e e p (— g) ]oy. Then zoz= (— x)"oy = 0. 


COROLLARY. In a Qr-ring the radical contains all nil right ideals. 


THEOREM 12. If a"->0 in a complete ring with group neighborhoods 
of 0, then x is q.r. 


Proof. The series —x + t? — t? + - - - converges and, as in the proof 
of Lemma 3, its sum is a quasi-inverse of x. 


COROLLARY. In a complete ring with group neighborhoods of 0, the 
radical contains all nil righi or left ideals. 


For compact rings it is possible to say a good deal more. We first prove 
that the radical is closed. 


THEOREM 13. In a compact ring the r.q.r. elements are closed. 


Proof. Suppose that æ is not r. q.r., i.e. for all y, voys40. We can 
find neighborhoods Uz, Vy of x and y such that 0¢ UzoVy. A finite number 
of the Vy’s cover the ring. If U is the intersection of the corresponding Uz's, 
then U is a neighborhood of x which contains no r. q. r. elements. 

From Theorem 4 we obtain the desired corollary. 


COROLLARY. The radical of a compact ring is closed. 


THEOREM 14. The radical R of a compact totally disconnected ring A 
is nilpotent. 


Proof. Let B be an ideal neighborhood of 0. Since a homomorphism 
preserves quasi-regularity, the radical of A — B contains all r+ B with re È. 
Also, since A — B is finite its radical is siii Hence for large n we 
have R” C B, as desired. 

Because of the lack of group neighborhoods of 0, for a general compact 
ring we can only make the following weaker assertion. 


THEOREM 15. For any neighborhood U of 0 in a compact ring there 
exists N such that R:-R----°R (n factors) CU for n> N. 


Proof. Let C be the component of 0, and V a neighborhood with 
V:VCU. The radical R— C of A—C is nilpotent, whence R” CVA 0 
say for m = M, and we need only take N = 2M. 

Combining Theorems 12 and 15 we obtain the following result. 
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- COROLLARY. In a compact ring the radical is the union of all nil right 
and left ideals. 


For later use we now prove the following lemma. 


Lemma 11. Ina ring A with the descending chain condition on left 
. ideals; the radical R contains the intersection of the maximal two-sided ideals. 


Proof. The ring A — È is a semi-simple ring with descending chain 
. condition, and so the intersection of its maximal ideals is 0. Suppose af R; 
. then there exists in A-— R a maximal ideal M not containing a + R. The 
.inverse, image in A of M is a maximal ideal not containing a. 

We now prove the following conclusive structure theorem. 


* 


THEOREM 16. A compact semi-simple ring is isomorphic and homeo- 
morphic to a Cartesian direct sum of finite simple rings 


Proof. If Ç is the component of 0 in our ring A, we have C° = 0 by 
Theorem 8. Since A is semi-simple, C=0 and A is totally disconnected. 
By Lemma 9, A has ideal neighborhoods of 0. For such an open ideal B, 
A — B is compact and discrete and hence finite, and so contains an open 
maximal ideal whose inverse image in A is likewise an open maximal ideal. 

Having thus proved the existence of open maximal ideals, we next show 
that the intersection of all of them is 0. Suppose on the contrary that 
a=40 is in every open maximal ideal; the same will be true of ax for any x. 
Take an open ideal B. In A —B, the coset aw + B will lie in every maximal 
ideal and so, by Lemma 11, will be nilpotent. We thus have (ar)" e B for 
large n. By Theorem 12, æ is in the radical of A, a contradiction. 

Choose a fixed well-ordering {M} of the ‘open maximal ideals. We select 
a subset as follows. Take N, = M, and, having chosen Np for p < A, take 
N, to be the first M not containing the intersection of a finite number of 
previously selected W’s. When the process concludes we evidently have a meet- 
independent [2, 64] set {N} with intersection 0. It is immediate that we 
have a one-one representation of A as a subring of the direct sum of the 
rings 4—-N\. Moreover the mapping is continuous: a neighborhood of 0 
in the direct sum consists of all elements having 0 at a finite number of places, 
and the intersection of the corresponding maximal ideals is an open set 
mapping into it. 

For any finite number of N’s we have [2, Th. 3.21] that 
A-— (Naat + +>" N) is the direct sum of 4—WNi,,---,A—WNi,. Hence 
in the representation of A any finite combination of coordinates occurs, i. e., 
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we have a dense subring of the direct sum. But thé continuous image of a 
compact set is closed; hence we have the full direct sum. Since both. spaces 
are compact, the mapping is also continuous in the reverse direction. Finally 
each A—NM is certainly a finite ring with no proper ideals; it must be 
simple for if it were a zero ring would not be semi-simple. 


Remarks. 1. In the light of the revealed structure of A it is apparent 
that the As are in fact the only open (or for that matter closed) maximal 
ideals in A. Thus the process of selecting the N’s from the M’s can be seen 
in retrospect to have been vacuous. 


The following are fairly direct corollaries of Theorem 16. i 


2. A compact semi-simple ring has a unity element. 


3. A compact semi-simple ring which has the ascending chain condi- 
tion on closed ideals, or the descending condition on open ideals, is finite. 


4. Im a compact ring left and right quasi-inverses coincide (for this is 
true in any ring if it is true modulo the radical). 


5. In a compact ring with unity element the radical is the intersection 
of the open maximal ideals. 


6. A compact semi-simple ring satisfying the second axiom of count- 
ability is the direct sum of a countable number of finite simple rings. 


7, A compact primitive ring (in the sense of Jacobson [11]) is finite. 


6. Compact rings with radical. Since a finite simple ring is a matrix 
ring over a finite field, Theorem 16 assures us that a compact semi-simple ring 
has an ample supply of idempotents. We now require a device for transferring 
these idempotents to a ring with radical. 


LEMMA 12. Let A be a compact ring, B a nilpotent ideal in A, and H 
the homomorphism from A to A— B. Suppose that in A—B we have 
a well-ordered set of idempotents {fp} such that fafg = fgfa = fa for 
x E B, and for à a limit ordinal, fy = fo. Then there exists in A a set 

p< 


of idempotents {Fp} with HFp = fp, and FaFg = Peka= Fa for aS R. 


Proof. Suppose that Fp has been found with the desired properties for 
p<a. l 
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Case I. A not a limit ia Let c be any element with He =f). 
Define 
Cı = C a chy, —— Pal — P\_.cP\.. 
Then 


(4) He, == fy — fray Ca == Pec, = 0 (CZA--1). 
Define inductively ca = 36n? — 2¢n°. Then 
(5) Ca — Gin = A (Cn? — ca) — 8 (Cn? — Cn). 


We have H(&?— ci) = 0, i.e, c° — cc €B; by induction it follows from. 
(5) that Cn? — cne B™. Let d be a limit point of {cn}; then d is an idem- 
potent and moreover, since each ca shares properties (4) with c., so does d. 
On taking Fy = Fyi + d we successfully continue the induction. 


Case II. A a limit ordinal. Let- Fy be a limit point of Fp (p <A). 
By continuity HF, == fa and FaFx = F\Pa= Fa for a ZA, as desired. © 

We shall define a ring to be (completely) primary if it has a unity 
element, and modulo its radical is simple (a division ring). It is to be 
observed that for commutative rings the two notions coincide. We can prove 
the following structure theorem.’ 


THEOREM 17. A commutative compact ring is the Cartesian direct sum 
of a radical ring and primary rings. 


Proof. Let A be the compact ring, R its radical, C the component of 0. 
We have that C° = 0 (Theorem 8) and the radical R--C of A—C is nil- 
potent (Theorem 14). By two successive applications of Lemma 12 we find 
in A an idempotent e mapping on the unity element of A — E. The Pierce 
decomposition relative to e expresses A as the direct sum of a radical ring and 
a ring with unity element. Our further discussion may therefore be confined 
to the latter, i.e., we assume that A has a unity element and is therefore 
totally disconnected. 

The ring A — È is a direct sum of fields, say with generating idem- 
potents {ep}. Define fy = DA ep, apply Lemma 12, and finally define 


Ey = Pra — Fr The Ws form a set of mutually orthogonal idempotents, 


7 For rings with ascending chain condition, an analogous theorem has been given 
by v. Dantzig [4, 213]. Jacobson’s theorem [10, 442] that a compact ring is a direct 
sum of-p-rings is both more and less general, since the ring need not be commutative 
while on the other hand p-rings are in general not primary. 
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and each AF) is a compact primary ring. The correspondence a — {al} 
maps A into the direct sum of the A£#°s. It is a one-one correspondence, since 
an element which annihilates each Ey also annihilates éach Fy, and hence 
also the final F which is 1. The mapping is continuous, for if the directed 
set {Ga} converges to a, then age converges to ae for any element e. Any 
fmite combination of coordinates arises; hence we get the full direct sum. 
Finally since both spaces are compact, the mapping is continuous in the 
reverse direction, 

Tt is well known that Theorem 17 is not valid for non-commutative rings, 
even in the discrete case. One must be content with a decomposition into 
left ideals, or into an additive direct sum of primary rings [5, 16-18]. 
Analogues of these two decompositions can be proved without difficulty for 
compact rings. It is also possible to prove the following theorem.* 


THEOREM 18. A compact primary ring is a matrix ring over a compacl 
completely primary ring. 
We require the following lemma.’ 


LEMMA 13. Let e be an idempotent in a compact ring A with radical R. 
Then eRe is the radical of eAe. 


Proof. In any ring we always have that eRe is contained: in the radical 
of eAe. For given re eRe, we need only show that for any a, rae is r.q.r. 
in eAe. But if (rae)ob == 0, then (rae)o(ebe) = 0. 

Conversely eRe is a nil ideal which by Theorem 15 is contained in the 
radical of eAe. 


Proof of Theorem 18. Let A be the ring, # its radical; A — R is a matrix 
ring over a finite field, say with matric units ei (4,j7-—=-1,::-,7). By 
Lemma 12, we have in A orthogonal idempotents £#,,: <<, En mapping on 
13307 ‘30m 

We next show that there exist elements a, be A such that afb = Fi. 
The proof of this merely requires a re-examination of the construction used 
in Lemma 12. Let 2, y be any elements mapping on ei, er respectively. 
If necessary we can replace « by Fix, y by yi, and so we may assume Hie == g, 


€ Our proof is actually valid for any complete topological ring whose radical is 
nilpotent, and which modulo the radical is a simple ring with minimum condition. 

° Lemma 13 will hold under any hypothesis which assures us that the radicals of 
A and ele are the union of all nil-ideals, for example A may be a normed ring. 
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yB =y. We take ely to be the c, of Lemma 12. Then cs = 3c:° — 20,5 
== xLl',y. where Yo = (3— 2yecH,)yeH,y, and in general Cn == Eryn. Now 
Cn approaches an idempotent E, and if b is a limit point of {yn}, we have 
E = Eb. Evidently bE: = b and so FE;—H,E = E. Also E and E; both 
map on ei. Hence # — E, is an idempotent contained in #, whence E = Fa 

Now with E, = a,b, define Er: = Erb, Ea = aE, Bij = Ei E15. Then 
BaB = Fi = Fi. Also BuBa is an idempotent mapping on en and is 
invariant under multiplication by #,. Hence Fiir =, It then follows 
that EEk =o Sali 5 

Consider the right ideal E, 4. The mapping a > ar gives for every ce A 
an endomorphism of EA. The correspondence is one-one, for if E, 4e = 0, then 
Fix == 0 and z = 0, since 1 == E, -+> <- -+ En Let T be an endomorphism of 
E A commuting with all these right multiplications, i. e., (Fia) Tz = (Ear) T 
for all a-and x. Then FT = (ET) E= Eb, say. Also (Ea)T 

= (E,T ja = (Eb E) (Eia); in short, -T is a left di by an 

element in E} AK,. 

We now regard FiA asa left vector space over E, AF;. It is easy to see 
that E, Hie,‘ © >, Fin form a basis for this vector space; for 


Kya = Ea SE = S(KHaEaE)Bu, 


while Saf, = 0 implies aE, = 0 on’right multiplication by Zi. 

We have represented A as a set of endomorphisms on this vector space. . 
We get all endomorphisms, since Z;; sends Z,; into Æi; and the other basis 
elements into zero. By Lemma 13, #, AF, is completely primary and since 
it is closed it is also compact. 

It remains finally to identify the topology of A with that of the matrix 
ring. A neighborhood U of 0 in the latter consists of matrices with elements 
in a neighborhood V of 0 in £,A#;,. Take a neighborhood W in A such that 
Euste V for all i, j and all ve W. Then the matrix representing x will 
lie im U. This proves continuity of the mapping one way ; the reverse direction 
follows since both spaces are compact. 

We can also establish the following result. 


THEOREM 19. A compact ring with no divisors of zero is either a radical 
ring or completely primary. 


Proof. In a ring with no divisors of zero there is at most one idem- 
potent—the unity element. It follows from Lemma 12 that the ring modulo 


its radical is either zero or a division ring. 
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commutative primary ring has a radical consisting precisely of all 
non-units, and will thus be a local ring if the ascending chain condition is 
fulfilled. We shall now give an alternative sufficient condition for this purpose. 


THEOREM 20. Let A be a compact commutative primary ring with 
radical R. If R is open, then A is a local ring and has the latter’s natural 
topology. 


Proof. The ring & — ÑR” is compact and discrete and hence finite. Let 
U1;* ``, Gn be any representatives in È of these cosets, and let B = (41, > `, đn). 
Clearly BC R; we assert that R = B. Any element in È is expressible as a 
sum of elements in B and £°, and more generally one in KE’ as a sum of 
elements in RiB and Ri, Since for any neighborhood U, R"C U for 
large n, it follows that re R can be written r = 3 rı with ri in RiB. Write 


i=1 


ri = cia; (ci; Ri) and we see that 3ici; converges say to ¢;’,7 = cja e B. 

We have thus shown that £ has a finite basis. It now follows from a 
result due to Cohen [8, Th. 3] that A is a local ring. Since the residue class 
field is finite, A is compact in the local ring topology (this topology is detine 
by taking {R"} to be a system of neighborhoods of 0). The mapping 


A (local ring topology) — A (original topology) 


is continuous since any neighborhood of 0 contains some £”. Since .1 is 
compact in both topologies, the mapping is a homeomorphism. 

We shall now give an example of a compact integral domain which is 
not a local ring. Let Am (m == 1,2,- --) denote the ring of all formal power 
series in %%,* ` *, m With coefficients in some finite field. For m < n there is 
a natural homeomorphism mn of An into Am obtained by simply suppressing 
the variables €m, <<, tn. Relative to the projections @mn, {Am} forms an 
inverse system [6, § 20]. Each Am is a compact integral domain and so the 
limit ring is again a compact integral domain. However A is not a local 
ring since, for example, (21) C (2,02) C (21, %2,%3) C> + + is an ascending 
chain of ideals. It may also be observed that Æ? is not open since any neigh- 
borhood of 0 contains x, £ R? for large n. 

We shall conclude this section with some remarks on locally compact 


rings. 


LEMMA 14. A locally compact ring without divisors of zero is either 
connected or totally disconnected. 


Pasi 
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Proof. Let Č be the component of 0. C is a locally compact connected 
ring without divisors of zero, hence [9] C is either 0 or a division algebra 
over the reals. In the latter event let 1 be the unity element of C. Then for 
any ae A, 1l-a=ceC. But then 1(a— c) = 0, ac. 


LEMMA 15. Let x be an element in a ring with the second axiom of 
countability and without divisors of zero such that the closure of {x"} is 
compact. Then either z” — 0 or {x"} has a subsequence approaching 1. 


Proof. Suppose 2”) —>as40. A subsequence of {a+} ap- 
proaches y and ay =a. Then for any z, a(yz—z)=0. If a0, yg=2 
and similarly zy = z, y = 1. 


Lemma 16. In a locally compact ring with the second axiom of count- 
ability and without divisors of zero there exists a neighborhood of 0 consisting 
of nilpotent elements. 


Proof. Let U be a compact neighborhood of 0; if A has a unity element 1 
we may assume 1¢ U. Let V be a neighborhood of 0 with V C U, VU CU. 
Then for xe V, ae U. By Lemma 15, ¢” 0. 


Lemma 17. For a locally compact totally disconnected ring A with the 
second axiom of countability the following three statements are equivalent: 

(1) A is a Q-ring, 

(2) Aisa ring, 


(3) A has a neighborhood of 0 consisting of nilpotent elements. 


Proof. That (1) implies (2) is obvious, and that (3) implies (1) follows 
from Theorem 14. To prove that (2) implies (3) we proceed as in Lemma 15. 
When we reach ay = we may assume that —y is r.q.r., say — yoz = 0. 
Left-multiplying by a, we obtain ay = 0, a = 0. 


THEOREM 21. A locally compact ring with the second axiom of count- 
ability and without divisors of zero is a Q-ring. 


Proof. If A is connected it is a division ring, and any division ring 
is a Q-ring since — 1 is the only element which is not q.r. If A is totally 
(disconnected, the theorem follows from Lemmas 16 and 17. 
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For the case of a division ring the following result was proved by 
Otobe [15]. 


THEOREM 22. In a locally compact ring with the second axiom of 
countability and without divisors of zero the quasi-inverse is continuous. 


Proof. This is true for the reals, complexes, or quaternions, so we assume 
that A is totally disconnected. By Lemma 4 and Theorem 21 it suffices to 
prove continuity at 0. By taking x in the neighborhood V of the proof of 
Lemma 16, we have that its quasi-inverse —x + æ? -— °- : - is in U. 


PART II. Rings of Functions. 


7. Functions on totally disconnected spaces. Let C(4,A4) denote 
the ring of continuous functions from a topological space X to a topological 
ring A. We shall consider three ways of topologizing C(X, » , listed in order 
of increasing strength: 


p: pointwise convergence, 
k: uniform convergence on compact subsets of X, 


u: uniform convergence on all of X. 


Of course p and k coincide if § is discrete, and k and u coincide if X is 
. compact. When desirable we shall indicate the choice of topology by the 
notation O (X, A, p), ete. 

Some elementary facts about C(X,A) are assembled in the following 
theorem. 


THEOREM 23. Suppose that the quasi-inverse in A is continuous where 
defined. C(A, A) can be a Q-ring only if A is a Q-ring, and if the latter is, 
so is C(X,A,u) but not in general C(X, A, p or k). The radical of C(X, A) 
is C(X,R) where R ts the radical of A; tt is closed under the p-topology 
(or any stronger topology) if and only if R is closed. C(X,A,u) ts complete 
if and only if A is. If X is locally compact, C(X, A, k) is also complete. 


10 The elements with quasi-inverses form a group under o which is complete in a 
suitable metric. Hence Theorem 22 can also be derived from a result due to Mont- 
gomery: “Continuity in topological groups,’ Bulletin of the American Mathematical 
Society, vol. 42 (1936), pp. 879-882. (I am indebted to the referee for this remark.) 
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Proof. Let fe C(X, A) be such that f(x) is q.r. for all a There is a 
unique function g with f(x)0g(x) =0 for all x. By the continuity of the 
quasi-inverse, g is continuous. It follows that if A is a @-ring, so also is 
C(X,A,u). Under the p- or k-topology, neighborhoods of 0 will in general 
contain functions which assume values not q.r. ' | 

We leave to the reader the remainder of the proof of Theorem 28. 


The connection between the structure of C(Y,A) and that of X and A 
has been widely studied for the case where A is the reals’or complexes [8], 
and for the case where X is totally disconnected and A is the field of integers 
mod 2 [17], or more generally a discrete division ring [12]. We shall proceed 
to study the case where X is totally disconnected under less restrictive assump- 
tions on A; however we shall assume that A has a unity element. 


We shall use the following terminology suggested by E. Hewitt: an ideal 


I in C(X,A) is free if for every «eX there exists fel with f(r) —1; 


otherwise I is fixed. — 


THEOREM 24. If X is totally disconnected and compact and A: is a 
Q-ring with unit and inverse continuous where defined, then every proper 
right ideal in C(X, A) is fired. A maximal (right or two-sided) ideal M 
has the following form: for some xe X and maximal right or two-sided ideal 
N in A, M consists of all f with f(a) e N. 


Proof. Suppose that I is a free right ideal, and let feZ be a function 
with f(2) == 1. Ina suitable neighborhood Uz of z, which we may take to be 
open and closed, we have that f* exists. Define’ a function g as follows: 
g ==f* in Uz and is 0 otherwise. The function g is continuous and so 
h==fgel; h is the characteristic function of Uz. A finite number of the 


. U’s cover X; by taking intersections and reselecting the corresponding h’s, we 


may suppose that we have disjoint open and closed! sets U,,:**,Un covering 
X, with characteristic functions h1,: -<., An in T. ‘Then hie ss be fy = 1 
is also in J and Z == C(XY,A). The final statement of the theorem follows 
from the fact that quite generally any fixed maximal ideal has the designated 
form. 


THEOREM 25, Suppose that C(X,A) is isomorphic to C x. Ai) where 
X, 4, are totally disconnected and compact and A, Ax are Q-rings with unit 
elements. Then for any maximal ideal N in A there exists a maximal ideal 
N, in A, such that A— N and A,— N, are isomorphic. If A, Ai are simple, 
then they are isomorphic and X, X, are homeomorphic. 
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Proof. Take a point xe X and construct the maximal ideal M of func- 
tions f with f(e)e N. Let M, be the corresponding maximal ideal in 
C(Xı, ıı). By Theorem 24 there exists in A; a maximal ideal N; such that 
ASN=C(XZ A) Me 0 (X, A) — M, = A, — N. 

If A, A, are simple, then V = N, = 0, so that A = A,. Moreover there 
is a one-one correspondence between points of X and maximal ideals in A. 
If we introduce the Stone topology into the latter, we verify by well known 
methods that the correspondence is a homeomorphism (see for example [8]). 


Theorem 25 can be interpreted as saying that when X is. compact and 
totally disconnected and A is simple, the algebraic properties of C(X, A) 
characterize X completely. This is no longer true if the hypothesis of com- 
pactness is dropped. However we shall now show that the algebraic and 
topological properties of C(X, A, k) together do characterize X. At the same 
time we are able to weaken slightly the hypothesis on A. 


THEOREM 26. Let X be totally disconnected. Any closed (right) ideal 
I n C(X,A,k) has the following form: for every xe X a closed (right) 
ideal J (x) in A is prescribed and I consists of all functions f with f(a) e J(x) 
for all x. 


Proof. Define K(x) to be the set of values in A assumed at x by functions 
in I and let J (a) be the closure of K(x). Let f be a function with f(x) e J(2) 
for every ©; we shall show that fe I. Take a neighborhood of 0 in C(X, 4, k), 
consisting say of all functions mapping a compact set £ into a neighborhood 
U of 0 in A. For any ee X there is a function g € T with g(a) — f(a) e U, 
and this will extend to an open and closed neighborhood Us of x. We may 
assume that g vanishes outside Uz. A finite number of the U’s cover K; we 
may assume them non-overlapping. The sum eZ of the corresponding g’s 
then has the property that A(s) — f(x) e U for all x in K. Hence J contains 
functions arbitrarily close to f, and since it is closed it must contain f. 


COROLLARY 1. If in addition A has no proper closed ideals, then any 
closed ideal in C(X, A, k) consists of all functions vanishing on some (neces- 
sarily closed) set of X. In particular a closed maximal ideal consists of all 
functions vanishing at a point. 


COROLLARY 2, Let X, X, be totally disconnected spaces and A, Ax rings 
with no proper closed ideals such that C(X,A,k) is isomorphic and homeo- 
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morphic to C(X,,A,,k). Then A, A, are isomorphic and homeomorpinc, 
and X, X, are homeomorphic. + 


Suppose that the maximal right ideals in A are closed (this is true by 
Theorem 2 if A is a Q,-ring) ; their intersection is the radical £ of A. It 
follows readily from Theorems 23 and 26 that the intersection of the closed 
maximal right ideals of C(X,A4,%) already gives the radical of that ring. 
This is not true for all rings, since in 3 we gave an example of a ring with 
non-closed radical. | 


It is natural to ask: what about the free maximal ideals? For locally 
compact spaces we can give the following result. | 


THEOREM 27. Let X be a locally compact totally disconnected space 
and A a Q-ring with unit; and let F consist of all fe C(X, A) such that the 
closure of the set of points æ for which f(x) £ R (the radical of A) is compact. 
Then a maximal right ideal in C(X, A) is free tf and only if it contains F. 


Proof. The ideal F is itself free; indeed it is easy to see that it is dense 
in C(X,A,k). Thus any ideal containing F is free. Conversely suppose that 
M is a free maximal right ideal and that fe #;.we show that fe M. The 
set of points « where f(x) £ R can be embedded (since X is locally compact) 
in an open compact set K. The function g, defined by g(s) ==0 in K and 
g(x) = f(x) outside K, lies in the radical of C(X, A); hence ge M. Thus 
to prove fe M it will suffice to prove that f—-g£M, and for this it will in 
turn suffice to prove ke M, where % is the characteristic function of K; this 
last fact follows from Theorem 24. 


Theorem 27 shows that the intersection of the free maximal right ideals 
contains F. Whether or not it is equal to F is an open question. A partial 
affirmative answer is afforded by the following result. 


THEOREM 28. With the same hypothesis as in Theorem 2%, suppose 
further that either X or A is discrete. Then F is the intersection of the free 
maximal right ideals of C(X,A). p 


Proof. Suppose that on the contrary there exists a function f not in F 
but in every free maximal right ideal. For any ae A we shall denote by f(a) 
the set of ee X with f(x) =a. By virtue of our assumption that either X 
or A is discrete, f7 (a) is open and closed. We define two further functions g 
and h, distinguishing two cases. 


4 
I] 


I. aeR, the radical of A. Set g(x) =0, h(x) = 1 for sef? (a). 
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II. ag R. Then there exists a maximal right ideal N in A which with 
a generates A, i. e., there exist elements b, c with ab + c = 1, and such that c 
does not have a right inverse. We set g(x) =b, h(x) = c for ve f” (a). 

The method of definition assures us that g and h are continuous functions 
and that fg + A= 1. 

We show next that h is contained in some free maximal right ideal. For 
this, by Theorem 27, it will suffice to prove that h and F generate a proper 
ideal. Suppose the contrary: then there exist functions p, q, with ge F, such 
that hp -+gq=1. Let P denote the set of points where 1 — q fails to have 
an inverse. By the definition of F, the closure of P is compact. Hence the 
set P’ of points where % fails to have a right inverse has compact closure. 
By the definition of h, P’ includes all x such that f(x) éR. Hence the 
points x where f(x) £ R have compact closure, and fe F, a contradiction. 

It must then be the case that f and A together generate a proper right 
ideal, an absurdity in view of fg + h —1. 


8. Prime ideals. Let P be a prime ideal in C(X,A). It is assumed 
that X is totally disconnected. For every we X, the values assumed by 
functions of P at x form an ideal I(x). We assert that, with the exception 
of at most one point, we must have I (x)= A. For suppose that at the 
point x and y the values a and b respectively are excluded. We surround v 
by an open and closed set U excluding y, and form functions f, g equal to a, 
b on U and the complement of U respectively, and zero otherwise. Then 
fg = 0 so that either f or g is in P, a contradiction. In case A is simple, this 
result may be restated as follows: a prime ideal can have at most one zero. 
If X is compact, P has precisely one zero, as follows from Theorem 24. 


In our further investigation we make the following three assumptions 
on A: 


(1) A has no divisors of 0, 
(2) division where possible is continuous, 


(3) for any ae A there exists a neighborhood of 0 consisting of right 
multiples of a. i 


(Examples of rings satisfying these postulates: any division ring, any 
discrete ring with no divisors of zero, the ring of p-adic integers, etc.) 


It can be proved from these axioms that the closure Q’ of a prime ideal 
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Q in A is prime. For suppose abe Q’ with neither a nor b in Q’. A suffi- 
ciently small neighborhood of ab consists of right multiples of a; thus there 
exist elements ace Q arbitrarily near to ab. Since af Q, we have ceQ. By 
continuity of division, any neighborhood of b contains an element of Q. 
Hence de Q’, a contradiction. 


Let P again be a prime ideal in C(X, A), and suppose that at the point 
x it takes on the values of a proper ideal J. We assert that J is a prime ideal. 
Suppose f(z) abel. In a small open and closed neighborhood U, f will 
continue to be a right multiple of a, and the quotient by our assumption is 
continuous. Let g =a on U and 1 on the complement; h = af on U and f 
on the complement. ‘Then ghe P, so that either g or h is in P, whence 
either a or b is in J. 


By Theorem 26 the closure of P m C(X, A, k) consists of all functions 
with f(z) in the closure of J. We may summarize these results in the 
following theorem. , 


THEOREM 29. Suppose that X is totally disconnected and that A satisfies 
the three assumptions above. Then the closure of a prime ideal in A or 
C(X,A,k) is prime. Further the following statement is true in C(X, A, kY 
if and only if it is true in A: a closed prime ideal is either maximal or the 
whole ring. | 

With more drastic assumptions it is possible to prove that prime ideals 
in C(4, A) are maximal. i 


THEOREM 30. Suppose that A is a division ring and that eithersX or A 
is discrete. Then the prime ideals in C(X,A) are maximal. 


Proof. Let P be a prime ideal and suppose that (P,f) is proper, f£ P. 
Let Z C X denote the set of zeros of the function f; under either hypothesis 
Z is open and closed. Let g and % be the characteristic functions for Z and 
the complement of Z; since gh = 0 we have either g or h in P. In the first 
case g +f e P is a function with no zeros, which is impossible. In the second 
case f = fh is already in P. 

We shall now give an example to show that the hypotheses of Theorem 30 
cannot be light-heartedly removed." Suppose that A is a field with a valuation 
and that all non-negative real numbers are assumed as values (actually a dense 


11 This example is based on a similar one constructed by E. Hewitt for the case 
where A is the reals and X the unit interval. 
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set would suffice). Let us take X to be compact and totally disconnected, 
and let X = U, Ua + - be a sequence of compact open sets shrinking to the 
point x. Take any function f satisfying |f|=1/n on Un— Unn, and 
another function g satisfying |g|—e* on Un—Una. Then the ideal 
generated by g does not contain any power of f. For suppose f? = gh, with 
Ih| <M. Then on Un— Una we have n? < Me” which cannot be true 
for all n. 


By Zorn’s lemma, expand the ideal (g) to one which is maximal with 
respect to the exclusion of the powers of f. The result is a prime ideal, but 
not a maximal one since it lacks some of the functions vanishing at z. 


9. Primitive ideals. In a ring with unit a primitive ideal [11] is the 
largest two-sided ideal contained in a maximal right ideal. From Theorem 24 
the following result follows at once. 


THEOREM 31. Let X be compact and totally disconnected, and A a 
Q-ring. A primitive ideal in C(X, A) consists of all functions f with f(x) eP, 
where x is a fixed point of X and P is a primative ideal in A. 

In particular we see that if all primitive ideals in A are maximal, the 
same will be true in C(4, A). 

Jacobson [12] has raised the following question. Let X be compact and 
totally disconnected, 4 a discrete division ring, and let C* be a subring of 
.C(X,A) containing the-constant functions and for any x; ye X a function 
with f(x) 4 f(y). Are the primitive ideals in C* maximal? We shall show 
that the answer is affirmative by proving that C*= C(X, 4). Actually we 
can prove the following more general result (it is to be noted that in the 
above case C'(4, A, k) is discrete).!° 


THEOREM 32. Let X be totally disconnected and A a ring having a 
system of ideal neighborhoods of 0. Let C* be a subring of C(X, A) con- 
taining the constant functions, and for any x, ye X a function f with f(x) =1, 
f(y) =0. Then C* is dense in C(X,A,k). 


Proof. Since we can work within a neighborhood of 0 in C(A,A,k), 
it suffices to treat the case where X is compact. Let U be an ideal neighbor- 
hood of 0 in A, and let K be an open compact set in X, L its complement. 
We shall show that C* contains a function f with f(K) C 1+ U, f(L) CU. 


\ 18 For the case where A is a finite field, Theorem 32 was communicated to me by 
R. Arens. 


12 
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This will complete the proof, for it is readily seen that any function in 
C(X,A,k) can be approximated within U by a finite linear combination of 
such functions. 

Take a fixed point ye L. For any ce K there exists a function g with 
g(x) =0, g(y) =1. In a neighborhood V, of « we have g(Vs) CU. 
A finite number of the V’s cover K, and the product of the corresponding g’s 
gives us a function è with A(K) CU, h(y) =1. The function 1— h takes 
values within U in a neighborhood Wy, of y. A finite number of Ws cover L, 
and the product of the corresponding (1 — /)s gives us the desired function F. 

The space of primitive ideals of a ring, topologized after Stone, has been 
called the structure space by Jacobson. In connection with this concept, we 
can prove the following result. 


THEOREM 33. If X is totally disconnected and compact, the structure 
space of C(X,A) is the Cartesian product of X and the structure space of A. 


Proof. Theorem 31, together with its obvious converse, shows that there 
is a one-one correspondence between the two spaces in question; moreover 
each of them is compact. In the direct product take the set D of all pairs 
(b, p), be B, peP, where B is closed in X and P is a closed set of primitive 
ideals in A, say with intersection J. It will suffice to show that £, the 
corresponding set of primitive ideals in C(X,A), is closed. Let J be the 
intersection of the ideals in Æ; clearly J consists of all f with f(x) ef for 
ae B. Moreover for any yf B, J contains a function with f(y) = 1: we may 
surround B by an open and closed set U excluding y, and take f = 0 on U, 
f=1 on the complement of U. It follows from Theorem 31 that any 
primitive ideal containing J must consist of all f with f(z) € Q for a suitable 
point z in B and a primitive ideal Q in A. Finally we observe that Q must 
contain Z; since P is closed we have Qe P, and it follows that / is closed. 


10. Functions with values in certain division rings. Let X be a com- 
pact To-space and A a division ring. It appears to be an open question 
whether proper ideals in C(X,A) are necessarily fixed. We have seen 
(Theorem 24) that the answer is affirmative when X is totally disconnected. 
Another case where the answer is known to be affirmative is that where A is 
the field of reals or complexes. This latter case can be generalized as follows. 

Suppose that A is a division ring admitting a continuous function z > «* 
such that «x* + yy* —=0 implies z= y= 0. From the case «=y it is 
evident that such a function cannot exist in a ring of characteristic 2. 
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However one exists in every ring of characteristic different from 2 that I have 
examined. 


Examples. (1) Discrete. Take 0*=0, t* = x> for r= 0. 
(2) Formally real. Take g" == a, 


(3) Complete in an archimedean -valuation. Then A is the reals, 
complexes or quaternions, and we take x“ to be the conjugate of x. 


(4) Non-archimedean valuation. A possible choice is the following. 
For each value m take a fixed element Zm of that value. Define 0* — 0, 
e = Zm æ, if «540 has value m. 

(5) The rational numbers under the 6-adic topology. Take 0*= 0, 
and if 7 == ®"8"sf1 (s,t prime to 6), r* == 2°#828771, 

In the following we shall write f* for the function defined by f*(x) 
= [f(x)]*, and Z(f) for the set of zeros of f. It is assumed throughout 
that X is a To-space and that A possesses a *-function. 

LEMMA 18. For any functions fi,: | +, fn in C(X,A) there exist func- 
tions gi © *.9n such that Z(figi + Pagan) = Z(fi) 97° OZ (fa). 

Proof. By induction we may assume that we have hi,’ <<, ni with 
Z(k)=Z(fih +: + faina) == 2(fi) 0° > -o2 (for). We then take 
ik + fifi” 

Lemma 19. If I is a free proper right ideal in C(X, A), then for every 
fel, Z(f) is non-compact. 

Proof. For any functions fi,’ <<. fa in J, Z(fi) a- > en Z (fa) must be 
non-void by Lemma 18. Suppose that for some fel, Z(f) is compact. Then 
the intersection of all Z(g) n Z(f), as g ranges over /, is non-void, and I 
is fixed. 

COROLLARY. If X «is compact, every proper ideal in C(X, A) is fixed. 

Lemma 20. If I is a free right ideal in C(X, A) and KC X is compact, 
then there exists in I a function not vanishing in K. 


Proof. For any x in K we have a function f eZ and a neighborhood Uz 
such that Z(f)n Us is void. A finite number of the U’s cover K, and by 
Lemma 18 we may build from the f’s the desired function. 


COROLLARY. A closed proper right ideal in C(X, A,k) is fixed. 


LEMMA 21. If M is a maximal right ideal in C(X, A), fe M, and 
Z(9) =24(f), then ge M. 
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Proof. If not we have gh + m=1 for a suitable me M. But then 
Z(g)nZ(m), and a fortiori Z(f) 0 Z(m), is void; by Lemma 18, le M. 


Lemma 21 carries with it the evident corollary that the maximal right 
ideals in C(X, A) are two-sided and the primitive ideals maximal. However 
in this connection it may be of interest to show that not all right ideals are 
necessarily two-sided. 


Example. Let X be the unit interval, A the quaternions. Consider the 
principal right ideal generated by f == x + ivy, where we have written y for 
_ sin (1/z). If this ideal is two-sided we must have jf==fg for some con- 
tinuous g. But for 2540 we have 


g=Tif=[(1—-y°)} — 2yk]/(14 y°), 
and this cannot be extended to be continuous at t ==0. 


Let M be a maximal ideal in C=C(X, A). If M is fixed, C— M is 
isomorphic to A. If M is free, C — M is still a division ring containing A — 
for the constant functions must be sent into separate residue classes. The 
*-function can be extended to C — M, granted that 0* ==0; for then by 
Lemma 21, fe M implies f* e M, so that the *-function is uniquely definable 
on residue classes, and ff* + gg* e M implies f, ge M, so that the funda- 
mental property persists. 

We shall now give an explicit instance where C — M is a proper extension 
of A. Let X be the same abstract space as A, and let f be the function which 
maps X identically on A. It is impossible that f— ceM for c a constant 
function, for f — c has only one zero and by Lemma 19 this would be a zero 
of all of M, making M a fixed ideal. Thus f does not map into A, and 
C— M must be à proper extension of A. 


11. Functions vanishing at a point. Let C(X,A,«z) be the subring 
of C(X, A) consisting of all functions vanishing at the point xe X. If X is 
compact we may alternatively describe the functions as vanishing “ at infinity ” 
on the locally compact space X — x. Rings of this kind occur in the theory 
of normed rings and Boolean rings without unit. 


THEOREM 34. If X is a compact Hausdorff space and either (1) A is 
the field of reals or complexes, or (2) X is totally disconnected and A is a 
finite field or a field of characteristic zero, then a maximal ideal M in 
C(X,A,x) is fixed. 


18 We mean here that all the functions of M vanish at some point other than a. 
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Proof. First we prove that M is a prime ideal. The alternative is for 
C — M = C(X,A,s)— M to be a zero ring multiplicatively and a group 
of p elements additively. But then if A has characteristic zero, any fe C is 
of the form f= pg, so fe M and M=C. If A is a finite field we have 
f =f and again M = C." 

Suppose that M is a free ideal. Then for any ye X, y Æx, there is a 
function in M not vanishing at y. Following the method of Theorem 24 or 
Lemma 18 as the case may be, we can show that for any neighborhood of z, 
M contains a function not vanishing in its complement. 

Next we show that M contains any funetion f vanishing in a neighbor- 
hood U of x. Let ge M be a function not vanishing in the complement V 
of U. Define h = gf in V, h=0 in U. Then h is readily seen to be 
continuous, and f= gh is in M. 

Now suppose h is a function not contained in M. Since M is prime, 
also h°f M. Hence (h?, M) = C, and h = kh? + m for suitable ke C, me M. 
Take a neighborhood U of x such that hk 4 1 in the closure U” of U. Then 
m/h = 1 — kh is a continuous function different from zero in U’, and so is 
its reciprocal. This function h/m may be extended to a continuous function + 
defined everywhere in X; in case (1) this follows from Tietze’s Theorem, 
in case (2) we may take U to be open and closed and set r= 0 outside U. 
The function Ar is in C since it vanishes at z, and so Arm is in M. But 
hrm — h? vanishes in U and, by our above result, it is also in M. Hence 
h? © M, a contradiction. 


12. The ring of bounded functions. Let C’(X,A) denote the ring of 
continuous bounded functions from X to A — boundedness being defined as 
in 4, The following result is easy to verify. i 


THEOREM 35. C’(X,A,u) is a Q-ring if A is a locally bounded Q-ring; 
if further A is complete, so also is C’(X, A, u). 

It is to be observed that C’ (X, A, k) is not in general complete. In fact, 
if A is the reals and X is normal, then © (X, A, k) is dense in C(4, A, u). 

Suppose that A is a division ring. The spaces of maximal ideals in 
C(X,A) and C’(X,A) both provide compactifications of X. Gelfand and 
Kolmogoroff [8] have shown for the case where A is the reals that these 
compactifications are homeomorphic. Their~technique, does not seem to be 
applicable in more general cases. By a different method we are able to prove 
the following theorem. 


14 The hypotheses on A in case (2) are only needed at this point to prove that M 
is prime. Still another adequate hypothesis is that A has a valuation. 


182 . IRVING KAPLANSKY. ‘ 


THEorEM 36. Let X be discrete and A a locally bounded division ring 
with the property that for any neighborhood U of 0 the set of inverses of the 
complement of U is bounded. Then the spaces of maximal ideals in C(X, A) 
and C (X, A) are homeomorphic. 


Proof. Let M be a maximal ideal in C. N — M°0, being the contrac- 
tion of a prime ideal, is prime, but in general is not a maximal ideal 
in ©’. However it expands uniquely to a: maximal ideal M’. To 
prove this we need only show that (N,f,g) is a proper ideal whenever 
(N,f) and (N,g) are both proper. Suppose on the contrary that 
n+f+g=1, neN. Let U be a neighborhood of 0 in A such that 
(1+ U)? is bounded (such a neighborhood exists because of local bounded- 
ness). Let Y be the intersection of Z(n)—the set of zeros of n—and the set 
where f takes values in U. Let p be the ames equal to 0 on Y and 1 
elsewhere, g the function equal to 0 on Z (n) — Y and 1 elsewhere. On the 
set where p vanishes, g takes values in 1---U and has a bounded inverse. 
Hence (g, p) == C. On the set where q i f takes values in the com- 
plement of U and by our assumption has a bounded inverse. Hence 
(f,¢) =C. But pqeN so that either p or q: ‘must be in N. In either 
case we have a contradiction. 

Conversely let us start with a maximal ideal iW’ in C”. For any f in O, 
define f to be the function with the same zeros as f, but equal to 1 elsewhere, 
i. e., f is the characteristic function of the complement of Z (f). We define 
M as follows: fe M if and only if f'e M’. It is readily verified that M is a 
proper ideal in C. Suppose that M is not maximal, so that (M, g) is proper, 
gé M. If g” is the characteristic function of Z(g) we have g'g” == 0 e M’ 
but g’¢M’, hence g” e M, a contradiction since (g, g') = C0 

The double correspondence thus established is in fact one-one. Starting 
with M, we have fe MaC C W for any feM.. Hence at least all of M, 
and therefore precisely M, returns on applying the second correspondence. 
Conversely, when we begin with M’ we evidently have M0’ C if’ for the 
corresponding M. Since the expansion of Mo 0 is unique, the second 
correspondence must return us to W. 

Finally to prove the correspondence a homéomorphism, it will suffice 
(since both spaces are compact) to prove that MWD ^ M implies M De Mi. 
Suppose fe M, for all i, then fe M/C M’, whence fe M. 

We remark that (for the case X discrete) the space’ of maximal ideals 


“The field of rationals under the 6-adic topology i is bali bounded but does not 
satisfy the latter condition. 
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in C(X,A) is the same for any division ring A, and is in fact the Cech 
compactification BY, 

Another interesting question is the following: if W’ is a free maximal 
ideal in C’, what is 0“ — M’? When A is the reals, complexes, or quaternions, 
or a finite field, it is known that C — M’ =A. Apparently it will require 
new methods to extend this result to more general cases. 
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UNIQUENESS OF SOLUTIONS OF ULTRAHYPERBOLIC PARTIAL 
DIFFERENTIAL EQUATIONS.* 


By O. G. OWENS. 


Introduction. A solution in a bounded region V of the elliptic partial 


differential equation, L[u] == x Ue; = 0, IS unique if on the boundary of V 


the- solution assumes sienetibed values. The theorem is proved by trans- 
forming by means of Green’s formula the integral 


f uLbu] da. 


Vv 
A solution in a bounded region F of the normal hyperbolic partial differ- 


ential equation, L[u] = tin — È tae == (), is unique if V is bounded by a 


characteristic cone of the- soutien and by a plane £= constant, and if on the 
plane boundary of V the solution and its normal derivative assume prescribed 
values. The theorem is proved by transforming the integral 


f 2u:L[uldadt. [1] 
vY . . 


The purpose of this paper is to establish an analogue of the above classical 
integral uniqueness procedures for the ultrahyperbolic partial differential 
equation, 


n Mi 
(1) i L[u] = D Uae, — È Uyy, == 0 (n = 2,m = 2), 
iz1 Coed, 


The integral yielding the desired uniqueness conditions for solutions of (1) is: 
(2) f [2 Doro, + nu]L[u] dedy. 
l=1 i 
V 


The resulting uniqueness theorem is applicable to a limit problem which is 


* Received April 2, 1945; Revised July 20, 1946. 
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not a Cauchy problem [2] but a mixed problem nae an elliptic and hyper- 
bolic nature. 


Uniqueness Theorems. Three typical uniqueness theorems applying to 
solutions of (1) are: 


THEOREM 1. A solution of (1) existing in a hyper-sphere V is unique 
if the solution assumes prescribed values on the surface V* of V and if its 
normal derivative assumes prescribed values on one of the two regions sub- 
dividing V* and having as boundary the intersection of V* and the charac- 
teristic cone of (1) with vertex at the center of V. 


THEOREM 2. A solution of (1) existing in a hyper-parallelepiped with 
faces parallel to the co-ordinate planes is unique if the solution assumes 
prescribed values on the faces and if its normal derivative is prescribed on a 
single face. 


THEOREM 3. A solution of (1) existing in a bounded region C is unique if 
the solution assumes prescribed values on the frontier of C and if C ts the region 


defined by slicing, with planes: ci = 0, cr + È bey = const. x b? = 1), 


any hyper-cylinder having generators parallel A a Ti-A018S. 


Theorem 1 will now be proved. If there are two solutions of (1) existing 
in V and assuming the same mixed initial data on V*, then their difference 
is a solution assuming vanishing data on V*. Hence it suffices to show that 
the latter solution vanishes identically in V. The proof of this fact is com- 
menced by introducing the symbol 


1 il 
a 1 i=l 
and forming the identity : 


(3) deo, Llu) = 3 Birtz? — È Un 
+ à 237 dai (2r10z;U2,) ——— e (Gia ) I 


— 5 ie — (2712 Uy) — è (ary) | f 


Now denote an element of the surface V* by dV* and denote the direction 
cosines of the outwardly directed normal at dV* by 
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dar yr 
dv? v’ 


Thus, integrating (3) over V, 


(4) f 201Ue2,L|u|dady = J > ôi Us dedy — f >, Uy, dedy 
i=1 i k= 
4 Vv 


+ Jz > (en Di = theta, — Ci dei Un; }dV* 


si > (20, Me Ue My — xi m Uy, }dV*, 
va i 


Furthermore, assuming the center of the sphere: V to be the origin of co- 
ordinates and the radius of V to be one, 


SA Le i 
Gi By VS 


Hence, upon substituting these values in (4), 
(5) f ILs L[u]dady = f >» Sita, dedy — f > Uy, dedy 
o Jt V ia 
=s S [wite, — Cite, ]}AV* + f >, Lius dA V* 
y y | 
m ' m 
+ SÈ form, — yuat — S È puntay”, 
i k=l A k=l 
Therefore, summing (5) with respect to J, 
(6) > 2tte,L[uldedy = (n—1) f 5 us, dedy — N S >, Uy, dedy 
. I=1 y Gah ef kz1 
y 


-+ $ x [Lry ca YxUe, | d V* — 5 > | I JAZZ Lite, |?dV* 


I=1 k=l [=i ih 
ya 
n Hi n 
-+ f [Èr XuF][ Dun ]dV*. 
Da i=1 lex, l=1 


In addition to relation (6) we have the following: 


l 
j 
} 
i 
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(7) f uL[u}dedy = iP Zz uy 2dedy — È S ua dedy 
i=1 
¥ 


+f uf x Tits, — > Yiya V”. 


Consequently, because of (6) and (7), 


(8) f l [ > ILa, + nu] L[u]dedy = — $, ua, 'dady 
i=1 4 i= 
+E È | [mu IRE XX ( [ew — cun ]24V* 
t=1 k=1 va t=1 ¿i=l ye 
+n f wl 2 Tilsi #2 YxUy,] dy* + f [ Du? —2 yx | [ di us ]AV®. 
iel e 421 *=1 1=1 
y* y* 


Thus, recalling the assumption that u is zero on V* and noticing that 
[Euy — Yks, |, [Tra — Lilz,| are inner derivatives on V*, 


f [ > tito, + nu]L[u]dady= — f >) un, dedy 
y [=] y i=1 
+ f Sre S nl Dua" ave. 
ve q=1 kzi b=1 


Now, as in the case of the normal hyperbolic partial differential equation, 
the prescribing of limit values for a solution of (1) is influenced by its 
characteristic cone: 


mM 


(10) Da ZU = l. 


i=1 


The effect in our case is that the normal derivative of the solution need be 
prescribed, as being zero, only on that portion of V* for which 


m 


Sa? — Ay = 0. 


k=1 


Since this suffices for us to infer from (9) that 


(11) > uz dedy = 0. 


¿=I 
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Hence, since (11) implies that u does not depend on the variables x, u is a 
solution of the equation, | 


(12) >, Uyu == 0. 
k=l 
But (12) together with the fact that u = 0 on V* assures the vanishing of u 
on V. Thus, Theorem 1 has been proved. 
The proof of Theorem 2 will now be indicated. Firstly, it is no 
specialization to assume the parallelepiped V to be defined by the inequalities, 


0 S ti S li OS Yr = by ; (a; > 0, de > 0), 


and the normal derivative of the solution to be zero on the face a: = au. 
Secondly, because of (5) and (7), 


f CIAD e Í ue 2dzdy, 

y 7, 

granted that u vanishes on the faces of V and the normal derivative of u 

vanishes on the face v: = «a. Thus, since L[u]==0, the solution is inde- 

pendent of the variable z:. Hence, as u == 0 on the face z: == a1, u= 0 on V. 
The proof of Theorem 3 is carried through in an analogous manner. 
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NOTE ON SOME STRONG LAWS OF LARGE NUMBERS.* 


By KAI-LAI CHUNG. 


Let {Xn} denote a sequence of independent random variables with the dis- 


tribution functions {V,(x)} and let Sn = SX.. Let {av} denote a positive 
’ ` yal 


Increasing sequence tending to -infinity. 

Recently Feller * has proved some theorems which can be looked upon as 
being extensions of a theorem of Marcinkiewicz and Zygmund.? In the spirit 
of this extension, we shall give an analogous extension of another theorem of 
the latter authors.® together with some colloraries dealing with the strong 
law of large numbers. 

For the sake of completeness we state the main result of Feller’s paper 
in a version suitable for our purposes. It reads as follows: 


THEOREM 1 (Feller). Let Va(£) = V(x). Suppose that 


ce 
> 1/a?v = 0 (i/a) 
and that either È 


n/n Î 
or 
190 
n/N} and rdV (x) = 0. 
) -00 
Let w(x) be a positive, even function such that p(x) 1 for < > 0 and let 


y(av) =v; 
then 


pol 


N a 


* Received August 7, 1946. 

1 Feller, W., “A limit theorem for random variables with infinite moments,” 
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Pr( Y x,/a converges) = A 


according as 


189 
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A close analogue of Theorem 1.for the more general case of unequal ~ 
distributions is the following. : 


THEOREM 2. Let w(x) be a positive, even function non-decreasing for 
x> 0. Suppose that either 


G) v(@)/e 4 


or | 
(i) y(a)/e 1 v(e)/22 | and f » detail 
Let | 
(1) f — 4(2)dY (1) =M”. 
T | 
(2) 5 MP Jy (lav) 


is convergent, then 
CO 
(3) ._ Pr( X Xy/av converges) = 1. 
i v=z1 
Conversely, if the series (2) is divergent, then there exists a sequence of. 


independent random variables {Xv} having distribution functions {Vy(x)} 
such that (1) is satisfied and 


(4) Py SX /ay T 
pz1 


Proof. Let E(X) denote the mathematical expectation of X. Define 


Ay if | Xv | < dy, 


r= | 0 if |x,|Za. 


Consider the case (i) first. We have 


È E(P?y/48) -Z f (12/2) dV v(x) 


lol <ay 
SÈ (VO) Maw) AVE) SE MMH (a) 
lal <ep g 
since y (dv) /av? S y(x)/x? for |s| < av by assumption (i). 


Next we have 
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S| E(¥s)\/v f (12{/0)a7,(2) 


jol <ar 
ES f POATE) 5 È MPa). 
Finally, lo] <a 
| È Pr( Ys # X») =5 f AS 
l le |Zay 
SS f OA) (2) SÈ MOa). 


jaj=ep 


Hence (3) follows from Kolmogorofft’s three-series theorem.* 
In case (ii) the only modification is that we have 


S| EF.) l/a =Z t/a | fad Vo(a)| 


je|zzay 


<Š J (12 1/0)aV(2) ST yla) f Y(2)AV-(0) 
* Jolzay da lalza» 


since.now (dy) /av = y(x)/x for | a | = av by assumption (ii). 


Finally, if (2) is divergent, we proceed, following Kolmogoroff, by 
defining a sequence of independent {Xv} as follows: 


If My /b (ay) = 1, 


Y ) + dy each with probability My» /24 (av); 
í 0 with probability 1— My) /y (av). 


If Aly /w(av) > 1, 
Xy = + y*(My™) each with probability 1/2, 
where y(x) denotes the inverse function of y. In either case we have 
Pr(| Xv | Z av) Z min (A /p(as), 1). 


Hence by Borel’s lemma 
Pr(lim | Z, | /a 21) =1, 
P-3 00 
and (4) follows. 
* Kolmogoroff, A., “Uber die Summen durch den Zufall bestimmten unabhängigen 


Grössen,” Mathematische Annalen, vol. 99 (1928), pp. 309-319, and vol. 102 (1929), 
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By the well-known Kronecker theorerh, we can deduce from (3) sufficient 
conditions for the strong law of large numbers. It is then seen that or 
criterion includes those of Kolmogorott, Marcinkiewicz and 4ygmund. Among 
the consequences, which seem to be new as far as we are aware, we pomt out DI 
the following cases. i 


COROLLARY 1. Suppose So cdVy(x)=0. Let $(x) be any posit 


even function non-decreasing for x > 0 such that ’ 


$ 


È 1/r6(r) <o. a 


In particular we may take $(x) = |log|a||***,<«>0. Then if 


0 
_ OLOORE 
where C is independent of v, we have 


Pr( lim s,/n = 0) = 1. 
n00 


COROLLARY 2, Suppose f adVy(x)=0. If 1<p<% and for an 
e 0 i 


00 
Slap iog] z Iava) <0 
a 
where C is independent of v, we have 
Pr( lim s,/n?/? = 0) = 1. 
N00 

These results may be compared with those for the case of equal distri- 

butions, where the conditions are weaker in that the logarithm factor in the 


above is omitted. Our results however are the best possible in the sense of 
the second part of Theorem 2. 
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ON THE ERGODIC THEOREMS.* 


By PHILIP HARTMAN. 


It was recently suggested to me by Professor Wintner that it should be 
possible to find a proof of the Birkhoff ergodic theorem [1] along the lines 
of the simplest proof of the fundamental theorem of calculus, namely, a proof 
depending on a lemma of F. Riesz [4]. The role of Riesz’s lemma in the 
Lebesgue theory of differentiation is the avoidance of Vitali’s covering theorem 
on which the earlier proofs of the fundamental theorem of calculus were based. 
In the proof of the ergodic theorem, as given by Birkhoff and his successors, 
the corresponding role of Vitali’s covering theorem is represented by Birkhoff’s 
decomposition of the image sets or by other covering theorems. As will be 
seen in the proof of (I), below, an appeal to the Riesz lemma leads casily 
to an improved form of the fundamental inequality on which Birkhoffs proof 
of the ergodic theorem depends. This improved inequality was also obtained 
by Kakutani and Yosida [3] using the methods of Birkhoff. 

For the sake of completeness, the Birkhoff ergodic theorem will be deduced 
from ‘this Inequality in (II) and the (£7), p= 1, mean ergodic theorem 
will then be derived from (I) and (II). This procedure is precisely the 
reverse of that applied by Wiener [5] and his followers. 

For earlier references, see Hopf [2]. 

In what follows. Q denotes a space of points P carrying a non-negative 
measure p, for which 2(Q) = 1. Let Pi =rt:P, where — o <1 < œ, be a 
group of measure-preserving transformations of 2 into itself; by this is 
meant that 


(1) Taulre) ua Tuacl” 
and each transformation 7; sends measurable sets into measurable sets of the 


same measure, Let f(P) be a real-valued function of class (L') = (L) 
on Q. that is, f(P) is measurable and 


(2) SUI) du < œ. 


In addition, it will be supposed that f(7:P) is a measurable function on the 
* Received February 19, 1947. 
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product space of Q and the line — co <#< co, where measure on the line 
is the ordinary Lebesgue measure. If these assumptions are satisfied and if 
a zero set of points P is excluded, the integral 


f PaP 


exists for all finite values of ¢ by virtue of the measure-preserving character , 
of r: and by Fubini’s theorem on iterated integrals. 

A subset S of Q will be said to be invariant if it is measurable and if its 
image 7.8, under each transformation 7, differs from S only by a zero set, 
which may depend on é. 


(I) Let a be an arbitrary number and let U denote the set of points P 
of Q for which 


t 
Lub. t f f(ruP)du > a. 
0 


Gato 


. Then, if S is any invariant subset of Q, 


(3). a(S U) Sf f(P)de. 


In particular, if S is contained in U, 


(8bis) ap(8) =f F(P)du 


The form of Riess lemma [4] which will be needed for the proof of 
(I) is as follows: 


Let g(x) be a real-valued continuous function on an intervala=x Sd 
and let a be any fied number. Let E denote the set of interior points x of 
(a,b) for which there exists at least one number a’ satisfying aS x < x and 
g(x) — g(a’) > a(a@—a’). Then E is an open set and the inequality 
a(bh — an) =g(bi) — g(an) holds for every n if San, bn) is the decom- 
position of E into disjoint open intervals. 


Pr oof of (I). For a fixed t, let U(#) denote the set of points P of Q 
for which 


Lu b. ae f “t(tuP) du > a. 
0 


t ‘O<vct 


Then U(t) is a measurable set which is non-decreasing with ¢ and its limit 
set is U, 
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(4) U = lim U(#é). 
1-200 


Let S(t) denote the image of U(t) under the transformation r:, so that 
S(t) = 7:0 (t) or U(t)=ruS(t). By (1), 


t Y 
(5) f f(t-uP) du =f f (Tur-tP ) du, 
t-v 0 
hence S(t) is the set of points P for which 
at 
(6) Lub. o f FlraP) du > a. 
Ocvrt É-v 


For a point P and a positive number m, let £(P,m) denote the set of 
t-values on (0, m) for which (6) holds. If g(x) is defined to be 


fi #(raP)du, (05m), 
Q s 


then the set E(P, m) has the same significance as the set £ in Riesz’s lemma. 
Hence, on adding the inequalities implied by this lemma, 


aX (bu — an) S Z (g (bn) — g(an)) 
or 


a f dts f(74P)di; (E = E(P, my). 


Integrating this inequality over the measurable set S, one obtains 


a f (f ads ff FP) dt) 


Hence, by Fubini’s theorem on iterated integrals, 


à MEGRO < f 4 Í, {P) det 


Since S is an invariant set, it follows. that, when t is fixed, 7_:(S-S(t)) 
= Sc r48(t) = S- U(t) if a zero set of points P of © is ER Conse- 
quently, 


Sosa -f ga dp 
and 


n(8-8()) = a(S- U(t) 


since T.s is measure- preserving. Consequently, the last inequality can be 
written in the form 


196 PHILIP HARTMAN. 


(7) | af a(S Ud" L 


On the other hand, the limit relation (4) implies that 


MSU) >us U) and f fP S {(P)da G>). 


Therefore, if the inequality (7) is divided by m, the assertion (3) follows 
by letting m—>o. This completes the proof of (I). 

An application of (I) to the function — f(P) and to the constant 
& == — B gives 


(Ibis) Let 8 be an arbitrary number and let V denote the set of points 
P of Q for which 


(8) g.l. b. Af flraP)du < B. 


ce 


Then, if Sis any mvariant subset of Q, 


(9) pu(S-V) = f  {(P)da; 
and, if S is contained in V, 
(9 bis) 61(8) =f i(P)de. 


The statements (I) and (Ibis) imply the following theorem, which 
contains the Birkhoff ergodic theorem: 


(II) For almost all points P of Q, 
t 
(10) f*(P) = lim t f f(ruP) du 
t>o 09 ; 
exists, is a function of class (L), and 
(Qa), ff P)du f f(P)ae. 


Proof of (II). Let « and #8 be any pair of numbers satisfying « > B 
and let S denote the set of points P for which 


n 


lim inf (> f f(ruP)du < B < a < lim sup t7 f f(ruP) du. 


Then, in virtue of (1), S is an invariant set. Also, 8 is contained in the sets 
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U and V, defined in (I) and (I bis), respectively. Hence, (I) and (1 bis) 
imply that 


\ a(S) Sf f(P) du £ Bp(5). 


Since a > 8 and a(S) = p(Q) = 1, it follows that #(S)=0. Hence, the 
limit (10) exists for almost all P; where, however, the possibility that this 
limit is + œ is not yet excluded. 

In order to see that f*(P) is finite for almost all P, let S denote the 
set of points P for which f#(P) = + œ. Then S is an invariant subset of 
Q and $ is contained in the set U of (I) for every constant « Thus (3 bis) 
holds for every « Hence, by (2), #(S) =0. It is similarly shown that the 
set of points P for which f*(P) = — co is a zero set. 

Finally, to prove that f*(P) is of class (L), let « and #8 be any pair of 
numbers such that « < £ and let S be the set of points P for wine TI 
exists and satisfies 


a < F*(P) <B. 
Then, (I) and (Ibis) imply that 


ap(S) < f, f(P) dp < Bu(8). 


It follows, from the definition of Lebesgue integrals in terms of upper and 
lower sums connected with a mesh on the f#-axis, that f#(/) is of class (L) 
and that its integral satisfies (11). 

This completes the proof of (II). 


(IIL) If the function f(P) in (II) is of class (L?), P= = 1, on Q then 
so is the function f*(P), defined by (10), and 


(12) f | (P) -ef FraP)jdu |? du —>0 ast o. 
Q 0 
Proof of (III). By Hoélder’s inequality, 


(13) ‘ot Sie) jest fi f(ruP)|? du. 


The arguments used before the statement of (I) show that, for almost all P, 
the integral on the right of (13) exists for all finite ¢ and is of class (L) for 
every fixed #. Hence, the integral in (12) exists if f*(P) is of class (L?). 
But, by (10) and (13), 


IPE lime f Í f(ruP)| P du, 
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where the limit on the right exists for almost all P and is of class (L) by 
virtue of an application of (II) to the function |f P) 2, Consequently, 
f*(P) if of class (LP). 

The assertion (10) of (II) is equivalent to 


+ 


(14) PE) — 0 f F(raP)du| r>a, (E> o), 


while the assertion of (III) is that (14) can be integrated term-by-term. 
On the other hand, this term-by-term integration is allowed if 


t 
(15) fi |) 1 f f(ruP)du|?du>0 as a+ œ 
T 0 
holds uniformly in t, where T == Ta is the set of points F for which 
l t 
(16) Lu.b. | f*(P) — rf f(ruP)du | > a. 
Oc t< 00 0 


‘By the Minkowski inequality, the integral in (15) is majorized by the two 
integrals 


(17) Sit) edu 


and 
J, H f f(reP)du |? du. 


But the Holder inequality (18) shows that the last integral does not exceed 


Se fT FP) | du) da, 


which, by Fubini’s theorem on iterated integrals, has the value 


a ff EP] Pan) 


and is, therefore, majorized by 

(18) l. u. b. f | F(P)|? dp, l = (W=). 
È OLU< 0 Vv 

In virtue of the absolute continuity of the integrals 


SIP rdu ana f (FP) Pd 
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and the measure-preserving character of the transformations t,, the quan- 
tities (17) and (18) tend to 0 as « —> co if the measure of T = Ta does. 

By (1), the function (10) is invariant, that is f*(7:P) = f#(P) for 
every t. Hence, 


(fe) — E S f(owP)du| St f |p uP) — f(1eP)] du, 


and so the set U = Ua of points P for which 


lu. b. 1! Í, (PGP) a aise 


G<ct< OO 


contains the set T= Ta. If, in (I), the function f(P) is replaced by 


| f#(P) — f(P)| and the invariant set S is chosen to be the entire space Q, 
(3) gives 


(U) < È | (P) —F(P)| de 
U 
Thus, 


WMT) = pu(U) S07 f f*(P) —f(P)| du 0, as a+ œ. 


This completes the proof of (III). 
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MAPPING THEORMS FOR NON-COMPACT SPACES.* 


By C. H. DOWKER. 


The chief aim of this paper is to extend to more general spaces the 
theorems of Hopf [17] * and Bruschlinsky [7] on the mappings of complexes 
in spheres. Since these theorems can be stated most neatly in terms of co- 
homologies, the latter are used throughout the paper. 

It is shown that, if cocycles based on infinite coverings are used, the 
theorems of Hopf and Bruschlinsky can be extended to all paracompact ‘ 
normal spaces, a class of spaces which includes in particular the compact * 
Hausdorff spaces and the metric separable spaces. With the traditional 
Cech cocycles based on finite coverings, the theorems hold for countably com- 
pact normal spaces. If the cocycles are based on the finite coverings of compact 
subsets, Brushlinsky’s theorem, but not Hopf’s, extends to a certain class * of 
non-compact spaces. Keeping cocycles based on finite coverings but replacing 
homotopy by uniform homotopy in the statements of Hopf’s and Bruschlinsky’s 
theorems, one can extend these theorems to arbitrary normal spaces. 

We call attention to the following additional results: (a) The 1-dimen- 
sional Cech co-Betti number of the straight line is the power of the continuum. 
(b) The covering dimension of a normal space is the same whether based on 
finite coverings or on more general locally finite coverings. (e) Borsuk’s 
theorem ([5], p. 103) on extensions of uniformly homotopic mappings into 
absolute neighborhood retracts holds for normal spaces, and the corresponding 
theorem with ordinary homotopy holds for paracompact normal spaces. 


1. Coverings and nerves. By a covering of a space” we mean a 


* Received May 31, 1940; Revised October 24, 1946. The author wishes to thauk 
E. G. Begle for his assistance in an extensive revision of this paper. Some of the 
results in the paper were reported in the Proceedings of the National Academy of ° 
Sciences, vol. 23 (1937), pp. 293-294. Section 3 was presented to the American Mathe- 
matical Society Febuary 23, 1946, under the title of “ Lebesgue dimension of a normal 
space.” 

1 Numbers in square brackets refer to the bibliography. 

? Paracompact spaces have been investigated by J. Dieudonné [11]. 

* Compact means bicompact. 

‘This is the class of locally connected locally compact paracompact normal spaces. 

5In general no separation axiom is assured. Thus, using the nomenclature of 
Alexandroff-Hopf [3], a space is required to be a topological space but not necessarily a 
T, space. l 
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covering by a finite or infinite collection of open sets. By the nerve of a 
covering we mean the nerve realized as a space with the Euclidean metric as 
defined by S. Lefschetz ([23], p. 5). Each point p of such a Euclidean 
complex has a set of barycentric coordinates {x:}, a coordinate x; being asso- 
ciated with each vertex a; of the complex, such that Iz; = 1, and such that 
O0s=%x,=1 for every 1, x; > 0 if and only if a; is a vertex of the simplex 
containing p, and z; = 1 if and only if p is the vertex a; The distance 
between any two points {x} and {yi} of the complex is given by the formula 
(3 | z: — y: |?) 

A covering of a space is called finite if it consists of a finite number oi 
open sets. A space is called compact if every covering of the space has a 
finite refinement.® Čech’s homology theory [8] is based on finite coverings 
and has proved very useful for investigating compact spaces. For non-compact 
spaces, even those as simple as the straight line, this theory gives intuitivély 
unsatisfactory results as is shown in Theorem 9.6. As might be supposed, 
the coverings appropriate for use with non-compact spaces are infinite. We 
shall see that important theorems can be extended to a broad class of non- 
compact spaces’ if the finiteness conditions are relaxed. , 

A covering of a space is called locally finite’ if each point of R has a 
neighborhood meeting only a finite number of sets of the covering. A space is 
called paracompact if every covering of the space has a locally finite refine- 
ment. Paracompact spaces are thus a generaliaztion of compact spaces. 
J. Dieudonné [11] has shown that many properties of compact spaces extend 
to paracompact spaces. In particular, he has shown that for paracompact 
spaces normality is less restrictive than the Hausdorff separation axiom. In 
the theorems of this paper we require that paracompact spaces be normal but 
not necessarily Hausdorff. s 

A covering of a space is called star-finite if each set of the covering meets 
only a finite number of other sets of the covering. A space is called an s-space 
if every covering has a star-finite refinement. The star-finite coverings include 
the finite coverings and are included in the locally finite coverings. They are 
from one point of view the most immediate generalization of finite coverings, 
for the star-finite coverings have as nerves locally finite complexes, and locally 
finite complexes are the simplest type after the finite complexes. In the same 


“A covering Y] of È is a refinement of a covering Y if every open set of y is 
contained in some open set of 9. 

"Locally finite = neighborhood-finite. “Locally finite” has been used by S. 
Lefschetz ([24], p. 13) to mean star-finite, and by A. Weil ([26], p. 34) to mean that 
each compact set meets a finite number of open sets of the covering. 
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sense the s-spaces are the most immediate generalization of the compact spaces. 
The generalization is moreover’ non-trivial since, as has been shown by Ñ. 
Kaplan [21], every separable metric space is an s-space. The paracompact 
spaces are a further non-trivial generalization. An infinite complex is para- 
compact * but it need not be an s-space. 

In combinatorial topology the chief interest in locally finite coverings 
results from the fact that the theorem of Alexandroff ([1], p. 121) ® on 
mapping a space into the nerve of a covering can be extended to normal spaces 
if the coverings are required to be locally finite. Theorem 1.1, which is a 
form of Alexandroff’s theorem, is the basic lemma of this paper, being used 
in the proof of all the remaining theorems. 

Let U be any covering of a space È and let N be the nerve of U. A 
mapping ¢ of R into N is called canonical relative to U if the inverse image 
of the star of each vertex of N is contained in the open set of U corresponding 
to this vertex. Let {U;}, where each 7 is a transfinite ordinal, be the open 
sets of U and let {u;} be the corresponding vertices of N. Let St(u:) be the 
star of u; in N. Then ¢ is canonical when pSt (u:i) C Ua, for each Ui ell 

If U is a point-finite covering, i.e., if each point of R is in only a finite 
number of sets of ll, there is another useful formulation of the condition that 
a mapping of R in the nerve of ll be canonical. Let p be any point of È. 
The vertices of N corresponding to those open sets of the point-finite covering 
U which contain p are the vertices of a certain simplex o(p) of N. This 
simplex o(p) is called the simplex of N determined by p. A necessary and 
sufficient condition that a mapping ¢ of È in the nerve N of a point finite 
covering U be canonical is that for every point pe È, $(p) is in the closure 
o(p) of the simplex of N determined by p. For, if $ is canonical, let p be 
any point of R. Then, since $(£) CN, $(p) eo for some simplex o of N. 
Let us be any vertex of o. Then $(p) eSt(ui), and hence peg*St(w). 
Hence peU, and w; is a vertex of o(p). Hence all vertices of o are vertices 
of o(p) and of o(p). Hence ¢(p)ea(p). On the other hand, let 
$(p)eo(p) for each point pe R. Let U; be an arbitrary open set of U 
and let p be an arbitrary point of ¢“St(ui). Then (p) e St(u;) and also 
o(p)ea(p). Hence uw is a vertex of o(p). Hence peU. Hence 
pSt(u;) C Ui. Therefore is canonical. 














THEOREM 1.1. If U is a locally finite covering of a normal space R there 
is a canonical mapping è of R into the nerve N of U. 


5 The proof of this statement will be published in a forthcoming paper by the author. 
° See also [22] and [18]. The extension to star-finite coverings of normal spaces 
is given by S. Lefschetz ([25], p. 41). 
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Proof. Let {Ui} (6=1,2,: - -,@, where « is a finite or transfinite 
ordinal number) be the open sets of U and let {u;} be the corresponding 
vertices of K. Let Fijx...m = R — 3ri2i,j,...mUr be defined for every set of 
subseripts (1,9,° °°, m) such that U;,U;---Ums40,1.e., such that Uitti’ Un 
is a simplex of N. Any F may of course be the null set, but each point of & 
is contained in some F. Each F is closed. 

A mapping ¢ of R into N will be defined by assigning to each point of A 
the barycentric coordinates of the corresponding point of N. A point of the 


closed simplex wij: - -tm of N has coordinates a; {---), aim). + -, 
Emi) where oy ikem) eg, Gik m). ete, If the point is on the boundary 
simplex uj’ ` - Um, its coordinates satisfy the relations x;(15--2) == ¢j)%---™), 
etc. 


Let 2,3) = z; (p) be a continuous function of p for p in Fi; such 
that OS 2,0) (p) S1, a) (p) =0 if pe F; and s; = 1 if pe F: The 
existence of such a function is proved by Urysohn’s lemma. Let a;‘*?? 
= ] — xl. In this way we determine the barycentric coordinates of the 
image of each Fij. We proceed by recursion. Assume that the coordinates 
of each Fijx...m having q subscripts have been determined. Let Psjx.. mn have 
q + 1 subscripts. Let 


yi MR) pn xi (ik. mn} for pe Fin. mies 


== i (ijk...m) for pe Fis. » Is 
== (J for pe Fim. MN” 


It is thus defined as a continuous function of p for p in a certain closed set of 
Fijx...mn, and hence the function can be extended to a continuous function 
on the whole of Fisx..smn. Similarly yji- m) - + + yy (4% mn) are defined 
as functions of p for pe Fi;z...mn. Let 


Yn (dks mn) ni Ip Fe + man) for pe Fix...mny 
etc. 
mee for pe Fajr... 
asi 


for p in the closed set where yj; {i mn) (p) = yjGik emn) (p) == - - 
== Ym (ijk...mn) — 0., Let 
yy om 


yi tin) + yj FF) + ce ie 4. Yn tin) > 


Zi (£jk...mn) — 
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etc. Thus the mapping is defined for Fijx...mn and reduces on the “ boundary ” 
sets Fijx...m etc, to that previously defined. Thus the mapping can be extended 
to all sets Pijz...mn with q + 1 subscripts. Proceeding ad inf., the mapping 
can be extended to a mapping $ of the whole space # into N. 

The mapping ¢ is continuous on each closed set Fij... and hence on the 
sum of any finite number of these. Since the covering U is locally finite 
each point of R has a neighborhood containing points of only a finite number 
of the U’s and hence contained in a finite collection of the F’s. Therefore é 
is continuous in the neighborhood of each point of R and hence is a continuous 
mapping. - 

Let the simplex of N determined by p be o(p) = uu; : ` un. Then p 
is not in U, for +541,j),---+,m. Hence p€ Fij...m. But $ maps Fij.. 
into the closure of usu;: * + um. Hence o(p) co(p). Hence $ is canonical. 
This completes the proof. | 

It may be noted that a simplicial mapping of one infinite complex in | 
another is not necessarily continuous. Thus a mapping of an infinite com- 
plex K may be discontinous even if each finite subeomplex of K is mapped 
continuously. ! 


Lemma 1.2. Let U be a locally finite covering of a normal space R and 
let be a canonical mapping of E in the nerve N of U. Let N be mapped 
into a space S by a mapping f which is continuous on each finite subcomplex 
of N. Then the mapping fẹ of R into X is continuous. 


Proof. Let p be any point of R. Since U is locally finite the point p 
has a neighborhood W which intersects only a finite number of the open sets 
U; of U. The corresponding vertices u; of N determine a finite subcomplex 
of N which contains ¢(W). This finite subcomplex is mapped continuously 
by f. Thus fẹ maps W continuously into S so that fẹ is continuous in the 
neighborhood of each point p of Æ and hence is continuous. 


2. Homotopy. Let Æ and S be two spaces and let I be the closed line 
segment [0,1]. Two mapings, fo and fi, of R into S are said to be homotopic 
if there is a mapping h of E X into S such that, for each ze R, h(z, 0) 
= f(x) and h(z,1) =fi(x). The mapping h is called a homotopy of fo 
and f.. The homotopy is said to be a uniform homotopy if S is a metric space 
and if for every e > 0 there is a è > 0 such that if | tt | < è then the dis- 
tance p(h(a, t),h(#,v’)) <e for all x in R. In this case fo is said to be 
uniformly homotopic to fi. 
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In general the property of being a uniform homotopy depends on the 
metric of S. However, if S is a compact metric space the property is a topo- 
logical one. For, if $ is a homeomorphism of 8 onto a space S8;, then ¢ is 
uniformly continuous, and hence if e > 0 there is a number 7 > 0 such that 
if the distance between two points of S is less than 7 their images by ¢ are 
less than e apart. Let h be a uniform homotopy of two mappings of R into S. 
Let 8 > 0 be chosen so that if |t—#|<3 then p(h(2,t),h(c,1))<n 
Then p(ph(7,t), h(a, #)) < e and hence ¢h is a uniform homotopy. 

Both homotopy and uniform homotopy are equivalence relations, so the 
set of all mappings of F into S can be uniquely divided into classes of homo- 
topic or uniformly homotopic mappings. 

Borsuk’s theorem ([5], p. 103) on the extensions of uniformly homotopic 
mappings can be extended to normal spaces as follows: 


THEOREM 2.1. (Borsuk’s theorem). Let R’ be a closed subset of a 
normal space R and let fo and fı be two uniformly homotopic mappings of R’ 
into an absolute neighbrohood retract '® S. If fo can be extended to a mapping 
Fo of R into S then fı can be similarly extended to F, with Fo and F, 
uniformly homotopic. 


Proof. We assume that S is a subset of the Hilbert cube Ie. Let 7 be a 
number such that the closed 7-neighborhood U of S, i.e., the set of all points 
of Io whose distance from S is less than or equal to 7, can be retracted onto S. 

It follows immediately from the definition of uniform homotopy that 
there is a finite number of mappings A(x, 0), h(x, 8), h(x, 28),- © - beginning 
with fo and ending with fi such that the distance between any two successive 
mappings is less than y. It is therefore sufficient to prove the theorem under 
the assumption that p(fo(z), fi (2) ) < n for every x in K. 

Since È is normal f, can be extended to a mapping G ot R into Iw. Let 
V be the set of points x e R such that p(Fo(x), G(2)) < 7. Then F is an 
open set and, since we assume p(fo(x), fi(c)) <y for re R’, VOR’. Let 
s(x) be a continuous function of æ, for xe R, such that 0£2s(x) S1, 
s(x) = 0 if ce R— V, and s(a)—1lifteeRh’. 

Let hı be the mapping of R X I into Ie which maps (x,t) in the point 
dividing the segment [Fo(x), G(x)] in the ratio t: 1— t. Then h, isa 
uniform homotopy. Also h; maps V X I into U for, if ce V, Fo(x) € S and 
o(Fo(x), hi(c,t)) Sp(Fo(£), G(x)) <7. Let he be the mapping of RX I 


10 The definition of absolute neighborhood retract is given by K. Borsuk ([4], 
p. 222). 
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into U defined by ho(z,t) = li(x,t-s(x)). Then he is a uniform homotopy, 
and, if se R’, s(x) =1 and h.(2,1)—h(e,1) = G(r) =fi(x). Let $ 
be a retraction of U onto S, and let hs be the mapping of R X I into S defined 
by hs(x,t) = oh2(z,t). Since U is a closed, and hence compact, subset of Ju, 
therefore $ is uniformly continuous, and therefore ha is a uniform homotopy. 
If eR’, fi(x) eS and hence hs(2,1) = h(x, 1) = of, (£) —fi(x). If 
xe R, F.(x) €89 and hence h(x, 0) = $he(7,0) = $h1(2,0) = Fo (T) 
= F(x). Hence, if, for re R, F{(x) = hs(x,1), Fı is an extension of fi 
and is uniformly homotopic to Fe. This completes the proof. 


8. Dimension. In our presentation of Hopf’s theorems we use the co- 
homology theory based on some family of coverings, usually the family of the 
finite coverings, the family of the locally finite coverings, or some family of 
coverings cofinal with one of these. Since the covering dimension also appears 
in the statements of these theorems it would be convenient in each case to 
base both the dimension theory and the cohomology theory on the same family 
of coverings. On the other hand it is not desirable to assign several dimension 
numbers to one space. Jn this section we show that the dimension of a normal 
space is the same whether based on finite, star-finite, or locally finite coverings 
‘of the space.” SS 

Accordingly, we temporarily assign three dimension numbers to each 
space. Thus dimp R =n means that every finite covering of R has a finite 
refinement of order = n + 1, dims R = n means that every star-finite covering 
of R has a star-finite refinement of order < n + 1, and dim, R < n means that 
every locally finite covering of Æ has a locally finite refinement of order 
=n ++ 1. In Theorem 3.5 we show that if È is a normal space these three 
definitions of dimension are equivalent.. The following four lemmas are used 
in the proof of this theorem. 


Lemma 3.1. Let f be a mapping of a closed set R' of a normal space R 
in the n-sphere S". Let ©” be a closed n-simplex of a subdivision of S" and 
let S"-1 be its boundary. If the partial? mapping f | F S7 can be extended 
to a mapping g of fc" into S"*, then f can be extended to a mapping of R 
into 5”, 


+t An example considered by J. Dieudonné ([11], p. 67) shows that a normal space 
can have zero dimension in terms of finite or locally finite coverings but infinite dimen- 
sion in terms of arbitrary coverings. 

22 If f is a mapping defined on a set A and if B is a subset of A we denote by f | B 
the mapping f restricted to B. 
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Proof. Since any two mappings of a space into a closed n-cell are 
uniformly homotopic the mapping g of f 7e" into v* is uniformly homotopic to 
the partial mapping f | flo” . Therefore, if fı is the mapping of K in S* — o” 
which coincides with g on f*6" and coincides with f on f-1(S" — o”), then fi 
and f are uniformly homotopic mappings of Æ into 8”, But, by Tietze’s 
Lemma, the mapping fı of R into the n-cell S*—o" can be extended to a 
mapping of R in 8S*—o* C 8”, Therefore, by Theorem 2. 1, f can be extended 
to a mapping of Rings”. 


ati 


LEMMA 3.2. If N is an arbitrary complex with the natural metric, the 
covering of N by the stars of its vertices has a refinement W such that, in the 
nerve of the covering W, the star of each vertex is finite dimensional. 


Proof. Let {ui} be the vertices of N and let St(u;) be the star of u: 
Let B; be the boundary of the star of u:i; Bi == St (ui) — St(wi). Let N” be 
the n-dimensional part of N, i.e., the complex consisting of the simplexes 
of dimension = n. 

We define a sequence of neighborhoods of the simplexes of N as follows: 
If o” == UjU;' > u is an n-dimensional simplex of N, let G,(o") be the set 
of points of N for which di + aj +--+ +--+ ar > 1— (r+ 1) (7 + 2)7- 2-7, 
where x, zj, ete., are barycentric coordinates. Let G,(o”) be the set of points 
for which x; +x;+ -+ zg È 1— (r4 1)(r 43). 2, Let Galo”) 
be the set of points for which s: -+ z; -+ -+ gtr > 1—2? and let 
Gala”) be the set of points for which a + zj; +: © -+ zr Z 1—32, The 
barycentric coordinates are continuous in N. Hence G(o”) and Gu(o”) are 
open while G,(0%) and Gy(0") are closed. If K is a closed subcomplex of N 
we define G,(K) to be the sum of the neighborhoods G» of the simplexes of K, 
and similarly we define G,(K), Gu(K) and Go(K). 

The set @ (K) is a closed set. For let p be an arbitrary point of 
N—G,(K). It will be shown that p is contained in an open set U which 
does not intersect G, (K ). The point p is in some simplex of N — K, say 
o” == Un: ` <u’ -uje The closure F” of o” intersects K in a finite or empty 
complex 7": K. Let U=G,(o") —G,(o"-K). The set G,(a"- K), being 
a finite sum of closed sets, is closed and hence U is open. The point p is in o” 
and hence in G;(o”) but since p is not in G,(K ) it is not in G.(G"- K): 
Hence p is contained in the open set U. Now suppose if possible that there 
is a point p, £ U-G.(K ). Then p,€ G,(o”) where o” is in X but not in 
o”: K. Let o” = u; -ujt -ug and let o® be the intersection of o and 
o”, where of == u; <u; Then oC ot- K and q<n and gq<m. Of 





\ 
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course of may be empty. Thus p, is in G-(o") and in G.(o") but since 
of Co" K, pı is not in G,(0%). Hence the barycentric coordinates of p; satisty 
the inequalities 


Adro DL pan La 





TT? r+2 
r+ 1 r4 1 
; soe ; desi J A. Gn Smet a int 
Zi + +ax;+ + ar = 1 2) 2 1 TE RI, 
et] 
i =. è. s Ti = “q-2. 
zi + eS yg 5 2 


Adding the first two and substracting the third gives 
tao fate pate fae >I, 


which is impossible. Hence U-G,(K)—0 and hence G.(K ) is closed. 
Similarly Go(K) is closed. The sets G.(K) and Gsy(K) are sums of open 
sets and hence are open. 

Let Vi = St (u:) — Gu(Bs). Thus V; is an open set. We show that 
V = {Vi} is a covering of N. For let p be any point of N. Then pis. 
contained in some simplex ; < > >ur, and therefore the barycentric coordinates 
of p satisfy the equality æi + - + tr = 1. Let x; be a largest coordinate 
of p, i.e., xi = a; for each uj of the simplex. Suppose, if possible, that p is 
not in V;. Then pis in Golur’ © + uj) where un: +‘ u; is some simplex not 
containing u:i. Let its dimension be n. Then ga +: +a;j21—- 2722. 
Since x; is as large as any of the n + 1 numbers x, > *, æj, therefore 


1 1 LIL 
Qn+2 va n -+ 1 gui? gne” 








Therefore v; + a +: +--+ a; > 1 which is impossible. Therefore p is in Vi. 
Therefore 8 is a covering of N. 

Also % is a locally finite covering of N. For let p be any point of N. 
Let o" be the simplex of N which contains p. Then Gu(o") is an open set 
containing p. But Gelo”)  Ge(o") which does not intersect V; unless wi 
is a vertex of o". IHence Gy(o") intersects only a finite number of sets of $. 
Hence 3 is locally finite. 

Let Ho—G (N°), Hı== QG, (N°) and, if n>1, Ha Ga( N”) 
— Gno(N*"). We show that $= {Hn} is a locally finite covering of N- 
of order =2. Let p be any point of N. Then p is in some simplex o” 
of. N and hence in some set Gm(N”). Let the smallest m for which 


Li 
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peGn(N”) be m=n—1. Then pe Gu+(ot) for some q-simplex o! with 
gn—1. Hence pe G,(09) C G,(N"). But p is not in Gn- (N°). 
Therefore pe Ma. Therefore $ is a covering of N. Also p is contained in 
the open set Ga( N”) which does not intersect Hm if m= n+ 2. Hence $ is 
a locally finite covering. Also, since p € Gn-ı( N"), pis not in Hm for m >n 
and, since p is not in Ga- (N n-2), p is not in Hm for m=n—2. Hence p 
is in at most 2 sets of $ and therefore $ is of order = 2. 

Let Win == Vi: Hn and let W — {Win}. Since 8 and § are locally finite 
coverings of N, Y is a locally finite covering of N. Since Win C Vi C St (tu), 
M$ is a refinement of the covering of N by the stars of its vertices. We show 
that the star of each vertex of N(88) the nerve of W, is finite dimensional. 
Let win be the vertex of NV (XS) corresponding to Win. Let p be an arbitrary 
point of Win == Vi Hn. Then pe Vi: Ga( N”) and therefore pe Vi: Gu(o%) 
for some g-simplex with q = n. For each vertex urs which is not a vertex of 0°, 
Vi: Galt) C Vi: Gulat) =0. Hence p is not in Vi. Hence p is in at 
most q +- 1 of the sets of 8. Therefore, since p is in at most two of the sets 
of $, p is in at most 29 + 2 = 2n + 2 sets of W. Hence the star of win in 
N(88) has dimension at most 2n + 1. This completes the proof of the lemma. 


Lemma 3.3. If UW is any locally finite covering of a normal space R 
there is a locally finite refinement UU. of U such that the star of each vertex 
of the nerve of U is finite dimensional. £ 


Proof. Let U = {U;} and let N be the nerve of U. By Theorem 1.1 
there is a mapping ¢ of R in N such that, for each Uie ll, pSt(w) C Ui. 
Let W = {Win} be a covering of N defined as in Lemma 3.2. Let Uin 
= P (Win) and let U, = {Uin}. Since W is locally finite so is Ua. Since 
Uin = 67 Wi, C bo 8t(uz;) C Ui, U is a refinement of U. Let pe Vin. 
Then $(p) e Win, and hence $(p) is in at most 2n -+ 2 sets of W. Hence p 
is in at most 2n -+ 2 sets of Us. Hence, in the nerve of Us, the star of the 
vertex corresponding to Vin has dimension at most 2n + 1. This completes 
the proof. 


Let K be a complex, c a closed simplex of K and S** the boundary of g”. 
Then a mapping ¢ of a space R into K is called essential in o” if the partial 
mapping ¢| 47S" cannot be extended to a mapping of $o* into 8". 
If the partial mapping can be extended ¢ is called inessential in o”. 

A locally finite covering U of a normal space R is called a normal covering 
if there is a mapping ¢ of R onto the nerve N of U such that each open set 
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of U is the inverse image of the star of the corresponding vertex of N and 
such that $ is essential in every closed simplex of N. 


Lemma 8.4. Zach locally finite covering U of a normal space R has a 


normal refinement which is star-finite if U is star-finite and is finite if U 
as finite. 


Proof. Let U be any locally finite covering of R and let U, be a refine- 
ment of ll such that the star of each vertex of the nerve N, of lh, is finite 
dimensional. If U is star-finite or finite, U, =U. Let é; be a canonical 
mapping of R into N.. 


We now define, by recursion, a sequence of subcomplexes {Ni} of N 
and a sequence of mappings {¢:}, where ¢; is a mapping of R into Ni. 
Suppose that, starting from N; and ¢1, we have obtained a subcomplex N; 
and a mapping è; of R into N; which maps a neighborhood of each point of È 
continuously into a finite subcomplex of Ni. We call a simplex o” of N; 
superfluous with respect to $; if ¢i:is inessential in o” and if also v” is not 
on the boundary of a higher dimensional simplex of N;. Since no super- 
fluous simplex is on a boundary, if we remove all the superfluous simplexes 
of Ni we get a closed complex Nis. For each superfluous simplex o” 
of N; let the partial mapping ¢; |" be replaced by an extension of 
di | oi7?(e*— o") to a mapping of. ¢7s" into e" — o”. Let the resulting 
mapping of R into Nin be called ¢:,,. Because œ; maps each of the closed 
sets $-'r"” continuously into o” or a subcomplex, therefore, if K; is a finite 
subcomplex of Ni, pin maps $i Ki; continuously into K; or a subcomplex. 
Hence, for each point p of R, a neighborhood mapped by ¢: into a finite 
subcomplex of N; is mapped continuously by $i; into a finite subcomplex 
of N dele 

Let p be a point of R and W a neighborhood of p mapped by è: into a 
finite subecomplex K of Ni. Then $; maps W continuously into K-N;. Since 
'K is finite, and since K Nin differs from K N; at most by omitting a finite 
number of simplexes of K, it follows that all but a finite number of the 
complexes {K - N;} are identical. Hence all but a finite number of the 
mappings mappings {¢; | W} are identical. Hence the sequence {$.} has a 
limit $w which is a continuous mapping of E into Na == ILN:. 

Let o be a closed simplex of No and suppose if possible that w is 
inessential in o”. Then clearly each ¢¢ is inessential in o”. Hence, by 
Lemma 3.1, $; is inessential in each (n + 1)-simplex of N; having o” on 
‘ its boundary, and hence by recursion œ; is inessential in every simplex of 
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Sti(o"), the star of ©” in Ni. The star of each vertex, and hence of each 
simplex, of N; is finite dimensional. Let the dimension of S#,(e") be m. 
Hence all m-simplexes of Sé,(e") are superfluous. Hence dim Sft.(0”) 
=m-—1 and dim Sém-nui(e") = n. Hence &” is not in Nm-n and hence 
not in Ve. This contradicts the assumption that o” is a closed simplex of Nu. 
Hence ġa is essential in every simplex of Nu. 

It follows in particular that fw is a mapping of È onto Nu. We define 
Uo to be the covering of R by the inverse images of the stars of the vertices 
of Nw. Then, if we let each vertex u; of N correspond to the open set 
Usi = ba Sto(usi) of Uu, Na becomes the nerve of Ua. 

Thus dw is a continuous mapping of È onto the nerve of Un, each open 
set of Ua is the inverse image of the star of the corresponding vertex of No, 
and ġa is essential in every closed simplex of N. Therefore Ua is a normal 
covering of R. 

In the clearing off process, the set of points mapped into the star of a 
vertex never increases. Hence Uui == po'Ste (ti) C pr Stı (us). Since di 
is canonical, p1 St (u:i) C U1; where U1; is the open set of U, corresponding 
to the vertex u: of N;.' Hence Usi C Uii Therefore Uy is a refinement 
of U, and hence a refinement of U. If U is star-finite, U, — U is star-finite 
and, since Ha is obtained by shrinking the open sets of Ul, Us is also star- 
finite. Similarly if U is finite so is Ue. This completes the proof of the 
lemma. 


THEOREM 3.5. If R is a normal space dim, R = dimg & = dim, R. 


Proof. It is sufficient to prove that each of the three inequalities, 
dimz R = n, dims Rn, dimp E Sn, implies both the others. This will 
be shown by proving that each of these inequalities holds if and only if, for 
each closed set R’ of R, each mapping f of Æ into the n-sphere 8” can be 
extended to a mapping F of R into 8". 


Let dim, E =n or dims E Sn or dimp RS n. Let K be any closed 
set of R and let f be a mapping of R into S*. We assume that S” is the 
boundary of an (n -+ 1)-simplex o***, By Tietze’s Lemma f can be extended 
to a mapping g of R into e". Let U, be the covering of R by the inverse 
images of the stars of the vertices of ©", The nerve N, of U, is identified 
with a subcomplex of o”** so that g is a canonical mapping of R into N.. 
Let U, be a locally finite or star-finite or finite refinement of the finite 
covering ll, such that the order of U, is Sn+1. Let ¢ be a canonical 
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mapping of R into the nerve N. of U, and let x be a projection *° from No 
to Ni. Since r is continuous on each finite subcomplex of Na rẹ is a con- 
tinuous mapping of R into N;. But, since N. has dimension = n, no simplex 
of Nə is mapped into o”! and hence mo maps. into S”. Let fı be the partial 
mapping rọ | R’. If pisa point of R’, (p) is in the closure of the simplex 
of N. determined by p, and m maps this closed simplex into the closure of the 
simplex containing f(p). Hence the line segment [f(#), f1(p)] is contained 
in one of the closed simplexes of S”. Let e be the mapping of R’ X J into 8” 
which maps (p,¢) into the point which divides the segment [f(p),fi(p)] in 
the ratio ¿ : 1—t. Then 4 is-a uniform homotopy of f and fi. Therefore, 
by Theorem 2.1, since fi can be extended to a mapping mọ of E into 8", 
f can be extended to a mapping F of E into 8”. 

Now, conversely, let. be a normal space such that, for each closed set R’ 
of R, each mapping f of K into S” can be extended to a mapping F of R 
into S”. It follows that no mapping of R into a complex can be essential in ` 
any closed (n -+ 1)-simplex of the complex. Let U, be any locally finite 
[star-finite, finite] covering of R. Let U, be a locally finite [star-finite, finite] 
normal refinement of U, (See Lemma 3. 4). Then there is a mapping $ of 
E onto the nerve N. of Ua which is essential in every simplex of N». Hence 
N; contains no (n +- 1)-simplex. Hence the order of Us is <n + 1. Hence 
dim, A = n and dims E S n and dimr# =n, This completes the proof. 

We now define the dimension of a normal space R, dim E, to be the 
common dimension dim, R == dims R = dime A. 

In the proof of Theorem 3.5 we have proved the following: 


COROLLARY * 3.6. If R is a normal space, dim k= n if and only if, 
for each closed set K of R, each mapping f of R into the n-sphere S” can be 
extended to a mapping F of R into K”. 


4. Cech cohomology groups. This section contains a summary of that 





13If a covering Y} is a refinement of a covering ]], let each open set Ve Y be asso- 
ciated with some open set Ue ]] containing V. This induces a mapping of the vertices 
of the nerve N(Y) into the vertices of the nerve N(]]). This vertex mapping can be 
extended to a barycentric mapping of the nerve of Y} in the nerve of 7]. Such a mapping 
of one nerve in another is called a projection ([8], p. 157). Barycentric mappings are 
defined and proved continuous on each finite or locally finite complex by S. Lefschetz 
([24], p. 290). It can be shown that any barycentric mapping of one simplicial complex 
in another is continuous. 

14 This theorem was proved by P. Alexandroff ([2], p. 170) for compact spaces. 
The extension to normal spaces was discovered independently by E. Hemmingsen. 
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part of the Cech cohomology theory which is needed in the rest of the paper. 
The family of coverings on which the cohomology groups are based is not 
necessarily a family of finite coverings but may be the family of all locally 
finite coverings or even the family of all coverings of the space. However, 
in the theorems of this paper, cohomology groups based on the family of all 
coverings are used only if this family is cofinal with the family of locally 
finite coverings, i. e., if the space is paracompact. — 

Let K be an i closure finite complex in which the bomdia of 
the boundary of each cell is zero. Every simplicial complex satisfies these 
conditions. An n-chain C” of K is an expression 4%” where each a® is an 
integer and each ea” is an n-cell of K. Since K is closure finite the coboundary 
dC” = a%yaFeg™*1 exists. An n-chain whose coboundary is zero is called an 
n-cocycle. The n-cocycles of K form an abelian group and the n-coboundaries 
form a subgroup of the n-cocycles. The difference group of the n-cocycles 
mod the n-coboundaries is called the n-cohomology group of K and is desig- 
nated H"(K). In the Cech cohomology theory, which we shall now summarize, 
all complexes are assumed to be simplicial. 

Let K = {og”} and L= {rg"} be two arbitrary simplicial complexes 
and let f be a simplicial mapping of K into L. Let fg"*=1, — 1, or 0 
according as og” is mapped by f onto tg” or — rtg” or is not mapped onto rg”. 
If O” = afro” js a chain of L let f*C" = a®fg**aq". One easily verifies that 
ny fp"? = qg fyre where ny and 76% are incidence numbers in K and L 
respectively. Therefore 8/*C" = affe Yny Ta"! = aPng fy tog" = fd, 
Hence f* induces a homomorphism of H*(L) into H"(K). 

Let the vertices of K be ordered in an arbitrary fashion wo, Ui,° * * , Un, 

"Uny °°, and let {w} and {w} be two similar sequences. For each 
simplex og” of K we define Po,” as follows: If og” = Uw’ * * Us, Where 
do <> [An then Poa” = 3,(—1)*1u’,: var". The set 
nf all simplexes appearing in the collection {Po,”} together with all their 
faces, forms a simplicial complex which we denote by PK. The subcomplexes 
K’ and K” consisting of those simplexes of PK whose vertices have only single 
or double primes respectively are clearly isomorphic to K under the vertex 
correspondences ua <> wv and u< ur. Thus to each chain O” of K there 
correspond chains C’ of K and 0”? of K”, and conversely. 


Lexma 4.1. Let I" be a cocycle of PK and let Do” and Dy" be the parts 
of T” on K’ and K”. Then the corresponding chains Co" and C,” of K are 
cohomologous in K. 3 
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Proof. If C” = a%s,” is a finite chain and D” == bsa” is any chain we 
denote by KI(C"; D”) the integer 3,a7b*. We have KI(6C™?; D») == 3a%yg%bF 
= KI(C"**;8D"). Hence since F” is a cocycle KI(8C";T") = 0. One 
easily computes that 0Pag" = o” — o'a” — Pdc,". Then 0 = KI(@Po,"; T”) 
= KI (0°; r») — KT (Fa; T”) — ZgngKI (Pop; re). Let D” = tato a 
and Do” = 6%". Then KI (o"a; T”) = ct and KI (oat; I") = 0°. Let 
KI(Pog**;T") == cà. Hence, for each a, 0 == C1% — Cot — ng*c®. Let O”! 
be the chain cfop** in K. Then 80% == cfygtoa” = 1%" — Cota” 
= C — Co Hence ** Ci ~ Co in K, which proves the lemma. 


Let & be a space, Let Ua and Ug be coverings of R and let Na and Neg 
be their nerves. If Ug is a refinement of Ue there are one or more projections *° 
of Ng into Na. Let maf and maf be two such projections. It can be shown, 
as for example by Cech ([8], p. 159), that there is a simplicial mapping f 
of PNg into Na such that f| Ng and f|N”g correspond to raf and m'ab. 
Let Ta” be a cocycle of Na. Then f*Ta” is a cocycle of Ng X I. It follows 
from Lemma 4.1 that r*,!Tg" FI in Ng. 

A collection T” = {T"} of one or more cocycles, one on each of the nerves 
of some of the coverings of R, is called a cocycle of R if the following condition 
is satisfied: If I,” and Tg” eT” there is a common refinement Uy of Ua and 
Ug, such that 7*2Ta” —r*@Tg" in Ny. As shown above, the choice of the 
projection m*a” and 7,7 is irrelevant. 

Two cocycles T,” and T,” of R are called cohomologous, Ti” ~ T”, if for 
each Tig" eT,” and Tg” e T” there is a common refinement Uy of Ua and Ug 
such that a*gTig” ~ n*o” in Ny The sum Tı” +T,” of the cocycles 
of È is defined to be any cocycle T” of R such that if Tya” € Ty”, Tog” € To”, 
and T,” eI”, then there is a common refinement Us of Ue, Ug, and Uy such 
that m* YD" re m"a Ta” + w* pT og” in Ns. The sum T,” -+ To” exists and is 
unique up to cohomology. 

A cocycle T” of E is determined up to cohomology by any Ta” e T”. Also 
rT” ~ 0 if for some Ta” € T” there is a refinement Ug of Ua such that m*a Ta” ~ 0 
in Nz. 

The classes of cohomologous n-cocyeles of R form a group H*(#), the 
n-dimensional cohomology group of R. 

Let Z = {U,} be a family of coverings of A subject to the condition that 


14a For the convenience of the printer we depart-from the Whitney [28] notation 
by using a tilde instead of a reversed tilde for “is cohomologous to.’ Since only 
cohomology is used in this paper, no misunderstanding need arise, 

15 See note 13. 
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any two coverings Ue and Us e Z have a common refinement U,eZ. A cocycle 
T” of R is said to be in Z if for some T:"e T” the corresponding covering 
Use Z. A cocycle T” in Z is called ~ 0 in Z if for each Ta” €T” for which 
the corresponding covering Ua € Z there is a refinement Ug eZ of Ua such that 
n* FT" ~0 in Ng. Let ZC Z. Then if I” is a cocycle in Z it is also in 
Z’, and, if T» ~ 0 in Z, 1” ~ 0 in Z’. 

The classes of n-cycles cohomologous in Z form a group Hz”(R), the 
n-dimensional cohomology group of the family 4 of coverings of R. In 
particular there are the cohomology groups Hr” (R), Hs"(R), and Hr"(R) of 
the families of finite, star-finite, and locally finite coverings respectively. The 
cohomology group Hr"(R) of the finite coverings of. R is the usual Cech 
n-dimensional cohomology group of R. 

If Z is a cofinal subfamily of 2’, i.e., if every covering Uez’ has a 
refinement BeZ, then Hz”(R) — Hz”(R). If Z is a cofinal family of 
coverings of È, i.e., if every -covering Ul of R has a refinement BeZ then 
Hz" (R) = H"(B). 

Let & and S be two topological spaces and let f be a continuous mapping 
of R into S. If Ba is any covering of S some of the open sets of Ba are 
mapped by f* into open sets (not necessarily all distinct) which form a 
covering Ua of R. Let $ be the barycentric of N (Ua) into N(B.) which 
sends the vertex of N (Ua) corresponding to the open set f?(V) e Ua into the 
vertex of N(8) corresponding to Ve Sq. If T” = {T"} is any cocycle of S 
let f*T" = {¢*T"}. We show that f*T" is a cocycle of R. Let By be any 
refinement of Ba. If ra” is a projection from N(B) to N(8) then 
aa’ = ra" is a projection from N(U,) to N (Ua) such that dz’. is the 
same mapping of N(U,) into N(Ba) as map. Therefore 7*6*I.” 
== $*r* 0T,". The inverse cocycle mapping r*a” is determined up to 
cohomology independently of the choice of the projection. Hence, for each 
at, n*a Ta pr IT. Nowif “Ta” and o*Ig" e f*I", then Ta” and 
Tg” e T” and hence there is a common refinement By of Ba and Bg such that 
agg" ~ a*9Tg". Therefore r*atp Tar ~p* agg" —~ pron" aio" Tg", 
which shows that f*I” is a cocycle. Similarly using the fact that ¢* and x* 
commute up to cohomology one can show that if T" — 0 then f*I" —0 and 
if I” = P” + i then f*D"—f*T% == f*T" + fT”. Thus f induces a 
homomorphism of H*(S) into H"(&). 

Let R’ be a closed subspace of the space R. If UW, is a covering of R the 
intersections with R’ of the open sets of Ua form a covering Wa of R and 
every covering Wa of R’ can be so obtained from a covering Uae of R. The 
nerve V’, = N (Wa) can be considered as a closed subcomplex of N'a = N(U",). 
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Let F” = {T"} be a cocycle of R. If each Ta” is in Ni Na and if the 
cohomologies m*ar a” ~ r*@Tg" can be satisfied in N, — N we say that I” 
isin R-— NR. For such a I” we say that r” ~ 0 in R— R if the cohomologies 
r*a Ta” ~ 0 can be satisfied in Ng — N’s. 

Let I” = {T""} be a cocycle of the space X. Then I'a” is a chain of Na 
such that 5I’,” is in Na— N'a. The cocycle ôI,” is determined up to co- 
homology in Na — Na by the cohomology class of Ia”. For if Mia” ~T"2,” 
in Na there is a chain C** in N and a chain C” in Ni - N such that 
$0%1 == Tia — Mog” — O” in Na. Hence 0 = 88303 = 81" 14” — I og” — 80". 
Hence 3I.a" ~ 812g” in Na— Na. We now show that T#1= {81’,”} isa 
cocycle of R in R—R’. Let wa be the projection from N, to N, ete. 
If 81’,” and ôI”g” are in DT" then Ia” and I’g” are in I’. Hence there is a 
refinement Wy of Wa and Wg such that m *aYI a” ~ ngi p” in N'y. It can 
be assumed that 11’, is the intersection with R’ of Uy, a refinement of Ua and Ug. 
Then r*a 1i a" ~ dr * Tg” in NN. Now aa = ea Ne + 0” 
where C” is a chain of N, — N° and hence èr* Ta ~ dr * Tin Ny — N'y 
Therefore, since dr* = "08, 400 ~ mgY g” in Ny- N". Therefore 
rt is a cocycle of R in R—R’. We denote Pt by ¥(I’). 

Let R’ be a closed set of R and let S be a closed set of S. If F is a 
continuous mapping of R into S which maps K’ into 8’ then F* can be seen 
to map cocycles of S— 8’ into cocycles of #-— Æ and to map cocyeles which 
are cohomologous in S — S into cocycles which are cohomologous in R— R. 
Thus F™* induces a homomorphism of the n-cohomology group of S — 8’ into 
the n-cohomology group of R— R’. Let A” be any n-cocycle of S and let Ba 
be a covering of § such that A’,” exists in the nerve of the corresponding 
covering Ba of S. The inverse images of the open sets of Ba and Wa form 
coverings of R and K’ with nerves N and N” such that N'a C Na. There are 
corresponding mappings ® and 6=®| N, of Na and N into the nerves 
N(Ba) and N(Wa) C N (Ba) respectively, Then *A’,” == p” Aa” + O”, 
where C” is a chain of N — N’. Hence 86*A’,” ~ 6$*A’,” in N— N’. But 
SBA" = D*A” Hence df*A’g” ~ D*A a". Hence Wf*A’ == {8p*A’,”} 
rm {P**A} = F* YA in R— R. Thus, finally, PFA ~ Feya’n in R — K. 


5. Hopf’s extension theorem. The n-dimensional cohomology group of 
the n-dimensional sphere S" is cyclic infinite. Let A” be a fixed cocycle in 
the generator of. this group. We may assume that A” is a cocycle of S” in the 
family of finite coverings of S". We call A” the fundamental cocycle of 9”. 


LEMMA 5.1. Let R be a normal space with dimRSn-+1. Let R' bea 
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closed subspace of R and let f be a mapping of RB’ into S”. Let Z be a family 
of coverings of R such that all finite coverings of R are in Z and such that 
every covering in Z has a locally finite refinement. Then f can be extended 
to a mapping F of R into S" if and only if Uf*A"~ 0 in R— R in Z. 


Proof. 1) Let F be an extension of f. Let A” = {A,"}. Then FA” 
= {b"A,”"} is a cocycle of R and f*A"={@FA"} is a cocycle of R’. Let 
Ag” £ A” and let Ba be a finite covering of 8". Then Ua = FUR is a finite 
covering of R. Then ®*A,” is a cocycle of N (Ua) and ®*Ag” = p*A,q” + Ca" 
where Oa” is a chain in N (Ua) — N (Wa). Therefore 56*A,” == 8 (— C”). 
This shows that Yf#FA” — 0 in R— K in the family of finite coverings of R. 
Therefore, since Z contains the finite coverings, ¥f*A"~ 0 in R— R in Z. 


2) Let f be a mapping of Æ into S” such that Yf*A" ~ 0 in R— K in Z. 
We may assume that 8” is the boundary of an (n + 1)-simplex o". Then 
S” is a complex. Let B, be the covering of ©” by the stars of its vertices. 
We may assume that A” is a cocycle of the generating element of H"(S") 
such that, for some cocycle Ay” of N(B), Ae A”. Let Wo = f> (B) and 
let Uo be an extension of Ws, to a covering of R. Then No=N(W,) is 
isomorphic to a subcomplex of S”. We identify N” with this subcomplex so 
that N°, CS". 

Let T” = f*A", Let Uge Z be a refinement of W, such that èr* Pr,” ~ 0 
in Nge— N’g. Let U, be a locally finite refinement of Ug of order S n + 2. 
Then d7)**Ty"~ 0 in Ng—WN’g. Therefore 70°” is part of a cocycle in 
Na. The proof of Hopf’s extension theorem for complexes ([28], p. 54) 
shows that the mapping 70° of N° into 8” can be extended to a mapping # of 
N. into 8” which is continuous on every finite subcomplex of Nu. 

Let + be a canonical mapping of # in Ne. Then 7é is a continuous 
mapping of È into 8”. Let fo be the partial mapping 7ẹ | R’. Each point 
x € È’ is mapped by $ in the closure of the simplex of N’, determined by 2. 
This closed simplex is mapped by #= ro% into the closure of the simplex 
of N”, determined by x, i.e., into the closure of the simplex of S” containing 
f(x). Therefore fo(x) = #4(x) is in the same closed simplex as f(x). Let h 
be the mapping of R’ X J in S* which maps (2,7) in the point dividing the 
segment [fo(z), f(z) ] in the ratio t : 1— t. Then his a uniform homotopy. 
Therefore by Borsuk’s theorem (Theorem 2.1), since fo is uniformly homo- 
topic to f, and since fo can be extended to a mapping # of R into 8", f can 
be extended to a mapping F of R into 8”. 


THEOREM 5.2. (Hopf’s extension theorem) Let R be a paracompact 
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normal space wiih dim RS n +1. Let R be a closed set of R and let f bea 
mapping of FE into the n-sphere S". Then f can be extended to a mapping F 
of R into S" if and only if Uf*A" ~ 0 in R— R. 


Proof. Simce È is paracompact every covering of R has a locally finite 
refinement. If in Lemma 5.1 we let Z be the family of all open coverings 
of R we get Theorem 5.2 as an immediate consequence. 

Hopf’s extension theorem takes the following form if we use the ordinary 
Cech cocycles based on finite coverings. 


THEOREM 5.3. (Hopfs extension theorem with finite coverings). Let 
R be a normal space with dim RS n +1. Let R be a closed subspace of R 
and let f be a mapping of R into the n-sphere S”. Then f can be extended 
to a mapping F of R into S" if and only if YffAn ~ 0 in R-— R in the family 
of finite coverings of R. 


Proof. This theorem is obtained as an immediate consequence of Lemma 
5.1 by letting Z be the family of finite coverings of A. / 

6. A class of coverings of RX I. A certain class of coverings of the 
product space È X J plays an important role in the proof of Hopf’s classifi- 
cation theorem. It is a generalization of the product covering which consists 
of the products of the sets of a covering of R by the sets of a covering of J. 
Let B= {Vai} be a covering of R X I by open sets each of which is a product 
set Vai = Ua X Wai of an open set of a locally finite covering U = {Ua} 
by an open set (interval) of a covering Wea, corresponding to Ua, where 
Wa == {Wai} is an irreducible, and hence finite, covering of I by at least two 
intervals. It is assumed that for each irreducible covering, Wa = {Wao, War, 
Wat, Waist °°» Waata}, each two successive intervals intersect, no other 
pairs intersect, 0 € Wao, and Le Waaa; where g(«) #0. Such coverings 8 
of R X I will be called P-coverings. 

Let N be the nerve of a P-covering B = {Vai} and let va; be the vertex 
of N corresponding to Vai == Ua X Wai. The intersection of 8 with R X 0 
and RX 1 determine a covering W == {Ua X 0} of RX 0 and a covering 
U” = {Ua X 1} of R X 1 whose nerves N” and N” we identify with the sub- 
complexes of N having vertices {Vao} and {va,qa)} respectively. Under the 
correspondence of the vertices ua of N(U) to vao and va,qca), the complex N (U) 
corresponds to the isomorphic complexes N° and N”, and the simplexes o”, 
chains C”, etc. of N(U) correspond to the simplexes o”, 0°”, chains O”, O”, 
etc. of N’ and N” respectively. 
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Let the vertices of N be ordered as follows: Let ya: € I be chosen for each 
set Wai so that, if t = 0, yai==0 and, if i > 0, Yai € Wain’ Wii. Thus for 
each « the points Yai are ordered like the subscripts è. We say that vai < ug; 
if either Yai < yg; or, when Yai = ypj, a < B. 

Corresponding to each n-chain C” of N(U) we define a deformation 
chain DC” of N as. follows: Let o" == uaug' + uy. Then Do” is defined to 
be the sum of all n + 1-simplexes o”** of the form va,m-1VaiUgi* * *Vëm' * Vyk 
(where è may be any of the subscripts a, 8,- - - y), such that for each vertex 
Ver, With, e548, Ver < Vim < Vera, the last relation being assumed trivially 
true if Vers. does not exist. Each such simplex exists in N if its vertices exist. 
For, since Ver < Vom, Yer = Yom and, if Vers exists, Yom SS Yers Thus either 
Ysm is between two points yer and yer Of the interval Wer or it is beyond a 
point yer of a final interval We = Weqe. In either case yome Wer. Let pe È 
be a point of the intersection Ua: Ug - - Uy. Then (p, yon)e Ue X Wer === Ver 
Also, since yom Wam-1° Wem, the point (p, yon) € Vam1° Vam. Hence 
(P, Yam) € Vem-1* Vai: Vaz: + > Vem: + > Van. Therefore the simplex 05,m-1Vat08; 

‘+ Um * © Uy, exists in N. Thus Do" is an n + 1-chain of N. If C” == atog" 
is an n-chain of N(U), DC” is defined to be the n + 1-chain DC” == a*Doq” 
of N. 


Lemma 6.1. In the nerve of a P-covering of RX I, 


0Do = g” — gr — Dio", 


Proof. Let o” = ugug: + > Uy and let o! = am-1VaiUg;* © Usm” * 7 Unk 
be a simplex of Do”. Then do == vaidg;' © Vam’ * * Uye—— VaiUgi* ` * Vani 
+! Uy — Vém-1Ugi ` ` * Vim’ * Va + << +. The first two simplexes of de, 
where all the subscripts a, 8,- - - of o” are represented, are called simplexes 


over o”, while the others are called simplexes over ĝo”. If o,” == vgeugy* | * Vax 
is any n-simplex over o” such that, for each pair of its vertices ver and vom, 
Vim < Vert ANA Ver L Vas. then c,” is on the boundary of exactly two sim- 
plexes of Do” and with opposite signs, or o)%==o"" or o, =o", For, if 
o” £0”, and if vem is the largest vertex of o,” (in the sense of >), then 
m0 and Vgon-1Vai’ | © Vom’ © Vyk is the only simplex of Do” having o,” 
on its boundary with coefficient + 1. And, if o,">540°, there is a least, say 
Vere, Of the vertices over vertices of o” such that vers. is greater than all the 
vertices of o”, and VerVat’ © * Versa’ * © Val => — Vartai’ * * Ver’ * Uyg is the 
only simplex of Do” having c,” on its boundary with coefficient — 1. Hence 
if o” 3&0" and £0”, c,” has coefficient 0 in ADo”, And o” is on the 
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boundary of only one simplex of Do”, where it has coefficient — 1, and o” 
is on the boundary of only one simplex of Do”, where it has coefficient + 1. 
Hence QDo =o’ — a!" + simplexes over do”. 

If we is the p-th vertex of o” then a typical simplex over ĝo” of ĝo”*t is 
(—1)? Vama °° Vet * * Ven* © * Voi Where ve means that the vertex with 
subseript e is omitted. This is a simplex of the deformation chain of the 
oriented n — 1-simplex (— 1)? ua: > ile: + us: + + Uy. The boundary of o” 
is do” == Tg ` . ` Uy — Ugg ` uyt: + (— 1) ua - «de © “Uy + v 
Thus each simplex of do** over do” is a simplex of Déo” with orientation 
reversed, Further if (—1)?* Vam-aVai © * Ue * Vêm’ * + Vy; IS any simplex 
of Déo” there is one and only one choice of r, namely the largest for which 
er < dsm, Such that vem.Wai’ * Ver’ * *Vim* * «va is a simplex of Do”. 
Therefore Do” = o”? — o" —- Dio", which completes the proof. 


Lemma 6.2. If B is a P-covering over U of RX I, and if Do” and D,” 
are the paris on N° and N” of an n-cocycle T” of N (B) then the corresponding 
cocycles Co” and Cı” are cohomologous in N(U). 


Proof. Let Cy" == a0," and Co" = ao". If og” is any n— 1-simplex 
of N(U), let b? — KI (Dog? ;T"). Now since è" = 0, 0 == KI( Do”; dI") 
= KI(9Doa";T*). Hence; by Lema 6.1, 0 = KI (o”a”; I") — KI (o'a; T”) 
ek (Dica, mr) = la — gt — ngbB. Therefore ao," — tTa” — ngba” 
== 0 in N(U), i. e., Cin — Co” — bhog = 0. Hence Cy? ~ Co” in N(U). 


LEMMA 6.3. Let Rbea paracompact normal space and let T” be an a 
n-cocycle of RX I. Then if Do and D” are the parts of T* in R X 0 and 
R X 1 the corresponding cocycles Cy" and C,” of R are cohomologous in R. 


Proof. Let T" == {T"} and let B, be a covering of-R X I in which T,” 
is defined. We define a P-covering 8. which is a refinement of %,. Each 
point (x,t) e & X I is contained in a set U X W such that U is an open set 
R, W is an interval (open in I) of I, and U X W is contained in some open 
set of Bı. The compact set x X I is covered by a finite number of these 
product sets Ui(x) X Wife). Let ILU;(x) =U(x). Then the sets 
U(x) X Wi(x) cover x XJ. It may be assumed that none of the intervals 
Wi(x) is superfluous, i.e. that Z;=U;(e) AI. It may also be assumed 
that the sets W;{x) are divided if necessary so that.no W;(x) D I. The sets 
U(x) form a covering of È. Since # is paracompact this covering has a 


locally finite refinement U == {Ua}. Coresponding to each U, choose æ so 
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that Ua C U(x) and let Wai = W(x). Then the sets Vai == Ua X Wai 
form a P-covering $. of R X I and B, is a refinement of %. 

We may assume that IT."e T* is defined in the nerve N. of Bo. Let 
U = {Ua} and let 1’, and U”, be the corresponding coverings {Ug X 0} and 
{Uan X1} of RX 0 and EX 1. Then N.,=N(W) and N”: = N (W) are 
subcomplexes of Ns. We may assume that Do.” e Do” and D,” € Di" are the 
part of T:" in NV’, and N”. Hence by Lemma 6.2 the corresponding cocycles of 
N (U) are cohomologous. But the cocycles corresponding to Do.” and Die" 
are Cose Co and Cy .%e Cy". Hence Oos” Ci." in NU). Hence 
Co ~ Ci in R. 


7. Hopf’s classification theorem. Let K X I be the topological product 
of the simplicial complex X by the line interval J. Then K X I can be con- 
sidered as a complex having as cells the simplexes og” X 0 and oa” X 1 and 
the cells ca” X J where ca” is any simplex of K and J is the interior of the 
interval Z. The closure of each cell of K X I is a finite complex and the 
boundary of the boundary of each cell is zero. Hence one can define chains, 
coboundaries and cocycles in K X I. The complexes K X 0 and K X 1 are 
isomorphic to K under the correspondences ag” <> oa” X 0 and ca” <> oq" X 1 
Thus to each chain O” of K there correspond chains C’" of K X0 and 0”” 
of K X 1, and conversely. 


LEMMA 7.1. Let Co" and C,” be chains of an n-dimensional simplicial 
complex K and let D and D,” be the corresponding chains of K X 0 and 
KX1. Then Di and D” are the parts in K X 0 and K X 1 of a cocycle T” 
of K XI if and only if Co ~ Ci", in K. 


Proof. Whitney’s proof ([28], p. 53) of this lemma for the case of a 
finite complex carries over without change. 

We now assume that 8S”, (n = 1), is a simplicial complex, the boundary 
of an n + 1-simplex. We assume that the fundamental cocycle of S” is + oo” 
where oo” is a designated simplex of S”. l 

We write yo and y, for the trivial mappings of K on K X 0 and KX1: 


for pe K, yo(p) = (p,0), ts (p) = (p. 1). 


Lemma 7.2. Let go and gi be two barycentric mappings of an n-dimen- 
sional simplicial complex K into S". If g*®A" — g* A" in K then there is a 
mapping h of K XI in 8" continuous on each finite subcomplex of KX I 
and such that h | KX 0 = gop", h | K X 1 = giy”. 


i 2 
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Proof. Projecting from a point inside oo” one deforms go and g, into 
normal mappings and then Whitney’s proof ([28], p. 55) applies. 


LEMMA 7.3. Let R be a normal space with dim RE =S n. Let Z be the 
family of locally finite coverings or the star-finite coverings or the finite 
coverings of Kk. If fo and fı are two mappings of R into the n-sphere 8” such 
that f* A" ~ f*,A" in Z then fo and fı are homotopic. 


Proof. Let f* oA” == T” a= {TV} and f*1A” = I” == {TT}, Let 8 be 
the covering of 8” by the stars of its vertices and let Ue = foB and U, = f aB. 
Let Us be a common refinement in Z of U, and U. Let U; be a refinement 
in Z of U: such that IY,” ~ I”;” in Na. Let U, be a refinement in Z of U; 
such that dim Na Sn. Let No and N, be identified with the corresponding 
subcomplexes of S” and let rot and m,* be projections from- N4 to No and Ni 
respectively. Then rot and 7:* are simplicial mappings of N, into S” and 
ar SAM me TM mT a oe A" in Ny Hence by Lemma 7.2 the corres- 
ponding mappings ro'yo! of Ni X 0 and my,” of Na X 1 can be extended 
to a mapping h of Ni X I into 8S", with A continuous on each finite subcomplex 
of Ni X I. Let $ be a canonical mapping of R in Ny Then é maps a 
neighborhood of each point p € È into a finite subcomplex K of N, and h maps 
K X I continuously in 8". Hence kẹ is continuous and hence the mappings 
mop and m*o of R in S* are homotopic. Any point pe È is mapped by ¢ 
into the closure of the simplex 04(p) determined by p in N. and this is mapped 
by zo* into the closure of the simplex determined by p in No, a closed simplex 
which also contains fo(p). Hence m$ is uniformly homotopic to fo. Simi- 
larly z,*@ is uniformly homotopic to fi. Therefore fo is homotopic to fi, 
which completes the proof. 


LEMMA 7.4. Let R be a normal space with dim R= n. Let Z be the 
family of locally finite coverings or the star-fimte coverings or the finite 
coverings of R. Then, from the correspondence between the cocycle f*A" and 
the mapping f, each element of the n-cohomology group of R in Z corresponds 
to one and only one class of homotopic mappings of E into the n-sphere S". 


Proof. By Lemma 7.3 if two mappings correspond to cocycles of the 
same cohomology element they are homotopic and hence each cohomology 
element corresponds to at most one homotopy class. Hence it is sufficient 
to show that to each cohomology element corresponds some mapping. Thus 
we must show that if I” is an n-cocycle of Z there is a mapping f of R in S* 
such that fFA" — T” in Z : 
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Let T*= {Ty} be any n-cocycle of Z and let U, be a normal covering 
of R in Z such that T,” is defined in the at most n-dimensional nerve N; of U. 
Let g, be a mapping of N; into S* which maps the n — 1 dimensional part 
N" of N, into a designated vertex po of S” and which maps each n-simplex 
ca” of N; so that, for some simplicial subdivision Fa” of Ga” in which the 
boundary $0,” is not subdivided, v'a” is mapped simplicially and exactly 
| a% | n-simplexes of o'a” are mapped on a designated n-simplex oo” of 9”, the 
mapping preserving orientation on these simplexes if a% is positive, otherwise 
reversing orientation. The construction of such a subdivision and mapping 
is easy and omitted. Let N. be the resulting subdivision of N, and ge the 
resulting simplicial mapping of N, in 8". Let 4: be the mapping of # on N: 
corresponding to a canonical mapping ¢: of R on N. Let f be the mapping 
‘Gb = Jade of È in 8", Let ffAV == C” in Z. 

If 8, is the covering of 8" by the stars of its vertices, the complex 8” is 
the nerve of B,. We assume that the cocycle of A” on this nerve is Ay” = + oo”. 
Let Us = f2(V,). Its nerve Nz is S” or a subcomplex of 8”. Let y be the 
identical mapping of Ns in S*. Let U. be the inverse image by œ, of the 
covering of N. by the stars of its vertices. Then U is in Z, its nerve is N. 
and it is a common refinement of U, and Us. The mapping 73° = "9 is a 
projection from N: to Ns. Let a," be a projection from N. to N; which maps 
exactly one simplex of o'a” into ca”. Then r*:°T:? has coefficient a* on one 
simplex of o'a” and *,?(',* has coefficient sgn a“ on | a*| simplexes of o'a". 
Hence r**Cy ~at: Tr” in Ne. Hence C” ~T” in Z. Therefore f*A® — i 
in Z, which completes the proof. 


THEOREM 7.5. (Hopf classification theorem). Let R be a paracompact 
normal space with dim E < n, (1n=1). Then the correspondence between 
the cocycle f*A" and the mapping f induces a 1—1 correspondence between 
the elements of the n-cohomology group of R and the classes of homotopic 
mappings of R into the n-sphere K”. 


Proof. The family Z of locally finite coverings of A forms a cofinal 
family and hence each element of H"(#) determines a unique element of 
Hz"(E) which by Lemma 7.4 corresponds to a unique homotopy class of 
mappings of £ in 8*, | 


Conversely, let fo and fı be elements of the same homotopy class of 
mappings of R in 8”. Let h be a mapping of È X I in S* such that for ve R, 
h{z,0) = fo(v), h(c,1) =—fi(v). Then f*,A” and f*,A” are the cocycles 
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of # corresponding to the parts in R X 0 and R X 1 of the cocycle h*A” in 
k XI. Hence, by Lemma 6. 3, fiA” ~ f*,A" in R. Thus, to each homotopy 
class of mappings of R in S corresponds a unique element of H"(R). This 
completes the proof. 


8. Bruschlinsky’s theorem. In the special case of mappings into a 
circumference S*, restrictions on the dimension of the space F can be removed. 
This is a consequence of the fact that every mapping of an n-sphere, n > 1, 
in a circumference St is inessential. We briefly indicate the changes necessary 
to prove the more general mapping theorem when the image sphere is S*. 


a) Let go and g, be two mappings of a simplicial complex K into the 
circumference S*, each continuous on each finite subcomplex of K, such that 
all vertices of K are mapped by go and gı into a designated point pọ of S*. 
If the degrees of the mappings go and g, for the simplex ca! of K are a° and 
b* respectively and if Co’ = a%cq' and C! = b%eq' are cohomologous cocycles 
of K, then there is a mapping h of KX I in S', continuous on each 
finite subcomplex of K X J, and such that, if se K, h(w,0) = g(s) and 
h({2,1) = gi (x). 

By Lemma 7.1 there is a cocycle T! = a%’*, + bo”! + cP (op? X I) of 
K X I whose parts on K X 0 and K X 1 correspond to Cy? and C,*. Let the 
partial mapping by A of K X 0 and K X 1 be defined by h(a, 0) = go(c) and 
h(c,1) = gi(x), and let the mapping be extended to the remaining 1-cells 
of K XI by mapping og° X I with degree cf. Since I is a cocycle, the 
boundary of each 2-cell og* X I is mapped with degree zero, and the mapping 
can be extended over the 2-cells. The boundary of each 3-cell is now mapped 
in S', necessarily inessentially, and hence the mapping can be extended to all 
3-cells. And so on. The mapping A is thus defined on all cells of K X J, 


b) Let go and gi; be two simplicial mappings of a simplicial complex K 
in the boundary S? of a 2-simplex. If g*s4! — g*14! in K there is a mapping 
h of KX I in S', continuous on each finite subcomplex of K X J, and such 
that, if ce K, h(2,0) = go(x) and h(x, 1) = g9(c). 

We assume that A! = + og where co is a designated simplex of S*. 
Let po be a point of S1 not in oo. Projecting from a point of oot one deforms 
the mappings go and g, so that-all vertices are mapped into po. Thus, b) is 
seen to be a consequence of a). 


c) Let R be a normal space and let Z be the family of locally finite 
coverings or the star-finite coverings or the finite coverings of A. If fo and fa 
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are mappings of R in the circumference S* such that f*,A* ~ f* A! in Z then 
fo and fi are homotopic. 
This follows from b) using the method of proof of Lemma 7. 3. 


d) If T* is a I-cocycle of R in Z there is a mapping f of R in S* such 
that f*A'~T" in Z, l 

Let 11, be a covering of R in which 11 == a%og! is defined. Let $, be a 
canonical mapping of R in the nerve N, of U,. Let gı be the following 
mapping of N, in S*. Let each vertex of N, be mapped in a designated 
vertex po. Let each 1-simplex og of Ni be subdivided so it can be mapped 
barycentrically in S! with degree a“. We can assume that exactly | a*| sim- 
plexes of the subdivision o'a of og’ are mapped in a designated 1-simplex 
oo of ©. Since T,* is a cocycle the boundary of each 2-simplex of N, is 
mapped with degree zero. Hence the mapping can be extended over, each 
2-simplex. This extended mapping can be deformed into a simplicial mapping 
of a subdivision o'g? of og? in such a way that the subdivisions o’,’ of simplexes 
oq of the boundary and the mappings of the boundary simplexes are un- 
changed. Since each boundary of a 3-simplex is mapped inessentially in S? 
the mapping can be extended to each 3-simplex and deformed into a suitable 
simplicial mapping, and so on. Thus we get a simplicial mapping ge of a 
subdivision Ns of N, into ©. If #2 is the mapping of # in N, corresponding 
to the mapping ¢; in N; then f = 916: = gods is a continuous mapping of R 
in S*, As in the proof.of Lemma 7.4 one proves that f*A! — T" in Z. 


e) If R is a paracompact normal space, the correspondence between the 
cocycle f*A* and the mapping f induces a 1 — 1 correspondence between the 
elements of the I-cohomology group of £ and the classes of homotopic 
mappings of #& into the circumference 8+. 


This follows from d) and Lemma 6. 3. 


The mappings into a circumference form a group. Thus, if we identify 
S! with the additive group of real numbers mod 1, we define the sum fo + fi 
of the mappings fo and fi of & in S* by (fo + fa) (p) = fo(p) + fi(p) mod 1 
for each pe ff. The inessential mappings of £ in S form a subgroup. The 
difference group of the mappings of R in S* mod the inessential mappings 
is 2 group whose elements are the classes of homotopic mappings of R in S. 

Let I, C*, D* be 1-cocycles of a paracompact normal space È such that 
~+ Dp. Let U, be a locally finite covering of Æ such that 
T =~ C+ Di in N. We may assume in fact that T = 0+ -++ Di in N. 
Let Ti! == aq", Cy? = Coa, DI = dog. Then at == ct + de. Let go, 91, ge 
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be simplicial mappings of subdivisions of N; in St mapping the vertices of Ni 
into a vertex’ po of S* and mapping subdivisions of 04! in S* with degrees 
a“; c and de respectively., Then 9. + g2 maps og’ in S* with the same degree ~ 
at = ct +d" as Jo. Hence, by a), there is a mapping h of Ni X I in S, 
continuous: dn each finite subcomplex, such that, if ce Ni, h(z, 0) = go(e) 
and h(c,1)= (gı +- g2) (x). Let $ be a canonical mapping of È in 
Ni. Let fo = gob, fi = 919, fa = god. Then f*At~I", f“ A —C!, and 
ffsA!— DI, And fi + f:= (91-+- 9:)$ is homotopic to god = fo. Hence, 
under the correspondence between f#A* and f, the sum of the cocycles corres- 
ponds to the sum of the corresponding mappings. Thus we have the following 
form of Bruschlinsky’s Theorem: 








THEOREM 8.1. (Brunschlinsky’s Theorem). If R is a paracompact 
normal space the correspondence between the cocycle f*A* and the mapping f 
induces an isomorphism between the 1-cohomology group of R and the group 
of homotopy classes of mappings of R into the circumference S*. 


§ 


9. Finite coverings. A compact space is a paracompact space in which 
the family of finite coverings forms a cofinal family. Hence the Hopf theorem 
and Bruschlinsky’s theorem hold for compact normal spaces even if cocycles 
and cohomologies are based on the family of finite coverings. Some similar 
theorems stated in terms of finite coverings hold, also, for non-compact spaces. 
We shall return to consideration of these theorems after a digression. 

We first show that homotopic mappings of a countably compact space, 
or.in particular a compact space, into a metric space are uniformly homotopic. 

Lemma 7® 9,1, Let R bea countably compact space, T a compact space 
in which the first countability axiom is satisfied, and U a countable or finite 
covering of RX T by open sets. Then there exist finite coverings B and W 
of R and T respectively such that BX DB is a refinement of Ù. 


Proof. Since E is countably compact so is R X £ and hence, because 
E X t is covered by the countable family U of open sets, it is covered by a 
finite number of these, say {U1(t),- - -,Ur(0)}. We define in succession 
open sets V;? of R and W.' of T, such that Vit X Wi? C Ui(t) and such that 


{Vit X Wil, + Pira X Wta, Gilt), <> ,Ur(1)} 


10 A similar theorem was proved by Cech ([9], p. 3). 
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covers RX t. Suppose that V;', Wit have been defined for i < J. We must 
define V; and W; so that Ft CV; X Wt C'U;! where F;t ig the closed 
set of RX i: Fyjt=RKti—(RXt)- (Vit Witt: : ‘ira 
+ Uja(0) +: - -4+U,(t)]. For each’ point (x, 4) e Fi there.are open sets 
V;(x,t) of R and W;(z,t) of T such that (2,1) ¢ V;(x,4) X W(x, t) 
C U;(t). Let {N:”} be a complete family of neighborhoods of ¢ in T such 
that Nar D N. If Gint = XV; (x, t), where the summation is over all æ 
such that W; (x, #) > Nz", then Gj,* is an open set of R, Gint X Nat C U;(t), 
and Gint C G*;na. Since every W;(z,t) contains some neighborhood N+”, 
therefore x Gint X tD Fi. Therefore, since Ft is countably compact, there 
1 


ne 


is an n such that Gjin? X tD F;'. Let this set Gin’ be called V;' and 
let the corresponding neighborhood N:” be called Wj’. Then, as required, 
Bye VP Wi. Ot); 

Thus eventually Æ X % is covered by the sets {Vi' X Wi}, where 
V(t) = {V;t} is a finite covering of R. Let W(t) == IW% A finite 
number of the open sets W(t) cover the compact space T. Let this finite 
covering of T be W = {W(t,)}. Let B be a common refinement of the finite 
coverings X(t). Then 8 X B is a finite covering of RE X T. Each open set 
of the covering 8 X 28 is, for some t, of the form V X W(t) where V is 
contained in an open set V;* of B(#) and Vil X W(t) C Vi X Wi? C U(t) 
which is an open set of U. Thus B X 38 is a refinement of U. This completes 
the proof. 

It is an immediate consequence that, if & and 7 satisfy the hypotheses 
of Lemma 9. 1, E X T is countably compact. 


LEMMA 9.2. Two continuous mappings fo and fı of a countably compact 
space R in a metric space S are umformly homotopic if and only if they are 
homolopic. 


Proof. It follows immediately from the definitions that if fo and f, are 
uniformly homotopic they are homotopic. 

Let fo and fi be homotopic. Then there is a continuous mapping h of 
E XI in § such that A(x, 0) = fo(e), h(x, 1) =f: (2). Since R is count- 
ably compact, and / is compact and satisfies the first countability axiom, & X I 
is countably compact. Since A(R X J) is the continuous image of a countably 
compact space it is a countably compact subspace of S and hence a compact 
metric space. Hence, for any e > 0, h(E X I) has a finite covering by open 
sets, each of diameter < e. Their inverse images form a finite covering of 
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E X I by open sets. Let this covering be 11. Then, by Lemma 9. 1, there are 
coverings 8 and W of R and I respectively such that B X W is a refinement 
‘of U, and hence such that h(V X W) has diameter < e for any Ve% and 
WeB. 3 


Since / is compact there is a number 8 > 0 such that for every pair of 
points t, # of J such that | ¢— | <8, there is an open set We% which 
contains both points. Hence, if | t—#’| <8, (x,t) and (x,#) are in the 
same set V X W, and hence p(h(z,t),h(z,t’)) <e. Therefore fo and fı are 
uniformly homotopic, which completes the proof. l 

We now recall some properties of the Tychonoff-Čech compaction of a 
normal space. Čech [10] has shown that if R is a normal space there is a 
compact Hausdorff space 8(R) and a mapping y of R into B(R) such that: 


1) The image set y& is a normal Hausdorff space which is dense in 8 (R). 


2) Any ‘bounded continuous real function f on R has the form f(x) 
== Fy(x) where F is a similar function on 8(R). By 1) the function F is 
unique. 


3) It follows from 2) that any mapping f of R into 8” determines a 
mapping F of 8(R) into 8”, such that f(z) = Iy(z). 


We need these facts in the proof of 


THEOREM 9.3. Let È be a normal space with dim RS n, (n= 1). The 
correspondence between the cocycle f*A”" and the mapping f induces a 1—1 
correspondence between the elements of the n-cohomology group Hr"(R) 
based on finite coverings and the classes of umformly homotopic mappings of 
E into the n-sphere 8". 


Proof. Corresponding to each mapping f of R in S* is a mapping F of 
B(E) in 8" such that f=/y. This mapping f determines a cocycle f*A" 
= y"*A", Thus, corresponding to a mapping f is a mapping F and the 
cocycle F*A” as well as the cocycle f*A". Since B(#) is compact, and hence 
paracompact, the correspondence between F and FA” leads to a 1 — 1 corres- 
pondence between the homotopy classes of mappings of B(E) in 8” and the 
elements of the n-cohomology group of B(#). It is sufficient to show that a) 
the correspondence between f and F leads to a 1 — 1 correspondence between 
the uniform homotopy classes of mappings of È in S* and the homotopy 
classes of mappings of #(£) in 8”, and that b) the mapping y* of the cocycles 
of B(£) into the cocycles of R induces an isomorphism between the cohom- 
ology group H*(8(£)) and the cohomology group Hr"(E). 
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a) First let F, and F, be homotopic mappings of 8 (E) in 8", and let fe 
map È in 8” so that fı (x) = Fap (x). Since A(R) is compact, Fa and F, are 
uniformly homotopic (by Lemma 9.2) and hence the same is true of fo and fi. 

On the other hand let fo and fi be uniformly homotopic mappings of & 
in S* and let Fo, F, be the corresponding mappings of B(R). Let g(2,4) 
be the mapping of R X I in S* which gives the uniform homotopy of fo and fi. 
For fixed ¢, g(z,¢) is a continuous mapping of R in S” which we call g:(2) 
and there is a corresponding continuous mapping Gr of R(E) in S* such that 
Giy(e)=g:(x). Defining G(y,t) to be Gi(y) for ye B(R) we have a 
transformation of B(R) X I into S” with G(y,0) = Fo(y), Gy, 1) = Fily). 
Hence, if we can show that G(y,¢) is continuous, Fo and F, are homotopic. 

Let e > 0, and let (yo, f)eB(R) XI. Since Gi, is continuous there 
is a neighborhood U of % in, 8(#) such that, for y’eU, the distance 
p(Gt,(Yo), Gt(y’)) < e/3. Since g(s, t) is a uniform homotopy there is a 
d-neighborhood W of tọ such that, if «eR and te W, p(gz(x), gt(z)) 
== p( Gi (£), Gry(x)) < «/8. Now let (y,t) be any point of the neighbor- 
hood U X W of (yo, to) in B(R) XI. Since G: is continuous there is a 
neighborhood U, C U of y such that, if y/eU., p(Gt(y’), Gi(y)) < </3. 

But since y£ is dense in B(£) there is a point re È such that y(x) £ Gi. 
Hence p(G(Yo to), @ (yt) ) 5 p(Gto(Yo), Ge (x) ) + p( Grp (x), Giy(2)) 
+ pol(G (e), Gi(y)) < è. Hence Fo and F, are homotopic. Hence we have 
a 1 — 1 correspondence between the uniform homotopy classes of mappings 
of R in S” and the homotopy classes of mappings of (R) in 8". 

b) We have still to show that the homomorphism of the cohomology 
groups induced by y* is an isomorphism. Let U be any finite covering of È 
on whose nerve a cocycle T” of È is defined, or on whose nerve a cohomology 
rT — I" holds. Let U1,: : -,Ux; be the sets of U. As in Theorem 1.1 we 
can define continuous functions (barycentric coordinates) f; on R such that, 
if ce R— Ui, fi(x) =0 and, if re PR, Xifi(x)=1. Let Fi be the con- 
tinuous functions on (E) such that f;(2)—=Fab(z) for ce PR. Then 
Fi; (y) = 0 if yey(R—U;) and hence by continuity also if ye y(R—U;). 
Also 3Fi(y) =1 if yew, and hence by continuity also if y e yR = B(R). 
Hence, if ye 8(E), for some i, Fi(y) £0 and ye B(R) —y(R—T;). 
Hence the open sets Vi = 8(E) — y (R — Ui) form a covering 8 of B(R). 
Hence the open sets W: = #17; form a covering W of R. Now y(Wi) C V: 
= B(R) — y(R_U)C B(R) —y(R—U:). Hence W; and R— U; do 
not intersect. Hence W; C U; and Y is a refinement of 11. 

If any collection of open sets of W intersect in a point pe R then Y(p) 
is in each of the corresponding sets of B which therefore also intersect. 
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Conversely, if -any collection of open sets of % intersect, their intersection 
contains points of yR and hence the corresponding sets of W.intersect. Hence 
the mapping of N(W) in N(B) induced by y is an isomorphism. Hence 
any cocycle or cohomology in the nerve of the refinement 9 of U is the 
image of a cocycle or cohomology in the nerve of a covering B of B(R). 
Hence the mapping y” induces an isomorphism of H"*(#(£)) on Hr*(£). 
This completes the prooî. 


COROLLARY 9.4. Let R be a countably compact normal space with 
dim RES n, (n21). The correspondence between the cocycle f*A” and the 
mapping f induces a 1—1 correspondence between the elements of the 
n-cohomology group Hr” (R) based on finite coverings and the classes of 
homotopic mappings of R into the n-sphere 8”, | 


Proof. Since by Lemma 9.2 the classes of homotopic mappings of the 
countably compact space R are identical with the classes of uniformly homo- 
topic mappings, the corollary follows immediately from Theorem 9. 3. 


THEOREM 9.5. If R is a normal [countably compact normal] space, 
the correspondence between the cocycle f*A* and the mapping f induces an 
isomorphism between the 1-cohomology group Hr*(R) based on finite coverings 
and the group of uniform homotopy [homotopy] classes of mappings of R 
into the circumference S*. 


Proof. The proof of these forms of Bruschlinsky’s Theorem is adequately 
indicated by the proofs of Theorem 9.3 and Corollary 9. 4. 


Theorem 9.5 may be used to find the 1-dimensional cohomology groups, 
based on finite coverings, of spaces for which the group of uniform homotopy 
classes of mappings in S* can be calculated. It is difficult,to find these co- 
homology groups directly, even in the simplest non-compact spaces. In 
Theorem 9.6 the 1-cohomology group of the straight lme is described. The 
remarkable results indicate that the cohomology groups based on finite 
coverings are not suitable for describing the connectivity properties of non- 
compact spaces. l 


THEOREM 9.6. The 1-cohomology group of the real line based on finite 
coverings is isomorphic with the difference group of the additive group of 
all real continuous functions on the real line modulo the group of all bounded 
continuous functions. The number of its elements is N == 2No, 
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_ Proof. Let R* be the real line andelet f be any mapping of £' in the 
unit circle S* in the complex plane. Since every such mapping is homotopic 
to a constant mapping there is a continuous real function $ on Æ+ such that,” 
for we ht, f(x) = exp (i¢(x)). To every such function ¢ corresponds a 
unique mapping f and to the sum or difference of such real functions ¢ 
corresponds the sum or difference of the mappings. Thus there is a homo- 
morphism of the additive group of real continuous functions onto the group 
of mappings of # in S*. The bounded real continuous functions, and only 
these,** correspond to mappings of #* in S*, which are uniformly homotopic 
to constant mappings. Hence the difference group of the real continuous 
functions modulo the bounded functions is isomorphic with the group of 
uniform homotopy classes of mappings of £* in S*, which by Theorem 9. 6 is 
isomorphic with the 1-cohomology group of Rt based on finite coverings. 
The power of the set of continuous real functions is N. Also the set of | 

functions $(7) = ke with %' real, which is in 1—1 correspondence with a 
subset of the set of elements of the above difference group, has power N. 
Hence the number of elements in the 1-cohomology group. of £* based on 
finite coverings is N. 


10. Applications to non-algebraic topology. We now apply some of 
the preceding methods and results to the proof of two theorems of non- 
algebraic topology. The first is a variation of Borsuk’s Theorem in which 
uniform homotopy is replaced by ordinary homotopy. The second is a 
generalization of a theorem of Alexandroff ([2], p. 220) on transforming a 
given space to a cyclic space of the same dimension by contracting a closed 
set to a point. 

The following lemma is needed in the proof of Borsuk’s Theorem with 
ordinary homotopy. 


LEMMA 10.1. Let R be a closed subset of a paracompact normal space 
R and let g be any continuous real function on R’ XI. Then for any e > 0 
there is a continuous real function h on È X I such that, for all (x,t) € R'XI,. 
| h(x, t) —g(a,t)| < e 


Proof. If È satisfies the Hausdorff separation axiom then, according to 
a theorem of Dieudonné ([11], Theorem 5), RX is a paracompact 


17 See [13], p. 68. 
18 See [13], p. 68. 
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Hausdorff space and hence normal» ‘A continuous function g on a closed 
subset Æ’ X I of the normal space R X I can then be extended over the normal 
space and the lemma follows., 

Otherwise, let 8 be the covering of R’ X I by the inverse images by g 
of a covering of the real line by intervals of length < e. Let B, = {Vai} be a 
P-covering of R’ X I which is a refinement of B (See proof of Lemma 6. 3), 
and let Vai = U/a X Wai where W = {Ua} is a locally finite covering of R’. 
Let U’, be extended to an open set Ua of R, such that U’a = Ua: R’, and let 
U, = R — R’, Then U == {Ua}, a=0,1,- - -, is a covering of R. Since 
È is paracompact and normal, there is a canonical mapping ¢ of K in the 
nerve N of U. 

Let a point pa be chosen in each set Ue W. Let G: be the mapping 
of N in the real line which maps each vertex ua of N, «~0, in g(pa, t) and 
maps Uo in a fixed point, say the zero point, of the line, and maps N linearly. 
If ye N, let G(y,t) = Gi(y). Then G is continuous on each finite sub- 
complex of N XI. If aeR, let A(x, t) = G($(x),t). Then A is a con- 
tinuous mapping of R X J in the real line. 

Let x e Æ’. Since W is locally finite, x is in a finite number of open sets 
of W and hence also is in a finite number of sets Ua,: : :-,Uy of U. Then $ 
maps æ in the closure of the simplex ug: - -uy determined by e in N, a 
simplex which does not have us as a vertex. If we Ug, then re 72 and hence 
also, for each i, (a,t)e UX Wai for some è. Also paeU’, and 
(pat) EUa X Wai. Hence (x,t) and (pa, t) are in the same set Vai of the 
covering %3, and hence also in the same set of the covering VB. Hence g(a, t) 
and g(Pa, t) are in the same interval of the e-covering of the real line. Hence, 
since @:(ua) = g (Pa t), Gi maps each vertex, and hence each point, of the 
closed simplex determined by « in a point of the real line within e of g(a, t). 
But one of the points of this simplex is $(7). Hence, since Gig (2) = h(x, t), 
| h(x, t) —g(2,t)|<e. This completes the proof of the lemma. 

Now, for normal spaces which are paracompact, we are able to prove 
Borsuk’s Theorem with ordinary homotopy replacing uniform homotopy. 


THEOREM !° 10.2, Let R’ be a closed subset of a paracompact normal 
space R and let fy and f, be two homotopic mappings of R into an absolute 
neighborhood retract S. If fo can be extended to a mapping Fo of R into 8, 
then fı can be similarly extended to F, with Fy and F, homotopic. 


19 This theorem, for a more restricted class of spaces, appears in my dissertation, 
Princeton University (1938). The proof was first published in [20], p. 86. For compact 
spaces the theorem is equivalent to Borsuk’s theorem. 
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Proof. We assume that S is a subset of the Hilbert cube Iu. Let 7 > 0 
be such that the closed y-neighborhood U of S can be retracted onto S. 

Let g be a mapping of R’ X I in S such that, for- e R’, g(2,0) = fe(2), 
g(v,1) =fi(v). Then it easily follows from Lemma 10.1 that there is a 
mapping h of R X I in Lo such that, for (x, t) e R X I, p(g(2, t), Ma, t)) < n 
Then A(R’ XI) CU. Let Ao(x,t) be the point dividing the segment 
[Fo(c), h(z,0)] in the ratio £: 1— t. Then ho is a continuous mapping of 
E XI in Io such that ho(e,0)= Fo(x), ho(v, 1) = h(x,0), and such that 
ho(R' XI) CU. Since Æ is normal, the mapping fi of R in Ie can be 
extended to a mapping #”, of R in Iu. Then there is a continuous mapping 
hı of RX I in Ls such that hi(v,0) = A(z, 1), hı(x, 1) = F (x) and such 
that Ri(R' XI) CU. Let he be the continuous mapping of R X I in Lu 
defined by ho(a,t) =ho(x,3t) if OStS¥%, h(x, t) =h(z,3t—1) if 
WSLS AY, and ha(x, t) = h, (x, 3t— 2) if %StSsil. Then h(x, 0) 
= F(z), h(x, 1) = P’ (x£), and h(E XI)C U. 

Let ho?U = V. Then V is a neighborhood of RX lin RX I. Since 
I is compact, every point xe R’ has a neighborhood W(x) in R such that 
W(c) XICV. Let W be the sum of all these neighborhoods. When W 
is an open set of F such that R’C W, Wx IC V and hence he(W XI) CU. 
Since R is normal there is a continuous real function p(x) defined on R such 
that 0 = p(x) S1 and such that p(x) = 1 for sze KR’ and p(x) —0 for 
ze R— W. Let hs be the continuous mapping of RX I in I. defined by 
hs (x, t) = h(x, t: p(£)). Then ks(x, 0) = Fo(x), and, if re R, ha(x,1) 
=fi(z). Also hR3(RXI) CU. Let be a retraction of U on S and let 
H = hs. Then H is a mapping of R X J in S such that H(z, 0) = Fo (2), 
and, if «xe R’, H(@,1) =f, (s<). Let F(a)=H(ax,1). Then F, is an 
extension of f, homotopic to Fe on S. This completes the proof of the 
theorem. 

Let K’ be a non-vacuous closed set of-a space R. We say that a space Ry 
is obtained from R by contracting R’ to a point *° if there is a continuous 
mapping y of & onto È, which maps Æ into a closed set (p) consisting of a 
single point p of R, and which maps R — F’ homeomorphically onto Rı — (p). 

If È is paracompact, È; is also paracompact. For let U = {Ua} be 
any covering of R, by open sets. Then {y"*U,} is a covering of R which, 
since È is paracompact, has a locally finite refinement V — {Vg}. Then 
{(R—R)-Vg} is a locally finite covering of R— R’ which, by the 
homeomorphism y | k— K, is transformed into a locally finite covering 
{y((R — R’) - Vg)} of Rı— (p) by open sets. By including one open set 


2° See [2], p. 220. 
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of U containing p, we get a locally finite covering of R, which is a refinement 
of U. Hence F, is paracompact. 

Similarly if R is compact R, is also compact. If R has a countable base 
` for its open sets and if p has a countable base for its neighborhoods in £, 
then Æ, has a countable base for its open sets.. For, since È has a countable 
base, k — F’ also has a countable base, and hence also Rı — (p) has a count- 
able base. This together with the countable base for the neighborhoods of p 
forms a countable base for Ra. 

If R has dimension < n, and if every open set of A, containing p contains 
- closure of an open set containing p then R, has dimension <n. For let 

== {Ua} be any covering of R,. If pe UyeU, let Gi, Ge be neighborhoods 
; p such that G,C Ga, Ga C Uy. Then Uy together with all the open sets 
Ua— Gs form a covering U, of Ri. Then y"U is a covering of R which 
has a refinement Y; of order Sn +1. All sets of B, which intersect y8, 
are contained in y?U.,e%,. These sets may be replaced by a single set, their 
sum, which we call Vo, without increasing the order of the covering, and the 
resultant covering %. is still a refinement of y“Ul,, Then all sets of Bə, 
except Vo, are open sets of 2 — R’ and their images by y are open sets of Ry. 
The set Vo is the sum of the, open sets y*G. and Vo — WG). The image by 
y of yG is the open set Gs of R, and the image of the open set Vs —W"G1 
of R— K is an open set of Ri — (p). Hence yV, is an open set of Ry. 
Hence y maps the covering 8. into an open covering U, of Rı. The order of 
U is the same as-that of B, and since B is a refinement of %,, U- is a refine- 
ment of U, and hence of U. Hence U has a refinement of order S n + 1. 
Hence A, has dimension = n. 

If E is normal and if every open set of R, containing p contains the 
closure of an open set containing p, then Æ, is also normal. For let F, and 
Fs be any two non-intersecting closed sets of #,. The point p cannot be in 
both closed sets. Suppose that p isnot in Fẹ Let G, and G; be neighborhoods 
of p such that GCG. and GGCR,—F.. Then R,— G; is homeomorphie 
to a closed set of Æ and hence is normal. Hence there are non-intersecting 
open sets V, and V. of Rı — G containing the closed sets (#1 — G) - Fı and 
F, respectively. Then W, == G + (R, — G) ‘Vi and W: = (R — Ga) V 
are non-intersecting open sets of Æ, which contain F, and Fe respectively. 
Hence #, is normal. 

An n-dimensional space is called udì if there is an essential mapping 
of E on the n-sphere ©”. The theorem of Alexandroff ([2] p. 220) ® on 


21 See also [19], p. 195 
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obtaining a cyclic space by contracting a closed set to a point can be stated 
as follows for paracompact normal spaces. 


THEOREM 10.3. If R is a paracompact normal space of dimension n, 
(n= 1), then, by contracting a suitable closed set R of R to a point, R is 
transformed into a paracompact normal cyclic space R, of dimension n. 


Proof. By Corollary 3. 5 there is a closed set R of R and a mapping f 
of Æ in the (n—1)-sphere S** which cannot be extended to a mapping 
of R in S**, Let S"* be the boundary of a simplex o” and let F be an 
extension of f to a mapping of R in o", Then AC Fg", Let R be 
replaced by a larger set, if necessary, so that W == FS"! Let x be a 
simplicial mapping of a subdivision of ©" onto a sphere S” such that S"* 
is mapped into a point q of 8”, with y*(q) = 8*", and such that the degree 
of the mapping is one. 

We define a space Ri, a mapping y of È on R, and a mapping g of Ry 
on S” as follows: The space Æ, consists of a set of points in 1— 1 correspon- 
dence with the points of R — R and one additional point p. The mapping ¥ 
maps each point of R— W on its corresponding point of R and maps Rf’ 
into p. The mapping g maps each point ce h,— (p) into xfy*(x) and 
maps p into q. Thus, for each point ye È, gy(y) =xF (y). Let the open 
sets of È, be the images by y of the open sets of R — K’ and the counter images 
by g of the open sets of S. Thus the mappings y and g are continuous, the 
set (p) is closed, and the partial mapping y | R— W is a homeomorphism. 
Hence R is a space obtained from £ by contracting £' to a point. The neigh- 
borhoods of q with radius 1/7, where + is an integer, form. a basis for the 
neighborhoods of g such that each contains the closure of another. ‘The inverse 
images by g of these neighborhoods form a similar basis for the neighborhood 
of pin R. It follows that R, is a paracompact normal space of dimension 
= n which is compact if R is compact and has a countable base if £ has a 
countable base. Since also the intersection of the neighborhoods of p consists 
of p alone, È, can be shown to satisfy the To, Ta, T2, or 73 separation axioms 
if R does. a 

In proving the theorem we first take the case n = 2. The fundamental 
cocycle A” of 8S” is cohomologous in 8” to a cocycle of S"— (q). Replacing 
A”, if necessary, by this cocycle we assume that A” is a cocycle of S" — (q). 
Then x*A® is a cocycle of o" — 6*1. Since the mapping x is of degree one, 
x" At ~ + WA"! where VA” is the coboundary in o” -— S"*! of the funda- 
mental cocycle A"! of 5”, We assume that x*A” ~ Yari, Then F*yFA" 
~ F*wA"! — WfFAm! in R—R’. But (See Theorem 5.2) vf*A4** and 


rin 
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hence also #*y*A” is not ~0 in R—R’. Since gh = xF, y*g*A" —F*yFA4" 
in R—R’. Hence y*g*A" is not — 0 in R— R. Hence g*A* is not — 0 
in R, — (p). But every covering of R, has a refinement such that p is in only 
one open set of the refinement. Hence, since n = 2, g*A" is not ~ 0 in fi. 
It follows that the dimension of R, is at least n, and hence is exactly n. 
It also follows, by Theorem 7.5, that g is an essential mapping of È; on 8”. 
Hence Æ, is a cyclic space of dimension n. 

Now let n= 1. We assume that o* is the line interval (0,1) and hence 
S? consist of the points 0 and 1. We also suppose that S* is the unit circle in 
the complex plane, that q is the unit point, and that x(t) = exp (Rrit) for 
tea’. Suppose, if possible, that g is an inessential mapping of R, in SL. 
Then, according to a theorem of Eilenberg ([13], p. 68) there is a real 
function $ of the points of R, such that g(y) = exp (2rid(y)) for ye Ri. 
Since g(y) =q only if y = p, $(y) is an integer only if y = p. We may 
assume without loss of generality that $(p) =0. Since gy = xF, if re R, 
exp (2rif(x)) = exp (2rigy(x)) and hence $y(x) = F(x) mod 1. Let A 
be the subset of R consisting of F*(0) +y*4(0, 1) where (0,1) is the 
open interval from 0 to 1. Using square brackets for closed intervals we can 
write, since $y/(2) = F(s) mod 1, A = F*[0,4] - 490,3] + 4074, 1]. 
Thus A is a closed set. Also A = F3[0,4) -y%¢?(— 4, 3) + y0(4, 1). 
Thus A is also an open set. Hence B=R—A is a closed set. Now 
ft(0) = F>(0) CA and f?(1)=F°(1) CB. Let F, be the mapping 
of R in S° which maps A in 0 and Bin 1. Then F, is a continuous extension 
of f contrary to the assumption that f has no extension. Hence g is an 
essential mapping of R, in S!. It follows that A, has dimension at least 1, 
and hence exactly 1. Hence Æ, is a cyclic space of dimension 1. This 
completes the proof of the theorem. 

It may be noted that in the 1-dimensional case we have not used the 
assumption of paracompactness. It follows that any 1-dimensional normal 
space can be transformed, by contracting a closed set to a point, into a 1- 
dimensional normal cyclic space. 

If in the proof of this theorem we used finite coverings and cocycles based 
on finite coverings and if we used Theorem 9.3 instead of Theorem 7.5 we 
could have shown that any n-dimensional normal space can be transformed, 
by contracting a closed set to a point, into an n-dimensional normal space 
which can be mapped essentially, in the sense of uniform homotopy, on the 
n-sphere. 


11. Compact cocycles. It was shown by Borsuk and Hilenberg [6, 14] 
that the group of homotopy classes of mappings of the complement R of a 
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compact set of Euclidean space into the circumference 8* is isomorphic with 
the cohomology group of R based on compact cocycles. This cohomology 
group is defined as follows: 

Let Cis Cat ><, Ca, © >, be the compact subsets of a space R. A com- 
pact n-cocycle of R is a set {Ta”} of cocycles, one in each of the compact subsets 
{Ca} such that, if Cg CC, and if Yaf is the identical mapping of Cg in Ca, 
then y“ Ta” — Fe" in Cg. Two compact n-cocycles {Ta"} and {I’."} are co- 
homologous if Ta" ~ I” in Ca for every Ca. Also {Ta} ~ {Ma"} — {Ma} 
means Fa” ~ I'a” — DU in Ca for every Ca. The cohomology group of R 
based on compact cocycles is the group of classes of cohomologous compact 
cocycles of £. 

If {D,} is any subfamily of the compact subsets of R, a set {T,"} of 
cocycles, one on each of the sets {Dy}, is called a cocycle of the subfamily if, 
whenever Ds C Dy, if ya? is the identical mapping of Ds in Dy, y* yTy" ~ Ds” 
in Ds. Similarly one defines the sum of two cocycles of the family or cohom- 
ology of two cocycles of the family. Then the classes of cohomologous cocyeles 
of the family form the cohomology group of the family. A family {Dy} of 
compact subsets of £ is called a cofinal family if every compact set of A is a 
subset of one of the sets {Dy}. A cocycle of a cofinal family of compact sets 
determines a unique compact cocycle of Æ and the cohomology group of a 
complete family of compact sets is isomorphic with the cohomology group of 
E based on*compact cocycles. 

If T” is an n-cocycle of È and if, for each compact set C, of R, xa is the 
identical mapping of Ca in R, then y*,I" is an n-cocyele of Ca and {x*aI"} 
is a compact n-cocycle of R. If f is a mapping of £ into S and if T” is an 
n-cocycle of S, then f*I" is a cocycle of È and {x*af*I"} is a compact cocycle 
of R. If T"—-T" in $, then x*of*I"~ xfef*D® in Ca, and {Xfaf"T"} 
~ {xa fT} in Ro HE P~r — TT” in S, then y*ef*l" ~x*af*l 
— yta f T” in Ca, and {y*af*I"} — {xaf T} — {xaf T"} in R. Thus f 
induces a homomorphism of the n-cohomology group of S into the n-cohom- 
ology group of R based on compact cocycles. 

Let & be a paracompact normal space which is locally compact and locally 
connected. The theorem of Borsuk and Eilenberg will be shown to hold for 
such a space. 

Since Æ is locally connected, each component of & is an open set. For, 
if x is any point of R, any neighborhood of « contains a neighborhood which is 
contained in the component of R containing x. Hence the components Va of 
R form an open covering B = {Va}. Since R is locally compact, each point of 
R has a neighborhood whose closure is compact. Hence Æ has a covering 
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IW = {Wa} consisting of all open sets Wa with compact closures. Since E is 
paracompact, for any covering U of R there is a common refinement U, of U, 
B, and I, which is locally finite. Since R is normal, we may further assume 
that U, is a normal covering of R, i. e., that there is a canonical mapping ¢ of ` 
E on the nerve Ni of U, which is essential on every simplex of Mi. The star 
of each vertex u of N, is the image of an open set U of U, which is contained 
in an open set of W whose closure is compact. Hence U is compact and its 
image, which is the closure of the star of u, is compact and hence is a finite 
complex. Thus U, is a star-finite covering and R is an s-space. 

Since Il, is a refinement of the covering 8 by components, it follows that 
if Ua and Ug are sets of U contained in distinct sets of 8, 1. e., in distinct 
components, the vertices, ua and ug of N, are not connected. Thus ¢ does not 
‘ map more than one component of R in any component of N;. But the com- 
ponents of the complex Ni are open and closed. Hence, since ¢ is continuous, 
the inverse image of a component of N, is an open and closed set of a com- 
ponent of È, and hence is a component of ÈR. 

Now, if Z, is the star of a vertex of Ni, A==@"*(L;) is compact. Let 
La be the star of the closed complex Zi. Then A, = ¢™ (La) is the sum of a 
finite number of compact sets and is therefore compact. Also A, is contained 
in the interior of As; A, € Az. Proceeding thus we get a sequence {L;} 
where Lis is the star of the finite complex Li and a sequence of compact 
sets {A;} where A; == $(L;) and Ai GA. The sum SL; of the sequence 
is seen to be a component of N. Hence ZA; is a component of R. Let p be 
a point of Ay. Let B: be the component of A; containing p. Then B: is 
closed and therefore compact. Since È is locally connected, B; is contained 
in an open set contained in a connected set of the interior of Aim. Hence 
Bi E Bin. Also 3B;—3A;. For otherwise there would be a point x of the 
connected set YA; such that every neighborhood of x contains a point of 3B; 
and a point of ZA;,-— XB;. But v is in the interior of some set A; and has 
a neighborhood contained in a connected set of the interior of Ai. This 
neighborhood contains a point of some set Bi and a point of A;— $Bx. 
Since the sets A; are increasing it may be assumed that i > 7. But then B; 
would contain the whole neighborhood of x. Hence 3B: == 2A;. Thus each 
component of R is the sum of a sequence of compact connected sets, each 
being contained in the interior of the next set of the sequence. 





LEMMA 11.1. If {Ta}} is a compact 1-cocycle of the locally connected 
a 
locally compact paracompact normal space R there is a mapping f of R into 
the circumference S* such that {x*af*A'} ~ {VT} in R. 


Proof. Let Vge8 be a component of R and let {Bgi} be a sequence of 
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compact connected sets such that Bg: E Baia and Vg—=3iBgi. Then, by 
Theorem 8.1, there is a mapping fs, of Bg: into S* such that f*g.A*’~I"a 
in Bg, where Ig, is the cocycle of {Ta}} in the compact set Bgı. Assume we 
have a mapping fg: of Bgi into S* such that f*g:A* —Tg; in Bpi. There exists 
a mapping 98,141 Of Bg is, into S* such that gg, ag A! ~ Dg,iu In Bain. IE yi 
is the identical mapping of Bai in Bais then y*ig*giu A! — Yi" g, 44 ~ Ii 
~ f“giA° in Bgi. Hence ggisti= 96,14: | Bgi is homotopic to fsi. Hence, 
by Theorem 10.2, fsi can be extended to a mapping fg in of Bais. in S*, with 
fg. homotopic to ggi. Hence f*g ind? ~ opin A’ ~ Dig ii in Bg in. 
Thus there is a sequence of mappings fg: of the sets Bg; in S* such that 
f*piA*—~ Ig: in Bei and such that fai is an extension of fg: Since 
Bai G Beis, the limit mapping fg of Vg in S* is continuous. The mapping f 
of & is St which coincides with fg in each Vg is the required mapping. 

Let Ca be a set consisting of a finite sum of sets Bgi, By;, etc. each from 
a different component of R. Then there is a cocycle Dar of Ca uniquely 
determined up to cohomology such that for each of the sets Bgi, if Yaf? is the 
identical mapping of Bg; in Ca, Y*aP Ia ~ Tai in Bgi. The cocycle IT"! can be 
found by formally adding the cocycles Ig; of the sets Bg: in the nerve of each 
covering which separates these sets. Since I’,* is unique, Ii — Ig in Ca 
and Diu ~~ y*,f*A' in Ca and hence Tal ~ y*,f*A' in Ca. Now the interiors 
of the sets Bg: form a covering of £ by open sets and hence any compact set 
is contained in a finite number of these. Hence any compact set of R is 
contained in a set Ca consisting of a finite sum of sets Bai. Hence the sets 
Ca form a cofinal family of compact sets and thus Ty’ ~ x*af*A* in each of 
the compact sets Ca of a cofinal family. Hence {Fa} ~ {y*af*A*}. This 
completes the proof of the lemma. 


Lemma 11.2. Jf fis a mapping of the locally connected locally compact 
paracompact normal space R into the circumference S* such that {x*af* At} — 0 
in R, then f is inessential. 

Proof. Since {x*f*A'} — 0 in R, y*af*A* ~ 0 in Ca, and hence for each 
compact set Ca of È the partial mapping f | Ca is inessential. In particular 
the partial mappings f | Bg: of the sets Bg; into S* are inessential. Hence 
there is a real function $g; on Bg: such that for x e Bei, f(x) = exp (Qrigpi(e)). 
If a point æg is chosen in Bg, ogi can be chosen so that 0 = ġgi (zg) < 1. 
Then, since Bg: is connected, dg; is uniquely determined.°*? Hence i+; 18 
an extension of $g:. Hence there is a limit function $g defined and continuous 
on Vg such that for we Vg, f(x) = exp (2ridg(x)). The function ¢ which 


29 See [13], p. 64 
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coincides with ¢g on Vg for each component Vg is then continuous and 
f(x) = exp (2rig(«)) for ref. Hence the mapping f of R in S is 


inessential. 


THEOREM 11.3. If a paracompact normal space R is locally compact 
and locally connected, the group of homotopy classes of mappings of E into 
the circumference St is isomorphic with the 1-cohomology group of R based 
on compact cocycles. 


Proof. To each mapping f of R into S' corresponds a compact cocycle 
{x"af*A*}. If fo and fi are homotopic mappings of R into St, fo! Ca and 
fı | Ca are homotopic mappings of Ca in S*, and hence y*af* At ~ y*af*,A? in 
Ca, and hence {y*af*oAt} —{xfaf*1:A°} in È. If f is the difference of the 
two mappings fo and f, of R into 81, f| Ca = fo | Ca-— fi | Ca, and hence 
af A g af A A in Oa and hence {y*af*A*} ~{y*af*oAt} 
— {x*af*,A"} in R. Thus there is a homomorphism of the group of homotopy 
classes into the cohomology group. But, by Lemma 11. 1, there is a mapping 
for every cocycle. Hence the homomorphism is onto the cohomology group. 
By Lemma 11.2, only the class of inessential mappings corresponds to the 
zero element of the cohomology group. Hence the homomorphism is an 
isomorphism. This completes the proof. 

It is easily seen by counterexamples that the requirements that / be 
locally connected and locally compact are essential for Theorem 11.8. And 
even if these conditions are satisfied the n-cohomology group of R need not 
be isomorphic with the n-cohomology group based on compact cocycles for 
n>1. This may be shown by the following example. 

Let R be the space defined as follows: Let the end circles of a sequence 
of cylindrical surfaces be distinguished as right and left. Let each point of 
the right circle of the cylinder R; be identified with its diametrically opposite 
point and let the circle so obtained be identified with the left circle of Rin. 

The space & can be subdivided to form an infinite complex K. Such 
subdivisions are obtained by subdividing each of the cylinders RÆ; so that the 
subdivisions agree on the common circles. If Ka is any such complex the 
covering Ua of È by the stars of the vertices of Ka has Ka as nerve. Such 
coverings Ua form a cofinal family of coverings of R. Let o%a: be a designated 
2-simplex of Ka contained in R: and let o'a; be a designated 1-simplex of Ka 
in the left circle of R;. Then each 2-cocycle of Ka is cohomologous to a cocycle 
Ca'oai, and it is cohomologous to zero if and only if there exist numbers aq! 
such that cafo’a = de'C7ag where, if r > 1, Cai = — 20%g,i1 + o ai and 
C?a ==o'a1, We assume that Ka is oriented so that C?a, is cohomologous to 
the coboundary of otai. 
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Let ra? be the 2-cocycle Cato’ai of Ka, where Cat == 1 or 0 according as 
i is odd or even. Then T? = {IT} is a cocycle of the cofinal family of 
coverings. Assume if possible that I° — 0 in R. Then T? 0 in Ka for 
some covering Ua of the complete family. Then there are numbers at such 
that 
Et — ta'ri = dale +3 (~ 2aato"a,i-1 + laoai) =3 (--2 a al ++ da total 
Hence 
Cal — Blatt! + Qat, 1. e., — ag? + ag?" = 0, — Qta?! A la a == 1, 
Therefore 


grigia VEST gang n — Ren sd la” SEN x "g2(n-p) 


p20 
n 
cdi agt ES 92(n-p) i da ae 4 (228+ teas 1) 
p=0 
Therefore 
1== (9282 1)mod 37e, 

Therefore 

= = A (2m2 — 1) we FIN ee aa 4 (22m1 J: 1)mod Q2n+1 
Therefore 


| ag? | = 4( 221 — 1) = 221 for every n. 
But this is Impossible. Hence I? is not ~ 0 in A. 

Therefore not all 2-cocycles of Æ are cohomologous to zero in Æ and 
hence È has essential mappings on S*. However in a compact subset of £ 
consisting of a finite number of the elementary cylinders (with indentifi- 
cations) all 2-cocycles are ~ 0. But these compact subsets form a cofinal 
family of compact subsets of Æ. Hence every compact 2-cocycle of È is — 0. 
Therefore the 2-cohomology group of R based on infinite coverings is not 
isomorphic with the one based on compact cocycles. 


“TUFTS COLLEGE, 
MEDFORD, MASS. 
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ON THE ZETA-FUNCTIONS OF ALGEBRAIC NUMBER FIELDS.* 


By RICHARD BRAUER. 


1. It was proved by E. Artin' that if k is an algebraic number field 
(of finite degree) and K a normal extension field with the icosahedral group 
as the Galois group with regard to k, then the zeta-function €(s,&) of k 
divides the zeta-function £(s, K), in the sense that the quotient £(s, KX) /é(s, k) 
is an integral function of the complex variable s. Using Artin’s method, we 
shall show in this note that the zeta-function £(s,k) of an algebraic number 
field k divides the zeta-function £(s, K) of every normal extension field K of k.™, 
The proof (8) is based on a group-theoretical lemma which is established in 2. 
Our result will enable us to prove in 4 the following theorem conjectured by 
C. L. Siegel.2 Consider all algebraic number fields of a fixed degree n. Let 
d be the discriminant of k, let h be the number of classes of ideals in k, and 
let R be the regulator of k. Then 


(*) log (AR) — log V Tå], 


This had been proved by Siegel for quadratic fields k. In the case of imaginary 
quadratic fields %, the result gives a refinement of the famous theorem of 
Heilbronn that h tends to infinity with | d|. Siegel also mentions that his 
method makes it possible to establish (*) for all fields k of fixed degree n 
which are soluble with regard to a fixed subfield. Using the above results 
on the zeta-function, and some results of Landau,, we can apply Siegel's 
original method to obtain (*) in its full generality. 


(for |d| — ©). 


2. Let G be a group of finite order g. The irreducible characters of G 
will be denoted by xo, x1," * ‘;xn-1 where in particular xo is the 1-character, 
xo(o) = 1 for all o in G. If fy is the degree of xy, the character 0 of the 
regular representation of G is given by 


* Received January 9, 1947; Presented to the American Mathematical Society, 
April 25, 1947. 

1 E. Artin, Mathematische Annalen, vol. 89 (1923), pp. 147-156; Abhandlungen 
aus dem Mathematischen Seminar Hamburg, vol. 3 (1924), pp. 89-108. Cf. also E. Artin, 
Abhandlungen aus dem Mathematischen Seminar Hamburg, vol. 8 (1931), pp. 292-306. 

la After I had submitted the present paper, H. W. Brinkmann kindly drew my 
attention to the fact that this Theorem 1 had already been obtained by Hideo Aramata, 
Proceedings of the Imperial Academy of Japan, vol. 9 (1933), pp. 31-34. I publish my 
proof in the following since it seems to be somewhat simpler. 

° C. L. Siegel, Acta Arithmetica, vol. 1 (1935), pp. 83-86. 
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n—i 
(1) 6 = >, foxy. 


p=0 
LEMMA, The character 


A 


z-i 


0 — Xo > foxy 
pol 


of G can be expressed as a linear combination Scpwp* of characters wp* of G 
which are induced by irreducible characters wp different from the 1-character 


of cyclic subgroups, such that the coefficients cp are positive rational numbers 
with the denominator g. 


Proof. Let A be a cyclic subgroup of order a > 1 of G. Let yo(a) = 1, 
Wi(%),° © *,a1(%) be the characters of A where « denotes a variable element 
of A. Then x:(«) can be written as a linear combination 


a-l 
(2) x0 (2) = E hruta (a) 
with coefficients Avy which are non-negative rational integers. The ortho- 
gonality relations for group characters show that here 
(3) hvy = (1/0) 2: xv (#) Ya (2), 


a ranging over all elements of A. 
The character yu of A induces a character yu* of G. According to a 
theorem of Frobenius, we have 


Prod, 
(4) yu" (o) = Zoo (o) (o in G) 
where the coefficients Avu in (4) are the same numbers as in (2). 
Thus 
mel le 
(5) pë (0) = (1/0) Ex (0) ByoC@¥ala). 
Determine now numbers to, Ui,’ © *, Ua- such that 
ap (a), if a = 1.4 
(6) Sn == <4 0, if «41, but does not generate A. 
p= i 
. — a, if « generates A. 


The orthogonality relations for the group characters of A make is possible to 
write down the un explicitly. We have 


2G. Frobenius, Sitzungsberichte der Berliner Akademie (1898), pp. 501-515. 
Compare also A. Speiser, Theorie der Gruppen von endlicher Ordnung, 3rd ed. (1937), 
Berlin, $ 64. 

‘Here, $(a) denotes the Euler function. 
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un= (1/a) ($(2)avu(1) +2 (—a)yu(8)) 
where 8 ranges over the primitive elements of A. Hence 
(7) Up = $(a) — 2 ¥u(B). 


This shows that up is a rational number and hence a rational integer. Further, 


since |yu(8)|==1 and since yu(8) 41 except for the 1-character yo, it 
follows from (7) that 


(8) Uo == 0, Up >.0 for u > 0. 
Form now the expression 

(9) S(A) RUE) 
Then, by (5) 


(A) = (1/0) xo (0) Z (E) X uyla) 
and (6) yields 


S(4) =Zxo(0) (x1) $(a) — Z x(8)) 


where 8 again ranges over the primitive elements of A. This shows that the 
function S(A) of a variable element o of G is a linear combination of the 
characters xv. The value xv(1) is the degree fy of x». In particular, the 
l-character xo appears in S(A) with the coefficient 


$(a) —Z1=6(0) — $(2) =o. 


4 
wv 





It is sufficient to let v range over the values 1, 2,- - . n— 1: 


(10) 8(4) =E xlo) (hela) — E08). 


Add now the formulas (10) for all cyclic subgroups A of an order > 1. 
Then 8 will range over all elements #1 of G, and since xv is not the 1- 
character xo, the orthogonality relations for group characters yield 


—SEeG) =p) =f 
Further 
2 ¢(a) mpe 


a 


Hence (10) gives 


x 8(4) = Slo) (f(g 1) +10) = 9 Z flo). 
Thus 


Li 


+ 
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(11) (1/9) E 8(A) = È fx (0) = 6 — x 


It is shown by (9) that the left side of (11) is a linear combination of 
characters yp“ induced by irreducible characters Ya of cyclic subgroups. From 
(8), it follows that no character ya” induced by a 1-character appears, and 
that the other yu” appear with positive coefficients up/g. These coefficients 
are rational numbers with the denominator g. This establishes the lemma. 


3. We now state 


THEOREM 1. Let k be an algebraic number field and let K be a normal 
field over k, both fields being of finite degrees. Then the quotient of the zeta- 
functions 


Els K)/E(s, k) 
is an integral function of the complex variable s. 


Proof. The zeta-functions can be expressed as L-series in the sense of 
Artin 5 
f(s, K) = L(s; 0, K/k) 3 f(s, k) = Ds; x0, K/k) 


where @ now denotes the character of the regular representation of the Galois 
group G of K with regard to k and where xo is the 1-character of G. Hence 


{(s,K)/&(s,k) = L(8;0— xo, K/k) 
and Lemma 1 yields 
(12) tls, K)/t(s,k) = ILL (s; wp*, K/k) %. 


According to a fundamental result of Artin, the Z-series D(s; wp", K/k) is 
identical with an abelian L-series L(s,wp) == L(s;p,U0/V) where U is a 
cyclic field over the field V;} CV CUCK. Here, op is a linear character, 
not the 1-character, and consequently * L(s; wp*,K/k) is an integral function. 
Now (12) together with Lemma 1 shows that the g-th power of £(s, K)/£(s, k) 
is an integral function. Since {(s,K)/{(s,%) is meromorphic, it must be 
integral. This proves Theorem 1. At the same time we obtain: 


5 See § 4 of Artin’s paper in the Abhandlungen aus dem Mathematischen Seminar 
Hamburg, vol. 3. a 

© See $ 5 of Artin’s paper referred to in °. The general law of reciprocity was proved 
by Artin in Abhandlungen aus dem Mathematischen Seminar Hamburg, vol. 5 (1927), 
pp. 353-363. 

© This had first been shown by E. Hecke. See E. Landau, Mathematische Zeitschrift, 
vol, 2 (1918), pp. 52-154, Theorem LXIII. 
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COROLLARY. If the normal field K has the degree g over k, then the g-th 
power of &(s, K)/f(s,k) can be written as a product of abelian L-series which 
belong to linear characters different from the 1-character. 


It has been surmised that Theorem 1 remains valid, if K is an arbitrary 
(not normal) extension field of k of finite degree. This would follow from the 
still stronger conjecture of Artin that the Z-functions belonging to irreducible 
characters different from the 1-character are integral functions. Our present 
method does not offer a possibility to attack these problems.® 


4. We now wish to prove the following theorem formulated by Siegel. 


THEOREM 2. Let d denote the discriminant of the algebraic number 
field k of degree n over the field P of rational numbers. Let h be the number 
of classes of ideals in k and let R be the regulator. Then, for the fields k 
of fixed degree n | i 


log (RR) — log V | d| (for |d|> ©). 


Proof. (a) We state without proof a number .of known results which 
will be used in what follows. 


Lemma 1 (Siegel®). Let W be an algebraic number field of degree q 
over the field of rational numbers with the discriminant T. Denote by r(W) 
the residue of the zeta-function (s, W) for s=1. If f(s, W) S0 for a real 
value of s with 0 < s < 1, then o 


(13) r(W) > s(1— s)2-9e-247 | T | (8-1)/2. 
Siegel’s Lemma 4 must be replaced by 


LEMMA 2 (Landau °), Let W, q, T have the same significance as in 
Lemma 1. Let x be a linear character, not the 1-character, modulo the ideal f 
in W, The corresponding (abelian) L-series L (s,x) satisfies for s=1 the 
inequality 


8 In the case of the icosahedral group where the characters of G are known ex- 
plicitly, Artin could show that the zeta-function of the ground field divides the zeta- 
functions of some of the fields Q lying between k and K, but not all these Q can be 
treated in this manner. Actually, it is not known to-day whether {(s,k) divides 
t(s, Q) in these other cases. 

° Siegel, loc. cit., Lemma 2. The proof of the lemma, as is that of the following two 
lemmas, is based on Hecke’s integrals for the zeta-functions and the abelian Z-series. 

1° E. Landau, Mathematische Zeitschrift, vol. 4 (1919), pp. 152-162; theorem 5. 
While the corresponding lemma in Siegel’s case can be proved quite directly in an 
elementary manner, it seems impossible at the present time to prove Lemma 3 avoiding 
Hecke’s theory of analytic continuation of the abelian L-series. 
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(14) | (1, x) | = Aglog? | T- NF | 
where Ag depends on q alone and where NÎ denotes the norm of |. 


Lemma 3 (Landau**). Let k be an algebraic number field of degree n 
over the field of rational numbers. If h denotes the number of classes of 
ideals in k, if d is the discriminant and R the regulator of k, then 


(15) ARS N,V | d| log? | d | 
where Xn is a constant depending on n alone. 


(b) We wish to show that for all algebraic number fields & of degree n 
the relation 


(16) log r(%) = o(log | d |) 


‘holds where r(&) is the residue of £(s, k) for s==1 and where d is the 
discriminant of k. As is well known, | 


(17) (hk) = chR/V Ta] 
where c lies between positive bounds depending on n alone. Hence (15) 
shows that 


(18) lim log r(k) /log |d| S0. 


We now consider the case where k is a normal field of degree n over the 
field of rational numbers and apply Siegel’s method. If (16) were false for 
normal fields k, there would exist a positive number «< 1 such that for 
infinitely many normal fields & of degree the following inequality holds 


(19) r(k) < |a] 
Set i | 
(20) q = Re/n 


and choose & such that (19) holds and that |d | satisfies the inequality 
(21) | d | E L (1— gq) reer | d | 4/2 


By Lemma 1 and (19) and (21), (1—y,k) >0. Since ¿(s, k) > — œ 
for real s approaching 1 from the left, it follows that there exists a real o 
with l 


“E. Landau, Göttingen Nachrichten (1918), pp. 478-488, proof of Lemma 1. 


ai 


I 


ON THE ZETA-FUNCTIONS OF ALGEBRAIC NUMBER FIELDS. 249 


(22) l1—ydo<l 
such that 
(23) f(o, k) == 0. 


From now on, the field k will be considered as fixed. Let K be a second 
field, normal of degree n over the field of rational numbers, and let Q = Kk 
be the compositum of K and k. Then the degree m of Q divides n°. If K has 
the discriminant D, the discriminant A of Q will divide d”D". 

It follows from the Corollary in 3 that we may set 


(24) f(s,Q) = f(s, k) f(s), 
(25) '  €(s,Q) == f(s, K)M(s). 


Here, the n?th powers of My(s) and M(s) are products of J-serles 
L(s;x,U/V) where U is a cyclic extension field of the field V, VC U CQ, 
and where x is a linear character, different from the 1-character. The number 
of factors lies below a fixed bound depending on n. Then L(s;x,U/V) is 
identical with an L-series Z(s, x) of the field V where x now is a character 
modulo a suitable ideal f, the conductor, and x is not the 1-character. It 
follows from the conductor-discriminant formula of class field theory ** that 
Nf divides the discriminant of U which itself divides the discriminant A of Q 
and hence d"D". The discriminant of V also will divide d*D". Take 
| D| 2 |d|. Lemma 2 implies that 


| L(1,x, U/V)| S a log * | D | 


where ci, co (and later ¢s,¢4,: | ‘) are positive constants depending on n 
alone. Then 
(26) |M(1)|=cglog®|D|. 


It follows from (23) and (24) that £(0,2) =0. Hence, by Lemma 1, 
r(2) > a(t — o)Q-me-emm | A | (o-1) /2 
where m is the degree of Q. Since |A| S| d|*|D|", this gives 
(27) r(Q) Z a | D | or, 
a denoting a positive constant which depends on n, d, o, but not on K. It 


follows from (25) that 


1? See, for instance, H. Hasse, Klassenkérpertheorie, mimeographed notes, Marburg 
1932/33, p. 118 and $ 23. Actually, we use only a weaker result. This, as is well 
known, can be obtained analytically by comparing Hecke’s functional equations for 
t(s, U) and for the L-series belonging to the cyclic field U over F. 
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r(Q) = 7r(K)M(1). 
Combining this with (26) and (27), we obtain 
r(K) ==r(0)/M(1) Z acgt | D | -#C-) PF log-~ | DI. 
Since 1—o < q = 2e/n, it follow that 
r(EA)=|D|< 
for all normal fields K of degree n with sufficiently large | D f. This contra- 


dicts the assumption that the inequality (19) holds for infinitely many 
normal fields of degree n, and this shows that (16) holds for normal fields k. 


(c) Consider now an arbitrary number field k of degree n with the 
discriminant d. Again, we wish to establish the relation (16). Let Q denote 
now the Galois field belonging to %. Then © is normal over the field of 
rational numbers. Its degree lies below a fixed constant c; depending on n 
only. If A is the discriminant of ©, then |A|=]|d]|” where » depends 
only on n. On account of the Corollary in 3, we may set 


(28) Els, Q) = f(s, k)M*(s) 
where M*(s) has properties analogous to those of M{(s) in (25). Applying 
the argument leading to (26) here, we obtain now 


| M*(1)| Scelog*|d|. 
Now (28) yields 


(29) r(k) = 7(Q)/M*(1) = r(0)cetlog "| d|. 


Since (16) has been established for normal fields of a fixed degree, we have 
r(9Q) = |A| for every fixed 5 > 0 provided that |A | is sufficiently large. 
But |d| <|A4|<]|d4]|” and hence 


(30) s(Q)=|d|® 
provided that | d | is sufficiently large. Combination of (29) and (30) gives 
lim log r(k) /log | å | Z 0. 


This, together with (18), shows that (16) holds for all fields & of degree n. 
Now (17) implies that log (AR) ~log V |d| as was stated in 
Theorem 2. 
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ASYMPTOTIC INTEGRATIONS OF THE ADIABATIC 
OSCILLATOR.* 


By AUREL WINTNER. 


1. The following considerations deal with the behavior, as #> œ, of 
the linear, non-conservative system defined by the Hamiltonian function 


(1) A(x, a" 31) =3{r° + (0° + p(t) )a°} 
of a single degree of freedom, that is, by the Lagrangian equation 
(2) + (0 + $(t))e=0, 


where w denotes a positive constant (“undisturbed frequency”), and the 
coefficient function $(t), a given perturbation of the squared frequency, is 
“small” or “slow” as t-+> œ. It will always be assumed that the coefficient 
function, $(t), of (2) is defined for large positive #, and that ¢(¢) is con- 
tinuous and real-valued (these assumptions will not always be repeated in 
the wording of the theorems). 

Actually, it will be convenient (and, in the proof of (1), almost necessary) 
to consider complex-valued coefficient functions also, Such coefficient func- 
tions will not be denoted by (t) but by other symbols. It will be understood 
that these coefficient functions, too, are defined and continuous for large 
positive 4. 

The “smallness ” of $(#), as {> œ, can be specified in various senses. 
The problem is precisely which of these specifications leads to an assigned 
restriction of the asymptotic behavior of the general solution of (2). The 
most natural of these specifications seems to be 


(3) p(t) > 0 as t— œ, 


but this turns out to be quite useless, since, it proves to be compatible with 
almost any asymptotic behavior of the solutions #(#) (except, of course, with 
a behavior excluded by Sturm’s comparison theorem on nodes) ; cf. [4]. Less 
primitive specifications result if (t) is required to be of class (L) = (E) 


* Received November 7, 1946. 
251 


252 AUREL WINTNER. 


or of class (L?). Neither of these specifications implies the other and both 
of them together do not imply (3). It is understood that, since $(#) is 
continuous on the half-line, it is said to be of class (L?) if 


(3a) = fismpa<a: (p >.0). 


Still another condition is 


(80) Jia < 


(to be required for a sufficiently large lower limit of integration). Since 
(30), in contrast to (3p), does not imply that (t) is “ small” for large t, 
the restriction (3) will always be assumed, if (3,), where p > 0, is replaced 
by (8). In this regard, it is sufficient to observe that (30) implies the 
existence of a finite limit (<), which can have an arbitrary value, and that 
(3) means the vanishing of this limit. . 

It is convenient to think of (8)) and (3) together as representing a 
limiting case of (3p). This limiting case of (L?) will be denoted by (L°). 
In other words, ¢(¢) will be called of class (L°) if it is of bounded variation 
(on some half-line) and tends to 0 ast-> œ. For instance, a monotone $(#) 
is of’class (L°) if and only if it satisfies (3). Needless to say, neither of the’ 
classes (L°), (LZ?) contains the other (whether p > 0 is fixed or variable). 
All that is true is that ¢(¢) must be of class (L°) if it satisfies (30) and is of 
class (LZ?) (for some p > 0). 


2. The results to be obtained are explicit rules for the asymptotic 
integration of (2), the description of which can best be centered about the 
following theorem: 


(i) If (4) is of class (L°) and of class (L"), then there belongs to 
every solution x(t) 520 of (2) a unique pair of positive integration constants, 
say a and « (= 2r), such that 


t 
(4) z(t) =a cos (a+ ot +8 f (5) ds/0) + e(t), 
where the remainder term, e(t) = ena (t), is o(1), as is its derivative; that is, 
(5) e(t) — Oand é (t) —> 0 as t —> œ. 


If the zeros of the cosine in (4) are disregarded, the first of the relations 


CA 
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(5) states that the first term on the right of (4) is asymptotic to the function 
on the left of (4), and the second of the relations (5) means that the formal 
differentiation of this asymptotic formula for x(t) is legitimate. 

Since (4) contains two integration constants, a and a, the lower limit of 
the quadrature occurring in (4) can be thought to be fixed. On the other 
hand, the fact that this lower limit is arbitrary cannot dispose of the necessity 
of an « in (4), since the function of ¢ representing the third term beneath 
the cos can have a range the length of which is less than 27. But this pre- 
caution is surely superfluous unless the coefficient function $(#) of (2) is 
such that 


t 
(6) J 609 as 
becomes O(1) ast— œ. 
For the still more restrictive case, in which (6) tends to a finite limit, (1) 
clearly contains the following corollary: 


(ibis) Jf (t) is of finite total variation and such as to make both 
improper integrals 


(1) feon foou =lim f sà 


CO 
convergent (whereas J p(t) |dé = œ is allowed), then there belongs to 


every solution, x(t), of (2) a unique pair of integration constants, c, and co, 
such that 


(8) x(t) = c cos at + ca sin wf + e(t), 
where the remainder term and its derivative satisfy (5). 


Actually, the (Z?)-assumption can now be omitted, since it is implied 
by the remaining assumptions of (ibis). In order to see this, it is sufficient 
to apply to the first of the integrals (7) an integration by parts (based on 
the factorization ¢?(¢)dit = $(t)dF(t), where F denotes the indefinite inte- 
gral of ¢). 

What is essential in (ibis) is the inclusion of the case mentioned paren- 
thetically after (7). In fact, if $(#) is of class (Z*), then (8) and (5) hold 
for all solutions of (2) even if neither of the remaining assumptions of (ibis), 
requiring that ¢(¢) be of class (Z°) and of class (L?), is satisfied. Cf. the 
case f(t) =="? of (iii) below. 
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w 


A simple instance, to which (i) is applicable but (ibis) is not, results 
on choosing $(t) = t^, where 4 <A S 1. In fact, $(#) then is of class (L°) 
and of class (Z°), but (6) is not O(1). According to (4), the general 
` solution of 


(9) + (14 a =0 

is of the form 

(10) a(t) = cı cos (t + 4log t) + ce sin (t + $ logt) + e(t) 

if A= 1, and of the form 

(11) s(t) =c cos (t + t/u) + casin (t + ##/4) + c(t), where a = 1 — À, 
if $< AsA1; hence, of the form (8) if and only if p< 0, i.e. A> bi 


3. Instead of the limiting case of the range 3 < A = 1, covered above, 
consider the following modification of the case à = 4 of (9): 


(12) g” + (1-+ 202+ tt) == 0; 
so that, in (2), 
(13) p(t) =e te 


and œo == 1. Since (13) means that 


t 
(14) Bf b(s)ds— 28 + blogt, 


the assumption that (i) is applicable would mean that the general solution 
of (12) is a superposition of the real and imaginary parts of 


(15) exp i(t -+ 2t + 4 log t) + e(t). 


In fact, (14) shows that this is equivalent to the assertion, (4), of (1), the 
value of w being 1. But it will be shown that the general solution of (12) 
is a superposition of the real and imaginary parts of 


(16) exp i(t + 248) + e(t), 


rather than of (15). It is understood that e(t) in (15) and (16) denote 
two functions which (along with their derivative) satisfy (5). Hence, no 
superposition (50) resulting from (16) can result from (15). Consequently, 
the assumption that (i) is applicable to (12) is false. 
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Since the function (13) is of class (5°) but fails to be (though Just 
barely) of class (L?), it follows that the second of the assumptions of (i) 
cannot be omitted: | 


(i*) The assertions of (i) are not in general true for a coefficient 
function, p(t), which is of class (L°) (but not, of course, of class (L?) 
as well). 


In order to prove this, it will be convenient to start with the principal 
term, S 
(16*) a(t) = exp i(t + 28), 


of (16) and to deduce for (16*) a differential equation, say (12"), which 
differs from (12) only in unessential terms (to be specified in a moment), 
rather than to start with (12) and then deduce (16), which differs from (16*) 
only in unessential terms (as specified by (5)). 

First, if «= x(t) is defined by (16*), then z’ —i(1-+¢*)a, hence 


g” == 47(1 + ye — 4 (t4 yiz. 


This can be written in the form 


(12°) af (LEARE, 
which is (2) with œ = 1 and with $* instead of $(#), where 

$ 
(135) $*(4) = $(1) HEED, 


if $(t) denotes the coefficient function, (13), of (12). 

Accordingly, the deviation of the coefficient functions of (12) and (12*), 
though imaginary, is O(¢#)*, and therefore of class (Z*). But (iii) below 
will show that a deviation of class (Z*) in the coefficient functions, whether 
real-valued or not, does not have any effect on the asymptotic form of the 
general solution; in the sense that the whole disturbance will consist of an 
additive correction term which (along with its derivative) satisfies (5). 
Since, in terms of the superposition of real and imaginary parts, (16*) belongs 
to (12*), it follows that what belongs to (12) is (16), rather than (15). 

This proves (i*). In order to ascertain that both assumptions of (i) 
are essential, the following dual of (i*) remains to be verified: 


(1**) The assertions of (i) are not in general true for a coefficient 
function, p(t), which tends, as t-> ©, to 0 and is of class (L?) (but not, 
of course, of class (L°) as well). 
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In fact, Perron [2] has exhibited a (real-valued) coefficient function 
p(t) and a solution s= g(t) of the differential equation (2), belonging to 
this $(t) which have the following properties: ¢(¢) = 0({*) and e(t) 
# 0(1), as t-> © (for a simple deduction and for more general con- 
structions, cf. [4], pp. 386-387 and pp. 394-396). This example proves 
_ (i**), since, on the one hand, $(#) == 0(#-*) implies that (t) is of class 
(L°) and satisfies (3) and, on the other hand, x(t) O(1) contradicts the 
assertion, (4), of (i). 


4. What is known under the (L°)-assumption alone can be summarized 
as follows: 


(iio) If $(t) is of class (L°), then, although (4) and (5) need not hold, 
(17) x(t)=0O(1) and a’ (t) = 0(1) as t—> œ 
must hold, for every solution, == x(t), of (2). 

The first assertion of (iio) is precisely (i*). The second claims that 
(3) and (89) imply (17) for every solution of (2). This has been proved 
by A. Kneser [1], pp. 78-80. In fact, only his wording, but not his proof, 
of (17) assumes more than the pair of conditions (3), (30). But the proof 


is made unnecessarily involved by Kneser’s use of Sturm’s oscillation theorem. 
Tf the latter is avoided, more than (17) can be proved: 


. (ii) Lf p(t) is of class (L°) and if 


(18) h(t) = H(2(t), æ (t); t) 

denotes the energy, (1), along any solution, a = x(t), of (1), then 
DO 

(19) | f | dh(t)| < o. 


COROLLARY. The energy, (18), of every solution x = x(t) tends, as 
t-> œ, to a finite limit, 


(20) | h(c0). 
The latter is positive except when 
(20 bis) a(t) ==0, hence h(t) =0. 


In order to obtain (17), not even the existence of a finite limit, (20), 
is needed, since A(t) == O(1) is sufficient to this end. In fact, A(t) = O(1) 
means, by (18) and (1), that 
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x(t) + (0° + $(t) )a*(t) = O(1), 
which, in view of (3), is equivalent to (17). 


Remark. Let an denote the n-th amplitude, and b» the n-th co-amplitude, 
of a (real-valued) solution «= x(t) s£0 (as to terminology, cf. [4], pp. 389- 
391). Then it is easily seen from (21°) below, from the notations (18) and 
(1), and from (8), that the assertion, (19), of (i1), implies 


oO OO 
(21) x | lny — Un | < 0 and > | bavi — Bn | < o. 
n=1 n=1 
Kneser’s result, according to which there exist finite positive limits 


(210) mar and lim by 
2 > OO N30 


if a(t) =€0 ([1], p. 80) is, of course, a corollary of (21). Finally, 


(21°) lim @n+1/0n = 1 and lim ba/an =o 
nNn3>00 1->00 


hold even if (t), instead of satisfying both (3) and (380), satisfies (3) only 
(cf. [4], p. 391). 


5. The proof of (ii) can be based on the fact that, in virtue of (18) 
and (1), | 
(22) dh(t) = de (1) do (t) 
is an identity in ¢ along any solution, a == x(t), of (2). This fact is a 
straight-forward generalization of the energy relation, A(Ł) = const., of the 
conservative case, ġ() ==0, and is verified in the same way, that is, by direct 
substitution and partial integration. _Caution is necessary only if $(#) is 


just continuous. In the sense of Stieltjes integrations, (22) is true in this 
case also, it being understood that (22) must then be interpreted as follows: 


v l v 
(22 bis) OLIO T OOO 
u u 
holds for arbitrary u, v, and for every g(t) of bounded variation. 
It is clear from (18), (1) and (8) that, from a certain ¢ onward, 
(23) a(t) +2? (t) < h(t), 
if the unit of length on the f-axis is so chosen that 4w? becomes 1. Let the 


5 
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trivial solution, (20 bis), be excluded. Then w(é) and 2’(¢) cannot vanish 
simultaneously and so, by (23), 


(23 bis) h(t) > 0. 
But (22) and (23) imply that, corresponding to the interpretation, (22 bis), 
of (22), l 

| dh(t)| SE A(t) | do (t)|; hence, | d log h(t)| S | de®), 


by (23 bis). It follows, therefore, from (3%) that i 


f | dlog h(t)| < co. 


This implies that log h(t) tends to a finite limit ast > œ. In particular, 
log h(t) == O(1), and so both A(t} and 1/h(t) are O(1). Hence, the result 
of the last formula line is equivalent to the assertion, (19), of (ii). Finally, 
the vanishing of (20) is precluded by 1/h(t) =O(1); so that h(%) > 0, 
by (28 bis). 


5 bis. More interesting than the set of relations (21), (210), (21°) is 
the following fact (which, as will be shown elsewhere, is needed in an 
application to the theory of spectra): 


(ii bis) Jf $({) is of class (L°), and if lı, t.,- © - denotes the sequence 
of consecutive zeros of an arbitrary solution s(t) 20 of (2), then the mean 
square of x(t) over a half-wave, that is, the average 

nsi 
a? (t) dt/ (fn — tn), 


tn 
(as well as tus: — tn itself), tends to a finite, positive limit as n—> ©. 
In order to simplify the notations, let the units of length on the v- and 
t-axes be so chosen that the integration constant (20) (whieh is positive, 


since (20 bis) is excluded) and the constant » occurring in (2) become 1. 
Since, by (8), 


o? + p(t) =o + 0(1) —1+0(1) ast, 


“the nodes of a(t) are majorized and minorized,” in Sturm’s sense, by the 
nodes of the non-trivial solutions of the two linear oscillators 
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A cael 


where e is an arbitr aly fixed ei constant and ¢ is sufficiently large 
(viz, T <t< 0, where T depends only on e). Since the n-th half-waves 
of the solutions y(t) 3£0 of these linear oscillators are of length r/(1 + e)? 
for every n, it follows that every solution e(t) =£0 of (2) has a sequence of 
zeros, and that, if #,, ta, - >, where ty < tn, denotes the sequence of all these 
zeros (when x(#) is fixed), then 


ina =int+r+0(1) ano om, 


Since v(t) vanishes at t = tn and at t = tn, a partial integration gives 


tn41 tns1 
formed ferma. 
tn tn 


But (2), where o = 1, shows that 
—a" (that) =2°(t) (1+ o(t)] = (t) + 0(1) as i>, 


by (3) and by the first of the estimates (17). Hence, the integral on the 
left becomes 


Ens 


(a (Md + 0(1) Lat 


tn 


as n—> co. On the other hand, since the constant (20) has been chosen to be 1, 
it is seen from (18) and (1), where wo == 1, that, as i— œ, 


a(t) +a2(1) =2 + 0(1), 


again by (3) and by the first of the relations (17). Hence, the integral on 
the right is 


n+ 
i f {2 — a(t) + 0(1) }di. 
tn 
Consequently, 
tns ini tnsi fni 
f x2 (t) dt + J 0(1)dt = fra fema. 
în tn tn 


In view of tny, — in > 7, where n-> œ, this means that 
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trey trey 


f a*(t)di =a + f o(1)dt + o0(1)=x + 0(1) 


tn tn 


and completes, therefore, the proof of (ii bis). 


6. In order to abbreviate the formulae, the following proof of the 
asymptotic assertions of (1) will be carried out under ‘the unessential (since 
local) assumption that ¢(¢) has a continuous derivative, 4’(¢). Without this 
simplification, the proof ought to work with Stieltjes differentials or, rather, 
with partial integrations which correspond to the interpretation, (22 bis), 
of (22) in the above proof of (ii). 

Clearly, the assertion of (i) is equivalent to the statement that every 
solution of 


(24) e+ (1+ o(t))e=0 


is a superposition of the real and imaginary parts of a (particular) complex- 
valued solution of the form 


(25) a(t) = y(t) + e(t), 


where y(¢) is an abbreviation for 
t 
(26) y) —expi(tt+3.f (eds) 


and e(t) is some function which, together with its derivative, satisfies (5). 
‘+ Correspondingly, (1) will be proved along the lines of the above proof of (1*) ; 
that is, the function (26), which becomes a solution, (25), only after the 
addition of a correction term, will first be substituted into the differential 
operator on the left of (24), leading to an error in (24). The deviation 
from 0 of the value of the differential operator for y(t} will then be estimated 
so as to lead to (5). This will be accomplished by an appropriate application 
of Lagrange’s principle of “varied constants.” 
First, the derivative of the funetion (26) is 


y = 1(1 + $4) y. 


If this representation of y is differentiated (and, by the assumption made 
before (24), it can be differentiated), it follows that 


y = (1 + 36)?y + 219g. 


Clearly, the last relation can be written in the form 
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(28) y” + +l) +4(0))y=0, 
if y denotes the (complex-valued) function defined by 
(29) 2y(t) = 44? (t) — ig’ (t). 


By the assumption made before (24), the function (29) is continuous. 
Furthermore, by the assumptions of (i), the function $(#) belongs to both 
classes (L°), (£7); that is, both (30) and (32) are satisfied. But (30) 
means that the second, and (32) that the first, term on the right of (29) is 
of class (L*). Accordingly, y(t) is a (complex-valued) continuous function 
of class (L>). 

Since (26) is a solution of (28), and since what (i) claims for (24) 
is (25) with (5), that is, 


(30) a(t) — y(t) >0 and 2’(t) —y(t) 30 as t> œ, 


it is clear that (i) will be proved if it is shown that (30) represents a one-to- 
one correspondence between the solutions, x(t), of (24) and the solutions, 
y(t), of (28). 

For the sake of short formulations, it will be convenient to use the 
following manner of speaking: : 


(iii?) A continugus (possibly complex-valued) function, f(t), defined 
for large positive t, will be called of class (*) if 


a(t)=0(1) and z(t) =O0(1) as t-+> œ 


holds for every solution of the differential equation x” + f(t)a=0. 
In terms of this definition, all that remains to be proved is contained 
in the following lemma: 


(ii) If f(t) and g(t) are continuous (possibly complex-valued) func- 
tions defined for large positive t in such a way that f(t) is of class (*) and 
g(t) — F(t) of class (L'), then (30) represents a one-to-one correspondence 
between the solutions of 


(31) z” -+ f(t) =0 
and the solutions of 
(32) y” + g(t)y =0. 


If (iii) is granted, the proof of (i) can be completed by identifying (24) 
with (31), and (28) with (32). In fact, g(t) —f(#) then becomes the 
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function y(t) which, as verified after (29), is of class (L*). Hence, it is 
sufficient to ascertain that also the other assumption of (iii), that requiring 
that #(¢) be of class (*), is satisfied. But f(t) now is the function 1 + $(t) 
which, in view of (iii?) and of the by-product, (17), of the Corollary of (ii), 
is of class. (*), since, by the assumptions of (i), the function #(¢t) is of 
class (L°). | 


‘€. What remains to be ascertained, viz., the truth of (ill), is a particular 
case of a general theorem, appearing elsewhere, which concerns arbitrary 
systems of linear differential equations‘of first order. Due to the (formally) 
self-adjoint character of the (possibly complex) differential equations (32), 
(31), the proof of (ili) itself affords certain simplifications (and leads, in 
addition, to a refinement of (ili) ; cf. (iv) below). It will be given in a form 
which, instead of the classical procedure of successive aproximations, depends 
only on an adaptation of the trivial estimates used in the proof of (ii). 

Let «= u(t) and a = v(t) be two linearly independent solutions of (31). 
Since their Wronskian, u(t)v’(¢) — v(¢)u’(t), is a non-vanishing constant 
(Abel), it can be assumed to be 1. Then ` 


( v(t) p (i u(t) 
X(t) = , if X(t) = i 
— u (t) u(t) u (4) ba 
Hence, if 


0 1 0 1 
so- ) and no -( ) 
—f(t) OF oth). 0 


— UV — v? 
X7(B—A)X = (f—g) ( ) 


then 


u? UV 


But (31), (32) can be written as #= A(t)é, 77 = B(t)y, if é 7 denote the 
binary vectors the first and second components of which are a, «’ and y, y’, 
respectively. On the other hand, Lagrange’s rule for the variation of constants 
(which can, of course, be verified by direct substitution of the matrices and 
vectors’ Involved) states that, by virtue of the Wronskian transformation, 
X(t), of the binary system &—A(t)é the binary system 7’ = B(t)y is 
equivalent to 
= O (t)é, C == X¥1(B—A)X, 
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if == £(¢) denotes the binary vector defined by {= X-(#)x, where n = 7(%) 
is an arbitrary solution of 7 = B(t)m. 

Let p== p(t) denote the first, and q = q(t) the second, component of 
é=&(t). Then the last two formula lines mean that 


(33) p=(9—f)(uvp+ v9), q = (f—g) (wp + uv). 


On the other hand, X(t) having been defined to be the Wronskian matrix of 
u= u(t) and v= v(t), the definition, = X> (i)n, of € means that 


(34) y = up + vq, y =w p + vq. 


Since z == u(t) and z = v(t), being solutions of (31), are assumed to be 
bounded along with their derivatives, w(t) and v(t), and since the deter- 
minant of the linear transformation, (84), of (p,q) into (y,y°) is the 
Wronskian, which is 1 for every t, finally, since every solution, 2 == æ (1), of 
(31) is a unique superposition of the two particular solutions, s == u(t) and 
x == v(t), which have been selected for X(¢), it is clear that the assertion of | 
(ili) is equivalent to the following statement: If p = p(t), g== q(t) is any 
solution of the binary linear system (33) (in which « and v are given functions 
of t, as are f and g), then p(t), g(t) tend, as t— co, to finite limits, 


(35) p(co),gq(c), 
both of which vanish only for the trivial solution, 
(35 bis) p(t)=0==q(t), 
of (38). 
8. In order to prove the existence of the finite limits (35) for every 
solution of (33), exclude the trivial solution (35 bis). Then, by the unique- 


ness theorem of linear systems of differential equations, p(t) and q(t) cannot 
vanish simultaneously. Hence, if r(t) denotes the function 


(36) r(t) = (| p(t)]* + |g)? 





(which is positive, whereas p(t) and q(t) can be complex-valued), then the 
derivative 7°(#) exists (4 + œ), since, according to (33), both p’(t) and 
g' (t) exist. 

On adding the relations which result if the first of the equations (33) 
is multiplied by p and the second’ by q, and then taking the analogous com- 
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binations belonging to complex conjugates, one readily sees from (36) that, 
since 2 | u(t)v(¢)| S| ut)? + lete, 


| r(t) (t) | = Const. | f(4) — gH) (uH + | o(t) | 2) 


holds for a certain absolute constant. In view of (i) > 0, this inequality 
implies that, as t > o, 


(87) | (log r(#) )’ | = O(1)| F(t) — g(t) | (| w(4)] Le) e). 
But (iii?) shows that what is required of f(t) in (iii) is that all four functions 
(38) _ u(t), v(t); w (t), o (t) 


be O(1), since z == u(t) and == v(t) are two (linearly independent) solu- 
tions of (30). On the other hand (even if just the first two of the four 
functions (37 bis) are O(1) as #-— œ), it follows from (37) that 


(39) dogr(t) =00) f 16) — g6) = 00), 


by the assumption made in (iii) for f(t) — g(#). Since (39) implies that 
r(t) == O(1), it now follows from (36) that both p(t) and g(t) are O(1). 
Hence, it is seen from (38) that 


(40) pi(0) = O(1) | F(t) —g(4)j, q(t) = O(1)| FO) — g(2) |, 


since the functions (88) are O(1) (actually, only the first two of the four 
functions (88) are needed). 

Since the integral occurring in (39) is O(1), it follows from (40) that 
both integrals 


(41) . frou feroa 


are absolutely convergent. In particular, they are convergent. But their 
convergence proves the existence of the finite limits (35). 

Finally, at least one of the two values (35) is distinct from 0. For, if 
the contrary is assumed, it follows from (36) that r(t) —> 0 as £¿—> œ. Since 
this implies that log r(t) # O(1), it contradicts (39). 


9. This proves (ili), hence (i) as well, and so, since (ii) has been proved 
earlier, all of the statements made above. 
The method applied leads somewhat further than (in), In order to 
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express the resulting refinement conveniently, use will be made of the 
following definition: 


(iv?) Let a continuous function f(t), defined for large positive t, be 
called of class [*] if a(t) == O(1) holds for every solution of x” + f(t)a = 0. 


Thus, in contrast to (iv°), it is now not required that z’ (t) =O(1). 
Correspondingly, the generalization alluded to before is as follows :;, 


(iv) In (iti), the assumption that f(t) be of class (*) can be relaxed 
to the assumption that f(t) be of class [*], if (30) in the assertion of (iii) 
is relaxed to 


(30 his) a{t)—y(t) — 0 asta o. 


In accordance with the remark made after (iv°), only the first of the 
two relations (30) is involved in the one-to-one correspondence claimed in 
(iv). Correspondingly, the truth of (iv) can be seen as follows: 

In the preceding proof of (ili), the assumption requiring f(£#) to be 
of class (*) has been used three times, the first time after (34), the second 
time before (39) and the last time after (40). However, the estimate 0(1) 
has been used only for the first two, rather than for all four, of the functions 
(38). But the assumption, (iv°), of (iv) means that the first two of the 
functions (38) are O(1). Hence, the proof of (ili) makes it clear that, under 
the assumptions of (iv), both components, p(é) and q(t), of every solution 
of (33) tend to finite limits, (35), both of which vanish only in the case 
(35 bis). Hence, if p(%) ==c, and q(«) = ca the first of the relations 
(34) gives 

y(t) = u(t) (cr + 0(1)) + v(t) (c2 + 0(1)). 


Since u(t) = O(1) and v(t) = O(1), this can be written in the form 
(42) y(t) = x(t) + 0(1), where s(t) = c,u(¢) + eev(t). 


In order to complete the proof of (iv), all that remains to be ascertained 
is that the single-valued correspondence established by (42) is a schlicht 
correspondence between the solutions of (31) and (32). In other words, it is 
sufficient to assure that, by virtue of (42), where (u(t), v(t)) denotes a fixed 
pair of two linearly independent solutions of (31), the same pair of integra- 
tion constants, (c., c:), cannot belong to two distinct solutions, say y == y* (t) 
y==y*"(t), of 32). But, if this were not true, y=y* — y** would be a 
solution y(t) #0 of (32) satisfying (42) with cı == 0 = ca. This contains, 
however, a contradiction. In fact, cı = 0 == c means that p(o) =0 
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= (co), hence p(t) = 0 = q(t), and so y(t) = 0, by the first of the relations 
(34). This contradiction completes the proof of (iv). 
It remains to be seen that (iv) actually is more general than (iii): 


(iv*) The coefficient function, f(t), of (31) can be of class (*) without 
being of class [*]. But this cannot happen if f(t) =O(1). 


In particular, it cannot happen for (2) if (1) satisfies (3). 
First, two differentiations show that 


e(t) = exp (—?t-+ exp 2) 
is a solution of (31) when 
f(t) = — 1 + 4 exp 41. 


Since this f(t) is real, but e(t) is not, the general solution of (31) is the 
superposition of the real and imaginary parts of «(#). It is also clear that 
a(t) =0(1) but #°(4) 54 0(1); in fact, neither the real nor the imaginary 
part of z’(¢) is O(1). This proves more than what is claimed by the first 
part of (iv*). 

In order to prove the second part of (iv*), it is sufficient to show that, 
if f(t) == O(1) and x(t) = 0(1), then z’ (t) = O(1) holds by virtue of (31). 
But the two O-assumptions imply, by (30), that 2” = O(1), and z(t) == O(1) 
and æ” (t) = 0(1) always imply that z(t) == O(1) (Hadamard). 


9 bis. It may be mentioned that a trivial modification of the above proof 
of (iii) and (iv) leads to an easy proof of Weyl’s central results ([3], pp. 
223-231) concerning his Grenzkreisfall (results which replace (43) below by 


(43*) f(t) — g(t) = const. 


but, as seen from his proofs, apply under the more general assumption (43) 
also). In particular, the Corollary of the following theorem is nothing but 
[the obvious extension, from (43*) to (43), of] Weyl’s main theorem ([3], 
p. 288) concerning his alternative of the Grenzkreisfall and the Grenz- 
punktfall : 


(iv bis) Jf f(t) and g(t) are (continuous, possibly complex-valued) 
functions for which 


(43) f(t) — g(t) = 0(1) 


holds as t— œ, and if (31) has two linearly independent solutions, say 
x= u(t) and x= v(1), both of which are of class (L°), then there belongs 
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to every solution, y(t), of (32), a pair of (continuous, bounded) functions, 
say p(t) and q(t), satisfying 
y(t) = p(i)u(t) + aott) 
and 
27+ | g(t); ?—C as t> œ, 





| p(t) 
where the integration constant C = Cyn È 0 is 0 only when y(t) =0. 


CoroLLARY. The assumption (48) implies that all solutions of (31) 
are of class (LF) if (and/or only if) all solutions of (32) are of class (L7); 
simply because the last two formula lines imply that 


y(t) = O(1)u(t) + 0(1)0(1) 
as é -> œ, 
In order to prove the Tauberian “o-refinement,” (iv bis), of the latter 
“ O-theorem,” let the trivial solution, (35 bis), of (33) be excluded. Then 
(37) is applicable. But (87) and (48) imply that 


J |og x(t))’ | dt const. f ul | o(t) | at, 


and the integral on the right of this inequality is convergent, since w(t) and 
v(t) are suposed to be of class (L°). Accordingly, (log r(t))' is absolutely 
integrable, hence integrable, over the half-line. In view of (36), the balance 
of the proof of (iv bis) is the same as that of (iii) or (iv) was. È 

Incidentally, (iv bis) can be thought of as a limiting case, (A;A/(A—1)) 
= (1; co), of the following remark: 


(iv* bis) If f(t) — g(t) is of class (L*), where n > 1, and if (31) 
has two linearly independent solutions, say v =u (t) and « = v(t), the squares 
‘of which are of class (L>), where A = p/(p—1), then there belong to every 
solution y(t) 20 of (32) a positive constant, C, and a pair of functions, p(t) 
and q(t), in terms of which y(t) is representable in the form claimed by 
(iv bis). 


In fact, the estimate (37) and the assumptions of (iv*) imply, by 
Ifdlder’s inequality, the convergence of the integral on the right of the last 
formula line, and so (iv* bis) follows in the same way as (ivbis) did. 

More useful than (iv* bis) is its limiting case (A;A/(A—1))= (01): 


(ivo) If f(t) — g(t) is of class (L) = (L>), and if (31) has two 
linearly independent solutions, say a = u(t) and a = v(1), which are O(1) 
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as t—> co, then there belong to every solution y(t) 340 of (32) a positive 
constant, C, and a pair of functions, p(t) and q(t), in terms of which y(t) 
as representable in the form claimed by (ivbis). 


In fact, this dual, (A; u) = (00; 1), of (iv bis), where (A; p) = (1; œ), 
and even more than this dual, is contained in (iv), since, in view of the 
definition, (îv°), preceding (iv), the assumptions of the last theorem, (ivo), 
are precisely those of (iv) itself. 


10. After this deviation from the direction of (1), it will now be shown 
that the assertions of (i bis) need not hold if (3o), the first of the assumptions 
of (ibis), is omitted; not even if (3), which then becomes a condition not 
implied by the remaining assumptions of (i bis), is satisfied. More than this 
is contained in the following negation: 


(i* bis) The convergence of both integrals (7) and the assumption (3) 
together do not prevent for (2) a solution x(t) 4 O0(1). , 


Conversely, the three assumptions of this negation, (i* bis), do not 
prevent for (2) a solution «(¢) 0 which (instead of being, as in (i* bis), 
“large ”) is “small” as ¿—> co. In fact, the proof of (i* bis) will be such 
as to supply, for every N > 0, a $(¢) which satisfies the three assumptions 
of (i* bis) but is such that (2) admits of a solution x(t) =£0 which is O(t) 
as ¢—> co. The existence of functions $(#) of either of these types can readily 
be concluded from the following rule of construction: 

If x= x(t) is any function having a continuous derivative, x, and if 
p = p(t) denotes the (continuous) function 


(44) — ¢ = x° cos? t + x cost — 3x sin i, 
then 

i t í 
(45) x(t) = exp ( Í x(s) cos s ds) cost 


is a solution of 


z” + (1+ o(t))e= 0 


(that is, of (2), where o = 1). 

For similar purposes, this rule has been deduced in [4], pp. 394-395 
[but with an error in sign, the sum of the second and third terms on the right 
of the above definition, (44), of $, viz., the sum 


= (x cost — x sin t) — 2y sin t = x’ cost — 8x sint, 
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having been given (loc. cit., middle of page 895, where x is denoted by g), 
erroneously, as 


(x cos t— x sin ¢) -+ 2y sin t = y’ cost — x sin t, 


which, however, does not affect the construction of the possibilities described 
there]. 


Remark. If $, rather than x, is given, then (44), instead of being the 
definition of $, is a (singular) Riccati equation for x. 
Let the above rule be applied to 


(46) x(t) = t> cost 


(where, in order to exclude the singularity of (46) at t = 0, the half-line is, 
eg, 1St<o). It is seen from (46) that x(t) is — t*sint + O(t?) 
as t-» co. Hence, from (44) and (46), 


— ġo (t) = O(¢1)?—t* sin tcos é + O(t) — 34 cost sint, 
which means that 
(47) p(t) = 247 sin 24 + O(t2). 


On the other hand, since 


f s™ cos” s ds ~ 0 log t as t co, 


where 0 is a positive constant, it is seen from (46) ‘that the solution (45) is 
of the form | 


(48) a(t) = exp (0log t+ o(log #)) cost = #00) cost, 


hence x(t) #=0(1). Since, as shown by (47), both integrals (7) are con- 
vergent, and (3) is satisfied by the present (¢), the proof of (i* bis) is 
complete. | 

It is also seen that, in order to obtain a $(1) belonging to the arbitrary 
exponent, — N, mentioned after (i* bis), it is sufficient to multiply (46) by 
an arbitrary constant. In fact, (44) shows that (47) then becomes multiplied 
by a constant, and so all three conditions of (i* bis) remain satisfied. On the 
other hand, the absolute exponent, #, occurring in (48) becomes replaced by 
c, where c is an arbitrary constant; so that (45) is a solution x(t) #0 
which is O(t-") as t-> co, if c is chosen to be less than — IV/0. 
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Appendix. 


In view of (ii), the negation (i*), in which the assumption is the same 
as in (li), is disappointing. In fact, one would like to have some asymptotic 
formula, that. is, something like (4), rather than just the estimates (17), 
(19), even though just an (Z°)-condition on the coefficient function is made. 

It turns out that such an asymptotic formula, having a structure similar 
to, but different from, that of (4), actually exists. In fact, the true theorem 
is as follows: . 

If (t) is of class (L°), then there belongs to every (real-valued) solution 
a(t) 50 of (2) a unique pair of positive integration constants, say a and a 
(= 2r), such that 


x(t) = 4 COS G + f {w* + (s) pds) + e(t), 


where the remainder term, e(t) = caa (1), and its derivative satisfy (5). 
This means that the (L°)-assumption of (i) becomes superfluous if the 

assertion, (4), of (i) is replaced by the last formula line. The integral 

occurring in it is i 


o f (14 4(s)/ot)hds—o f +366) dds, 


which, approximately, is 


È t 
o | (1-+39(8)/0)ds=0t +4 f o(s) ds/u, 


the corresponding phase in (4). But the error in the fiuctuations, which is 
thus introduced by the neglect of the higher terms of the binomial expansion, 
can affect the asymptotic variation of the phase in such a fashion that the 
approximation becomes illegitimate without the (£°)-assumption of (i). 
This makes (i*) understandable indeed. 

Clearly, the theorem to be proved can be formulated as follows: If (t) 
is of class (L°), then there belongs to every solution, x(t), of (2) a unique 
integration constant, say ¢=-a-+ ib, satisfying 

a(t) —cy(t) +0 and z’ (t) — cy’(t) > 0 as t->0, 


where 


t 
y(t) = exp? f (0° + (s) ) ads. 
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But, if (2) is identified with (31), then (iio) and (iu°) show that the 
coefficient function, f(t), of (31) is of class (*). It follows therefore from 
(iii) that the proof will be complete if it is shown that the function defined 
by the last formula line satisfies a differential equation, (32), whose coefficient 
function, g(t), is such as to make the deviation f(t) — g(t) a function of 
class (+). 

In the deduction of this differential equation, it can, for the reasons 
explained in connection with (22 bis), be assumed that $(#) has a continuous 
derivative, $"(t). Then, since a differentiation of the last formula line gives 


yf == (0° + p), 
one more differentiation shows that 
y” = Hi(o® + p) t'y — (0° + $)y. | 
This means that y(t) becomes a solution of (32) if g(t) is defined by 
g(t) = 0° + o(t) — Hw? -+ (t) ) H (t). 
Since (31) is represented by (2), it follows that 


PORROT f |—d CETIO aso]. 


But (t) is supposed to he of class (L°), that is, (t) satisfies (30) and (3). 
Consequently, 


f I g(1) — f(t)| dis f const. | dé(t)| < œ. 


Since this means that g(t) — f(t) is of class (Z*), the proof is complete. 

It is clear that, if o(¢) is a positive, continuous function which tends, 
as ¿—> œ, to a positive limit, w(c0), then condition (30) is satisfied by the 
difference (t) = (ti) —w(oo) if and only if it is satisfied by (t) 
= w?(t)—w?(o), the difference of the squares. Hence, the preceding 
theorem can be restated as follows: 


If A(x), where 0S x< œ, is a positive, continuous function satisfying 


flat < c and A(o) > 0, 


then there belongs to every solution, y = (x), of the corresponding wave 
equation, 
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dèy/da? + {2r /A (2) } 4 = 0, 


a unique integration constant, c =a + ib, such that the difference 


W(t) — cexp (2ri f {a(s)} ds), 


as well as the derwative of this difference, tends to 0 as x + ©. 


7 In fact, the restrictions imposed on A(x) are equivalent to 


f | do(z)| < œ and w(c0) >0, 


where e(z) = w/A(z). 

Applications of this theorem to the Hellinger decomposition of the 
spectral form of .the differential equation (in case of a fixed boundary 
condition, 


Law (a) + Bdy(&)/dx]o-o = 0, a? + 8° > 0, 


assigned for a given z = 0) and, in particular, to problems in wave mechanics 
(Kramers) will be given elsewhere. 
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POLYNOMIAL LEAST SQUARE APPROXIMATIONS.* 
By D. C. LEWIS. 


1. Introduction. Suppose that we have a (not necessarily bounded) 
linear functional, whose domain is a class of sufficiently regular functions, 
f(x), and whose range is the class of polynomials, Px(w), of degree £ n. 
Suppose furthermore that this functional is such that P.(v) =f (s) when- 
ever f(x) is itself a polynomial of degree = n. Functionals of this type are 
commonly used for obtaining polynomial “ approximations,” Pa(æ), to func- 
tions, f(x). Elementary examples are afforded by the Lagrange interpolation 
polynomials and by the polynomials obtained by taking the first n+ 1 terms 
of Taylor’s series or the first n t- 1 terms in an expansion in a series of 
orthogonal polynomials with respect to an arbitrary weight function. There 
are many other examples. We accordingly refer to the difference, f(z) 
— Pn(x), as the “ remainder.” 

The object of this paper is to obtain a simple explicit expression for 
this remainder in terms of the (m + 1)-th derivative of f(x) (mn) and 
certain other elements independent of f(x) but dependent upon the ‘particular 
functional under consideration. 

Our results are not applicable to the most general functional of the type 
described above but only to those which involve, in a certain general way, 
the principle of least squares, or, more generally, those expressible in the 
manner indicated by equation (3) below. Even so, our results are sufficiently 
general to present a unified approach to approximations of the Lagrange or 
Taylor type? and to those of the Legendre or Tchebichef type? as well as 
to many other previously uninvestigated types. After reading the paper, the 
reader will recognize that the Lagrange or Taylor type of approximation is 
obtained in the cases when (2), @:(%),° * +, % (2), introduced in the next 
section, are step functions with just the right discontinuities, totalling n + 1 
in number, to determine P(x} uniquely so as to minimize the quantity S of 


* Received July 28, 1946. 

1Cf. G. D. Birkhoff, “General mean value and remainder theorems with applica- 
tions to mechanical differentiation and quadrature,” Transactions of the American 
Mathematical Society, vol. 7 (1906), pp. 107-136. 

2 Cf. G. Szesò, Orthogonal Polynomials, American Mathematical Society Colloquium 
Publications, vol. 23 (1989). 
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equation (1), this minimum value being zero. On the other hand the 
Legendre or Tchebichef type of approximation is characterized by the fact 
that %(z) is a suitable function with an infinite number of points of increase 
while p==0, The minimum value of S is usually not zero. The expression 
for the remainder is valid outside as well as inside the interval of orthogonality. 


2. Specification of the least squares problem. Let a(x); a(x), a2(2), 

**,% (2) be p-+-1 monotonic non-decreasing functions defined for aS © 

= b. Let f(x) be'a function of class C? over an interval A = x = B, where 

Axa<b=B. We suppose also that the p-th derivative f(x) exists 

. almost everywhere with respect to @p and is such that the Lebesgue-Stieltjes 
integral, l 


f P (@) Fiale), 


exists. A polynomial P(x) of degree = n whose coefficients are such as to 
render 


Pi 8=£ f [FO (2) — P.® (2) Jda (0) 


a minimum, is said to be the polynomial of degree n which best fits the 
function f(x). This “ best fitting” is, of course, in the sense of least squares 
with respect to a given set of distributions a(x),° * -,%p{w), over the interval 
a=x= Db. Since this is the only sense in which the expression is used in 
this paper, we omit in the sequel this detailed specification. Moreover it will 
be convenient to denote the relationship between a funetion-f(«) and its best 
fitting polynomial P(x) in the following manner: `~ 


(2) f(x) ~ Pa(x). 


In general, P,(x) in (2) is uniquely determined by f(s). This is well 
known to be the case if «0(x) has at least n + 1 points of increase; but it is 
also true in many other circumstances: for example, when a(x), 2:(2), 

`- *, %g(x) each have at least one point of inerease, while 1 has at least 
n— q points of increase. (g-+1 p.) The general condition is that the 
quadratic form, Å 


£ T(d*/da) (do + aye + aga? ++ + ++ ano") J’ do(a), 
k=0 a 


in the n-+1 quantities do, 0,,°* *,@n should be positive definite. Under 
this condition the reader will find without difficulty that thé n + 1 linear 
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equations for the determination of the n + 1 coefficients of Px({z) so as to 
minimize the expression S have a non-vanishing determinant. A further 
investigation of the solutions of these n +1 linear equations reveals the 
important fact that P,(x) can be written in the form, 


n b ° 
(8) Pa(t) =È f Kale y)f™ (9) dax(9), 
4 fa a 
where K,5(€,y) are polynomials in both x and y, independent of f. In the 
sequel we assume that «0,0, +, are such that Px(x) is thus always 


uniquely determined by f(x). A simple but important consequence of this is 


Lemma 1. If f(x) isa polynomial of degree S n and if f(x) ~ Pa(x), 
then f(x) = Pa(x). In other words, by (3) 


p b 
(4) Qu(a) =S f Ele, 9) Qu® (y) dae(y), 
for any polynomial Qu(x) of degree n =n. l 


The proof consists in the remark that the indicated determination of 
Pa(x) gives S in (1) the value zero, which is clearly a minimum value for the 
non-negative 8. 


8. Statement and proof of the main theorem. From now on we 
assume that f(x) is of class C"*(m =p) on the interval ASa=B and 
that the m-th derivative exists almost everywhere, is of bounded variation, 
and is continuous at x =b. It must also be assumed that f(x) is 
absolutely continuous. In case m = p, we assume that f' (£) and a (2) 
have no points of discontinuity in common. ` 

Let f(x) ~Pa(z). We now state our principal 


THEOREM., There exists a function Gy" (zx, t), independent of f(x), with 
p=emzn, such that 


(5) f() = Pala) + (1/m!) S ae DAP (1) + (1/1!) f (o — t)mafn( 


for any point x on the interval A S £S B. Moreover the function Ga” (x, t) 
is explicitly given for each value of t as that polynomial in x of degree Sn 
which best fits the function gm(x, t) defined as follows: 


gm (t,t) = (e—t)™ if at 
gm(a, t) == 0 if x >t. 
We begin our proof by referring to Taylor’s theorem with the integral 


form of the remainder: È 
| 
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(6) f(x) =E (f(b) /h!) (e— b)+ (1/01) f7 e—a a). 


This shows that the identity (5) to be established is equivalent to the 
following : 


(7) P.le) -f (f (b) /h!) (z —b)*— (1/m!) f "Gan (a, t) afm (4). 


To establish (7), we insert the right hand member of (6), after changing 
x to y, into (3). If we use Lemma 1, we discover at once that 


Pa (x) = (f(b) /h!) (23)! 


+È f dae f "(y — tyrd (4) dax(9). 


If we reverse the order of the iterated integrals, we obtain 
Ps (0) = È (fF (B)/h!) (e —b)* 
h=0 ` 
p a t 
+2 (1/(m— k) !) { f Ealey) (y — t)" "dar (y) df (t). 


But this reduces at once to (7), if we make use of the formulas, 
p b 
Gam (a, t) =S f, Em (2, 9) gm (y, #)dan(y) 
=0 a 


= 2 (m!/(m—k)!) f Ku (2, y) (Y — t)" Edas(y), 


which are clear consequences of the definition of Ga” and of (8). 

This completes the formal proof. The only delicate step of rigor is the 
reversal of the order of the iterated Stieltjes integrals, which, of course, 
involves Fubini’s theorem.? The application of Fubini’s theorem to the 
double integral, 


: SS Kn(2, Y) gm™ (y, t) dax(y) dflM (t), 


over the region, ay =, a =t =, is, however, immediate when the 
integrand is continuous. The only case of discontinuity occurs when 
k = m = p, in which case gm (y,t) is not defined at the points of dis- 
continuity, namely the points for which y = t. In virtue of the hypothesis 


Cf. Stanislaw Saks, Theory of the Integral (2nd edition), p. 77. 
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that a(x) and f(x) have no common points of discontinuity, it is easily 
seen that the set y == £ has measure zero with respect to the two dimensional 


measure function, m(£) == f f dan(y) df (t). Hence, Fubini’s theorem 
v E 


can be applied even in this case. 

The reason for the hypothesis that f(x) be continuous at s == b and 
also for the hypothesis that f(x) be absolutely continuous comes in the 
proof of Taylor’s Theorem in the form indicated in (6). This formula is 
established by repeated integration by parts in a well known manner, but 
the proof requires the assumption that fœ (b — 0) = f™ (b), if b < a, and 
that fl (6 +40) = f(b), if b >. It is equally necessary to assume 
. that f© (x) is an indefinite integral of f© (x), which means that f©! (2) 
must be absolutely continuous. That these conditions are not only required 
by the proof but are also logically necessary for the validity of (6) may be 
shown easily with the help of simple counter examples. 


4. Interpretation of the main theorem in case aS=x=b. If 
a = =b, it is obvious from the definition of gm(z,t) that (5) can be 
written in the form, 


(8) Fe) —Pa(e) = (1/m!) [Om (2,4) — gma, 1) 147 (6). 


Now, in its dependence upon z, we have gm(z,t) ~ Ga” (z, t). Equation (8) 
thus indicates the manner in which the remainder for the general function 
f(x) is synthesized from the remainder for the special function gm(x,1) and 
from the values of f(”) (x). i 

The result embodied in (8) is probably well known in various special 
cases, although specific references are unknown to the author. 

In the fairly general situation where at least one of the a’s has infinitely 
many points of increase, one can, with fixed @’s and fixed m, let n — œ. It is 
then clear from (8) that, if Gx” is uniformly bounded and approaches gm(z, t) 


almost everywhere with respect to f | af (t) | , P.(x) must approach f(z). 


Here, of course, m may be taken to be any number = p. In case p= 0, m 
may also be taken to be zero, and then f(a), is, of course, f(x) itself. 
These remarks have obvious connections with well known results on the 
convergence of series of orthogonal polynomials. i 


t Cf. Saks, loc. cit., p. 102. 
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5. Taylor’s remainder theorem as a special case of the main theorem. 


Although our main theorem is a consequence of Taylor’s theorem with 
the integral remainder, it is of interest to show that the converse is also true. 
This will give an indication of the scope of our result by discussing a case 
not covered in the last paragraph of the preceding section. 

Let p= m =n. Let c be any point of the interval (a,b) where (x) 
is continuous, and let a(x) = 0 fora Sv Se, and ax(x) =1forc<x Sb, 
k==0,1,2,-°-+,n. Then the requirement that S be a minimum reduces to 
the following: 

P,™ (c) =f (c), for k= 0, 1,2, +2. 


Hence P, (x) is the sum of the first n + 1 terms of the Taylor expansion of 
of f(x) about the point x =c. Similarly, since gn (x, t) ~ Ga” (a, t), we have 


d'Gn"(c,t) _ d*gn(c, t) 
dal dae 


This shows that Ga” (x, t) == (z — t)” if ¢ < f, 


, k= 0,1,2, °°, 


Ga” (a, t) = 0, if t << Ge 


Equation (5) can therefore in this particular instance be written as follows: 
f(e) = Pa(2) + (1/m1) f (e—t)napm (1) 
4 (t/m!) f e—a) 
= È (fF (0)/k1) (e 0)" + (1/1!) f (e—a (1), 


which is merely equation (6) with b replaced by c. 
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A NOTE ON LAPLACE TRANSFORMS OF FUNCTIONS WHOSE 
SPECTRA ARE CONFINED TO A GIVEN SET.* 


By E. K. HAVILAND. 


It is known that a necessary and sufficient condition that a function f(x) 
should be representable in the form 


festa. 


where 8(t) is bounded and non-decreasing and the integral converges for 
0=x< + œ, is that f(x) should be completely monotonic in 0 Sz < + œ. 
If the requirements on B(¢) are merely that it be non-decreasing and that 
the integral converge for 0 < v < + o, the corresponding necessary and sufti- 
cient condition is that f(x) should be completely monotonic in 0 < r < + œ, 
For these theorems, several proofs are known, of which the earliest appears 
to be that which is an immediate consequence of Hausdorfi’s solution of the 
continuous momentum problem.* 

The purpose of the present note is to extend the foregoing results on 
the Laplace transform to the case where the spectrum of the function E(t) is 
confined to a preassigned subset T of the interval [0, + o), the extension 
being based on results previously obtained by the present author in connection 
with the momentum problem.? ` 

By the spectrum of the function 8#(#) is meant the set of points r such 
that 8 (ta) — 8 (t1) > 0 for every interval (tı, ta) such that 4, < r < ta. 

Furthermore, we recall that a function f(x) is defined to be completely 
monotonic in an interval (0, + co), if its p-th derivative satisfies the condition 





(— 1)®f® (2) == 0; (p = 0, lego i "Ji 
in the interior of the interval and if the function f(x) is continuous at the 


* Received November 27, 1946, 

1F. Hausdorff, ‘“Summationsmethoden und Momentfolgen. II,” Mathematische 
Zeitschrift, vol. 9 (1921), pp. 280-299, especially, pp. 282-287. 

2 E. K. Haviland, “On the momentum problem for distribution functions in more 
than one dimension,” American Journal of Mathematics, vol. 58 (1936), pp. 164-168. 
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end point 0, if the latter is included in the interval. This is equivalent to 
the infinitely many difference equations * 


(— 1) en fa): | I = 0, 


È si š ty 


where the second factor denotes the p-th divided difference of f(t) formed 
for any points to, tn tp (20). 
Our principal result is then given by 


THEOREM I. A necessary and sufficient condition that a function f(x) 
be representable in the form l 


(1) f(a) = f erde), 


where B(u) is bounded and non-decreasing and has its spectrum confined to ' 
the sub-set T of [0,4 œ) and the integral converges for OS a < + œ, is 
that f(x) be completely monotonic in [0, + œ) and that, if m+ miet + > 
+ ane" be any exponential polynomial non-negative on Ù, then the functional 
value 


(2) aof le) + afle +1) +-+ anf(e 4 n) =0 
for all a È 0. 


Proof. If in (1) we make the transformation e” == £ or u = — log ft, 
(u real for ¢ > 0), and if we denote the bounded non-decreasing function 
— B(— log t) by a(t), we may write f(z) in the form 


(3) t= f teda(t), 


in which case the spectrum of a(t) is confined to a set C contained in the 
interval [0,1], Č being the image on the t-axis of the set T on the w-axis. 
Then, if $(t) = 0 is integrable over C with respect to q, 


(2) — R 12 (1) dalt) 


exists for all z = 0 and is a continuous function of æ there, except perhaps 
at x = 0, at which point a possible right-hand discontinuity can always be 


° Cf. F. Hausdorff, ibid., p. 284. 
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avoided by defining * #(0) = a(+- 0), a procedure which, of course, imposes 
a restriction on ®(0). ° 


Moreover, (s) = 0 for all x, (0=x<+ œ), and 


(— 1860 (2) — (—1) fog 1)%9(1)42(1) 


exists and is = 0 for all z > 0, (k= 1,2,: + -), so that ®(x) is completely 
monotonic in «== 0. In particular, this is true of any polynomial 


(4) b(t) = to + at +: + ++ ant", | 


non-negative on C, in which case, 


(5) (x) = f tiw +att:- +t ant™}da(t) 
= dof (€) + af (e +1) +++ ++ anf(r +n) = 0. 


This completes the proof of the necessity of the conditions stated in Theorem 
I, and it may be noted that the functional (2) is not only non-negative but 
completely monotonic. 

Suppose, conversely, that the function f(z) is completely monotonic for 
s = 0 and that, for every polynomial (4) and every «= 0 (or, at least, for 
«== 0, which is all that is needed for the present proof), (2) holds. Let 
v= 0 in (2) and put f(n) == yn, (n=0,1,2,- - -). Then to every poly- 
nomial (4) non-negative on C there corresponds the non-negative functional 
value 


lopo + Gap t+ < 4 antn. 
This condition is known * to be sufficient for the existence of a bounded non- 
decreasing function, «(#), whose spectrum is contained in C and which is 


1 
such hahaa f inda (t). 
Q 


vl 
Since the corresponding moment function p(v) = f tda(t) is com- 
0 


pletely monotonic for x = 0, the un = p(n) form a completely monotonic 
sequence and, as 2(7,)-* == Zn diverges, this completely monotonic sequence 


‘Cf. F. Hausdorff, ibid., p. 286. 
© E. K. Haviland, ibid., p. 164. 
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determines uniquely® a completely monotonic function f(x) for which 
f(n) = un. Consequently, our original functio® f(x), which was completely 
monotonic in x = 0 by hypothesis, must be identical with x (æ), i. e., on setting 
t=-e™ and B(u) =—a(e™), 


f(z) = f e**dp(u), 


where (u) is a bounded monotonic function whose spectrum is contained 
in the preassigned set T. 
In a similar way, we have 


THEOREM II. A necessary and sufficient condition that a function f(x) 
be representable in the form (1), where B(u) is non-decreasing and kas tts 
spectrum confined to the sub-set T of [0,-+ œ) and the integral converges for 
0<x<4+ œ, is that f(x) be completely monotonic in 0<x<4+ œ and 
that, if ao + ae% +: + - + ane” be any exponential polynomial non-negative 
on T, then the functional value (2) be non-negative for all x > 0. 


In fact, the necessity of the condition follows exactly as before. As to 
the sufficiency, we observe that, for any fixed £ > 0, it follows as in the proof 
of Theorem I that 


1 
[E+ n) = win =: f taali), (n= 0,1, ++), 
uniquely determines the function l 


HE+ 2) —we(2) = de(t), 


which is completely monotonic in x = 0, a(t) being a bounded non-decreasing 
function whose spectrum is confined to the set C. On replacing a by ae — é, 
we obtain 


| i 
jin) = f redali) — ff i*da(t), insedia 
0 0 


where 
pt i 
a(t) = f 7 *dag(r), 
Q 


so that, by virtue of the uniqueness of the solution of this momentum problem, 
iSdag(t) = da(t), for all €>0. Finally, 


n f dalt) ; 


© Cf, F. Hausdorff, ibid., p. 284. 
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for x > 0. As the spectrum of a¢(¢) is confined to the set O for all € > 0, 
the same will be true of a(t), save possibly for the addition of the point 
t=0. But, if we define a(0) = &(-+- 0), where «(+ 0) may be — co, this 
situation will cause no difficulty, inasmuch as a spectrum is necessarily closed. 
This completes the proof of Theorem II. 

We next consider sub-sets T of [0, + œ) for which there can be found 
a basis of polynomials non-negative on T. In particular, let T be [0,1], 
to which corresponds the interval C : [e%,1]. Since any polynomial non- 
negative on the latter interval can be represented (at least in the limit) in 
the form 

ZA(1—-2)"(a — e)", 


where m,2==0,1,2,- °° and the A’s are non-negative,’ it follows that (4) 
may here be replaced by 


(1— t)" (t— e)" = e (— 1)» (1 — t)” (1 — et)” 
m n 
= g” (— 1)" 3 C(1)I 3 CO (—1) "e"t™, 
G=0 p=0 


the C;”, Cy" being binomial coefficients. 
If we neglect the positive factor e-”, the analogue of equation (2) is now 


© Sor Di S orele) 20, 
or ) 
(6 bis) (— 1) "ay"{As"{e"f(w + j+r)}) 20, 


where m,n==0,1,2,:-- and «= 0 in the case of Theorem I or z > 0 in 
the case of Theorem II. The latter, for instance, may be stated explicitly as 


THroreM III. Necessary and sufficient in order that a function f(x) 
be representable in the form (1), where B(u) is a non-decreasing function 
with spectrum confined to [0,1] is that 


(1) the function f(x) be completely monotonic in x > 0, 
(ii) the condition (6) or (6 bis) hold for all z > 0. 


TCE., e.g, Pólya und Szegò, Aufgaben und Lehrstize aus der Analysis, vol. II, p. 83, 
Ex. 49. 
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The infinitely many difference conditions contained in (6) suggest that 
possibly (ii) implies (i), the more so because, as is well known,® 
(7) Ar"f(a) = (n!) fl (€), a<c&<catn. 
That (ii), however, does not imply (i) can be seen from the example 
f(x) =2 + sin (272), 


which is positive for all z and has. the period 1. On interchanging the order 
of the summations in (6), we obtain 


(8) (ee $ Oom(— pejam + 9+ 7). 


Due to the periodicity of f(x), (8) vanishes for all x if m= 1, while, if 
m = 0, it reduces to 


f(x) (—1)" È Ov"(— e) = f(z) (o—1)" > 0, 


so that in any case condition (ii) is fulfilled. In spite of this, f(x) is not 
even monotone and hence (i) is not satisfied. 

P. Hartman has pointed out to me that condition (ii) of Theorem II, 
which, in virtue of (7), may be written as 


d n 
da” 





(— 1)" {orf (a) } = 0, 


can be replaced by the simpler conditions 


- (i*) f(x) +f(«) is completely monotone for x > 0, 
or 
(ii**) the sequence of numbers f(a), f(z), f"(2),° > + is bounded for 
some fixed r = to > 0. 


The necessity of these conditions is seen directly, if it be observed that 
the upper limit of integration in (1) is now 1. As to the sufficiency, (ii*) 
implies that the sequence {| f(a)|}, where f@ == d"f/da", is monotone 
non-increasing and hence (1i**) is valid. But, if (t) had a point v > 1 in 
its spectrum, ` 


(— 1) 47 (2) = f eoap(i) = (y—a)" f eat), 


8Cf. O. Hélder, “Zur. Theorie der trigonometrischen Reihen,” Mathematische 
Annalen, vol. 24 (1884), p. 183. 
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and as è may be so chosen that y— è > 1, the last expression would become 
infinite with n, thus proving the sufficiency of (ii**). i 

Moreover, Theorem III remains true, if the interval [0,1] is replaced 
by any interval [a,b], where O=a<b < œ, and if the set of conditions 
(i)-(ii) is replaced by either one of the following sets: ` 


(14) f(«)e®® is completely monotonic for x > 0, 


(1*) bf(x) + f(x) is completely monotonic for x > 0 ` 
or 
(i**) f(x) is completely monotonic for 2 > 0, 


(ii**) f(s) = O(e%*), z —> o, 


(iii**) fœ (x) = O(b"), n— œ, for some fixed z = t, > 0. 
| s 
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ON THE REPRESENTATIONS OF THE SYMMETRIC GROUP.* 
(Second Paper) 


By G. pE B. ROBINSON. 


od 


Introduction. The close relationship between the theory of the repre- 
sentations of the full linear group E and that of the symmetric group was 
first remarked by Schur and has been studied by many authors.* In particular, 
the reduction of the direct product of two irreducible representations of E 
is given in a theorem of Littlewood and Richardson proved by the author in 
1938.° Since the substance of the present paper is so closely related to that 
of SG, it has been given the same title and designated ‘ Second Paper.’ 

The paper is divided into two parts. In Part I the familiar. Young 
diagram * is generalized in the following manner. Consider an irreducible 
representation [e] of the symmetric group S: and a representation [B| of Sm 
where J = m + n and 8; = % for all è. The right diagram [8] is said to be 
contained in [a], and the symbolic difference [a] — [8] is taken to represent 
the skew diagram composed of these nodes of [a] not belonging to [£8]. 
Just as one speaks of a standard right diagram so one can speak of a standard 
skew diagram, and these latter lead to a representation of S, which is reducible. 
This representation is called a skew representation as compared with the 
familiar right representation which is irreducible. The irreducible com- 
ponents of [a] — [8] are determined in 3, and some formulae connecting the 
degrees are developed in 4. 

In Part II this theory is applied to give a new proof of the Murnaghan- 
Nakayama * recursion formula. 

The chief purpose of developing the theory in Part I has been to relate 
the two remarkable papers by Nakayama * to the main body of Young’s work. 


x 


* Received June 22, 1946. 

t For references consult [5]. The recent paper [1] by Stig Comét is of interest, 
and complete accounts of the background will be found in Littlewood [2] and Weyl [7]. 

2 [5]. This paper will be referred to as SG,. 

2 Young consistently used the word tableau. Several recent writers have since 
favoured the term diagram to which usage we conform. It is necessary to have a term 
for the intersection of a row and column in a diagram. Young spoke of ‘ place’ or 
‘position,’ but node seems to be convenient and suggestive. 

4 [4], Part I, p. 107. This paper will be referred to as Ni, Part IT as Na. 
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The tools developed, particularly formulae 4.3, 4.4 and 4.5, have proved 
useful and it is hoped to publish the results of their application to the 
modular theory shortly. 


PART I. 
A generalization of the Young diagram. 


1. Following the notation of SG, let us denote by P,(L) the n-th 
power representation of the full linear group L and write 


1.1 Ac (L) = Pa (L) X Pa(L) XX Pa,(£). 

Since Pa (L) = {n}, we have also 

1.2 Aa (L) = {%1} X {2} XX {an}, 

and in general we may consider the direct product of two such representations 
1.3 | Ac (L) = Am (L) X Am (L), 


where 38; == m, 2y: =n and Za; =m 4- n =l. 

In SG, the chief interest was in proving Littlewood and Richardson’s 
theorem for the reduction of {8} X {y}. Here we consider the more general 
problem of the reduction of the direct product 1.3 when [«] = [17]: 


1.4 f Aas (L) = Aam (L) X Aar (L) 
= MB} X {y} = 30}. 


How many times will a given irreducible component {a} appear in 1.4? 
Certainly, its coefficient’ will receive contributions from many {8} X {y}. 
To find such contributions one has recourse to the Littlewood and Richardson 
rule which we restate here as follows: 


1.5 LR,: Take the diagram [8] intact and add to it the symbols of the 
first row of [y]. These may be added to one row of [8], or the 
symbols may be divided without disturbing their order into any 
number of sets, the first set being added to one row of [£], the 
second to a subsequent row, and so on. After the addition no row 
must contain more symbols than a preceding row, and no two 
added symbols may appear in the same column. 

- Next add the second row of [y] according to the same rules, 
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followed by the remaining rows ‘in succession until all the symbols. 
of [y] have been used. 


LER»: These additions shall be such that each symbol of a given row 
of [y] in the compound diagram must appear in a later row than 
the symbol on the same column from a preceding row of [y]. 


A necessary condition for {a} to be an irreducible component of 


{8} X {y} is that the diagram [8] be contained in the diagram [a] in the 
sense that 8; = a; for all è. Since - 


1. 6 {8} X {fy} = {7} X {8}, 


the same holds for [y]. 
Since {8} appears in Aa»; (L) with frequency fs, the frequency of 
appearance of {a} on the right hand side of 1.4 is given by 


Si fe D adp’fy 5 X 
f Y 
odg” is a positive integer, or zero, and gives the number of ways in which the 


diagram [y] can be built on the diagram [£] to yield the diagram [e]. On 
the other hand {«} appears in Aan (L) with a frequency fa, so that 


1.7 fa = X fe Da ef = X fy È ody? fe. 
f T y B 

It follows from 1.6 that 

l 1.8 | aP si avg’, 


and we may write 1.7 in the form 


1.9 fa= È baffo, 

where 

1. 10 pal =o x ag’ fy. 
y 


If we denote the diagram conjugate to [«] by [a*] then a little consideration 
will show that 


1.11 wdy = gdh, 


In the next section we shall see how the formulae 1.9 and 1.10 can be 
obtained from a different point of view. 
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2. In studying a representation w of a finite group G it is fruitful to 
limit attention to a sub-group H of G and investigate the reducibility of w 
with regard to H. Let us apply this procedure to S: and, since our knowledge 
of the symmetric group is relatively so complete, let us consider the reduci- 
bility of a representation [«] of Sı with regard to a sub-group Sm, where 
l= m +n. In effect we restrict attention to permutations of S: of the form 


2.1 (1,2,- + -,m)(m+1,:°°,1). 


Such permutations form a sub-group of Sı which is the direct product of Su 
and S,. Let us suppose that the corresponding standard diagram [a] is of 














the form: 
(yy 18, | Ay, By +1 dia, 
day Qopa | Qo Bei” ` Azas 
2.2 (i Li » *# . » a + . ' f . 
Gn, © © Aha 


From the restriction that the symbols must appear m the assigned or 
‘natural’ order in any row or column of a standard diagram, it follows that 
the first m symbols must form a standard sub-diagram [8] contained in [¢]. 
The remaining symbols may be thought of as forming a standard skew 
diagram, which we may denote [a] — [8]. It will be understood that this 
symbol has a meaning only if [B] is contained in [a]. 

Young’s rule for constructing the actual matrix representing the trans- 
position (arra) in the orthogonal representation [@] of S: is as follows: * 


2.3 Put (i) unity in the leading diagonal where the associated standard 
diagram has ar, @r4; in the same row; 


(ii) — 1 in the leading diagonal where the associated standard 
diagram has &r, &r+, in the same column; 


(iii) a quadratic matrix 


pi NES pi 
V1— pî p 


5 [5] reference Young [21], Part VI, pp. 217-8. Cf. also Thrall [6]. 
di 
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the elements being in the positions of intersections of a pair 
of rows and columns whose diagrams differ only by the 
exchange of ar and ara. 


The quantity p is defined by the relation 
p= (u—A) + (y—8), 


where @r = dys and ars == Ay, and. we may suppose that x > A in the standard 
diagram in question. Young calls p the azial projection of arar in [@]. 

It is important that p is defined in terms of the positions of the two 
symbols ar, ar only in [a]. Consequently, the matrices representing the 
permutations of Sm are in reduced form as they stand and have as irreducible 
components all possible [8] contained in [x]. For exactly the same reason 
the matrices provide a representation of Sx, the variables corresponding to 
the ordinary standard diagrams being the standard skew diagrams. We can 
think of the formula 1.9 as representing the reduction of the direct product 
of Sm and Sa, where œa? is not only the frequency with which [8] appears 
‘in [«] when $} is restricted to Sm, but also the degree of a reducible 
representation of Sn, which may be denoted [a] — [8] and called a skew 
representation. 

The skew diagram can be characterized as standard in ut the same way 
as a right diagram, as already remarked. We have in fact a generalization 
which coincides with the right diagram under certain obvious conditions; 
e.g. In the case where [a] = [5, 4] and | B| == [27]. 


3. The problem of determining the integers gAg’ is of considerable 
interest. What it amounts to is to establish a correlation between the two 
interpretations of the preceding paragraphs. We have on the one hand the ġa? 
standard skew diagrams and we wish to associate them with the different direct 
products {8} X {y} which yield contributions to the coefficients of {a} in 
1.4. As in SG, $ 5, MacMahon’s lattice permutations ° provide the clue. 

Consider a permutation of the n letters 


3.1 CVC + + CRT, 


where Syi =n. Such a permutation is said to be lattice if amongst the first 
r terms of it the number of cis > the number of cs => - + > the number 
of crs, for all r. If we add a second suffix to the cps according to the order 


e Cf, also [2], pp. 67-71 and p. 95. 
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of their appearance for each è we may define the indices of the permutation. 
Considering first only the cs and the c2°s, if css follows ci: and precedes 
C1,t+1 its index is defined to be 


8.2 liss = S — }, 


which may be positive, zero or negative. The resulting permutation of 
cc: is lattice if and only if no iiss > 0. Similarly, we may define indices 
toga, Iga, ete., and a permutation of the letters 3.1 is lattice if and only if no 
sæ, > 0 for z= 1,2,°°°,hk—1. 

The important fact in this connection is that a non-lattice permutation 
may be made lattice according to a specific sequence of changes. This step-by- 
step process is as follows: i 


(a) Considering only the c,’s and the ¢o’s in the permutation, take the 
first ce with the greatest positive t:2; and change it into a cı. Reallocating the 
second suffixes, repeat the process, continuing until all the cys and the ¢,’s 
are lattice. 


(b) Considering only the c»’s and the c3’s in the permutation so modified, 
take the first cs with greatest positive #23 and change it into a cə» If this 
change upsets the 1-2 lattice property, correct for it by changing a c» into a ci 
according to (a); this may or may not be the new cs. Reallocating the second 
suffixes, repeat the process, continuing until all the c1’s, ¢2’s and cg’s are lattice. 


(c) Proceed as above until all the letters 3.1 are lattice. 


It is obvious that any standard right diagram gives rise to a lattice 
permutation of the n letters 3.1 if we assume that the crs are the symbols 
appearing in the first row, the c.’s those in the second row, and so on. E.g. 
the diagram 


134 gives rise to the permutation c102C101C2. 
20 


An exactly similar procedure is applicable to a standard skew diagram, but 
the resulting permutation will not necessarily be lattice. E.g. the skew 
diagram 
9 ' 
3 gives rise to the permutation C3C1CzC4. 
1 
4 


Li 


Altogether, the skew diagram defined by [e] = [3°,2,1] and [8] = [2% 1] 
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4 


gives rise to $af = 12 permutations which are associated with the appr opriate 
lattice permutation according to the following table. | 


pi Lattice Irreducible 
Permutation Permutation Representation 

| C1CaCgC4 C1C3C3C4 (14) 

C1C4CgCa C1C2C10, 

C4C1C3C9 C1C10201 (3,1) 

C4C3C3C0 C1C1C1C2 

C3C10402 C1C1C2C2 (22) 

C3C4C1C2 C1620102 ì 

C1C2C4C3 ` C1020301 

C103C4C2 C162C3C1 

C1C3C2C4 C102C1C3 doi 

a o (2, 1°) twice , 

C3C102C4 C1C102C3 

C401CoC3 | C1C1C2C3 


We have in fact determined those irreducible representations [y] of Sn 
whose diagrams can, in the language of the Jattlewood and Richardson 
theorem, be built on the diagram [8] to yield [«], or can be built in 
[2] — [8]. The proof given in SG, establishes the validity of this deter- 
mination of the constants gAg’. In our example we have 


pin ht + faa + fet + fen. 


It should of course be pointed out that the same skew diagram may be 
defined by different pairs [«] and [8]. E.g. 


Pazi Pea 
4. There is yet another approach to af which is of interest. Two 


formulae have long been known” to connect the fs of the symmetric group 
Si with those of Si. and Sia: 


4. 1 faras, T: far-1,a2, s Oh t fanar, . Oh +- i Fas, dz, ...An1l > 


and 
4. rd (l -+ 1) ages, vy. == farstyaz,...an -+ Tendai vee OE + a + Teas cans 3 


where the additions or deletions contribute only if they do not disturb the 
inequalities 


7 [5] reference Young [21]; Part III, pp. 261-2. 
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Oy = Ko = e = Ah 

Let us think of these relations as produced by the operation of adding 
or subtracting a node from the diagram [a]. As such, the operation may 
be iterated to give | 


4, 3 fan =% ba? fa cms 
which is the same as 1.9, and 
4,4 i (1!/m!) fem) = Ù def; 


where [@(/)] contains [B(m)] and l= m + n as before. Iteration of either 
4.3 or 4.4 requires that the ¢’s satisfy the relation 


4,5 è parf ™ Z > Pant? 3 du È ™) , 
. fb ' 


where [«(Z)] contains [w(r)] contains [B(m)]. Formula 4.4 is essentially 
numerical and has not the more general significance attributed to 4.3. 
Formula 4.5 is in fact a significant generalization of 4. 3. 

Young’s proof of 4.1 is based on the enumeration of the standard 
diagrams. Since the last symbol a: must occupy the end position in its 
row and column, after removing it, the remainder must still be standard. 
The inductive argument -applied to the explicit form of f is somewhat 
involved, however, on account of the fact that one passes from the function 


A (Ti; Lo, et” Cn) to A(T, Ta, Sg Cna). 

On the other hand the proof of 4.2 is much simpler. Noting that the 
expression for fg.m) is the coefficient ofer,P:t%1 gB:+8-2. - - f^ in the expansion 
of i 


(ay Lrt: est wr) A (Ti Bay" 8 *4 Ln), 


where A is the familiar alternating function, formula 4.2 is merely the 
coefficient of 


4. 6 gp Bath) gi,Bath-241 aa ae mat (ge, + Lo -4 da + £h41) 
in the expansion of 
4,7 (zı + at: + + Baer PUA (a, Va,’ ©, Th). 


By iteration, formula 4. 4 is the coefficient of 
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4, 8 qp fith-ltng, Prth-2+n . a 6 Enb epn! » 8 *Lhen-1 (t + Le Lt .». . + Chin) n 
in the expansion of 
4.9 (2; + be + = + Chen) IA (Tas Ta, * "5 Chin). 


The extra terms which appear in 4. 6 have zero coefficient in 4.7. A similar 
argument is applicable to 4.8 if the factors (a, +e2+- << +trua) are 
thought of as multiplied in succession.® 

One would like to have an explicit expression for $ analogous to that 
for f. If none of the appropriate terms in 4.8 had vanishing coefficients in 
4.9, then $ would be a multinomial coefficient. In general, however, this 
is not the case, so that 


4,10 paf Œ = n1/I (a, — Bi)! 
and also S 1/TL (a; — B*;) p 
from 1. 11. l 
It is worth pointing out that a skew diagram need not be connected, in 
the sense that any one of its nodes can be reached from any other by a 
succession of horizontal and vertical steps. Clearly a right diagram ts 
connected. Let us suppose that [e] —[B] breaks up into a number of 


connected skew diagrams containing respectively p,g,7,: © nodes, so that 
n=pPpt+g+*+:--. Then a little consideration will show that 
4,11. paf ™ = (n!/plg tr! > dia dams bay? n, 


where the multinomial coefficient comes from the division of the n symbols 
into sets of p, q,r,’ | | symbols. After such division, the symbols in any set 
can be taken in their natural order and arranged in the corresponding skew 
diagram in just $ distinct ways. 

In concluding this discussion of the generation of the skew representations 
it should be pointed out that the idea of representing the addition or sub- 
traction of a node from a diagram as an operator goes back to Young 
(Q.8. A. IV, $$ 6-11) who used the notation F, and A» for the operation as 
applied to the r-th row of a diagram. Later (Q.S.A. VI, $ 8) he extended 
the idea, considering the operator A;A; applied to a substitutional expression 7. 
In the Littlewood and Richardson Theorem we have the first significant 
application of the method. One might say that Nakayama’s introduction of 
the notion of a hook, to be discussed in Part II, is the second. 


e Cf. [2], p. 68. 
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PART II. 
The Murnaghan-Nakayama Recursion Formula. 


5. We now apply these ideas to the concept of a hook as introduced 
by Nakayama.* Consider a diagram Lo]. A hook H, in [e] is defined in’ 
§ 1 of N, to be any diagram 


Dil H,=[n—-r,1], | (r= 0,1, -n—--1), 


whose horizontal (vertical) nodes are the last n—r(r) nodes of some row 
(the appropriate column) of [a]. We shall say that this hook is even or odd 
according as 7 is even or odd. It will sometimes be convenient to speak 
of the horizontal part of H, of length n—r as the arm and of the 
vertical part of length r as the leg. As an example consider the diagram 
[a] = [4% 3, 2,1]: 


5.2 . 0 6 


There is just one hook of length 6, namely [3, 1°]. If this hook is removed 
from [a], the procedure is to think of those nodes which are isolated as being 
moved to the left and up to produce the diagram [3,2,1]. On the other 
hand Nakayama remarks in § 5 of N; that it is sometimes necessary to think 
of removing the equivalent “vim” of the diagram, as indicated in 5. 2. This 
latter interpretation is more significant for the operational approach developed 
in Part I of the present paper. We shall speak of the rim of the diagram as 
a skew hook, to distinguish it from its equivalent right hook (5.1). Clearly, 
the skew hook in 5.2 is precisely the skew diagram [4?, 3, 2,1] — [3, 2, 15]. 

Nakayama’s purpose in introducing the notion of a hook was to study 
the modular properties of the characters of the symmetric group. We shall 
postpone the application of our methods to such modular considerations and 
consider here only the application of the theory to the proof of the Murnaghan- 
Nakayama recursion, formula, as given in § 9 of Ni: 


Let Hı, H, ©- be the totality of hooks of length n in the diagram 
T == [a], then 


5.3 x(T;P)= (-1)"yx(T_- H3 r), 
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where P is any permutation of Sı which contains a cycle C of length n and P' 
is the permutation on m symbols obtained by removing C from P. 


Clearly, the permutation P is contained in the direct product of Sm and Sa 
and its character in [«] is given by the analogue of 1.9 or 4.3 for characters: 


5.4 x(T; P) =xa(P) = E(x(0) in [a] — [8] xe?) 


6. We have from 1 that 


1. 10 [a] — [8] = XA]. 
š Y 
Murnaghan ® proved that 
6.1 Xym (C) = (— 1)” or 0, 


according as [y] is an H, or not. The following theorem gives the requisite 
information concerning the aàgY in 1. 10. 


THEOREM, If the skew-diagram [a] — [8]: 


(1) contains’interior nodes of [a], then no hook representation 
occurs ; 


(ii) ts a complete skew hook, then there is just one hook 
representation ; 


(iii) is an incomplete hook, then the number of even hook 
representations is equal to the number of odd ones. 


If,a node of [e] is not on the rim of the diagram it may be said to be an 
interior node of [a]. 
If [a] — [8] contains an interior node of [e], then it must contain 


the configuration 
le) 


6.2 a 


where the interior node is ringed. A little consideration will show that no 
four elements of H, can be arranged:in the pattern 6.2 without violating 1. 5, 
which proves (i). As an illustration we have: 2 


ig pee Tear + fet feu — 80. 


j 


° [3], p. 462. 
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If {«] — [£] is a skew hook, then certainly the equivalent H, will appear 
as an irreducible component of [«] — [8] ; since the number of horizontal and 
vertical steps is just accounted for, the corresponding aìg” = 1, and no other 
hooks can be built in the skew diagram without violating 1.5. This proves 
(1). E.g.: 


Di Poet = fait H Ba + fa + fe + fa = 61, 


where H, = [8, 1°] as in 5.2. 

Case (iii) is a little more complicated. If one thinks of the removal 
of a node from a skew hook [a] — [8], two possibilities arise: (a) the node in 
question may be at one end, or (b) it may be an internal node of the rim 
of [e]. Possibility (a) leaves the hook still a hook on one fewer symbols 
and so is of no interest here. Possibility (b) relaxes two conditions, since 
the removal must be at a corner of the skew diagram. Two hooks H. and 
H,, may be built in the resulting skew diagram, which we may call an incom- 
piete skew hook, one obtained by removing a node from the arm of Hr, 
the other by removing a node from its leg. As an illustration of the process 
we have: 


6.5 de ssa = fae + fast + fan + fs? + fo + fe + fete = 


where H, = [4, 1°], Hn = [4, 1°] and Hr == [3, 1°]. One of He, and Hr is 
consequently even while the other is odd. 

If now a second node be removed from this incomplete skew hook, it may 
be next to the first node or it may be another internal node of the rim of |]. 
In the first case the only possible hooks which can be built in [o] — [6] 
are obtained by removing a node from the arms of both H,, and Hr, or from 
their legs; one of the resulting hooks will be even while the other one will 
be odd. The removal of a second internal node again relaxes two conditions 
and makes it possible to build hooks obtained by removing a node from 
each of the arms and legs of Hn and Hr; of the resulting four hooks, two 
will be even and two odd. E.g. we have: 


6.6. 682, = faa + fart Fe H Bhasa + Was + fe + feat + feat 120, 
where [4, na [3,1*] and [3,15], [2,14] are obtained as above described 
from [4,15] and [3,14]. Further repetition of the argument proves (ili). 


7. The Murnaghan-Nakayama recursion formula now follows imme- 
diately from 6.1, since 
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a X(C) in [a] — [8] =0 
in cases (i) and (iii), while 
1.2 x(0) in [e] [6] = (—1)" 


m case (il). 
Taking n = p, it follows from the modular theory that 
7.3 fye = (— 1)” or 0, mod p, 


according as [y] is an H» or not. Formula 7.3 should be compared with 
6.1. As before 


VA Pani == È, Afyon == (— 1)" or 0, mod p, 
7 


according as [«] — [8] is a skew hook equivalent to H, or not. The analogy 
between the Fs and the ¢’s is striking throughout. 
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POLYNOMIAL MATRICES IN ONE VARIABLE, 
DIFFERENTIAL EQUATIONS AND MODULE THEORY.* 


By ERNST SNAPPER. 


Introduction and Summary. Let P[x] be the ring of polynomials in 
one variable æ with coefficients in the commutative field P. Let A be an 
mX s matrix of rank r whose elements belong to Pla]. Let A; he the 
highest common factor of the + X i subdeterminants of A for 1—=1,-- -,7. 
The purpose of Part I of this paper is to develop the theory of the norm 
A = A, ang the elementary divisor e = Ar: Arı intrinsically in terms of the 
column space M of A (the column space of a matrix is the vector space gene- 
rated by its columns). The purpose of Part II is to extend this theory to 
the case where Af is any module with a Noetherian ring (a ring in which 
every ideal has a finite basis) as operator domain. 

In Part I it is shown how A and e can be defined, by the use of com- 
position sequences and other special sequences, intrinsically in terms of M, 
thus making it obvious that two matrices with the same column spaces have 
the same A ande. These definitions are then used to investigate the properties 
of A and e (see 1.1) and to develop the theory of a system of linear algebraic 
equations with coefficients in P[x] (see 1.2 and 1.8) and of a system of 
homogeneous linear differential equations with constant coefficients (see 1. 4- 
1.6). This treatment of the matrix A differs from the classical theory in 
the following respects: 


1) In the classical theory A and « are defined in terms of determinants 
of A and not intrinsically in terms of M (see [1], p. 91 or [2], p. 27; square 
brackets refer to the references). 


2) In the classical theory of the above mentioned differential equations, 
all the determinantal factors Ar, Ar-1,: © -, A, or elementary divisors A, : Api, 
Ar-1% Aro, + *, A; occur (see [1], chapter 5) while the matrix of the system 
is assumed to be square and non-singular. In 1.4-1.6 this theory is derived 
by the use of only A and e while composition sequences of M occur instead of 
determinantal factors or elementary divisors of order less than r. Further- 
more, in 1.4 the notion of “trivial solution” is introduced which enables us 
to develop the theory for a system with an arbitrary m X s matrix instead of ` 


* Received October “4, 1945. 
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only for a system with a square non-singular matrix. In these three sections 
it is assumed that P is the field of complex numbers, not from mathematical 
necessity but in the hope that these sections will also be read by non-algebraists 
who are interested in differential equations. | 

In Part II it is shown how, by the use of the module theory developed 
by P. M. Grundy (see [5]) and the author (see [6]), the theory of Part I 
can be extended to the case where M is any module with a Noetherian ring $ 
as operator domain. Sections 2. 1-2, 4 review those parts of this module theory, 
necessary for the extensions. Section 2.5 shows how the notions of A and « 
can be extended. Sections 2.6-2.8 deal with the theory of a system of 
algebraic linear equations 


(1) 3° jai joj = Yi q == 1, -- m 


d 


where æi; and ys are given elements of $. The “criterion of solvability ” 
which says when (1) can be solved by elements 2; € 8 is based on the “ criterion 
of lengths ” (see 2.6) which is the module analogue of the “ Langensatz ” of 
ideal theory (see [7], p. 35). It is shown in 2.7 how the “criterion of 
lengths ” becomes the classical theorem of solvability of the system (1) in the 
cases where $ is specialized to be a field (see [2], p. 70) or a principal ideal 
ring or P[x] (see [3], p. 60) or the integers of an algebraic number field 
(see [4], p. 340). 

A paper to be published in this journal under the name “ Polynomial 
Matrices in several Variables,” referred to here as MSV, will treat the special 
case where § == P[a,,: > -,%|, that is a polynomial ring in several variables. 
Frequent remarks throughout the present paper point out connections between 
Part I, Part II, MSV, [5] and [6]; they are not a logical part of the develop- 
ment of the theory. 

The author is not able to extend the notions of the determinantal factors 
Ar- © *,A, and elementary divisors Ası : Ara, © ©, A: of order less than + 
in an analogous way beyond the case where $ = P[x]. Such an extension 
would be useful only if it supplied a criterion by which one could tell when 
two modules are operator isomorphic; such a criterion is indeed supplied by 
the elementary divisors when 8 = P[]. 


Part I. Polynomial Matrices in One Variable. 


1.1. Closure, associated primes, elementary divisor and norm of a 
module. Let P[x] be the polynomial ring consisting of the polynomials in 
one variable 2 whose coefficients are elements of the arbitrary, commutative, 
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field P. Elements of P[x] are called scalars and elements of P constants. 
Let V be the m-dimensional vector space V over P[x], consisting of the column 
vectors whose m components are elements of the scalar domain P[x].. The 
vectors of V can be added, subtracted and multiplied by scalars in the usual 
way. A modulé is a subset of V which is closed under vector subtraction 
and scalar multiplication. If, without further explanation, a capital Roman 
letter, a lower case Roman letter or a lower case Greek letter is used, the 
letter always denotes, respectively, a module, a vector or a scalar. The ideal 
of P[x], generated by «, is denoted by (a) and the module, generated by 
u, v, + *,w, is denoted by (u,v, - -,w). In the same way (M,u,v,---,w) 
denotes the module which is’ generated by the vectors of M together with 
u,v. w; Le, he (ALu,v,-+-,w) if h=m+oau+ Bv -4t +76 
where me M. We shall never distinguish between two scalars ¢; and ¢z if 
pı == Op, where @ is a constant. Hence, we shall speak about “ the” generator 
of an ideal of P[x] and shall never worry about the fact that such a generator 
is determined only up to a multiplicative constant. The symbol M : æ 
denotes the module consisting of all vectors v such that ave M. Clearly, 
M: «DM. The symbol M : N denotes the ideal consisting of all scalars 
a such that ane M for all ne N. Throughout this paper, the symbols C and 
— will be used exclusively for proper inclusion. 


DEFINITION 1.11. An irreducible scalar m #0 is a non-zero associated 
prime of M if and only if M:x > M. 


Remark 1.11. The non-zero associated primes of Definition 1.11 are 
identical with those defined by the Noether decomposition of M (see Remark 
2.23). For the zero associated prime of a module, see Remark 2. 32. 


DEFINITION 1.12. The closure Cl (M) is the module which consists of 
all vectors v such that ave M for some non-zero scalar. The elementary 
divisor e of M is the generator of the ideal M : Cl (MI). 


Clearly e = 0, since if Cl (AL) = (v1,- * +, vs) there exist non-zero scalars 
@,° ° *,&s such that av,e M for i= 1,- - -,s. The product a. - -. ae is 
then a non-zero element of M : Cl (M), hence «540. It follows immediately 
that M : e= Cl (M). Furthermore always MC CI (M). We say that M 
is closed if M = Cl (M) and that M is dense if Cl (M) =F. 


Remark 1.12. If A is a matrix whose columns generate M, then e of M 
is equal to the usual elementary divisor of highest rank of A (see [3], 
Theorem II). 
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The following theorem shows that the number of non-zero associated 
primes of Jf is finite. 


THEOREM 1.11. If M is not closed, the non-zero associated primes are 
the wreducible factors of e. Furthermore, the following three statements are 
equivalent: (1) M is closed; (2) e is a non-zero constant; (3) M has no 
non-zero associated primes. 


Proof. If ~ is a non-zero associated prime of M, a v£ M exists such that 
rve M and ve M. If x were not a factor of e, we could find scalars « and 8 
such that (ar + Be)v = v which would imply ve M. Hence, every non-zero 
associated prime is a factor of e. Conversely, let 7 be an irreducible factor 
of e; hence «=n and, if ve Cl (M), wove M. Now, if M : m= M, then 
we could conclude from 7°$v e M that gue M. Since e isthe highest common 
factor of all scalars which transform all vectors of Cl (M) into vectors of M, 
this would imply that ¢—e against hypothesis. Consequently, M : «> M 
and r is a non-zero associated prime of M. For the second part of the theorem, 
suppose that M is closed. Then M : Cl (M) =: M = P|[x] and hence e 
is a non-zero constant. Conversely, if e is a non-zero constant and ve CI (M), 
then from eve M follows ve M and hence Cl (M) =M. Consequently, (1) 
and (2) are equivalent. We now show that (1) and (3) are equivalent. If 
M is: closed, M : « = M for any non-zero scalar « and hence (3) is satisfied. 
Conversely, if (3) is satisfied, M must be closed for, if M C Cl (M), then 
M : Cl (M) C P[x] and hence eg P. Every irreducible factor of e is then 2 
non-zero associated prime of M according to the first part of the theorem, 
against the hypothesis that (3) holds. This proves Theorem 1.11. 

Let e = Mr; The meaning of the irreducible factors x; has been 
explained. The following theorem explains the meaning of the multiplicity p}. 


THEOREM 1.12. The sequence (1) MOCM:a;C:--CM: ay? 
consists of p; + 1 different terms. For hÈ 1, Mi mj = M : mm. 


Proof. In order to show that the pj + 1 terms of (1) are different, we 
observe that M : rj == (M:a;*) : x; and hence that all we have to show is 
M : mP CM : r. Since e= rjg, we can find a ve Cl (M) such that 
wj ov ¢ M while of course 7;*¢ve M, for, otherwise, e = m; h. Hence, 
pve M : nP but dug M : mja which proves M : mC M : r”. Now, 
letve M : mjah where h = 1. -Then, 2j*s*v e M and migo eM. Since 7; and 
$ are relatively prime we can find scalars « and 8 such that (c7;* + Bd)u =v 
which implies 7j/50 = &r;95%v + Br;Pidve M and hence ve M: r”. 
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We now turn our attention to the norm A of M by refining the sequence 
(1) to a composition sequence. Here, a sequence Mo = MC M,C---CM, 
is called a composition sequence from M to Mi of length 1 if no module N 
exists such M CNC Min for some 0=1S1—1. Clearly, the factor 
modules 0C M,/M C---CMi/M form an ordinary composition sequence 
of length 7? of Mi/M (see [9], p. 150). Conversely, if 0 CC, C> + + C M/M 
is a composition sequence of length 1 of M:/M and if M; consists of all the 
vectors of the coset C4, then JJ C M,C» -  C Mi is a composition sequence 
from M to M. of length |. 


THEOREM 1.13. If MCNCCI(M) and if MCMC---CN is 
any sequence from M to N, this sequence can be refined to a composition 
sequence from M to N. The length lof such a composition sequence depends 
only on M and N and, if MiC Min are two consecutive members of the 
sequence, the factor module M;,:/M; has finite rank ri with respect to P. 
Consequently, N/M has finite rank r= Shir; with respect to P. 


Proof. For “rank with respect to P” we shall write P-rank. Theorem 
1. 13 follows from the theory of composition sequences of Cl (M)/M as soon 
as we have proved the existence of one composition sequence from M to CI (M), 
of which two consecutive members give rise to a factor module which has 
finite P-rank. Let «e= Mjm; and consider the sequence MC M: m” 
CM : ring CCM = C01(M). If Mi= Mim <<, then 
Min = Mi: a for 0 S1 S h — 1 and the sequence M; C Mim, formed by 
two consecutive members, can be refined to M; C M; : ria C Mi | min Cee: 
C M; : w= Min. We show that we can draw a composition sequence 


from M; io to Mi: Di: for OS k S pia — 1. Suppose that ve M; : mi 
and vg My : nën and let L= ( (Mi : min); v). Since ave Mi : atin if and 
only if « € (min), the factor module L/M; : wi, is operator isomorphic with 
‘P[x]/(7i a) with respect to P[x] as operator domain. Since (riu) is a 
maximal prime ideal of P[x], P[x]/(7) has no proper non-zero sub-ideal 
and has finite P-rank ĝi+ı if d;+1 is the degree of the polynomial ri. Hence, 
no proper sub-module can be included between M and L and di. is the P-rank 
of L/M. Ii L= Mi : wi, the proof is complete; otherwise we choose a 
vector we M, : mýt and w£ L and repeat the process. Because the ascending 
chain condition holds in V, we must reach M; : Ti in a finite number of 
steps and Theorem 1.13 is proved. 

Since M : wj;PiC Cl (AL), we can draw composition sequences from M 


to M : x; according to Theorem 1.13. In the remainder of Part I, J; will 


- 
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always denote the length of a composition sequence from M to M : zj” and 
0; the degree of the polynomial 7; for 1=j7=h. 


THEOREM 1.14. The P-rank of M : m;/M is 1,0; and of Cl (M)/M 
1s 0 = Sy 521050). . 


Proof. According to the notation of the previous theorem, two consecutive 
members Af; C Min of the sequence MC M, C- + > C M Cl (M) were 
refined to a composition sequence of length Vin, and 7,104 was the P-rank 
Of Mi,;/Mi;. Hence, all we have to show is that Vis == li. Let Al’; CM, 
be two consecutive members of a composition sequence from M to M : m?ta 
and let m,” - >m” = hi Then, Min = (Mi v) and ev; e M’; if and only 
if ae (rin). Since ¢; and 7: are relatively prime, we can find scalars #8 
and y such that (Be: + yria)v;= vj. Hence Mi = (Mi, piwi) where 
w; = Bv;. The composition sequence from M to M: a fist can hence be 
written as MC (M, piwi) C (M, bit, diwe) C+ + -C (M, divo + +, piwi) 
=M: metn, It can then be proved without difficulty that W’: C (Ma, w:) 
C (Mi, wy, wo) Co C (Mi, Wi, »-,éWw)= Mi: utt is a composition 
sequence from M; to Mi : m?ta and hence that Vie = lia. 


DEFINITION 1.13. The norm A of a module M is defined as A == IMj_xr;!. 


Since p; is the length of an ordinary sequence (without repetition) from 
M to M : 7; and ly is the length of a composition sequence, l; = p; and 
hence e is always a divisor of A. According to Theorem 1.14, the degree of 
A is @, that is the P-rank of Cl (AL) /1. 


Remark 1.13. If A is a matrix whose columns generate M, A of M is 
equal to the determinantal factor of highest rank of A as follows easily from 
[3], pp. 60 and 61. The difference in character between e and A is now clear. 
The multiplicities of A are “ lengths ” and hence are closghf'related to P-ranks, 
which makes A fundamental for systems of algebraic equations. The multi- 
plicities of e, however, tell when certain sequences break off, which makes e 
fundamental for systems of differential equations. 


Remark 1.14. The composition sequences from M to M : qj’! correspond 
to the primary composition sequences of the general module theory (see 2. 4 
and 2.5) which, in their turn, correspond to the primary composition sequences 
of ideal theory (see [10], Section 23). 


1.2. Rank and closure. Let M be a module, Cl (M) its closure, and 
r its rank; i.e., r is the maximal number of vectors of M which are linearly 
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independent with respect to P[z]. Hence, rank, without further explanation, 


always means P[x]-rank. The following theorem connects the notions of 
closure and rank. 


THEOREM 1.21. Cl (Af) is closed, has the same rank r as M, and 
contains every module whose rank is r and which contains M. Furthermore, 
Cl (Mi ha Mi) = C] (M) Cl (Ma) and, if M, Cc M., then Cl (M) = Cl (M). 


Proof. The first half of the theorem is proved in [8], p. 56 and the 
second half in [6], p. 259. 

It follows from Theorem 1.21 that CI (M) could have been defined as 
the only closed module of rank + which contains Af. Consequently, if 
M,C. Ma and My and M, have the same rank, then Cl (M) = Cl (M3). 
Finally, M is dense if and only ifr=m. © 


Remark 1.21. Theorem 1.21 is used in 1.8 for the theory of systems 
of linear algebraic equations. In the case of arbitrary modules the notion 


of rank is replaced by the more general notion of length of a primary sequence 
(see 2.7 and 2.8). 


DEFINITION 1.21. Jf A is an m X s matrix whose columns are vectors 
of V, then the closure, rank, elementary divisor, norm and associated primes 
of A are defined as those of the column space of A, i.e., of the module M 
generated by the columns of A. 


1.8. Systems of linear equations. 


THEOREM 1.31. Let M, C M, be two modules. Then, M, = M: if and 
only if M, and M, have the same rank and norm. 


Proof. It is obvious that if M, = M., the norms and ranks of M, and M.e 
are the same, If M, C M: and the ranks are equal, then CI (Mı) = Cl (42). 
Let Ma, C Ma C++ +C Mar Cl (Ms) be a composition sequence from M 
to Cl (M) of length ? and let r; be the P-rank of the factor module 
Moin/Me.s. Then, ĝ == Shar; is the P-rank of Cl (Af.)/M. and hence is 
equal to the degree of the norm of Mz. If M,C Ma, the sequence M, C Me 
C Ma C+ + + C Ma == Cl (M) would prove that the P-rank of Cl (M) / Ma 
is0-+ ro where ro is the P-rank of M2/M,. Hence, if also the norms of M, 
and Jf, are the same, 7) == 0 and Jf, = Ma. 


Theorem 1.31 contains the criterion, given in Theorem 1.32, for the 


8 
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solvability of a system of linear equations (Theorem 1.32 is the analogue of 
the theorem on p. 340 in [4]). 


THEOREM 1.32. Let 3%j.04;2; = yi, where i=1,---,m and aj and 
yi are polynomials of Pla], be a system of m linear equations for the s 
unknowns 2;. Then, this system has a solution 2; 8 P[x] (j==1,:--,8) 
uf and only if the m X s matrix A = (2;) and the augmented m X (s + 1) 
matric B == (aj, yi) have the same rank and norm. 


Proof. Let M be the column space of A and g the vector whose com- 
ponents are Yı’ '',Yym. Then the system has a solution if and only if 
ge M,i.e., if and only if M = L, where L= (M, g). Since M C L, Theorem 
1.32 is an immediate corollary of Theorem 1.31 and Definition 1,21, 


1.4. Systems of differential equations. We shall investigate the ex- 
ponential solutions of a system S of linear, homogeneous, differential equations 
with constant coefficients. 

Let W be the m-dimensional vector space consisting of the column vectors 
whose components are elements of the polynomial ring P|{], where ¢ is a new 
variable. For reasons given in the introduction, we assume in 1.4, 1.5 and 
1.6 that P is the field of complex numbers. An exponential vector w exp (ét) 
is the product of a vector we W and an exponential exp (ét) == e$t, where 
g£ P and where e is the basis of the natural logarithms. The derivative with 
respect to t, Dw exp (ét), is defined as in analysis where it is proved that 
Dw exp (ét) = exp (ét) (D+ é)w (see [1], Chapter V}. If it is important 
to indicate the independent variable, we will write A(s) instead of A and 
w(t) instead of we W. For ve V we may write v(x), and v(t) then arises 
from v(x) by the substitution ef. In the same way, the operator vector 
v(D) is the vector whose components are differential operators which arise 
from v(x) or v(t) by the substitutions *x= D and t = D respectively. We 
assume in 1,4, 1.5 and 1.6 that A ts a fixed m X s matrix of rank r whose 
columns are vectors of V. The operator matrix A(/)) arises from A by the 
substitution € == D. The system S whose exponential solutions we want to 
investigate is given by A(D)y= 0. Hence we want to discuss the exponential 
vectors y == w exp (ét) such that A(D)w exp (ét) = 0. 

An exponential vector w exp (&) is said to be of degree x if « is the 
degree of w, where the degree of a vector is the highest degree of the com- 
ponents of the vector. Hence, a vector w(t) is of degree « if w == B%j.¢;t/ 
where the ¢;’s are constant vectors (i.e., the components of c; are elements 
of P) and where cx340. The letter c (or c; ete.), used without further 
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explanations, will always denote a constant vector or a constant, depending 
on the connotation. 


Lemma 1.41. Every exponential vector w exp (Ét) of degree x can be 
written as u(D)t* exp (ft), where u(x) eV. Then, in the expansion u(x) 
== 3j0jt), the CoC °°, Cx are uniquely determined by w exp (t) and cj 
for 7 >x is arbitrary and hence may be made zero; furthermore, always 
u(é) 40. Conversely, an expression u(D)t* exp (£t) always represents an 
exponential vector of degree =x. The degree is x if and only if u(é) £ 0. 


Proof. The symbol «(é) denotes of course the constant vector which 
arises from u(x) by the substitution «= & In the same way let ut” (£) 
denote the vector which arises from the 7-th derivative of u(x) with respect to x 
by the substitution v = é The Taylor expansion then gives u(D)t* exp (ét) 
= exp (6#)u(D + é)t = exp (61)3j(1/7 Iu (6) Dit* — exp ($4) 3; (F Ju P (É), 
where () is the binomial coefficient «!/j!(k—j)!. The lemma follows 
immediately by comparing this Taylor expansion with the expansion of 
w exp ($t) = exp (él) 3*;.0djt? where the d; are constant vectors and dk = 0. 

We now return to the system S. The null space N of A(z) is defined 
as the module of V which consists of the vectors n(x) such that A(x)n(z) = 0. 
If ne N, clearly A(D)n(D)t exp (ét) = 0 for any x and & This leads to 
the following definition. 


DEFINITION 1.41. An exponential solution w exp (ét) of S is called 
trivial if there exists an ne N such that w exp (ét) —n(D)t*exp (é). 
Otherwise, the solution is called non-trivial. 


Observe that, if wexp(ét) is a trivial solution of S of degree x, ne N 
can always be chosen in such a way that w exp (ét) = n(D)t* exp (ét), for 
there exists some ne N such that w exp ($t) = n(D)t7 exp (ét) for o Zx. 
If o > x, then n(é) =0 according to Lemma 1.41. Consequently, then 
n(x) = (ar —é)n*(x) where n*(x) is again a vector of N since null 
spaces are clearly always closed modules. Consequently, n(D)t° exp (ét) 
== n” (D) (D — É)t° exp (ét) = on*(D)t° exp (ét) where on*(c)eN. If 
o-— 1% « we can repeat this process until we find a vector n'e N such that 
wexp (ét) = (D)t exp (£t). 

The following theorem establishes the relationship between the exponential 
solutions of S and the theory of the previous sections. The column space M 
of A, its invariants Cl (M), A, €, r, the non-zero associated primes aj == x — &; 
(j= 1,--+,h), and the multiplicities p; of e= Ha (s — é)” and l; of 
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A == Mja (s — é)V are all fixed. Since d;= 1 (see Theorem 1. 14), l; is the 
P-rank of Mi: (x — £;)/M and == Sl; is the P-rank of Cl (Af)/M. 


THEOREM 1.41. The exponential vector w exp (£t) = u(D)t** exp (&) 
is an exponential solution of S, where «x =1, if and only if A(x)u(x) 
= (t—é)* v(x). The solution is non-trivial if and only if v(x) £M. This 
implies that, if w exp (ét) is a non-trivial solution of 8, x — É is a non-zero 
associated prime of M, i.e., È is then a root of e. 


Proof. —A(D)u(D)t® exp (t) = exp (&) 3% (F) (Aw) (E), 
where (Au)? (£) denotes the result of taking the j-th derivative of the vector 
A(c)u(x) and then substituting v = é. Hence, u(D)t** exp (ét) is a solu- 
tion of S if and only if (Aw) (£) =0 for 7=0,---,«—1, Le, if and 
only if A(e)u(c) == (~—€)*v(z). If v(x) e M the solution would be trivial, 
for then v(x) = Af(x) and hence u = (z — éf + n, where ne N. This 
would imply u(D)t*! exp (ét) = f(D)(D — ét exp (ét) + n(D)t exp (ét) 
= n(D)t* exp (ét) which proves the triviality. Conversely, if the solution 
is trivial, there exists an n e N such that u(D)t* exp (ét) == n(D)t** exp (t). 
From Lemma 1.41 we conclude that then u(x) and n(x) are the same except for 
terms of degree = x and hence u(x) =n(x) + (e—é)*g(z). This implies 
that A(x)u(z) = (x — €)*A (a) g(x) = (x —&)*v(x) and consequently that 
A(x)g(x)=v(x), i.e. that ve M. Finally, if wexp (é) is a non-trivial 
solution of 8S, v(a)eM: (x—€&)* and véM from which it follows that 
M : (a — é) DM and hence that M : (c—€&) OM. According to Def- 
nition 1.11, this means that z — é is then a non-zero associated prime of M. 

. Hence, for the discussion of the non-trivial solutions of S we have to 
consider only the roots é1, * +, é of e. Consider the sequence MC M : (z — é) 
CCM: (x— é)” of 1.1 for some arbitrarily chosen but fixed root È; 
of e and let lx be the P-rank of the factor module M : (z — &)*/M : (a — é)" 
for 1 = x Sp;. The P-rank Z depends of course on the choice of £; but the 
index į will always be omitted except for the invariants which were considered 
in the previous section. Then, Skalk = lj, and, for each 1 = x = pj, we can 
choose lx fixed vectors vm," °°, Uci, Of M : (x -— &)f which are P-linearly 
Independent mod M : (a — é)“. Naturally, P-linearly independent or 
dependent stands for linearly independent or dependent with respect to P; 
consequently, if X°#-16:07 € M : (a — É;){*, all the lx constants c: are zero. 
For each of the 1; vectors vx; we choose some fixed vector ux such that 
Aux, = (er — €)*ve¢, which can be done since vee M : (a — é)". Finally, 
with each uz; we associate the vector wx; € W which is uniquely determined by 
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wx exp (ét) = Uxi(D)t** exp (ét). The following theorem reveals the 
structure of the non-trivial exponential solutions w exp (£;t) of 8. 


THEOREM 1.42. Let the vectors Uri, Uri, Wee for 1Zk Sp; and 
1<i=k be chosen as above. Then, the l; exponential vectors wri exp (£;t) 
== Uxi(D)t*1 exp (éjt) are lj, P-linearly independent, non-trivial, exponential 
solutions of S and the degree of wx exp (éjt) is x 1. An arbitrary espo- 
nential solution w exp (&t) of S is P-linearly dependent on the l; solutions 
above and on a trivial solution. If the degree of the solution w exp (&;t) is 
o-—~1Sp;—1, then wexp (&t) is P-linearly dependent on the Z°x-ilx 
solutions wki exp (&t) for 1 Sx Sc and 1=i= Ix, and on a trivial solution. 


Proof. Since Aux = (s — £;)"vxi and since the P-linear independence 
of ve," © t, Urip mod M : (x — é)" implies vg M, the vectors wx; exp (é;t) 
are non-trivial exponential solutions of S according to Theorem 1.41. Let 
wexp (é&t)=u(D)t° exp (ét) be an arbitrary exponential solution of 
degree o —1 of S. Assuming that o — 1 È pj, i.e. that o = p; + y where 
y=1, we assert that w exp (é;) is the sum of an exponential solution of 
degree < p; — 1 and a trivial solution of S. We know that Au == (a — é;)%v 
for some ve M : (e—&;)* (from Theorem 1.41), and that M : (a — é;)" 
== M : (x — éj)” (from Theorem 1,12). Hence, there exists a vector w 
such that Aw’ = (x — £;)?v and consequently u == (z — é)% + n where 
ne N. This implies that u(D)t exp (ét) = w (D) (D— &) Vi exp (&;t) 
+ 2(D)I* exp (ét) = cw (D) ter> exp (ét) + n(D)t°* exp (ét) where 
c > 0 from which the assertion immediately follows. Now, let o—1= p;— 1 
and let Vx be the m X lx matrix whose columns are the vectors Vru’ * *, Ukte 
and let the matrices Ux and Wx be similarly defined respectively by the 
vectors Uki,’ °°, Unt, ANA Wey,***, Wer To say that w exp (t) = u(D)i7 
exp ($;t) is P-linearly dependent on the solutions wei exp (jt) for LS «So 
and 1=&=l means of course that w exp (ét) = (Z°x1Wxcx) exp ($t) 
where the cx’s are constant vectors with Ix components. A simple compu- 
tation shows that this is equivalent to saying that w(D)t?* exp (&;¢) 
= Sx (Ux cx) (D) (#4 exp (é;t)), where (U,cx) (D) is the operator vector 
which arises from the vector Uxcx by the substitution v = D. In order to 
prove the existence of the o vectors cx we observe that, according to Theorem 
1.41, Au = (x — é;)%v where ve M: (cx—&;)% Since voy: +, Volg are 
o vectors of M : (x — é;)% which are P-linearly independent mod M : (a — é;)* 
and since o is the P-rank of the factor module M : (e — $;)7/M : (a — é), 
there exists a constant vector c with le components such that v == Voc + v 
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where ve M : (a — é). Hence, (x — £;)7v = (ec — é) Av” which implies | 
that A (u— (@— &))v”) = (e —-&)Voc. Since also AUoc = (s — £) Voc, 
we conclude that u = (s — £;)v" + Voc + n, where ne N. Consequently, 
u(D)i exp (él) =v” (D) exp (£t) (Di) + (Uoc) (D)i exp (Et) 
+ n(D)t exp (é;t). The last term is a trivial solution of S and the middle 
term is a solution which is P-linearly dependent on the solutions uci(D)t9* 
exp (ét) for 151 S lo of 8. Hence, the first term is a solution of S of 
degree at most o — 2 and is not present if e —1=-0. Hence, if e —1=0, 
the solution w exp (£;t) is P-linearly dependent on the solutions stated in 
Theorem 1.42. If «—1> 0, we can first make the induction hypothesis 
that the P-linear dependence of w exp (é;t) on the solutions stated in Theorem 
1.42 is proved for degrees 0,1,---, o—2. For degree o —1 the same’ 
statement then follows immediately. from the above remark about the degree 
of the first term. There remains to be proved that the degree of w. exp (&jt) 
is x — 1 and that the 7; solutions of Theorem 1. 42 are P-linearly independent. 
Let uxi(é;) be the constant vector which arises from uc by the substitution 
r= é. We assert that the lx vectors ugi(É;),: <<, Ucil) are P-linearly 
independent for each 1==xSp;. To prove this assertion, suppose that 
Ux(é;}c = 0 where c is a constant vector with lx components and where the 
matrix Ux(é;) arises from Ux(x) by the substitution æ= é. Then 
Ux(e)c= (e — &)w and hence (e — é) Au’ = (e — §;)*Vxc, which implies 
that Aw’ = (x — &;)f*Vxc. This means that the vector Vece M : (s — &;)** 
and hence that c == 0 which proves the assertion. ‘The assertion implies that 
uril) #0 and hence that the degree of uxi(D)t** exp (€jt) is «—-1 
according to Lemma 1.41. Furthermore, 


bei (D) exp (ét) = exp (Et) 3 Ai ( 1) u (O (E) ped 


g=0 


(see the proof of Lemma 1.41) and hence the coefficient of ¢** is the vector 
uxi(&;). From the above assertion we then conclude that, for each x, the lx 
vectors ux(D)t! exp (é;t) are P-linearly independent and, from the fact that 
the degree of ux(D)t exp (&;t)is « — 1, we conclude that all the l; on 
of Theorem 1.42 are P-linearly independent. 

With regard to the trivial solutions of S, let n, © ',nm-r be m—r 
linearly independent generators of N. Clearly, a trivial solution is then P- 
linearly dependent on the infinite number of P-linearly independent trivial 
solutions ni(D)t* exp (é;#t) for 1 St m—r and arbitrary x. 


Remark 1.41, If A is non-singular, 7 = m and S has no trivial solutions. 
Hence, Theorem 1.42 contains the usual statement about the system S. 
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namely that, if A is a square non-singular matrix, the number of P-linearly 
independent exponential solutions w exp (&/) of S is equal to the multiplicity 
l; of É; as a root of A (see [1], Chapter 5). 


1.5. ‘Computation of the solution of S. 


Remark 1.51. The purpose of this section is to show how the solutions 
of S can be computed by means of the methods of the previous section. The 
difference between this method and the classical way of computing the solutions 
(see [1] pp. 168 and 179) is that the matrix A does not have to be restricted 
to a non-singular square matrix. 

The notation will be the same as in 1.4. Hence A is again an m X s 
matrix of rank 7 whose elements are polynomials of P|x|, and the invariants 
A, e, bi, pj, €;, Cl (AL) etc. all refer to the column space M of A. Again, the 
letter c denotes elements of P and N is the null space of A. 


DEFINITION 1.51. An sX r matrix B will be called a É;-multiplier of 
multiplicity o of A if AB = oC, where is a polynomial of P(x] which hus 
é; as a root of muliiplicily o and where the r columns of C generate Cl (M). 


Since M C CI (41) an + X s matrix K exists such that A == CX (desig- 
nated equation mı) which implies that ABK = $A and hence that BK + F 
= of (designated equation ms), where F is an s X s matrix whose columns 
are elements of N and where / is the sX s unit matrix. The following 
theorem properly states how solutions of S can be computed if A is an 
arbitrary m X s matrix of rank r. 


THEOREM 1.51. Let B be an &;-multiplier of multiplicity o = pj of A. 
Let the mX r matrix Ux(t) for OS x Zo—1 be defined by Ux exp (é;t) 
«== B(D)t* exp (t) where B(D) arises from B by the substitution «= D. 
Then, the columns of Ux exp (é;t) are exponential solutions of S. Con- 
versely, every exponential solution wexp (jt) of S is P-linearly dependent 
on these columns and on a trivial solution. 


Proof. 
A(D)Ux exp (Et) = A(D)B(D)# exp (61) = C(D) d(D) ¥ exp (é;t). 


Since $(D) =¥(D)(D—&)*% and o > x, C(D)d(D)t exp (ét) =0 and 
hence every column of Ux exp (éjt) is an exponential solution of S for 
O0sx=<o--1. To prove the converse, observe that, according to Theorem 
1.42, every exponential solution of S is the sum of an exponential solution 
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of degree < p; — 1 and a trivial solution. Hence we only have to assume 
that w exp (&t) = u(D)te11!-Y exp (&¢) is a solution of degree pj —1—y 
of S for O0SySp;—i. Then we know that Au == (s — £;)f/%v where 
veCl (M) and hence that v= Cv. Equation -m, then gives CKu 
== (x — É;)Cv and, since the r columns of O, as generators of Cl (Jf), 
must be linearly independent with respect to P[x], we conclude that 
Ku = (x — £;)f-Yv. Consequently BKu = B(x — é) and hence, from 
equation me, pu == B(x — é;)!1-%v + Fu. Since ġ = (z — &;)% and o = pj, 
Fu = (w— $)” Yn, where ne N, since Fue N and a null space is always a 
closed module. We conclude that, if o = p; -+ h for 420, (x — &)Myu 
= Bv + n. This gives rise to the relationship u(D)y(D)(D— é) Yiri 
exp (éjt) = B(D)v(D)tP:t12 exp (gt) + (D) te" exp (é;t). The last term 
of this relationship is a trivial solution of S. The first term is P-linearly 
dependent on the columns of Uxexp (ét) for 0 Sx Sp; + h— 1 =g— 1 
as is seen by first expanding v (D) = XicD* and then applying this operator 
to 491441 exp (é;t). For the left-hand side we write u(D)y (D) (D — éj) Yyteri 
exp (ét) = cu(D)y(D) tr exp (ét), where c0. Since w(D) 
== $d; (D — é) t, where d; e P and do 5&0 because y(£;) 540, application of 
the operator y(D) to t exp (£t) shows that cu(D)w(D) te-7 exp (£t) - 
‘= dw exp (é;t) + w exp (é;t) where d is the non-zero element doc of P and 
where w exp (é;t) is the given exponential solution while w exp (£;t) is an 
exponential solution of degree < p; —y— 1 of S. Hence, if the degree of 
w exp (éjt) is zero, i.e., if pj — 1 — y= 0, the term w' exp (é;t) does not 
occur and the theorem is proved. For arbitrary degree pj — 1 — y, we first 
make the induction hypothesis that the theorem is proved for degrees 
0,1,--°-+,p;—2—y, and the theorem then follows for degree p;-—1— y 
from the remark about the degree of w” exp (é;t). 

There always exist matrices B which are €;-multiplers of A of multi- 
plicity p; simultaneously for all roots é; of e, for, if C is any matrix whose 
columns generate Cl (M), then «C is a matrix whose columns are vectors of M. 
Hence, there exists a matrix B such that AB = «C and this B clearly satisfies 
the requirement. 


Remark 1.52. In the classical method of computing the solutions of 9 
it is assumed that 4 is a square non-singular matrix and hence its adjoint H 
is then well defined. The substitution 2 = &; is made in the derivatives of 
order 0, 1,: + -,l;— 1 of exp (xt) H(x) with respect to a (see [1], pp. 168 
and 179). However, H is then a é;-multiplier of A of multiplicity 1; = pj 
simultaneously for all roots $; of e, because AH = AI and the columns of 
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the unit matrix J generate the whole vector space V, which is Cl (42), since 
M is dense in this case. Furthermore 


B(D)t* exp (6,1) = exp (jt) B*s20(,",) BM (&) 04 
= exp (éjt) [(De + t)*B(a) Jo = & = [ Da" exp (at) B(x) Ja = &; 


which shows that the classical statement, mentioned above is contained in 
Theorem 1. 51. 


1.6. Trivial solutions in terms of the row space. According to 
Theorem 1.42 the properties of the solution of S are determined by two 
column space invariants, namely A and e, and by the trivial solutions. The 
trivial solutions are defined in terms of the null space N which is not an 
invariant of the column space M. The rows of A, however, generate the row 
space Mf’ which is a module of the m-dimensional vector space V’ consisting 
of the row vectors whose m components are elements of P[x]. Since the A 
and e of M and AF can be computed in the same way from the sub-deter- 
minants of A, the A and e of M and W are the same. Hence, we can as well 
say that the properties of S are determined by two row space invariants and 
by the trivial solutions. We shall now show how the trivial solutions could 
have been defined invariantly in terms of the row space. i 


Remark 1.61. The purpose of this section is to give the basis for the 
notion of trivial solution for a system of partial differential equations which 
will be discussed in MSV. Since, if the scalar domain is 8 == P[@,, > a], 
the invariants A and e can not be computed any more as sub-determinants 
of A, a column space and a row space of the same matrix may then very well 
have different invariants. It will be shown in MSV that if 8 == P[a,,---, 2a], 
the invariants of the row space Al’, and not of the column space M, are 
essential for the system of partial differential equations determined by the 
matrix. In particular, trivial solutions then have to be defined in terms 
of Af’. It will become clear from MSV how the theory of 1.4 could have 
been developed, less simply but yet completely, in terms of the row space AL’. 
This is no wonder since, if § == P[x], the fact that the invariants of M and 
M’ can be computed by means of sub-determinants of A, implies that AZ and 
M’ then have the same invariants. 

The system S is given by m differential operators which arise from the 
m rows of A by the substitution «== D. Since every vector of M’ is a linear 
combination of the rows of A, the system of differential equations W (D), 
which is given by the infinite number of differential operators which arise 
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from all the rows of Jf’ by the substitution x = D, has the same solutions as 8. 
If Cl (W°) (D) arises from CI (W) in the same way as M’(D) from W, then, 
since W C Cl (W), the solutions of Cl (W) (D) are contained among those ~ 
of M’(D), i.e among those of S. The following theorem shows how the 
trivial solutions of S could have been defined intrinsically in terms of W”. 


THEOREM 1.61. An exponential solution w exp (ét) of S is a trivial 
solution of S in the sense of Definition 1.41, if and only if it is a solution 
of CI (M°)(D). 


Proof. Let wexp (ét) be a trivial exponential solution of S, i.e., let 
w exp (ét) =n(D)t" exp (ét) where An=0. Let v(D)e Cl (M’) (D), i.e, 
v is a row vector of Cl (M). Since e is the elementary divisor of M’, we 
conclude that ev e W and hence there exists a row vector s'e V’ such that 
SA= ev. This implies that ev’n = 0 and hence that v’n =0 from which it 
follows that v(D)wexp (é&) =v (D)n(D)t* exp (&) =0. Consequently, 
every trivial solution is a solution of Cl (M°)(D). Conversely, if w exp (ét) 
= u(D)t* exp (ét) is a solution of Cl (11°) (D), it is also a solution of W’(D), 
and hence all that remains to be proved is that this solution is trivial. Let 
F be any matrix whose rows generate Cl (W); then, since F(D)u(D)t* 
exp (ét) = 0, we have Fu == (x — &)*v. Since the rows of F generate a closed 
module, i. e., a module whose A is a non-zero element of P, the determinantal 
factor of highest rank of F, i.e., A, is an element of P. Hence, the columns 
of F also generate a closed module, which implies the existence of a vector se V 
such that Fs == v. Consequently, according to Theorem 1. 41, u(D)# exp (ét) 
is a trivial solution of F(D)y = 0, i.e, u(D)t* exp ($) = n(D)t exp (ét) 
where Fn == 0. Since the rows of A are vectors of Jf’ and hence of Cl (M’), 
we can take for F a matrix whose first m rows are those of A. We then 
conclude that An = 0 and hence that w exp (t) is a trivial solution of 8, 


Part II. Structure of Modules. 


2.1. Operations and the notion of primary. Let 3 be a commutative 
ring with unit element and zero element w. The elements of $, called scalars, 
will be denoted by lower case Greek letters and the ideals of § by lower 
case German letters. Let V be an additive abelian group with zero element 0 
for which 8 is the left operator domain and for which the unit element of 3 
is the unit operator. The elements of V, called vectors, will be denoted by 
lower case Roman letters and the 8-modules of V, called modules, by capital 
Roman letters. Consequently, a module is a subset of V which is closed under 


POLYNOMIAL MATRICES IN ONE VARIABLE. 315 


scalar multiplication and vector-subtraction. We assume furthermore that 
for the modules of V the ascending chain condition holds,i.e., that each module 
has a finite number of generators. For the terms used so far, see [9] and 
[11]. In accordance with [12], p. 690, we call V a Noetherian vector space 
‘with 8 as scalar domain, or more briefly, a Noetherian vector space over 3. 
If, without further explanation, a lower case Greek letter, a lower case German 
letter, a lower case Roman letter or a capital Roman letter is used, these 
letters will always respectively denote a scalar, an ideal, a vector and a module. 


Remark 2.11. The assumptions made in the previous paragraph are 
indicated by [0, I] in-[5]. The vector space of Part I is an example of a 
Noetherian vector space over P[x] as scalar domain. 

For the consistency of the following definitions, see [5] Section 2 or [6] 
Section 2. 

The intersection M n L is the module which is the set theoretic inter- 
section of M and L. It is convenient for 2.3 to say, as in [5], that a void 
collection of modules has V as intersection. The sum (M, L} is the module 
which is generated by the set theoretic union M v L and hence consists of the 
vectors v = m + l where me M and le L. In the same way, (%,° °°, vs) 
denotes the module generated by %v,,: <<, and (%,:°*+*,%s) the ideal 
generated by &,,: © -, &s. The quotient M : L is the ideal of 8 which consists 
of the scalars « such that ale M for all le L. Here, L can be an arbitrary 
set of vectors, not necessarily a module, The quotient M : b is the module 
which consists of all vectors v such that Bue M for all Be b. Again, b can be 
any set of scalars, not necessarily an ideal. The product BM is the module 
which is generated by all products 8m where Beb and me M. Again, b may 
be an arbitrary set of scalars. The rules which combine intersections, sums, 
quotients and products are the same as for ideals (see [5] Section 2 or [6] 
Section 2). 


DEFINITION 2.11. The fundamental ideal f of M is the quotient M : V. 
The radical r of M is the radical of f. 


The radical of an ideal is as usual the ideal consisting of the scalars of 
which a power lies in the ideal. 


Remark 2.12. The term “fundamental ideal” in definition 2.11 means 
the same as the terms “shadow” in [5] and “ essential ideal” in [6]. The 
term “shadow” is dropped since it does not indicate that the structure of f 
is of “fundamental”. importance for M. The reason for changing the 
terminology of [6] is to keep the German letter e free to denote “ elementary 
divisor.” 
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From now on, the annihiliating ideal of M will always be denoted by a, 
le, a(M)==0: M. Since M,C M, implies f(M,) C f(M:) and r(M) 
Cr(M.), it is always true that a(V) Cf(M) and r(0) Cr(M). The 
following definition and theorem occur in [5], Section 4, and in [6], Section 4. 


DEFINITION 2,12. A module Q is called primary if ave Q and aÉr(0) 
implies ve Q. 


THEOREM 2.11. The fundamental ideal of a primary module is a 
primary ideal and hence its radical is a prime ideal, A module Q is p-primary, 
i.e. is primary and has p as radical, if and only if the following three con- 
ditions are satisfied: 1) aveQ and vQ implies «ep; 2) f(Q) Cp; 
3) «ep imphies that, for some integer x, a ef(Q). 

Since, if Q is p-primary, p f(Q) 2 a(V) and since the ascending 
chain condition holds in 8/a(V) (see [5], Theorem 4), there is a smallest 
integer p such that pe C f(Q). This p is called the exponent of Q. If Q is 
p-primary and f(@) is prime, i. e., if [(Q) = p, and p= 1, then Q is called 
a prime module or p-prime. The following lemma is proved in [5], Section 4. 


LeMMA 2.11. If Q is p-primary, bŒ f(Q) and ME Q, then Q: bisa 
p-primary module and Q : M a p-primary ideal. 


If MC Land if M is p-primary when M is considered as a sub-module 
of L instead of V, then M is said to be p-primary in L. Since the funda- 
mental ideal of M as a sub-module of L is M : L and not M : V, it may be 
that M is p-primary in L but not in V. However, if M is p-primary in V, 
it is certainly p-primary in L (if M s£ L) as is implied by Lemma 2. 12, 
which follows from the three conditions of Theorem 2. 11. 


LEMMA 2.12. Let Q be p-primary and let L be any module, not con- 
tained in Q. Then Q 0 L is b-primary in L and the p-primary fundamental 
ideal of Qa L as a sub-module of Lis Q : L. 


Remark 2.13. Lemma 2.12, which does not occur in [5] and [6], 
will be used frequently in that part of the theory of polynomial matrices in 
which the imbedding vector space V has to be replaced by an isolated com- 
ponent of the row space or column space of the matrix. See also Lemma 2. 51 
of this paper. 


2.2. Noether decompositions. © 


DEFINITION 2.21. An intersection M = Q, 0: - -^ Qh is called a Noether 
decomposition (N. D. for short) of M if the following three conditions are 
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satisfied: 1) Q; is b;-primary for j==1,°+:+,h;2) the prime ideals pi, °°, Pu 
are all different; 3) the intersection is wredundant. 


Remark 2.21. The term “ Noether decomposition ” is used in preference 
to the term “Lasker reduction” of [5] to conform to the expression 
Noetherian vector space. 

The following theorem is proved in [5], Section 6, and in [6], Sections 
4 and 5. 


THEOREM 2.21. Every module M has an N. D. The radicals of the 
primary components are the same for all N. Ds of M and are called the 
associated primes (a. p. for sore) of M. The intersection sui the a. ps of M 
ws the radical of M. 

A primary component of M is a primary module which occurs in some 
N.D. of M and a complete set of primary components of M is a set of primary 
components which together form an N. D. of M. The intersection of a subset 
of a complete set of primary components of M is called a component of M. 
From Lemma 2, 12 the following lemma can be easily derived. 


LEMMA 2.21. Let M=@,9:--9Qn be an N.D. of M, where Q; is 
by-primary for 1 = j= h. Let C be the component C = Q,9- + <a Qk, where 
1=x=h, and let Quai > CaQua, where 1S1 5S h—xr Then M 
= Q” kn n QF is an N. D. of M as a submodule of C and the a. pis 
of M as a submodule of C are Pkn,’ ©“, Pn 


Remark 2.22. Lemma 2.21 does not occur in [5] and [6] and is impor- 
tant for the same reason as Lemma 2, 12. 

A component of M is called an isolated component if every a. p. of M 
which is contained in an a. p. of that, component is itself an a. p. of that 
component. An isolated component of M is uniquely determined by its a. p.’s 
as is proved in [5], Section 6, and in [6], Section 5. A module is called 
univalent (“monotypic ” in [5]) if its radical is a maximal ideal of 8. Since 
a univalent module can clearly have only one a. p., namely its own radical, 
a univalent module is always primary. Finally, an arbitrary module and an 
ideal c are said to be relatively prime if M : c== M. It is shown on page 254 
of [5] that M and care relatively prime if and only if no a. p. of ¢ is contained 
in an a. p. of M. 


Remark 2.23. According to the above, if p is a prime ideal, M : pD M 
(the symbol > again denotes proper inclusion) if and only if p is contained 
in one of the a. ps of M. Since in the scalar domain P|[x] of Part I all 
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prime ideals are maximal, in that particular case M : p D M if and only if p 
is an a. p. of M. Hence, the non-zero a. p.’s of Part I are those a. p.’s of an 
N. D. of M which are different from the zero ideal. 


2.3. Closures of a module. Throughout this section, let © denote a 
multiplicatively closed subset of 8 which does not contain o. 


DEFINITION 2.31. The C-closure M(€) of a module M is the module 
which consists of the vectors v for which there exists a scalar ye € such that 
yoeM. If M(&) =M, we say that M is E-closed, and if M(€) =Y that 
M is E-dense. 

Clearly, M C M(@) and, if M, C Ma, then IM;(€) G M.(€). 


Remark 2.31. If, in the scalar domain P[x] of Part I, we take for © 
the set of all the non-zero scalars, the ©-closure becomes the closure Cl (M) 
of Definition 1.12. This particular closure occurs in [6] Section 3 for general 
m-dimensional vector spaces. As will be shown in MSV, the n different 
closures of a polynomial matrix in » variables, as defined in [13] Section 8, 
are closures in the sense of Definition 2. 31. 

The important properties of closures are enumerated in the following 
lemma whose proof can be found in [5] Section 7. 


Lemma 2.31. The E-closure M(€) is the smallest E-closed module 
which contains M and is the isolated component of M whose a. p.’s contain 
no element of ©. Furthermore, [M, a Ma] (€) = M, (©) a Ma(©), from which 
it follows that the intersection of a finite number of E-closed modules is €- 
closed, that the intersection of a finite number of È-dense modules is &-dense, 
and the wrredundant intersection of a &-closed module and a ©-dense module 
is neither E-closed nor E-dense. 


By considering all possible ©-closures of M we obtain all possible isolated 
components of M (see [5] Theorem 16) together with V. Namely, if every 
a. p. of M has an elemerrf in common with €, then M is ©-dense, according to 
the convention that the intersection of a void collection of modules is F. 
If © is the complement of a prime ideal p of 8, we write M (p), p-closure and 
p-closed instead of M (©), €-closure and E-closed, following the custom of [5] 
for modules and [14] for ideals. Hence, X(p) is the isolated component of 
M whose a. p.’s are contained in p. It follows that M is p-closed if and only 
if all a. p?s of M are contained in p and is p-dense if and only if none of its 
a. ps are contained in p. In particular, a p-primary module is p-closed. 


Remark 2.32. If V is the vector space of Part I, Cl (M) = M((o)), 
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where (w) is the zero ideal of P[x]; and closed and dense then mean (w)- 
closed and (w)-dense. Hence, in that case, a module M is dense if and only if 
(w) is not an a. p. of M. If, however, M is not dense, (w) is an a. p. of M 
and Cl (M) is then the isolated primary component of M whose a. p. is (ø). 
The occurrence of the zero ideal as an a. p. does not happen in ideal theory 
since ideals of integral domains, considered as modules, are always (@)-dense. 

We now discuss the notion of quotient module which is related to that 
of &-closed module and is needed for the theory of length of a primary module. 
The quotient module Vg consists of classes of ordered pairs {v, y} where ve V, 
ye © and two pairs {v1, yi} and {v2, ye} belong to the same class if you, = yive. 
According to [5] Section 13, addition and scalar multiplication can be defined 
in the usual way in Ve, which makes Vg into a Noetherian vector space over 
Sc as scalar domain. Here, 8¢ arises from 8 as Vo arises from V. By 
forming quotients, the module Me == T(4) of Ve corresponds to the module 
M of V. In the same way, the ideal be = A (b) of 8¢ corresponds to the 
ideal b of 8. The following lemma is proved in [5] Section 13. 


Lemma 2.32. The correspondence T s a one-to-one correspondence 
between the G-closed modules of V and the modules of Ve and A is a one-to- 
one correspondence between the E-closed ideals of 8 and the ideals of 3c. 
Both these correspondences are isomorphisms with respect to the quotient 
operation:, the intersection operation ^, and the inclusion relation C. It 
follows that, if M is G-closed, f(T(M)) = AG (M)) and r(T(M))= ACD). 
Furthermore M is p-primary if and only if T(M) is A(bp)-primary, in which 
case M and T(M) have the same exponents. 


Again, if € is the complement of a prime ideal p of 8, we write Vp, 
8p etc. instead of Ve, 5g. 


2.4. Length of primary modules. The following definition occurs for 
ideals in [10] Section 23. 


DEFINITION 2.41. A sequence Qo C QC: CQ1 CV is called a 
p-primary composition sequence from Qo to V of length Lif 1) Qi is p-primary 
for O Si <1— 1 and 2) it is impossible to insert a p-primary module Q 
between any two consecutive members Qi C Qin such that Qi COC Qin. 


Let Q be a p-primary module. Since Q is p-closed, 7'(Q) is a primary 
A(p) module of Vj. Since A(p) is a maximal prime ‘ideal of 8p (see [5] 
Section 14), 7(Q) is even univalent and hence the factor module Vp/7'(Q) 
is a Noetherian vector space over 8p as scalar domain whose zero module is 
univalent. This implies (see [5] Section 11) that Vp/T (Q) has an ordinary 
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composition sequence whose factors (i.e., the factor modules formed by con- 
secutive elements) are all isomorphic with 8p/A(p). These isomorphisms 
are operator isomorphisms with respect to 8p as operator domain. The theory 
of composition sequences, applied to Vp/T(Q), then gives, by the use of 
Lemma 2. 32, the following theorem. 


THEOREM 2.41. For every p-primary module Q we can draw a b-primary 
composition sequence 9CQ,C---CQ11CV from Q to V. All these 
sequences have the same length l, called the length of Q. Any sequence 
YC H,C::+:CH,CV where the His are b-primary can be refined to a 
p-primary composition sequence. If Q is unwalent, a p-primary composition 
sequence from Q to V is an ordinary composition sequence, i.e. no module, 
p-promary or not, can be inserted between two consecutive elements. In that 
case the factors are all operator isomorphic with 8/p with respect to 8 as 
operator domain. 


Remark 2.41. In Theorem 1.13 it was shown that, for the vector space 
of Part I, a composition sequence can be drawn from any module M, primary 
or not, to any other module N where M CNC CI (AM). This is caused by 
the fact that all non-zero prime ideals of P[x] are maximal and hence all 
primary components of M, except Cl (M), are univalent (see [5] Theorem 24). 


2.5. Elementary divisors and lengths of arbitrary modules. Let p be 
an a.p. of M and let M(p) again be the p-closure of M, i.e., the isolated 
component of M whose a. ps are contained in p. Let M’(p) be the isolated 
component of M whose a. p.’s are properly contained in p. Then, if Q is any 
p-primary component of M, M(p) = M’(p)°Q. The following lemma then 
follows immediately from Lemmas 2.12 and 2.21. 


Lemma 2.51. M(p) C M’(p) and M(p) is b-primary in M°(p), namely 
it is the isolated p-primary component of M as a sub-module of M’(p). The 
p-primary fundamental ideal of M(p) as a sub-module of M’(p) is 
M(p) : Mp)=>Q: M'(p). 


DEFINITION 2.51. The p-primary ideal e(p) = M(p) : M'(p) ts called 
the p-elementary divisor of M. The exponent p(p) of e(p) is called the 
b-exponent of M. The length 1(p) of M(p) as a primary sub-module of W (p) 
is called the p-length of M. 


‘Remark 2.51. The p-elementary divisors for pÆ (w) are the analogues 
of the primary factors of the elementary divisor « of Part I. Let M be a 
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module of the vector space of Part I and let M = Cl (M) a Qa: > >a Qn be 
an N.D. of M where Q; is pj-primary and p; (0). Then, M(p;) 
= CI (Mf) a Q; W (p) = CI (M), and hence ce(p;) = Q; : Cl (AZ). Since 
all pps are relatively prime for j == 1,---,h, we conclude that 


WM ;-10(0;) = (Y"pa10(0;) = al: Cl (A2)) == (Qag) + CI CAL) 
= (Cl (M) 9N YQ) : C (M) =M : Cl (M) =e, 


which proves the assertion. The interpretation of p(p;), given in Theorem 
1.12. is in the general case represented by the fact that p(p;) is the exponent 
of M(p;) : M (p;i), i.e., that p (pi) CM(p;) for h È 0 and not for 
h <0. Furthermore, 2(p;) is the length of Cl (M) ° Q; as a primary sub- 
module of Cl (M) from which it follows easily that /(p;) is equal to the 
multiplicity 2; of the norm A == Mjr; of M (see Definition 1. 13). Finally, 
M’ (pj) == Cl (A) makes it clear that, for a polynomial matrix in n variables, 
the different closures JA/’(p) for the a. p.’s of the column space (or for other 
applications of the row space) are the analogues of the one closure Cl (Af) 
of a polynomial matrix in one variable. 


2.6. Systems of linear equations. The following criterion is the 
abstract formulation of the known criteria for the solvability of linear 
equations over different types of.scalar domains 8 (see the Introduction). 


Criterion of Lengths. Let Mi and Ma be two modules where M, C Mo. 
Then, M, = M, if and only if M, and Ma have the same a. pls and for each 
a. p. p, the same p-length. 


Proof. It is obvious that if M, = M., the a. ps and p-lengths of M, 
and Ma are the same. Hence, we assume that M, CM. and that M, and Me 
have the same a. p.’s and p-lengths. Let p be an a. p. of M, and Ma such that 
M,(p) and hence 4/:(p) have only one a. p., i. e., let p be an isolated a. p. 
of M, and Mo. We then conclude from 2.3 that Mı (y) C M.(p) and from 
Lemma 2. 51 that Mı (p) and Jf.()) are both p-primary in A (p) and from 
Definition 2. 51 that they have the same length as b-primary sub-modules of 
AU (p). Hence Mi (p) = Al2(p) since, otherwise, it would follow immediately 
from Theorem 2. 41 that the length of M,(p) is greater than the length of 
M.(p). We then make the induction hypothesis that AZ,(p) = /:(b) has 
been proved for all a. p.s for which J/,(p) and hence 4/:(p) have at most 
k— 1a. ps. Let p then be such that M: (p) and Me(p) have x a.p.’s. Since 
M’;(p) and 4l’.(~) have at most «x — 1 a. ps, it follows easily from the 
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induction hypothesis that they are equal, say Al’ == M’,(p) = M’.(p). Then, 
as before, Mı(p) and M.(p) are p-primary in M’ and have the same length 
as p-primary sub-modules of W; and M,(p) C Ma(p). Hence M.(p) 
= M.(p) for all a.p.’s of M, which proves M, = Mo. 

The connection between the criterion of lengths and systems of linear 
equations is established by considering the m-dimensional Noetherian vector 
space over § which consists of the column vectors whose m components are 
elements of 8. The columns of an m X s matrix A = (oj), where @;; £8 
andt+—=1,-:-,mand7—1,:--,s, generate a module M, called the column 


space of A; and the e(p), p(b) and 7(p) of A are defined as those of the 
column space. 


Criterion of Solvability. Let Z8;-10:j2; = yi, where 4=1,:--,m and 
as; and yi are elements of 8, be a system of m linear equations for the s 
unknowns 2;. Then, this system has a solution 2;€8 (7 =1,---,8) if and 


only if the m X s matrix A = (aij) and the augmented m X (s +- 1) matrix 
B = (ij, yi) have the same a. pls and for each a. p. p, the same p-length. 


Proof. Let M be the column space of A and g the column vector whose 
components are yi," ©‘, ym. The system has a solution if and only if ye M, 
ie, if and only if M = L, where L is the module (M,y). Since clearly 
MC L and L is the column space of B, the criterion of solvability is an 
immediate corollary of the criterion of lengths. 


2.7. Rank and Cl (M) of a module. In this section, except in Lemma 
2.71, V will denote a Noetherian vector space over 8 as scalar domain whose 
zero-module (0) is primary. We'want to show that for such a module a notion 
of rank and Cl (M) exists which has the same properties as in 1. 2 and which 
is contained in the more general notion of length of a primary composition 
sequence. | 

The radical of the zero-module will be denoted by r; hence r is a prime 
ideal. The radical of an arbitrary module M 5£ (0) will be denoted by r(M). 


DEFINITION 2.71. The closure Cl (AL) of a module M is the v-closure 
of M. To say that M is closed or dense means that M is respectively r-closed 
or t-dense. 

It follows from the general theory of 2.3 that Cl (M) has the properties 
which are described in 1.2 and in [6], Section 3. Since r © r(Jf), either M 
is dense, i.e., Cl (M) = V, or Cl (M) is an isolated primary component of 
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M whose a. p. is r.* In particular, a primary module is either closed: or dense 
(compare with [6], Theorem 4. 2). 

Since (0) is r-primary as a sub-module of V, the zero-module (0) is also 
t-primary in any module M (see Lemma 2. 12). 


DEFINITION 2.72. The rank r of a module M o the length of (0) as an 
r-primary sub-module of M. 

The fact that rank and Cl (M) behave as in 1.2 follows from the 
following lemma. 


LEMMA 2.71. Let V be an arbitrary Noetherian module with arbitrary 
zero-module and let Q be a p-primary module of V. Then, if QCM, the 
p-closure M (p) is the largest module of V which satisfies the two conditions: 
1) MC H(p); 2) the length of Q as a p-primary sub-module of M is equal 
to the length of Q as a b-primary sub-module of M(p). 


Proof. The lemma follows immediately from the fact that, in the nota- 
tion of 2.3, M(p) is the largest module containing M such that T(M) 
—T(M(p)). | 

If we apply Lemma 2. 71 to the case that @ is the r-primary zero-module 
of our Noetherian vector space V, all statements of 1.2 about rank and Cl (M) 
are again seen to hold. In particular, if M, C M, and if M, and M» have the 
same rank, then Cl (4) = Cl (4.). We can now reformulate the criterion 
of lengths, using 7 instead of the r-length of M. 


THEOREM 2.71. Let V be a Noetherian vector space whose zero-module 
is primary and let M, C Mo be two modules of V. Then, M, == Mao, if and 
only if M, and M, have the same rank, the same a. pls different from r and 
for each such a. p. p, the same b-length. 


Proof. The proof follows immediately from the fact that, if M, CM. 
and M, and Af. have the same rank, then Cl (M,) = C1(M.). Hence, either 
M, and M: do not have r as an a.p. and Theorem 2. 71 immediately reduces 
to the criterion of lengths; or r is an a. p. of M, and M», in which case M, and 
AI, have the same isolated t-primary component Cl (M1) = Cl (Mz) and hence 
also the same r-length. 

In order to’ reformulate also the criterion of solvability, let V be the m- 
dimensional Noetherian vector space consisting of the column vectors whose 
m components are elements of 8. We again assume that the zero-module of 
V is r-primary and define the rank of a matrix A as the rank of its column 
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space. The following theorem is then an immediate corollitry of the criterion 
of solvability. 


THEOREM 2.72. Let S8}-10)2; = yi, where 1+=1,-+:-,m and a;; and 
yi are elements of 8, be a system of m linear equations for the s unknowns zj. 
Then, this system has a solulion 2;€8 (j==1,---+,8) if and only if the 


m X s matric A = (2;;) and the augmented m X (s + 1) matrix B = (&ij, yi) 
have the same rank, the same a. pis different from r and for each such a. p. 
the same p-length. 


Remark 2.71. In the vector space of Part I, the zero-module is an 
(w)-prime module and hence Theorem 2.72 applies. Since the a.p.’s of a 
module Jf which are different from (w) are then the irreducible factors of 
the norm A = Irj of M and since the multiplicity l; is the (;)-length 
of M, Theorem 2.72 contains Theorem 1.32 as a special case. Since the 
theory of 1.1, 1.2 and 1.3 could have been developed just as easily for an 
arbitrary principal ideal ring as scalar domain as for P[2] (except for the 
statements about finite P-rank), Theorem 1.32 also holds for principal ideal 
rings. Actually, the only fact essential for the development of 1,1, 1.2 and 
1.3 is that every factor ring 8/b, where b is a non-zero ideal of 8, is a principal 
ideal ring. Hence, Theorem 1. 82 also holds if 8 consists of the integers of 
an algebraic number field (see [4], p. 340). Consequently, the criteria for 
the solvability of systems of linear equations over principal ideal rings and 
algebraic number fields are also corollaries of Theorem 2.72. Finally, if 3 
is a field, the zero-module is an (w)-prime module and every module M is 
closed. Hence no a. p-s different from (w) occur. Theorem 2.72 says that 
then a system of linear equations can be solved if and only if the matrix A 
of the system and the augmented matrix B (see Theorem 2.72) have the 
same rank. AIl known criteria of solvability are hence corollaries of Theorem 
2.72, and consequently of the criterion of lengths. | 


2.8. Rank and linear dependence. In 2.7 the notion of rank is defined 
independently of the notion of linear dependence. In this section we show 
that for those vector spaces for which it is customary to define the rank in 
terms of linear dependence, the notions coincide. This fact follows from 
Lemma 2. 81. 


LemMa 2.81. Let Q be a-prime module of length l of a Noetherian 
vector space V over 8 as scalar domain. Then, lis the maximum number of 
linearly independent elements of the factor module V/Q, if 8/p is considered 
as the scalar domain of V/Q. 
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Proof. Since p is the fundamental ideal of Q, p is the annihilating ideal 
of V/Q and hence 8/p can be considered as the scalar domain of V/Q. Let 
QTC QC- -CQ C V =Q: be a p-primary composition sequence of Q 
and let v;e Q; where vj £ Q; for 1=7Sl. Each vector v; belongs to 2 
coset 7; of V/Q and we assert that Ti,’ © >, U; are linearly independent with 
respect to 8/p. Suppose that 34)-,%)0; = 0 where &; e 8/p and 0 is the zero 
element of V/Q. If a; is a scalar of the coset &; this would imply that 
£t;-10;1;€ (Q, pV) and since pV CQ, that ewe Qi. However, v: £ Qua 
and Qi- is p-prime which implies that œ:€ p and hence that a; ==@ where @ 
is the zero element of 3/p. By repeating this argument for 22, Gj; = 0, 
we find that Z, =; - -= &ı =v which proves the assertion. There remains 
to be proved that, if we Q/V, we can find an 054 & such that 3j1%)0j = aw. 
Hereto, we assert that (Q, v: v) (p) =Q; for 12], for 
OC (0,0) (bp) CQ, and, since (Q, vı) (p) is p-primary, we conclude that 
(Q, 1) (p) = Qı from which the assertion follows by induction. In particular, 
(Q, un: vi) (bp) =V and hence, if w is a vector in the coset W, we can 
find an agp such that gw = q + 3%;-10;v; where ge Q. This implies that 
GI = Xl aT; where a #£ ©. 

The vector spaces for which it is customary to define rank in terms of 
linear dependence are m-dimensional vector spaces consisting of columns 
whose m components are elements of a domain of integrity 8. Hence, for 
these spaces, the zero-module is a prime module with (è) as radical. Conse- 
quently, the rank of a module M, as defined in Definition 2. 72, is then the 
maximal number of vectors of that module which are linearly independent 
with respect to 8, as follows from Lemma 2. 81 if we take for Q the ()-prime 
zero-module (0) and as imbedding vector space of (0) the module M. \ 


Remark 2.81. If the scalar domain of a Noetherian vector space has 
divisors of zero, the notion of linear dependence does not give rise to useful 
notions of rank. However, Definition 2. 72 defines rank with all the desirable 
useful properties for any scalar domain $ (with or without divisors of zero) 
for the case when the zero-module is primary. Moreover, it is never really 
necessary to make any definition of rank since, according to 2.7, a definition 
of rank is nothing more than a preferential treatment of that primary com- 
ponent of a module whose a. p. is the radical of the zero-module. 
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SYSTEMS OF TOTAL DIFFERENTIAL EQUATIONS AND 
LIOUVILLE’S THEOREM ON CONFORMAL MAPPINGS.* 


By PHILIP HARTMAN. 


1. Let X denote the vector (x1,%2,%3) and let the vector function 
X == X (u,v), defined on a connected domain & in the («,v)-plane, be a 
surface S of class C” ; so that each component of X (u, v) has continuous partial 
derivatives of the second order and the vector product 


(1) . (Xu Xe) £0 on R, 


where the subscript u or v indicates the corresponding partial derivative. 
Since the surface S is of class C”, every normal section of S is a curve of 

class O”, and so possesses a curvature. At the point X (u,v), let kı (u,v) and 
 ka(u,v) denote the principal curvatures, the maximum and minimum curva- 
tures of all normal sections at the point X (u,v). It is known that if every 
point of S is a “ flat point” (“ Flachpunkt ”), kı (u, v) = ke(u, v) == 0 on R, 
then the surface S is part of a plane. Also, if every point of the surface is an 
“umbilicus” (“ Nabelpunkt”), kı (u,v) = ka(u, v) 40 on R, and if, in 
addition, it is supposed that X (u, v) is of class C°”, then it is known that the 
surface S is part of a sphere. Cf., e. g., Bieberbach [2]. 

It will be shown below that the additional assumption of the last state-: 
ment, requiring that X(u,v) be of class C’’, rather than C”, is not needed. 
It can hardly be expected to relax the C’-condition since the definition of 
the principal curvatures involves the second fundamental form of the surface. 
In this direction the following theorem will be proved: 


THEOREM 1. Let X = X (u,v), defined on a connected domain R, be a 
surface S of class C”. Let ki(u,v) and ke(u,v) denote the principal curva- 
tures and let 


(2) ki(u,v) = ke (u, J on R. 


Then the function (2) is constant, and so the surface S is part of either a 
plane or a sphere, according as this constant is or is not zero. 


* Received October 18, 1946. 
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2. The proof will depend on a theorem on total differentials which 
may be considered an analogue of the lemma of P. du Bois-Reymond occurring 
in the calculus of variations. This theorem can be formulated as follows: 


THEOREM 2. Let 
(3) a=x(u v), y=y(u,r) 


denote scalar functions of class C’ on a connected domain U of the (u,v)- 
plane and suppose that the Jacobian 


(4) VuYv 7 VreY a 0 on V 


Let a(u,v) be a continuous function on U. A necessary and sufficient 
condition for 


(5) f alu v)dxu(u,v) == 0 and fya v)dy(u,v) = 0 


to hold for every rectifiable Jordan curve C in U is that a(u,v) be a constant. 


If the functions z(u, v) and y(u, v) possess continuous partial derivatives 
of the second order and if the function a(u,v) possesses partial derivatives 
of the first order, then necessary and sufficient conditions for (5) are 


(Atu)r = (ety), and (Yuyo = (AY) x. 


Performing the partial differentiations indicated in these equations and using 
the condition (4), one obtains the identities «,=¢,==0. However, the 
point in the theorem lies in the fact that these operations are not justifiable 
under the conditions of Theorem 2, since the existence of the partial derivatives 
involved is not assumed. 

The necessity of the condition (5) is obvious. 

Let (to, vo) be an arbitrary point of the domain U. In order to prove 
the sufficiency of (5), it will be shown that if (5) holds for every rectifiable 
Jordan curve C in U, then there is a neighborhood of (o, va) on which 
a(u,v) is constant. 

Let Zo = (o, vo) and Yo == Y(t, Vo). Then (4) implies that (3) 
possesses a unique local inverse, 


(6) u=u(,y), v= v(x, y), : 


of class C’ which transforms some neighborhood, 
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(7) D:|z— z| <4, (y — yo | <d (d >09), 


of (o; Yo) into a neighborhood of (uo, vo). Thus, it will be sufficient to show 
that the continuous function 


(8) p(z, y) = a(u(z, y), v(z,y)), 


defined on (7), is constant. 

Let the curve C:u= u(t), v= v(t), be the image, under the trans- 
formation (6), of the rectangle whose vertices are (Zo, Yo), (T, Yo), (2,9), 
(zo y), where (x,y) is any point of D and the parameter ¢ denotes arc-length 
on the rectangle (in the (x, y)-plane). Since (6) is of class C’, the Jordan 
curve Č is rectifiable. Thus, the first equation in (5) gives 


f(t yo)di— f Beya. 


Since the function (8) is continuous, it follows from the fundamental theorem 
of calculus that 


B(x, Yo) = 8 (x, 4), 


if (z, Yo) and (#,y) are points of the domain D. > Similarly, the second 
equation of (5) implies that 


B(%o, y) = 8 (2, y), 


if (%,y) and (x,y) are points of (7). The last two formulae mean that 
B(x, y) is constant on (7). This proves Theorem 2. 


3. In order to prove Theorem 1, use will be made of the differential 
equations of Olinde Rodrigues for the lines of curvature on a surface of 
class 0”, 


(9) N'<Pal'—0, 


where N = N (u,v) is the unit normal vector, (Xu, 13) / | (Xu Xy)!; the 
function «= a(u, v) is either kilu v) or ka(u,v); and the prime denotes 
differentiation with respect to a parameter which does not occur explicitly 
in the differential equations (9). 

Under the assumption (2) of Theorem 2, every are of class C” on the 
surface is a line of curvature, that is, a solution of (9). Hence, 


(10) fate 0) aX (1, 0) -—f aN (u,v) ==0 
; c 
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holds for every Jordan curve C of class C” on R, the domain of definition of 
the surface X (u,v). By the 2-dimensional analogue of Helly’s term-by-term 
integration theorems for Stieltjes integrals and in view of standard approxi- 
mation theorems of the Weierstrass type, (10) holds also for every rectifiable 
Jordan curve C on R. Since the components of the vector in (1) are the 
three Jacobians . i 


Toutau — VorVau 5 Lgulyy ~~ Ugul1u s TruTav ~~ LirVous 


it follows from (1) that, at'every point of R, at least ‘one of these Jacobians 
is not zero. Let P be an arbitrary point of R and let x,y denote a pair of 
the variables 71, 2, ta selected so that Tuyo — Toju 0 at P. Then, by 
continuity, (4) holds on some neighborhood U of P. On the other hand, the 
vector equation (10) implies that (5) holds for every rectifiable Jordan 
curve C on U. Consequently, by Theorem 2, the continuous function «(u, v) 
is constant on U. Since the point P of the connected domain È was arbitrary, 
it follows that the function «(u,v) or (2) is constant on È. 

This completes the proof of the first statement of Theorem 1. The 
second statement is an immediate consequence of the first. For, since 
œ = (u,v) is a constant, an integration of (9) gives 


N(u,v) + aX (u,v) =A 


a constant vector. If «= 0, then the normal vector N == N (u,v) is this 
constant vector A. But along any are (of class C’) on the surface, the tangent 
vector is orthogonal to N == A. This means that.the scalar product A- X’ 
vanishes for all #, so that A: X —c, where c is a constant. This shows that 
the surface S is part of a plane. Similarly, if «540, then 


X (u,v) = (A —N (u, v) )/a, 


and so, since N (u, v) is a unit vector, the surface 8 lies on the sphere having 
the center A/a and radius | 1/a|. 
This completes the proof of Theorem 1. 


4, Let 
(11) Y == Y(X) 
where X = (t, £2, ta), Y = (Yı, Yo, Y3) and 


det (0y;,/0r,) += 0 
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be a (schlicht) mapping of class C” of a domain in the X-space upon a domain 
in the Y-space. The transformation (11) is said to be conformal if there 
exists a positive, continuous function A = A(X) on T such that 


dy,° + dt ae + dys? = A? (dg? + das? L dx) , 


with a corresponding definition of comformality in the case of a space with 
an arbitrary dimension number. A mapping (11) is said to be a Mobius 
transformation if it can be composed of Euclidean movements, reflections on 
spheres or planes, and similarity transformations (Y = cX, where c is a 
scalar constant). 

Liouville’s theorem states that (under conditions of differentiability not 
specified by him) every conformal mapping is a Mobius transformation if 
the dimension number of the space exceeds 2. It was pointed out to me by 
Professor Wintner that the various proofs of Liouville’s theorem as given in 
texts on differential geometry assume either explicitly or implicitly that the 
conformal mapping (11) is of class C”. He raised the question whether the 
class C°” can be reduced to the class C” (just as in the plane case of the Cauchy- 
Riemann equations, where the Mobius group must be replaced by the group 
of regular analytic schlicht mappings). i 

Although the above results do not apply to this extent, they halve the 
gap between the desideratum and the standard condition, since they reduce 
the class C’” to the class C”. 


THEOREM 3. Every 3-dimensional conformal mapping of class O is a 
Mobius transformation. 


A geometrical proof of Liouville’s theorem given by Cappelli [4] and 
reproduced by Blaschke [3] (without bothering with the assumptions to be 
made) is based on 


(i) Dupin’s theorem that if three surfaces of class C” cut orthogonally, 
then the ares of intersection are lines of curvature on each surface, and on 


(ii) the circumstance that, if every direction at every point on the 
surface is a direction of a line of curvature, then the surface is part of either 
a plane or a sphere. 


Since, as proved above, (ii) holds for surfaces of class ©”, Capelli’s proof 
becomes valid for the sharpened formulation of Liouville’s assertion, that is, 
for Theorem 3. 
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Remark. Another proof of Liouville’s theorem, as given by Bianchi [1], 
replaces the geometrical considerations (i) and (ii) by Lamé’s partial differ- 
ential equations for orthogonal families. This proof, too, assumes the mapping 
(11) to be of-class O”. However, due to Theorem 2, the derivation of Lamé’s 
differential equations can be modified so as to lead to another proof of 
Theorem 3. 

The methods of this proof are applicable to the case of any n-dimensional 
(n= 3) space. Actually, the previous proof based on (i) and. (ii) can be 
modified to this effect, since Theorems 1 and 2 have n-dimensional analogues. 
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GENERIC ALGEBRAS.* ? 
By W. J. R. Crossy. 


The aim of this paper is to establish a relation between a given algebra 
class over a suitable type of ground field and certain other algebras, called 
generic algebras. Suppose that P is the ground field of the given algebra 
class; then types of central simple algebras are constructed over algebraic 
function fields with P as field of constants. These algebras are called generic 
algebras. It is shown that the original algebra class may be obtained from 
the generic algebra by a specialization of the variables. Thus problems in the 
theory of algebras may be associated with corresponding problems in the 
theory of algebraic functions of several variables. In particular it is seen 
that, in order to consider certain questions on algebras such as that of the 
possibility of the representation of an algebra as a direct product or crossed 
product or the existence of cyclic splitting fields of minimal degree, it is 
sufficient to confine our attention to generic algebras. 

After a review in 1 of the theory of algebras needed subsequently, 
2 contains a definition of suitable fields of algebraic functions associated with 
given algebra classes and a definition of the class of related generic algebras. 
In 3 it is shown how the generic algebra specializes to an algebra of the 
given algebra class, and in 4 some of the properties of the generic algebras 
are discussed. Finally, in 9, it is shown that the properties of a special type 
of generic algebras, called regular generic algebras, may be more easily 
discussed. 

GENERIC ALGEBRAS. 


1. Suppose that So is a central? simple algebra over the field P. Then 
there exists an algebraic extension F of P, which is normal and separable 
over P, and which is a splitting field * for Sy; that is 





* Received May 18, 1945. 

1 This dissertation was presented to the University of Toronto as part of the 
requirements for the degree of Doctor of Philosophy. The author wishes to record his 
gratitude to Professor R. Brauer, under whose supervision the paper was written, and to 
Dean S. Beatty. 

*Qr normal. 

3 See M. Deuring: Algebren, Ergebnisse der Mathematik, vol. 4 (1935), Berlin, 
p. 48. Also N. Jacobson: The Theory of Rings, Mathematical Surveys 2, American 
Mathematical Society, New York, 1943, p. 104, and B. L. van der Waerden, Moderne 
Algebra, vol. 2 (1940), Berlin, p. 209. 
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Sox F = [E Jro 


where [F'],, is the complete matrix algebra of degree re with coefficients in F: 

‘The order of Sy over P is the number ro. Also, by Wedderburn’s theorem,* 
So is isomorphic to the complete algebra of matrices of some degree to, with 
coefficients in a division ring D, and this division ring D is unique in the 
sense of isomorphism; that is 


So = [Dl D xX [Plot 


The division ring D, hereafter referred to as the Wedderburn factor of So, 
is itself a central (and simple) algebra with center P, and if m? is its order 
| over P, then ro = tom. The unique number m so determined is the index of So. 

In the splitting field F there exists an absolutely irreducible representation 
of the algebra So by means of matrices of order ro. The absolutely irreducible 
representation and its conjugates determine a factor set c of So, the elements 
of which we shall denote by c4,2,0, where A,B,C are elements of the Galois 
group & of F over P. About these numbers ca, 8,0 we can make the following ° 
statements : 


1) caro 560, for all A,B,C of &. 


2) c%, 30 —=Cae,nc,ce, where cf denotes the transform of c by the 
element G of ©. 


3) Ca,B,c° CA,o,¢ == C4,8,6° CB,0,G, for all elements A,B,C,G of ©. 


4) There is a positive integer e, and there are non-zero numbers ka,g 
in F, corresponding to each pair of elements A,B of Œ, which form a conjugate 
double system,® such that 


for all elements 4,B,C of ©. The least positive number e with this property 
is the exponent of the factor set c in the field F. 


5) The exponent is a divisor of the TN ne is divisible by all prime 
factors of the index. 


‘See N. Jacobson, loc. cit., p. 98. 

5 The first three might form a definition of a factor set, the others may be regarded 
as consequences of the first three and the related theory of algebras. See M. Deurnag, 
loc. cit., p. 52 et seq. 

° That is, the transform of k} g by the ina G of the Galois group & 


is kag, BG’ 
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6) The factor set c is not uniquely determined by So and F, but may 
be replaced by the set c’, the elements of which are defined by ` 


kag’ Bc 


CA B,0 = 
a kå, 


* CA,B,C; 


where ka,n is any conjugate double system with no zero elements. The factor 
set c’ is called an associated factor set. 


” 


7) If the Wedderburn factor of an algebra Si, central over P, is iso- 
morphic to the Wedderburn factor of So, then the algebra Sı determines, with 
F, the same class of associated factor sets as that determined by So. 


8) The set of all matrices of the form (21,2 ¢4,z,2) where 24,8 may be 
any conjugate double system in F, and £ is the unit element of &, constitute 
a central simple algebra of which the order is the square of the order + of ©, 
and of which the Wedderburn factor is D, the Wedderburn factor of So. 


2. In order to be able to construct suitable algebraic function fields 
associated with the algebra S, stated to exist in 8), we shall assume’ that all 
the elements of the factor set c lie in P. 

Let T denote a (1—1) representation of & by means of matrices of 
degree q with coefficients in P. Such a representation always exists. We shall 
be concerned with extension fields of P, formed by adjoining q algebraic or 
transcendental elements to K. If p is a column of length q, with elements 
Pu Pas © *; Pq, we shall write P(p) for P(p,, pe,: + ©, pa); that is, P(p) 
is the field of all rational functions, with non-zero denominators, of 
Pi) Pas" * *, Pq, With coefficients in P. Similarly, we shall write f(p) for 
f (pi, Po’ °° Pa), where f is a rational function of pi, pa; |<; pq (with 
non-zero denominator). Let x be the column of length q with elements 
Tı, To, * *, fq, Where 2%, %2,° © `, te are indeterminates over F. Let 6 = P(r), 
and let II be the field of all elements of ® which are invariant under the 
transformations of the representation T of & in P. That is, if To is the 
matrix of the representation which corresponds to the element G of &, then 
IT is the field of all rational functions f(x) of ® which are such that 
f(Tex) = f(x) for every Gin. If we write x for Ter, and f(x)”, or FS, 
for f(Ter), then we shall have 


(f(x) 9) 7 =f (Tar) = f(Tax”) = f (TaT nr) 


— f(T'ont) = f (°) = fOr, 
as we should expect. 


T We shall see later that we may instead assume that P contains certain roots of 
unity. 
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The field ® is normal over II. For, if f is any element of ®, and t is 
an indeterminate, then evidently the function x(t) = IIe(t— f°), where 
the product is taken over all elements G of Œ, is a polynomial with coefficients 
in II. Ail the roots of x(t) =Q lie in ®, and one of the roots is f. Since 
every element of ® is the root of an equation of degree less than or equal 
to r with coefficients in II, ® is normal over II with degree not greater than r. 
But certainly all the elements of G define automorphisms of ® over II. 
Hence the degree of ® over TI is exactly r. The Galois group of ® over II is 
evidently ©. Also the element G of G carries f into f%, in accordance with 
the notation used above. 

We next define an algebra X by means of ® in the same way that we 
defined S by means of F. Since the factor set c lies in P, it must lie in ®. 
Let 1,2 be a conjugate double system of elements of ®. Let X be the set of 
all matrices of the form (a,n Care). Then X will be called the generic 
algebra associated with S; it is a central simple algebra or order 7 with center 
II, and is determined by the fields P and F and the factor set c. In order to 
learn in what ways 5 over II resembles S over P, we try to replace the indeter- 
minates of ® by elements of F, in such a way that, in this process of 
specialization, ® becomes F, II becomes P, and X becomes 5S. 


8. The results on specialization of variables which will be established 
all depend on the properties of a certain matrix. In our first lemma we 
prove the existence of this matrix. The letter p, in all our arguments, will 
be used to denote a column of length ¢ with elements pi, pe, |‘; Pa; the 
numbers 91, pa. ` +, pa Will always be assumed to be elements of P. 


LEMMA 1. There exists a matrix R of degree q with coefficients in F, 
such thal 

(i) RGR; 

Gi) ÈE is non-singular ; 

(111) If the vector p is invariant under no transformation To except 
when G is the unit element E of &, then Rp is invariant for only the unit 
element E of G; that is, if the relation Tep = p implies that G = E, then 
the relation (Rp)° = Rp implies that G = E; 

(iv) If the representation T is irreducible, and p is not zero, then RY 
is invariant for only the unit element E of ©. 





8 Cf., for instance, E. Artin, Galois Theory, Notre Dame Mathematical Lectures 2, 
Notre Dame, 1942, p. 31. 
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Proof. Let v be a number of F such that the transforms of v by the 
elements of E are linearly independent ° with respect to P. Then the system 
of numbers ua = v?” forms a basis for F over P, and 


ugt = YOUR me p H7O — Ugg. 
for every pair of elements G,H of ©. We now prove that we may take 
R e Scual Ga 


where the summation extends over all elements of ©. 
The statement (i) is certainly true, for, writing L for GH, we have 


RS = SyulnT y = Satie nl g 
= Spurl GL = ToZrurT7 == Tok. 


Next let h be a column of length q with elements Yı, Y2° °°, Yq, and let 
us suppose that the equation Ry = 0 has a non-trivial solution. Let F == P (0) 
where 9 is an element of F and let us write ĝa for 6°. Then since Ry = 0, 
(Ry)@ = 0. Therefore R(y%) = 0, since R? = Tok and Te is non-singular. 
Consequently 
RZY = SobciR (Ho) = 0 


for any positive integer j. But Xo0c'y® is different from zero if j is suitably 
chosen and all its elements lie in P. We have therefore proved that if the 
equation Ry = 0 has a non-trivial solution in F, it has a non-trivial solution 
in P. But if we now suppose that Ey =-0 where Yı, ye,* * +, Yq lie in P, 
then from the definition of R, ZcueTey = 0, and consequently Tey == 0 for 
every G in ©, since the system of numbers we forms a basis for F over P, and 
the elements of Te are in P. Therefore ) == 0, since T'e is non-singular. The 
equation Ry = 0 has, therefore, only the trivial solution 9 = 0. Consequently 
R is non-singular. - This is part (ii) of the lemma. 

Let us now suppose that (Rp)? = Rp. Employing part (i) of the lemma, 
we can write this relation in the form (7¢@—J)Rp = 0, where / is the unit 
matrix, and substituting our expression for &, we find 


Su(Te —I\)ugTub= 0. 
From this equation we conclude that 
(Te —I)Tab=0 
for every H in &. This implies that Tex}, Tap and hence, that 


° See E. Artin, loc. eit, p. 53. 


10 
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(1) Tren? =p 
for every H in ©. | 


The statement (iii) now follows; for if the relation Tep == p implies 
that G = E, the equation (1) implies that “GH == E and therefore G = F. 

Finally, to prove (iv), we first note that, if (fp) = Ep, then from the 
equation (1) which we have established we conclude that p is invariant under 
any transformation Ty, if M is any conjugate element or product of conjugate 
elements of G. Let St be the class of all the conjugates and products of con- 
jugates of G. We easily verify that Yt is an invariant subgroup of ©. 
Assuming that p is not zero, let us take the elements of p to be the components 
of the first of q linearly independent vectors in a g-dimensional vector space 
over P. Then the set of vectors with only the first component different from 
zero constitutes an invariant subspace with respect to the linear transforma- 
tions defined by the representation Tx of the group Wè. Therefore, there 
must be a non-singular matrix Q with coefficients in P, such that 


rno- È.) 


for every M in Nt, where Uy is a representation of Mt of degree g—1. There- 
fore, by Clifford’s Theorem,!° the representation Tar of M reduces completely 
to the unit matrix. Consequently the subgroup W must contain only the 
unit element of &. Thus (Rp)? = Rp implies that G is the unit element 
of &. ) 

We can now discuss the result of replacing the indeterminates «in 
$ == P(r) by suitably chosen elements of F. It is, of course, to be understood 
that elements of which the denominators are made to vanish by the substitution 
are to be discarded. i 





THEOREM 1. If we replace x in ®= P(x) by Rp, the resulting 
specialized field, namely P(Rp), coincides with F, provided either that Y 
satisfies no equation of the form Tap = p except when G is the unit element 
E of Œ, or that T is irreducible and p is not zero. 


Proof. Since P(Rp) contains P and is contained in F, P(Rp) must be 
the field of invariants for some subgroup X of the Galois group © of F 
over P. Then Rp must be invariant under the transformations of X. That is, 
(Rp)? == Rp if G is in X. Therefore, by Lemma 1, % contains only the 
unit element of ©. Therefore P(Rp) = F. 


10 See H. Weyl, The Classical Groups, Princeton, 1939, p. 159. 
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THEOREM 2. If we entice z in each function f(x) of TI by Rp, the 
resulting specialized field coincides with P. 


Proof. Let us denote the specialized field by Pı. Evidently F contains 
P,. Since I contains P, P, must contain P. Now IL was defined to be the 
set of all rational functions f(r), with coefficients in P, such that f(Ter) 
= f(r). If we replace r by Ap in these functions, and discard those expres- 
sions of which the denominator vanishes, we find that, for every element 
f(Rp) of Pi, 
f(Rp)°=f(£°p) = f(Tekp) = f (Rp) 


for every G in ©. It follows that P, is odiata P, and therefore P, = P. 


THEOREM 3. If we replace x by Rp in X, the specialized algebra coincides 
with S, provided either that p satisfies no equation of the form Tep = p 
except when Gis the unt element E of ©, or that T is wreductble and p is 
different from zero. 


Remark. It is to be understood that, if the substitution of Rp for x 
makes the denominator of one of the coefficients of a matrix of X vanish, that 
matrix is to be discarded. 


Proof. It is evidently sufficient to prove that (i) if a,» is a conjugate 
double system of elements of $, and if the system f1,2 specializes to the 
system za,» in F, when we replace x by Ep, then 24,8 is a conjugate double 
system in F, and also that (ii) if z4,2 is any conjugate double system of 
elements of F’, there exists in ® a conjugate double system f4,2 which reduces 
to za,» when we replace y by Rp. The first statement is certainly true, for 
if far =a p(t), then 24,2 = $a g (Ep), and consequently 


Gap = la B (Bp) C = la n(Tekp) 
= Luo,5e (RD) = 246,80. 


In order to establish (ii), let us suppose that z4,2 is a conjugate double system 
in F. Let E be the unit element of © Then by Theorem 1, there are 
elements £r,4 = éz a (x) in ®, which specialize to the elements zz,4 in F for 
each A in ©. We then define £a,s to be £47,247 = én,84(Tat). The system 
so defined is a conjugate double system in ®, since 


Cone = be pat (Tar?) == En garl T AT eg) 
= fr. (BG) (AG)? (Tact) sci Cig, BG. 


Also, {4,8 specializes to 24,8 for every A,B.of G, since 
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da B (Bp) = fp.pa3(Takp) = €en47(R4p) 
(Le, ga” (Rp) )A = 249 pat = 24,5. 


The proof is now complete. 


4. In order to discover the properties of X it is necessary to examine 
a little more closely the conjugate double systems £4,3, which are characterized 
by the relation EF, 2 = lag, BG. Suppose CAB pers Ea,8(t)/na,8(t), where 
É4,3(%) and n4,8(t) are polynomials which are prime to each other. Then 
since 
(2 B(T) fant) Éa,5(Tet) £4a,aa(2) 


nae(t)) nae(Tet)  qac,pa(t) ’ 


we have 
(1) É4,8(Tot)  nac,se(t) = É10,86(%) ‘ a,n (Tag). 


Therefore éÉio,se(t), being ime to naan (£), must divide é4,2(Tet). 
Consequently 
EF4 p(t) = $4,B (Tag) = ma, p, afaa, Ba (£), 


where mu,p,q is an element of P, since é4,2(Tex) and €4¢,2e(r) have the 
same degree. From the relation (1) we see that we have also 


| Ža nlt) = qan (Tag) = ma, Benac ga (g). 


Let me = (Halsma,s,a), where A and B run through the elements of ©&®. 
Similarly let M(x) = UWallpés.n(z) 7a, (x2). Then 


M — M (Tox) = moM (x). 


We next prove a result which is fundamental in all our subsequent dis- 
cussions of specializations of ®. 


LEMMA 2. If M(x) is any non-zero polynomial element of ® such that 
MG= M (Tog) = maoM (tz) for every G in E, where ma is an element of P, 
then there is some p, not satisfying any equation of the form Tep == p except 
when G is the unit element E of ©, for which M (Rp) is different from zero. 


Proof. Let us suppose that M (Rp) == 0 for ‘every p which does not 
satisfy an equation of the form stated. Let us as before assume that 
XF == P(6), where @ is an element of F, and let us write 6¢ for #9. Then if 


H(p) = Za (0M (Rp) )%, 
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where G runs through the elements of ©, and j is a positive integer to be 
suitably chosen, then 


H(p) = X600iM°(Rp) = Zeba M (TeRp) = (Z60cimo)M (Rp). 


The coefficient of A{( Rp) on the right side is different from zero if 7 is suit- 
ably chosen. The expression H(p) has elements in P which vanish for 
every p which does not satisfy any equation of the form stated. If we observe 
that Il'e((Te—-I)bp)H(p), where G runs through all elements except the 
unit element of &, is a matrix which vanishes for every p, we easily conclude 
that H(p) vanishes for every p. Therefore the coefficients of pi, pa, + `, Pa 


in H(p) must vanish, and consequently the coefficients of pı, pa, © ©, Pa in 
AL( Rp) must vanish. It follows that we may replace p in AZ( Rp) by any 
matrix of order q with zeros in the 2-nd, 8-rd,- * -,q-th columns, and the 


resulting expression must vanish. We therefore replace p by Ry, which exists 
since # is non-singular (by Lemma 1), and we conclude that M(r) =0 for 
every t. But this is a contradiction. Therefore the lemma is true. 

From our preliminary study of conjugate double systems we obtain 


COROLLARY 1. If 4,2 is a conjugate double system in ®, then there exists 
a specialization of ® into F such that the system Ea, in ® becomes a well 
defined non-zero conjugate double system za, in F. 


COROLLARY 2. If f(x) is a non-zero element of II then there exists a 
specialization of ® into F such that f(x) becomes a well defined non-zero 
element of P. 


For we need only take M in the lemma ™ to be the product of the numerator 
and denominator of f(z). The hypotheses of the ‘lemma are easily seen to 
be satisfied, by an argument analogous to that used in the discussion of 
conjugate double systems. 

From the first corollary we obtain 


COROLLARY 3. Given any non-zero element o of È, there is a specializa- 
tion of ® into F such that o becomes a well defined non-zero element s of S. 


Finally, we also have 


COROLLARY 4. Given any finite number of conjugate double systems in 
©, any finite number of non-zero elements of TI, and any finite number of 
non-zero elements of X, there exists a specialization of © into F such that 


“u Or we may regard Corollary 2 as a consequence of Corollary 1. 
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these become well defined conjugate double systems in F, non-zero elements 
of P, and non-zero elements of S respectively. 


For. we can take M in the lemma to be the product of all the non-zero 
numerators and denominators of all the elements of ® which enter into the 
definition of these expressions. 

We can now consider some of the properties of the algebra 3. 


THEOREM 4. If e is the exponent of the factor set c in_the pee ®, and 
e is the exponent in the field F, then e is a divisor of e. 


Proof. The number e is the smallest positive integer such that there 
exists a conjugate double system €4,2 in ®, such that 


€4,BCB,0 


C°A,B,C = 
fac 


Let us now, using Corollary 1 of Lemma 2, choose a specialization of ® into 
F by which the system £42 becomes a conjugate double system za, in F. 
Then 

2A, B2B,0 . 


‘C°4,8,0 = 
ZA,C 


Therefore e divides e, since e is the minimum exponent with this property. 


THEOREM 5. The index m of S is a dwisor of the index p of X. 


Proof. Suppose that D,A are the Wedderburn factors of S,% respectively, 
so that ‘ 
S = DX [P], and 3 eA X([Tl],, 


where mt = r == pr. We may write A == 635, where è is a primitive idem- 
potent element of 3. Let us now choose a specialization of ® to F such 
that è becomes a well defined element d of S. Then A becomes an algebra 
D,==,dSd over P. Also, % becomes S, and [II] becomes [P] Therefore 


S = D, X {P]r | 
Since [P], and § are central and simple, D, also is central and simple.!? 


If now the Wedderburn factor of Di is Da, then D, =D: X [P]a, where u 
is some positive integer, and consequently 


g= D: X [P]; = Ds X [P]u X [P]; = De X [P]ur 


12 See A. A. Albert, “On direct products, cyclic division algebras and pure Riemann 
matrices,” Transactions of the American Mathematical Society, vol. 33 (1931), p. 221. 
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It follows then, from Wedderburn’s theorem, that Da = D and ur =. From 
the relation mt = ur, we find that u == um. Therefore m is a divisor of p. 


THEOREM 6. Jf X has a normal splitting field Q of degree s over H, 
then S has a normal splitting field V of which the degree over P is a divisor 
of s. The Galois group of V over P is (isomorphic to) a sub-group of the 
Galois group of Q over IL. 

Proof. Let W be the Galois group of Q over II, and let Q =H (o), 
where w is a root of the separable and irreducible equation 


b(t) == e + at +--+ ++ as = 0, 


The coefficients a, %,° > *,¢s are elements of II, Let è be the discriminant 
of $(t), and let op = 0,04, 08, © © be the conjugates of è, where Æ is the 
unit element, and A, B, are the other elements of the Galois group DB. 


Then there are relations of the form 





wa = ya (o) and ya(y8(0)) = yan(w) 


for every A,B of W, where ya(¢) is a polynomial of degree less than s, with 
coefficients in H. 

Let A(t), a(t), + +, As(t) be the elementary symmetric functions of 
degree 1,2,: + <,s respectively in the s functions of the form ya(¢) for A 
in W. Then 

Ai(w) = (— 1) 4a, (i=1,92,°‘‘,8). 


Since ¢(¢) is irreducible, there exist polynomials va,8(t) for every pair of 
elements A,B of %, and polynomials «;(t) for it == 1,2, :,s, such that 


va(vs(t)) = yar (t) + vag (t) (t) 


and 


M(t) = (1) + xi (4)6(2). 


Let us now choose a specialization of ® into F such that è and all the 
coefficients of all the polynomials ¢, ya, va,8 and xi become non-zero elements 
of P. Then if (t) becomes f(t) == $3 +. tst -je <+ as, and yalt), 
va,8(6), A(t), x(t) become ga(t), na,s(t), i(t), ki(t) respectively, we have | 


ga(ge(t)) = gan(t) + nas (fC) (A,B in 8), 


and 


b(t) = (—1)*ai + kilt) f(t) (t= 1,2, +, 8). 
Let w be a root of the equation f(t) = 0, and let V= P(w). Further, let 
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y(t) be an irreducible factor of f(t) such that y(w) == 0. Then the above 
relations show that each root of the equation y(t) = 0 can be written as 
ga(w), where A is an element of a subset B of W. Since è becomes a non-zero 
element of P, f(t) and therefore also y(t) must be separable. We have thus 
seen that y(t) is normal, separable, and irreducible. Automorphisms of V 
over P may be defined by the transformation definition w4 = ga (w), for A 
in B, since ga(ga(w)) = gas(w). Evidently $ is a subgroup of W, and V 
is normal over P with Galois group 8. Now Q may be considered to be the 
field of all polynomials, modulo (t), with coefficients in Tl. Suppose £(#) 
is any polynomial with coefficients in II, which specializes to a polynomial 
b(t) with coefficients in P. Then division by $(#) gives a relation 


B(t) = $(t)m(1) + p(t), 


where 7(t) and p(t) are polynomials with coefficients which are integral 
rational functions of the coefficients of 8(t) and $(#), and where the degree 
of p(t) is less than s. Therefore x(t) and p(t) must specialize to polynomials 
p(t) and r(t) respectively, and we have 


b(t) = f(t)p(t) +r). 


Consequently Q specializes to a commutative algebra W consisting of all 
polynomials, modulo f(t), with coefficients in P. Since f(t) is in general 
reducible, W is in general not a field. The field Q being a splitting field 
for 2, there must exist in Q an absolutely irreducible representation A of 
degree r, In this representation the element « of II may be assumed to be 
mapped on «xl. For, if Q is the image of x, and if & is a characteristic root 
of the matrix Q, then A(Q— kI) = (Q—kI)A, and consequently, by 
Schur’s lemma, Q — kI = 0, that is, Q =— kI. If x=£È, the correspondence 
- k— x defines an automorphism of P. By applying to A the inverse auto- 
morphism we obtain an absolutely irreducible representation in which the 
image of x is «/. Let 0,,02,° © -, 0? form a basis of S over II, let Ai, As, 
‘+ «,Ar® be their representatives in A, and let A» = (Ai,;l!) for v= 1,2, 
=r. Then àj, being an element of ©, may be considered to be a poly- 
nomial of degree less than s, with coefficients in II. Let us choose a 
. specialization of ® into F in such a way that the requirements of the first 
part of our argument are satisfied, and also in such a way that all the 
coefficients in the polynomials A; become non-zero elements of P. Then 
Ai, As,* * *, A; become matrices with coefficients in W, which define a repre- 
sentation of S. But since we may obtain V from W by identifying elements 
of W of which the difference is divisible by #(#), the representation of S in 
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W determines a representation of S in V. Since this representation in V 
has degree 7, it must be absolutely irreducible, and therefore V must be a 
splitting field of S. 

Since a subgroup of a cyclic group is cyclic, we obtain the 


‘ COROLLARY. If X has a cyclic splitting field of degree s over IL then S 
has a cyclic splitting field of which the degree over S ts a divisor of s. 


5. The results of the previous sections have been derived without 
making any special assumptions about the splitting field F and the factor 
set c of S. In order to obtain more precise results we now assume that the 
splitting field F is regular; +° that is, we assume that F has been constructed 
in such a way that the elements of the factor set c are all roots of unity. 

Suppose that Fo = P(7) is any separable splitting field of S of degree v 
over P. Let F, be the normal field obtained by adjoining all the conjugates of 
n to P, and let G, be the Galois group of F, over P. In F, we can construct a 
factor set c, with exponent e. If now we adjoin to F, the n-th roots of 
suitable elements of #':, where n is a multiple of e,, we obtain a regular field 
F. In F the factor set c, is associated with a factor set c of which all the 
elements are n-th roots of unity. (If © is the Galois group of F over P, then 
the definition of cı is first extended to the group & by the natural homo- 
morphism of & on &,.) Let us now denote by Î the group of n-th roots of 
unity in F. Then the rules l 


LiL pw Lape” 1B, BB 


Mi 4 = Zat, 


~ 


where Æ is the unit element, and A,B are any elements of G, and A is in N, 
define a multiplicative group § consisting of all products of the form Ma. 
The associativity of multiplication is secured by the property (3) of factor 
sets which was mentioned in Section 1. The group N is an invariant subgroup 
of $, and G/N = ©. | 

The assumption made at the beginning of Section 2, namely, that P 
contains the elements of the factor set c, is now satisfied if we make the 
weaker and at the same time more simple assumption that P contains the 
n-th roots of unity. 


18 For the details of this theory, of which only an outline is given here, see R. 
Brauer, “ Uber die Konstruktion der Schiefkérper, die von endlichem Rang in bezug 
auf ein gegebenes Zentrum sind,” Journal fiir die Reine und Angewandte Mathematik, 
vol. 168 (1932), pp. 59-60. 
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In terms of the group $, defined by the regular splitting field F, we 
now state! a theorem due to R. Brauer by which the exponent e is deter- 
mined explicitly. 


THEOREM 7. If the factor set c lies in P, and if $ is the group asso- 
ciated with c, then the exponent with respect to © and T of the factor set c 
is the smallest positive number e for which there is a subgroup ® of $ with 
the following properties: 1) R contains the commutator subgroup of $. 
2) & has an intersection of order e with the group N of n-th roots of unity. 
3) There is a number t, such that ® contains ihe t-th powers of all group 
elements of © and at the same time P contains the t-th roots of unity. 


We next employ the regular field F and the group § associated with c 
to obtain a more precise result about the index px. 

Let © be the subgroup of © which belongs to the subfield Fe of F. 
Then ** c4,p,0 == 1 if A,B,C are in 6, and consequently the elements Zs of § 
with S in © form a subgroup N of § which has only the unit element of $ 
in common with N. The degree of Fo over P being v, the order of ©, and 
therefore also of Î must be */v. According to an established property !* of 
the group $, the index of any algebra possessing the factor set with which § 
is associated is a divisor of r/(7/v), i.e. of v. Since S has a splitting field 
of order equal to its index m, we may take v = m, and since the algebra % 
possesses the same factor set as' does A, the above argument shows that the 
index » of X is a divisor of m. Combining this result with Theorem 5, we see 
that we have thus proved 


-THEOREM 8. If the regular splitting field F is constructed by extending 
a splitting field of S of degree m over P in the way described, then u == m. 


An algebra which can be defined, as we have defined S over P and X 
over II, by means of a normal field and a factor set contained in the field, 
is called a crossed product of the normal field and its Galois group. Let us 
suppose that S has a normal splitting field F of degree m over P. Then we 
may define a factor set of S in V, and with this factor set and the field V 
we may define a crossed product algebra B. Since the order of B is m’, 
B must be isomorphic to D, the Wedderburn factor of both S and B. That is, 
if A has a normal splitting field of degree m over P, then D is a crossed 


14 Without proof. See R. Brauer, “ Über die Kleinsche Theorie der Algebraischen 
Gleichungen,” Mathematische Annalen, vol. 110 (1934), p. 500. 

15 See R. Brauer, loc. cit.°, p. 60. 

16 See R. Brauer, loc. cit.**, p. 58. 
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product. Similarly, if 3 has a normal splitting field of degree » over II, 
then A is a crossed product. From Theorems 6 and 8 we therefore obtain 


THEOREM 9. If the hypotheses of Theorem 8 are true, and if A is a 
crossed product, then D is a crossed product. f 


Crossed products with a cyclic field, that is, cyclic algebras, are of 
particular interest. From the corollary to Theorem 6 we derive the 


COROLLARY. If the hypotheses of Theorem 8 are true, and if A is a cyclic 
algebra, then D is a cycle algebra. 


From Theorem 9 we obtain directly !” 


THEOREM 10. If there exist central division algebras which are not 
crossed products, then there exist generic algebras which are not crossed 
products. 


THEOREM 11. If the hypotheses of Theorem 8 are true, and if A is a, 
direct product, then D is a direct product. 


Proof. We have seen, in the proof of Theorem 5, that A specializes to 
an algebra Dı == DX [P]u, where u= um. By Theorem 8, u=1 and 
consequently D, == D. Suppose that A == A, X A, where A., A; are sub- 
algebras of A. Let 1, 72,1‘ *, 7% be a basis for Az over II, and let £1, £2, 10%, & 
be a basis for A, over II. Hach 7 commutes with each €. We now choose a 
specialization such that the elements 1, 2,° -*,9 and the elements &;, Čz 
* + + k, which are in A, and therefore also in X, become well defined systems 
y and z in S. Evidently each y commutes with each z. Therefore A 
specializes to D = D X Da, where Da and D; are central simple! sub- 
algebras of D. 


UNIVERSITY OF SASKATCHEWAN, 
SASKATOON, CANADA. 


17 It is not yet known whether there exist central division algebras which are not 
crossed products. This theorem might afford a means of discussing this problem. 
18 See A. A. Albert, loc. cit. 


SIMPLE LINKS AND FIXED SETS UNDER CONTINUOUS 
MAPPINGS.* 


By J. L. KELLEY. 


In generalizing a result of W. L. Ayres! I have shown? that a homeo- 
morphism of any compact continuum into itself leaves invariant a certain 
sub-continuum which is without cut points. From this conclusion it follows 
that under a homeomorphism either there is a fixed point or some 0-th order 
cyclic element is carried into a subset of itself (according to G. T. Whyburn, 
a 0-th order cyclic element is a continuum maximal with respect to the 
property of containing no cut points of itself*). In attempting to obtain 
related results for any continuous transformation R. L. Moore’s decomposition 
. Into simple links is found to be more suitable.* In what follows new results 
on simple links are proven, and in logically developing the theory some of 
Moore’s results are repeated. 

‘The last section is devoted to transformation theory. It is shown that 
for any transformation T of a compact continuum M into itself, there exists 
a continuum 7, a subset of a simple link of M, such that T(r) 2r. 
Corollaries to this theorem include the theorem of Ayres previously men- 


* Received October 2, 1946; Presented to the Society December, 1938. This manu- 
script was offered to Fundamenta Mathematicae in June, 1939. An abstract appeared 
in Proceedings of the National Academy of Sciences, vol. 26 (1940), pp. 192-194. Two 
changes in the nomenclature of the abstract have been made, namely, instead of F-set, 
simple link; instead of B-set, central set. 

Since this paper was written a unified treatment of cyclic element theory has 
appeared in G. T. Whyburn’s Analytic Topology, American Mathematical Society 
Colloquium Publications. Certain of the results of the first sections of the paper appear 
in this book. |, 

The author has benefited considerably from discussions of these topies with 
Professor Whyburn. 

1 See Fundamenta Mathematicae, vol. 16 (1930), pp. 333-336. 

° See Duke Mathematical Journal, vol. 5 (1939), pp. 535-537. 

? See Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 159-165. 

t See Foundations of point set theory, American Mathematical Colloquium Publica- 
tions, p. 72. The definition of simple link given here differs from Moore’s only in that 
all cut points are simple links. This change is made to conform to cyclic element 
theory for Peano curves. . 

The first half of 2.1 and Theorems 2.4 and 2.5 of this paper are contained in 
Moore’s results, The methods of proof differ considerably from Moore’s. 


; 348 


SIMPLE LINKS AND FIXED SETS UNDER CONTINUOUS MAPPINGS. 349 


tioned and the Scherrer theorem ® that any dendrite has the fixed point 
property. 


1. Preliminaries. Throughout, M will denote a compact metric con- 
tinuum. l 


Definition” A continuum A C M is a nodal set if A a M — A consists 
of at most a single point. A continuum B is a central set if M — B consists 





of a finite number of components, each cutting B in a single point. Note 
that AL itself is a central set. 
We shall need the following properties of nodal sets: 


1.1. a) If A ts a nodal set so is M—A. 
b) If A is a nodal set and C is connected, then AC is connected or 
VACUOUS. 


c) The union of two intersecting nodal sets is a nodal set. 


Proof. Both a) and b) are simple consequences of the definition. 
Suppose that A; and As are intersecting nodal sets and that two distinct 
points p, ge(A:vA:)n (M — (A, 0A2)). Since A, (M — A) and 
As9 (M — A.) each consist of a single point we must have {p}v {q} 
== (A, vA.) 9 (M — A) ^ (Af — Az). From b), however, it is clear that 
the intersection of a connected set and two nodal sets is connected, and we 
have a contradiction. 


1.2. In order that the closed set B be a central set it is necessary and 
sufficient that M — B be the union of a finite number of nodal sets, or, equi- 
valently, that B be the intersection of a finite number of nodal sets. 





Proof. The necessity is clear. By 1.1 c) any finite union of nodal sets 
ean be reduced to a finite union of non-intersecting nodal sets and the 
sufficiency follows. From 1.2 we have immediately: 


1.3. The intersection of a finite number of central sets is a central sel. 


If each of a system of sets in M has the property that its intersection 
with a continuum is a continuum or vacuous, then the intersection of all 
the sets of the system also has this property. Hence, 


© See Mathematische Zeitschrift, vol. 24 (1926), p. 129. . 
“The definition of nodal set is due to G. T. Whyburn, Duke Mathematical Journal, 
vol. 4 (1938), p. 2. 
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1.4. If Č is a continuum and A is the intersection of central sets then 
A NC isa continuum or vacuous. 


_ Defimtions? A point pe M is conjugate to qe M if no point separates 
pandqin M. If pe AM, My is defined to be the set of all points conjugate to p. 
A point peM is an end point of M if there exists an arbitrarily small 
neighborhood of p having as its ous a single point. A set is said to be 
a simple link provided 


a) it consists of an end point or a cut point of M, or 


b) it is a non-degenerate Mp, where p is a non-cut point. 
The latter sets are called true simple links. 


4 


1.5. Any set My is the monotone intersection of central sets. 


Proof. The sét Mp is clearly the product of all nodal sets containing 
p in their interior. This product can be written as the product of a countable 
number of nodal sets, and Di partial product is a central set. The result 
‘follows. 


2, Simple links. From the preceding section we have at once’ the 
following: . 


2.1. THEOREM. A simple link is a continuum. The intersection of a 
simple link and a continuum is a continuum or vacuous. 


2.2. THEOREM. If p, and ps do not belong to My and cannot be joined 
by a continuum in M — {q} then Mg separates M between p, and pe. 


Proof. Write Ma =^ Bn, where {Ba} is a monotone sequence of central 
sets each containing q in its interior. For each pe M — Ma let N, be the 
union of the components about p of M — Ba. For each p, Ng uv Mg is closed, 
for if N, intersects a component of M — B, it contains this component. If 
Pi and pz are the points of the hypothesis of the theorem, the sets Np, and Np 
are disjoint, for pı can be joined to any point of Np by a continuum in 
W — {q}, and similarly for Np, Finally, almost all the sets N, lie within 
any Ba, since M — Bn has a finite number of components. Hence, M — My 
= (Nn — Mg) o (M — Np — Mao) is a separation between pı and pe. 








8 See K. Kuratowski and: G. T. Whyburn, Fundamenta Mathematicae, vol. 16 
(1930), pp. 305-331. R, L. Moore defines the sets M, (ref. 4). 
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2.3. THEOREM. If p is neither a cul point nor an end point then there 
exists a point q Æ p, q conjugate to p, i.e. M is the union of its simple links. 


Proof. Suppose that p has no conjugate point and that it is not a cut 
point. Write {p} = Mp = 0 Bu, where B, is a monotone decreasing sequence 
of central sets. For e > 0 choose m so that dia Ba < e. Since p is not a cut 
point and Mp = {p} we may, by the previous theorem, join the components 
of M — Bm to each other by continua in M — {p}. Let A be a continuum 
PEA, A D M — Bm. For m, sufficiently large, Bm, ° A == 0 and the comple- 
ment of the component about A of M — Bm, is a neighborhood of p of 


diameter < e with a single boundary point. It follows that p is an end point. 








2.4. THEOREM. Each non-cut point of M belongs to one and only one 
simple link. 


Proof. We need only consider pe Ma” M,, where My and M, are true 
simple links. If 177 — M-=40 there exists a nodal set A containing My but 
not My. Then M — A is a nodal set containing M, and A» M — A must be p, 
and p is then a cut point. 


2.5. Turorem. In order that two points p and q belong to the same 
simple link it is necessary and sufficient that p and q be conjugate. 


Proof. If p and q belong to the same simple link they are surely con- 
jugate. Suppose p is conjugate tog, ps*q. Let A=M,0 Mg Now Aisa 
continuum, and since Mp can be separated in M by no point save possibly p, 
and similarly for Me, it follows that A cannot be separated in M by any point. 
No cut point in A can then be of order 2, and hence ® we can choose a non-cut 
point re A. Clearly, p, ge Mr and the theorem is proved. 


2.6. THEOREM. If a point p does not belong to a true simple link it is 
a regular point in the sense of Menger-Urysohn. 


Proof. Write {p} =M ,= ^ Ba, where {Ba} is a monotone sequence of 
central sets, each containing p in its interior. Then {Ba — M — Br} is the 
required sequence of neighborhoods. 

Since no cut point belonging to a true simple link can be of order 2 
we have 


° The order of a point p is the least integer n such that there exists an arbitrarily 
small neighborhood of p with at most n boundary points. See K. Menger, Kurven- 
theorie, p. 96. All but a countable number of cut points of a continuum are of order 2. 
See G. T. Whyburn, Transactions of the American Mathematical Society, vol. 30 (1928), 
pp. 597-609. 
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2.7. THEOREM. There are in M only a countable number of cut points 
belonging to true simple links, 


Pod 


2.8. THEOREM. In order that a non-degenerate closed subset of M be a 
true simple link it is necessary and sufficient that it be separated in M by 
no point of M, and that it be saturated relative to this property. 


Proof. The necessity is clear. Suppose that A is saturated relative to 
the property. If p,g£ A, p is conjugate to g and hence by 2.5, p.ge My, a 
true simple link. Since any point not in M, fails to be conjugate to one of 
porq, AC Mr. Since M, is not separated in M by any point of M, Mr = A. 


2.9. THEOREM. In order that a closed set AC M be a continuum it is 
necessary and sufficient that Aa F be a continuum for every simple link F 
and that A contain every point separating a pair of tts points in M. 


_Proof. The necessity is clear. Let A be a closed set satisfying the two 
given conditions and suppose A = Á, v A, is a separation. Let A* be a 
continuum irreducible with respect to the property of cutting both Aand Ax. 
Then A* must be irreducible about two points pe A,9 A*, ge da9 A*, If p 
is conjugate to g and F is the simple link about p and q then AF is con- 
nected and A; v A. cannot be a separation between p and q. If re M separates 
p and q in Af then re A“ and A* cannot be irreducible between A; and Ao. 
We have a contradiction, . 


PROBLEM. It is of interest to determine the relation between the simple 
link decomposition and Whyburn’s Eo-set decomposition. Each simple link F 
is itself a continuum and we may decompose F into simple links {7} in 
precisely the same way we decompose M. Proceeding inductively we define 
F° for every ordinal a, 


1) if « has a predecessor «— 1 the sets: F% are the simple links of 
++ HOT sets, 


2) if æ is a limit number the sets F* are all possible intersections a F®, 
where this product contains a set from every class {F8}, for 8 < a. 


Now a set is both an #” and an #'** if and only if it contains no cut point 
of itself. Any Eo-set is a subset of some F° for every « Hence, any E, == F8 
for some £ in the first or second number class. (We can then deduce that the 
product of an £-set and a continuum is a continuum or yacuous.) The 
problem is | 
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For a given M is there a number B = B(M) in the first or second number 
class such that the class of sets FË is identical with the class of Ho-sets? 


3. Generalizations of A-sets; Cyclically reducible and extensible 
properties. In a manner analogous to a characterization of an A-set for 
(see ref. 8) Peano continua we define 


Definition. A subcontinuum of M is a J-set if it is the union of simple 
links. 

We remark that not all J-sets are intersections of central sets. 

We have immediately from 2,9 and 2.1 the 


3.1. THEOREM. The intersection of a continuum wilh a J-set is a 
continuum or vacuous. 


The following theorems are now obvious. 


3.2. THEOREM. The intersection of any number of J-sels is a J-set, or 
VACUOUS. 


3.3. THEOREM. A J-set contains all the irreducible continua about 
any two of its points. . 


In generalizing the notion of cyclic chain it is most natural to define 
the cyclic chain C(a,b) as the intersection of all J-sets containing a and b. 
However, much of the usefulness of the cyclic chain is lost. If £(a,d) is the 
set of all points separating a and b in M, then every true simple link in 
C(a,b) has at least one point in common with the closure of /(a, bd) 
u {a} v {b}; there may be only one common point. Every true simple link 
in C(a, bd) separates «@ and b in M; there may be, however, cut points in 
C(a,b) belonging to no true simple link of C(a,6) which fail to separate 
a and b in M. A characterization of C (a, b} in terms of E (a,b) is too com- 
plicated to be useful. 

We define in the usual way (see ref. 8) 


Definition. A property is simple link extensible if when every simple 
link of M has the property so has Af. A property is simple link reducible 
if when M has the property so also has every simple link of M. 


3.4. THEOREM. Unicoherence is simple link extensible (but not neces- 
sarily simple link reducible). 


Proof. If M =À, v M, where M, and AM. are continua and if every 
simple link is unicoherent, then AM, © Al, satisfies the hypothesis of 2.9 and 


11 
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is hence connected. On the other hand the plane set described in polar 
coordinates by p=1 for OS O06 2r and p==1 + 1/9 for 821 is a uni- 
coherent continuum containing a non-unicoherent simple link. 

The relation of the space to its simple links is naturally more complicated 
in general than is the case for Peano continua. By means of examples it 
can be shown that . 


3.5. a) A simple link (Eo-set) is not necessarily a retract of the space.” 

b) The fixed point property for homeomorphisms (1.¢., the property 
that under any homeomorphism of the space into itself at least one point 
remains fixed) is not simple link reducible. 


However, the following will be a direct consequence of 4.8: 


3.6. THEOREM. The fixed point property for homeomorphisms is simple 
link extensible. 


4, Fixed sets under continuous mappings. Throughout this section T 
will denote a given continuous map of M into M. The following has been 
shown by the author in a previous paper (see ref. 2). 


4,1. If T:M->M is continuous then r=0T'i(M), i=1,:--,18 a 
non-vacuous continuum fixed under T (i.e, T(r) =r). 


4.2. The property of a closed a A of being contained in its transform 
T (A) is inducible. 


Proof. Suppose that A ==% A: where T(4:) D A: and Ai > Ain- 
If pe A then since pe A; for all è and T(A;) n A; it must be true that 
T-(p) n Ax=40 for all i. Hence, T-*!(p)n 4540 and peT(A). 


Definitions. A continuum A C M has property P if 


a) it is a central set, and i 
b) if B is a component of M—A, with Ba a (M— A) = {p}, then 
T(p) eB— {p}. 


Notice that M itself has P, since any component of M — M surely satisfies b}. 
A continuum in M has property P* if it is the intersection of sets having 
property P. The property P* is clearly inducible. 
4.3. a) If A, and Ax have P and Ay Aa £0 then A, 9 A; has P, 
\ 


1° A set A C B is a retract of B if there is a continuous map of B onto A which is 
the identity on A. See K. Borsuk, Fundamenta Mathematicae, vol. 17 (1931), pp. 152- 
170. 
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b) If A is irreducible with respect to the property P* then A is a 
simple link. If A is a true simple link it may, by a), be written 
as the intersection of a monotone family of sets having P. 


Proof. We first prove a). Suppose that B, and B: are nodal sets with 
{pi} mes B; na M — Bi, T (p:) È Bi a {pi}, © = 1, 2) and Bi n Bs 7 0. Then 
by 1.2c), B,vB. is nodal and we can suppose that {pi} = (Bı v Be) 
M-—(B,vB.). If pep, then B,C B, and T(p.) e Biv B.— {pi}. If 
Pı = pe, clearly we again have T'(p,) € Bı v Ba — {pi}. Making use of this 
addition of nodal sets and of 1.4 the truth of a) is clear. 

We now prove b). Suppose that A = a A; is a set irreducible with respect 
to P*, and that {Ac} is a sequence of sets with P. If B is any nodal set, 
then either B or M— B has P. If B is nodal and has P, and B^ A 0 
then Bo A =^ (Ba A;) has P*. Hence, A is separated in M by no point 
of M and is therefore a subset of a simple link. But A is the intersection of 
central sets and must therefore be a simple link. 

Definition. For ACM we define A,==A%T(A) and inductively 
A,=A®T(A,1). Let D(A) =^ An, n=—1,:-:-. If 40CA clearly 
D(A.) © D(A). 

4.4. For any A having P, D = D(A) is a non-void continuum and 
T(D) > D. 

Proof. Write M — A == vu Bi, t= 1, >en, where B; are pairwise dis- 
joint continua with Bin A = {p:i}, T(pi) € Bı — {pi}. For peA we define 
a map $(p) as follows 

if T'(p)eA then $(p) = T(p) 
if T(p) eB; then o(p) = pi. 








re 


The continuity of $ is readily verified. Now #(A) == A:, and it is a simple 
induction proof to show that ¢"(4) = Án. By 4.1, D=—1¢"(A) is a con- 
tinuum fixed under ¢. We must show that T(D) > D. If D consists of a 
single point, in view of the definition of $, this point is surely fixed under 7. 
If D is non-degenerate T(D) > D—v {pi}, t-1,:--+,n, and hence 
T(D) ƏD. 

4,5. THEOREM. If 7: M— Misa continuous transformation then there 


exists a continuum r, a subset of a simple link of M, such that T(r) > x. 


Proof. Let A =^ A, be irreducible with respect to P* where {Ai} is a 
monotone decreasing sequence of sets with P. Let r—D(A;). The 
sequence {D(Ai)} is monotone decreasing and T[D(4:)] > D(Ai). The 
theorem then follows from 4.2 and 4.3b). 


— 
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If 7 is degenerate we have a fixed point. Hence 


4.6. THEOREM. If T:M->M is continuous, there is either a fixed 
poini in M or a simple link F such that FoT(F) is a non-degenerate 
continuum. | 


4.7. THroREM. If T:M->M is continuous there exists a compact 
subset A of a simple link of M such that T(A)= A. 


Proof. Let m be the set of 4.5. Define A4;==797-(7), and then 
inductively for each n, Án = rma T (An). If Ana C Ano then 
An =r a T? (Ana) Cra T> (Ano) = An- and hence {An} is a monotone 
sequence of sets. For any pew, T(p) 97 =£0 and hence no Ay==0. © 

Let A =^. An. Then A is a compact subset of a simple link. If now 
pe A, T(p)eAn for all n and hence T(p)eA. Therefore T(A) CA. 
Furthermore, if pe A, T-*(p) 07 is contained in every An, and hence in A, 
and pe T(A). Therefore T(A) > A and the theorem is proved. 

As a corollary to 4.5 and 2.4 we have 


4,8. THEOREM. If T:M->M is continuous, and if T carries each 
simple link into a subset of a simple link—if, for example, the inverse of no 
point separates a simple link in M—then there exists a simple link F such 
that T(F) CF. | 


` For Peano continua we have 


4,9 THEOREM. If T:M— Misa continuous transformation of a Peano 
continuum into itself then 
a) there exists a subcontinuum x of a cyclic element such that T (r) > n. 


b) either there is a fixed point or some cyclic element intersects tts 
image in a non-degenerate continuum. 


c) there is a compact subset A of a cyclic element which is fixed. under T. 


d) If T carries each cyclic element into a subset of a cyclic element— 
if, for example, the inverse of no point separates a cyclic element—then T 
carries some cyclic element into a subset of itself. 

e) (Ayres (see ref. 1)) if T is a homeomorphism T carries some cyclic 
element into a subset of itself. 3 

f) (Scherrer (see ref. 6)) if M is a dendrite then there is a fixed ‘point 
under T. 
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INEQUALITIES OF HIGHER DEGREE IN ONE UNKNOWN.* 


By Bruce ELWYN MESERVE. 


RIPA Ari 


1. Introduction. The determination of the content of linear systems 
of inequalities has been discussed in detail (see [1] for a bibliography), 
whereas the corresponding problem for non-linear systems has received little 
consideration, the object of such a work as [3] being to prove inequalities 
rather than to solve them. The main purpose of the present paper is to 
discuss the content of the system which asserts that each member of a finite 
set of polynomials in a single indeterminate is positive. 

A system S composed of a finite number of inequalities of the form 


(1.1) <7; 


where f is a real-valued function of real variables 1, %2,: ° *, Em, has as 
content all sets of real #°s (or points) for which (1.1) is satisfied. If f is 
continuous, the content of (1.1) is an open set composed of regions whose 
boundaries are contained in the set of real zeros of f. 

Here we are concerned only with the case where f is a polynomial in a 
single indeterminate. The content then consists of a finite number (possibly 
zero) of non-overlapping (possibly abutting) segments a < x < £. 

The present paper determines (12) the number of segments K(a,b) in 
the content of a finite system 


0< gi (Zz) (i = 1,2, ,5) 


. ina<x =D, where a, b are real numbers or + co. It also gives (8) bounds 
for K (a,b), in particular, a bound in terms of ki(a, d),< © <, ks(a, b) which 
denote the number of segments in the contents of the individual inequalities. 
There is no restriction on the polynomials, the case of common zeros being 
handled (9) by rational factorization. 

The most noteworthy previous paper which deals with the subject and 
which has come to our attention is by C. F. Gummer [2]. He gives a method 
for determining what we denote by K(— œ, œ) under certain conditions 


* Received August 13, 1946; Presented to the American Mathematical Society, 
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[2; 268, 278], the most restrictive of which from the standpoint of inequalities 
is that the zeros be simple. His process being primarily designed to determine 
the relative order of the real zeros of the polynomials, his treatment of 
inequalities is somewhat incidental but clearly brings out the fundamental 
importance of the Cauchy-Sylvester theorem for the theory. The present 
paper employs a generalized form of that theorem to give a different process 
which is both simpler and unrestricted. l 

An elegant treatment of mixed systems has been given by A. Markoff 
in Recueil Mathématique, vol. 7 (1940), pp. 3-6. 


2. Segments and their associated polynomials. Let (a, 8) denote a 
segment (open) and [a,8] an interval (closed). For our purposes the 
general linear inequality can be regarded as having one of the forms 


(2. 1) O<a—a or 0<r+f 


with the segments (a, œ), (— 0,8) for respective contents. Similarly, 
the general quadratic inequality has one of the forms 


(2.2) 0 < — z? +2ba —c or 0<x°+ be -+c 


with («,8) + (8,@) and the complement of [2,8] + [f8,«] for respective 
contents, where a, 8 are the zeros of the corresponding right member and 
(a, B), [«,B] are to be interpreted as vacuous except when «@, 8 are real 
numbers satisfying «<8, «= respectively. From the standpoint of 
content (2.1) can be regarded as quadratics of the first type in (2. 2) if their 
right members are regarded as having the real zeros a, co and 8, — œ 
respectively. 

Conversely, with the exception of the whole line of points, every seg- 
ment (a, 8), where g; 8 are distinct real numbers or + © is the content of a 
unique inequality of one of the three types: 0<c—a; 0<—2e+B; 
0<-—ax° + 2br — c, with 0 < b?— ac. The segment will be said to belong 
to the corresponding polynomial; the polynomial to represent the segment. 
In general a polynomial of degree n is positive for interior points and zero 
for boundary points of each of its segments. 


8. Content of a polynomial inequality. Let f(z) be a polynomial 
with real coefficients. The real zeros of f divide the line into a finite number 
of segments on which f has constant sign. Let mı, 72,- : +,ax be the poly- 
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nomials representing the segments on which f is positive. Since the boundaries 
of the z’s are zeros of f, we have 


(3. 1) f(x) == O72" * : Whe. 


If 0 < f(x), one of the xs is positive, the X — 1 others are negative and o 
has the same sign as (—1)**. If 0< — f(z), all of the rs are negative 
and again e has the sign of (—1)*! The polynomial e vanishes at all zeros 
of f except simple zeros and zero minima of multiplicity exactly two. 

The 7°s can be determined theoretically by finding the real zeros of f. 
From a knowledge of the real zeros, their multiplicities and the sign of the 
initial of f, the graphical representation of the segments is rapidly made. 
A zero x of even multiplicity is a zero minimum if and only if 


(3. 2) 0 < (—1)¥(©) gen ao, 


where Ñ (æ, œ) is the number of real zeros greater than x, each zero being 
counted a number of times equal to its multiplicity, and do is the initial of f. 


4. The number of segments. Our main problem is to determine k, 
which is the number of segments on which f(x) is positive. A first step in 
this direction is given by | 


THEOREM 4.1. The number k of segments on which f(x) is posttive 
as gwen by 
k= HNo + ¢(— o) + e(c0)} + m 
where 


(a) =0, if f(2)S0, e(z) = 1, if 0 < f(z), 


No is the number of real zeros of f(x) of odd multiplicity, and p is the number 
of zero minima of f(x). | 


The number of segments which belong to f is given by the same formula. 
Bounds for the number of segments are given by 


No + e(— 00) + e(c0)} SESHN+e(— o) + 0(00)} + No 


where Ne is the number of real zeros whose multiplicity is even, and by 


(4.1) osk<[T]+1, 


where m = deg f and the brackets denote “the greatest integer in.” 
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Similar formulas hold for counting the number of segments k(a, b) on 
which f is positive and which are contained in the point set . 


(4.2) a<a=b. 


For example, 
(4.3) k(a,b) =3{No(a,b — 0) +-e(a + 0) + e(b —0)} + u(a,d—0), 


where e(a + 0) denotes the limit from the right and e(b — 0) the limit from 
the left. Either or both of the extreme segments counted in this formula 
may fail to belong to f because f may not vanish everywhere on the boundary. 
Unlike N,(a,6), the function k(a,b) is not an additive function of 
(4.2) because an end segment does not necessarily belong to the polynomial f. 
The numbers N, Ne can be determined by the Sturm sequences I 4]. 
On the other hand, the Sturm sequences for 


f(z) = (a — 1) (z — 2)’, 
which has a zero minimum, and for 
g(t) = (z — 1)” (z — 2), 


which does not have a zero minimum, have identical signs at — œ and at 
+ œ. Thus the zero minima cannot be counted by means of the signs of 
the Sturm polynomials for f alone. In'the general case something like the 
Cauchy-Sylvester theorem (6) seems necessary for the separation of the zero 
maxima from the zero minima. 


5. Number of zero extrema. By rational operations, including differ- 
entiation, the polynomial f can be written in the form 


(5.1) i f= off - f, 


where ao is the initial of f, each f; has simple roots and initial 1, and each 
pair of f;’s is relatively prime. No and N: may be determined from the Sturm 
sequences of f;,f2,: * °,fr. No is the total number of real zeros of fi, fst * *, 
and Ne is the total number of real zeros of fe, fa,” 

The zero minima of multiplicity 2/ are the roots of the mised system 


(5. 2) O—9, | O< gH, 


where 


gi = fan, g2 = fils’ "0, 
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the zeros of gs being the zeros of f with odd multiplicitly. The next section 
will show how to count the roots of (5.2). 


6. The fundamental lemmas. The Cauchy-Sylvester theorem employed 
by Gummer [2] can be generalized to cover the case of multiple zeros in 
exactly the same way as Sturm’s theorem [4]. Let gı, go be two relatively 
prime polynomials with real coefficients (a similar process and result are 
readily seen to apply when gı, ga have no common real zero ona < £t = b). 

Form the division sequence 


(6.1) Hy, Ha: ° ‘,Ha 
in which 
(6.2) H; == HiaQian — Hise (= 1, 25° i ",q— 1), 


H, = 91, He = 9/192, Han = 0. 


Note that in general He is of higher degree than H., so that H is usually 
“i . 

First suppose that H, is a non-zero constant. Relations (6.2) can be 
used to prove 

(i) The number of variations of sign in (6.1) can change only at a 
zero of H}. 

This result can be applied to the subsequence obtained by omitting the 
first term of (6.1) because that subsequence is generated by applying the 
division process to H., Ha which are relatively prime in the case being con- 
sidered. Hence the number of variations of sign in the subsequence can change 
only at a zero of H». Since no zero of H, is a zero of H, we have 


(ii) The number of variations of sign in 


He, Hs, (+, Hg 


does not change at a zero of gı. 

As x increases through a zero of gı, the polynomial 91° decreases to zero 
and then increases. Hence 919°; is negative just before a zero of g, and positive 
just after. Therefore H,H., has opposite sign to gə just before the zero and 
the same sign as gz just after. Hence 


(iii) Sequence (6.1) loses one variation of sign at a zero of g, if gp 
is positive and gains one variation of sign just after a zero of g, if g2 is 
negative. 
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Let F(x) be the number of variations of sign in (6.1) for the real 
number x. Ona<2=b let P, N be the number of zeros of-g, at which ge 
is respectively positive and negative. Then 


P—N=F(a) —F(b+0). 


Except when ga(b) <0= g:(b), F(b+0) = F(b). 

Now suppose that Hy, is not necessarily constant. Divide (6.1) by Hy 
to give 
(6. 3) OO Cra ae 


a sequence which can be generated from Kı, Kə in exactly the same way as 
(6.1) was generated from H,, Hə. The zeros of K, are simple and are the 
distinct zeros of gi. From HH = Hé KıKz we see that the behavior of 
KK near a zero of g, is the same as that of H,H,. Denote the number of 
variations of sign in the sequence (6.3) by fu(7). 

If Hq(x) is not constant, form the division sequence for Ha, H"gge, 
remove the highest common factor from its terms and denote the number of 
variations by Y.2(x). The zeros of the first term are simple and are the 
zeros of gı with multiplicity at least two. 

If the highest common factor of Hg, H’qgz is not constant, form a third 
sequence with F,3(x) variations; and so on. 

Put r 
Gu = Pu (a) — Faja (0) — Fu (b +0) + Fuin (b + 0). 


By taking ga = 1, we find Sturm sequences for gi. Denote by Sı; the 
functions corresponding to G,;, the argument b + 0 being replaced by b. 


THEOREM 6.1. If gi, gz are relatively prime polynomials with real 
coefficients, the numbers Pi;, Ni; of zeros of gi which le on a<xSb, 
which have multiplicity j and which make g, respectively positive and negative 
satisfy 

Pi; + Nij = Sy, Pij —- Nij = Gay. 


Theorem 6.1 and the corresponding generalized Sturm theorem which 
it implies will þe called the fundamental lemmas. From them, Theorem 4. 1, 
and (4.3) we see that the number of non-overlapping segments on which 
0 < f(t) can be determined by rational operations. 


7. The resolvent. Consider now a finite system S 


(7.1) 0< 9% (j= 1,2, - -,5), 
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. where the g’s are polynomials with real coefficients and a single indeter- 
minate x. Since the intersection of two open sets is an open set, the content 
of S is a finite number of non-overlapping segments. The system S has the 
same content as a system containing a single inequality 0 < G, which will be 
called a resolvent of S. | 

Various graphical methods for finding the segments of G from those for 
the g’s can be devised. One such is to represent the number z by a point on a 
semi-circular arc at # radians from the mid-point of the arc, where « = tan ô. 
Erase the segments belonging to — 9:,—g2,:-°,—gs and the boundary 
points of 91, 92,: |‘, 9s. The remaining segments are the content of S. 

The number of segments which belong to a < € = b and on-which G is 
positive will be denoted by K(a,b). The number of segments on which 
each gi is positive will be denoted by k:(a, b). Usually the (a,b) will be 
omitted from this notation, but it will nevertheless be understood. 

A segment belongs to S if and only if it belongs to a resolvent of S, that is, 
if and only if every polynomial of © is positive on the segment and at least 
one polynomial of S vanishes at each point of the boundary of the segment. 
The phrase a “segment of S,” on the other hand, means simply a segment 
on which G is positive. 


8. Bounds on the number of segments. The boundary of the resolvent 
of S is a subset of the sum of the boundaries of the segments of the poly- 
nomials in S. This is merely a restatement of the fact that the real zeros 
of G are found among those of the product 


Hence by (4.1) the number K(— œ, œ) of segments on which G is positive 
satisfies 


(8.1) K(— 0, 0) £|#Xm|+1 


where m; = deg gi. 


It is convenient for the present count to regard an infinite segment as 
having two end points so that the number of end points is always double the 
number of segments. A left end point of gi will be an end point of the 
system 0 < gi, 0 < ge if and only if it is either a left end point or an interior 
point of a segment of ge. Denote by i the number of end points of g, which 
are interior points of segments of ge, by è the number of end points of gz 
which are interior points of segments of gi, by A the number of points which 
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are left end points for both g, and gz, and by p the number of points which . 
are right ends points for both g, and g». The total number of end points 
for 0< gu, 0 < g2 is then ù + t: +A + p and the number K of segments is 
given by 
(8.2) RE =i, + tg TA p. 

If two end points coincide, by shifting one of them slightly we replace 
the system by another with the same K, kı, ke but with the corresponding 
pair of end points distinct. . Hence in determining formulas for £ we may 


assume that no end points coincide. Similarly, we may arrange that all 
end points are finite. For the modified system we have 


2h = 44 + 12, 
= gle, =e ta + Jis Qh. = La | 425 


where J, is the number of end points of g, which are exterior to the segments 
of g. and f> is analogously defined. Accordingly, 


K == i, ks — 4 (h + je). 


Now the end point farthest to the left is exterior to the segments of gi or 
to the segments of g.. Similarly for the end point farthest to the right. 
Hence the least value of 7; + 72 is 2 and 


K Sk, + he —1. 
The bound can be attained for all positive integral values of ki, ke. 
This is obvious for k,==k,==1. Assume the result for kı, kə and add a 


segment which covers one of the extreme end points. Both K and k, (say) 
are increased by 1 so that the relation 


K ri ki + ke Tem 1 
continues to hold. By s— 1 applications of the above we deduce 


THEOREM 8.1. A finite system S (7.1) has K segments, where 


8 
(8. 3) PES LES 


izi 


and kı denotes the number of segments of gi. This bound can be attained. 


9. Reduction of degree. Two systems having the same content are 
equivalent. 
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The degree of a system of inequalities is the sum of the degrees of the 
polynomials appearing in the system. Equivalent systems do not necessarily 
have the same degree. | 

Let a highest common factor of f, g be h and set 


f=f*h, g = g*h. 
Let S™, S™ be the systems found by replacing in S the two inequalties 
0<f,0<g by the three inequalities 
Ca deg. Oh 
and by the three inequalities 
Gla 02-97%. Olh 
respectively. We may then write 


S == GOG 


in the sense that every solution of S“ or St is a solution of S and every 
solution of § is a solution of S™ or a solution of S. Moreover, 8°) has 
no solution in common with S), that is, no segment of Sl) intersects a 
segment of 8S). Consequently K = K, + Ke, where K: denotes the number 
of segments of St. 


Put 
deg f* = m*, deg g* = n*, deg h = p. 
Then 
deg S = m* + n* + 2p + 


deg SM — deg SO = m* + n* + p+ gl 


Hence, if p is positive, 


deg 90) < deg S, deg ge < deg S. 


Since the degree of S‘ is finite and non-negative, we have- by repetition 
of the above process 


THEOREM 9.1. A finite system S may be reduced by rational operations 
to the product of a finite number of systems such that each pair of polynomials 
in each factor is relatively prime and such that the number of segments of S 
equals the sum of the numbers of segments of the factors. 
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10. The general system in one indeterminate. In connection with the 
system S 
0< 91, 0 < ge, oN sy 0< gs 


we shall have occasion to consider the mixed systems Si got from S by 
replacing one inequality 0 < g; by the corresponding equation 0= gi. A 
number satisfying S: will be called a root of S: and endowed with the 
multiplicity which it has as a zero of gi. In the sections immediately 
following we shall be interested in the number of roots on a point set 
a<x=b. In general, however, the (a,b) will be omitted from the notation 
just as K(a,6) has already been abbreviated to K. 

Denote the number of real roots of $i by Pi and the number of real 
roots of multiplicity 7 by Pi; so that 


Tt 
= >) Pij. 
j=l 


Denote by yi,21, Mi 2n the numbers of zero minima and zero maxima of §; 
with multiplicity 2h. The total numbers of zero extrema are then given by 


AL WE 
= 2 Hi, ahs M, = 2 Mion, 


where 2x; is the last even index on a non-vanishing ada of the sequence 
Fi; defined in 6. 

Define also the number d; as the number of roots of S; got by counting 
each root of odd multiplicity once, counting each zero minimum twice and 
omitting each zero maximum. 


11. Mixed systems. Consider now the two mixed systems 
0 = Jis 0 < Ja, Py; 
=g, 0<—92, á M; 


the capital letter designating in each case the number of roots of a given 
multiplicity whose index j is omitted for convenience. If we set 


(11.1) P, + N, = Ñ, P,— N, = Gi, 


| the calculation of P,, N, is equivalent to that of S,, Gi. The number 8, is 
really §ı; and is not to be confused with the system Sì. 
More generally, consider the systems 
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0 = 41, 0< g>, 0 < Ys, Pi 
0 =g, 0< g, 0 <— gs di; 
0=g, 0<—g, O< gs, Qe; 


0 = 91, 0 < — ga, 0 < — fo, Qs- 
Then we have also the systems 


0 =g, Vg, P, + Wi; 
0 = f, 0 < — 92; Q: + Ys; 
0 =g, 0 < 9293; Pı + Qs; 
O= g, 0<% P + Q». 


If we assume that the number of roots can be determined for every fixed 
system with just one inequality, the numbers Pı + Qu Q: + Qs, Pit Qs, 
P, +- Q- can be calculated and from them Pi, Qu Qo Qa- 

The same remarks apply to the systems got by adjoining s — 2 inequalities 
to each system above. The general system 


0 = gı; 0 < g» a 0 < gs, Pi 


for 2 < s is one of 28! mixed systems, all of which contain 0 = g, and which 
can be grouped in sets of four. The number of their roots can be computed 
in terms of the numbers for mixed systems with s—2 inequalities. Hence 
by induction the calculation of P, for the general system is referred back to 
the numbers 8, and G, appearing in (11.1). 


12. The number of segments of a finite system. The numbers in (11.1) 
and consequently all the numbers in 11 can be determined by the fundamental 
lemmas provided only that every pair of g’s is relatively prime. The fac- 
torization of 9 guarantees this for the factors Sl, St, - >- of Sı and the 
numbers for S, can be got by adding those for SM), 9È,- - - 

The ım zero minima of §, with multiplicity 2% are the roots of 
multiplicity 2% of the mixed system 


0=91,0< 91M, 0< ga +, 0< gs. 


The Mı,» zero maxima of S, with multiplicity 2% are likewise the roots of 
multiplicity 2% of 


0 = 91,0 < — gi. 0< ge, +50 < gs. 
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The fundamental lemmas, not directly applicable to these because g, and 
g.°™ are not relatively prime, become applicable by the process of 5. 

If gı, ge are two relatively prime polynomials, no segment of g, has an 
end point in common with a segment of ga. The numbers i, ta in (8.2) are 
respectively the dı, ds of 10. Nothing is contributed to A, p by coincident 
zeros in this case, but either A or p may be unity because of end points 
induced by the end points of the fundamental interval (a,b). Using the 
notation of 4 we find the formula 


== ${d,(a,b-—0) + do(a, b— 0) + e(a +0)es(a +0) + e (b—0)e (b — 
This formula is easily generalized to 


K (a, b) = Ha ou + Il e(a+ 0) + ILe(6—0)}. 


As in the case s = 1, the number K (a, b) can be found by. rational operations. 


13. A sufficient condition for consistency in terms of the. resultant. 
If the roots of f are &, those of g are j, degf=m and degg= n, the 
resultant for the order f, g may be defined as 


R= (— 1 Bm (m1) go” II g(&) OER: (— 13” (m-1) emnah om II Fn) , 
If all roots of f are real, then - 
0 S (— 1)" II g(é) 


is a sufficient condition for one of the numbers gf) to be positive. Hence 
when all the roots of f are real, 


(13. 1) . 0 < (— 1) Bn ae) Ha Re, 


where R is expressed in terms of the coefficients of f, g, is a sufficient condition 
for the consistency of the system i 


and when all the roots of g are real 
(13. 3) 0< (— 1)?” (m-1) +on+n+1); m P 


is a sufficient condition. From subsequent developments (Theorem 14.1) 
it will be apparent that the condition is by no means necessary. A 
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14. The case of two quadratics. Let us examine the condition of con- 
sistency for a system of two inequalities, each of which defines a finite 
segment, that is, in (13.2) suppose 


f=—w+2be—c, g= 0 |2ba—- Cc. 


Denote the respective segments by (4,8), (y,6). They have a point in 
common if and only if 


(14.1) 0 < (a—8)(y—B). 
Multiplication gives 


0 < ay + 8è — aß — yè. 


Setting 
g == b — d, B =b+ d, y= b — d', = b +d’, 
where 
0 < d= (P — c)}, 0 < d’ = (b2 — e), 
we find 


af =c, yè = c, ay + BS == 2 (bb + dd’). 
Hence condition (14.1) can be written 
(14. 2) 0 < 2(bb’ + dd’) — e- ë. 


Let us next obtain an equivalent condition by a method which is 
applicable when all the zeros are real. We have in the present case for the 
polynomial whose zeros are the values assumed by g at the zeros of f 


E(0,9)=— g+ 2{c—c —2b(b—B) }g + R, 
where R is the resultant 
R=— (c—c’)? + 4b(b — b) (c—c’) — 4e(b — v)’. 


The condition that 
— g? + 2Ba — C (0 = B? — C) 


have at least one positive root is 0 < B or 0 < — C. The condition wanted 
is that at least one of E(f, 0), E (0, g) have at least one positive root. Hence 
the condition is that one of the following be satisfied : 


0<c—c’— 20(b— b), 0 < e —c-—2b’(b’ — b), 0< R. 


Thus we have 


12 
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THEOREM 14.1. The system of inequalities 
0 < — T? -+ 2ba—c=—f, 0 < — r? -+ br — e =g 


whose segments are non-vacuous and have no boundary point in common ts 
consistent if and only if 


T : 0 <2(bb’ + dd’) —c—¢, 


where 0 < d= (b? —c)}, 0 < d == (b — c): This system T found by 
irrational operations may be factored into the product of three systems found 
by rational operations T == UVW, where 


U : 0< c— e —2b(b— b), V:0<c—-c— Rb (b — b), 
W:0< R(f,g). 


DUKE UNIVERSITY. 
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ON RIESZ SUMMABILITY AND SUMMABILITY BY DIRICHLET’S 
SERIES.* * 


By C. T. RAJAGOPAL. 


We know that, if k > 0, summability of any function by the k-th Riesz 
mean necessarily implies its summability by the Laplace transformation. The 
converse which is not universally true has been discussed by Szász for the 
case k= 1 [5, Theorem 1].? Theorem 1 of this paper is a generalization of 
Szasz2’s problem for k = i. Theorem 2 is an extension of a Tauberian oscilla- 
tion theorem of V. Ramaswami [3], involving Riesz means and the Laplace 
transformation in place of his Cesàro means and Abel mean. Theorems t, T 
are in the nature of corollaries to Theorems 1, 2. 


1. THEOREM 1. Suppose that 
OO 
(1) F(t) =t Í A(u)e*'du converges for t > 0, ` 
0 5 


(2) F(t) >s as t> +0; 
Ar(x) defined by 
Ara) =r fi “(e—u)A(u)du, +0, 
0 
A(z) = A(x), 
satisfies the condition 
(3) By (w) = (k +1) {z4e(2) —Ana(z)}=—Ke™ — (w > 0), 
k= 0, K > 0 being constants. Then 


(4) Ck (2) sil), as L—> 0, 


but ox(x) does not in general tend to a limit. 


* Received August 2, 1946. 

t My thanks are due to Dr. V. Ganapathy Iyer and the referee who have suggested 
the revision of certain details. 

* Numbers in heavy type refer to the list of references: at the end of this paper. 
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1.1. The proof of the theorem requires the following lemmas of which 
the first and the second are well known and the third is proved by Szász in 
the course of his demonstration of the case X = 0 of the theorem. 


LEMMA 1. F(t) defined by (1) satisfies the identity: 


F(t) = fo Ax(u)e“tdu, k>0. 


sii + 1) 
Lemma 2. If s(x) 20 and 


DO 
tf s(ujetdu— K as t—> +- 0, 
0 
then : 
f s(u)du~ Kz as L-> co, 
0 
This lemma is a special case of a theorem of Karamata. [6, Satz 2]. 


LEMMA 3. If 


(5) J, O /u)du =0 (7) aS £t —> 0%, 

(6) (TS Aeris as t-> +0, 
then 

(7) f Ous. 


Lemma 4. Suppositions (1) and (2) imply that 


AOE f “or(uetdu,  k>O, 
converges for t > 0 and 
(8) Felt) —>s as t-> +0. 
Proof. Lemma 1 gives, when t > 0, 


Tk +1) So 4 L2 (2—t)de fear f An. (u) edu 





= f dda f Ye — bt) teuedg 
0 £ 
© Aru) y 
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the inversion of the order of integration being justified by absolute conver- 
gence. Now 


F(t) —Fa(t) — kb f Poesie = =) — dem it (| tafs 
t<1, 


where, as {> 0, 
» 00 (a — i) 00 (a — t) 
kt f F(a seo de= Ofk ( Sh da 
5} ( ) mit [ 3 giri ] 


s0 fa — (t/a) )**d(1— (t/2))] 
— O[1—- (1— 4)". 


ti (o t) 
Ul E uti 
Sa dee 0 


Similarly 


and therefore 


| F(t) —Fx(t)| < max JEG) Fa) 


t<p<t} 


ila Oey IE prod. 150, 
which, in conjunction with (2), establishes (8). 


1.2. Proof of Theorem 1. Lemma 4 for F(t) and Fr:(t) can be 
used In (3) so as to obtain successively 


© By(u)r 
af SH) gut du—> 0 as 10, 


3 
iff {Balu) + K}et'idu-> K as t>0. 
o 


agit 


Hence we can take, in Lemma 2, 








s(u) = ga + K 

and get 

e B, 

il (2 +K}du-Kx as z —> œ, 

0 
or 
(9) l Pa (e) du=0(x) as s> 0, 

0 


Also we have, from the definition of By(z) in (3), 
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d Axe Axa (1) 
se PREHR o 
Bi(x) = n a 
which gives rise to 
i B 
(10) orn (2) = f aH) a bs 


When we write (k -+ 1) in place of k in (8) and use (10), we have a relation 
which is (6) with o(u)= Br(u)/u*. The same choice of v(u) makes (5) 
identical with: (9). Lemma 8 therefore enables us to conclude that N, 





© By(u) ae 
f a du == $, l. €, oka (£) —> s as T-> 00, 


A necessary condition ‘for the further conclusion ox(r) >s is 
Braa (2) /a*** -> 0 which is more than (3). Hence the further conclusion is 
not in general warranted. l 


1.3. In Theorem 1, we can take A(x) == X an, where {An} is a positive, 
Mn 


increasing, divergent sequence, and obtain 


COROLLARY 1. Suppose that 
00 i 
F(t) = Pi aye Av, OLA <A, < * "= Àn 00; 
pol 


Ar (x) sr > (© — An) "An; 


Br (x) — r “> 
2.7 2 (e An) dada, r= 0, 
Then the conditions: 
(i) F(t) converges for i > 0, lim F(t) =s, 
t—»+0 i 
Gi) Bila) 2 — kA, An St Làns k20, 


together imply that Za, is summable-R(An,k + 1), i.e., summable by 


the Riesz mean of type i and order (k 4 1); but not in general summable- 


R (àn, k). 
This result leads at once to the following extension of a classical theorem 
of Schnee [2, Theorem 33]. 


COROLLARY 2. Necessary and sufficient conditions for the R(An, k)- 


oO 
summability (k = 0) of Sia are (in the notation of Corollary 1): 
pol 
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(1) F(t) converges for t > 0, lim F(t) =s, 
` t—>+0 
GY) Brela) = 0(An*), METLA (n>a). 


DO 
That the conditions are necessary for the R (àn, k)-summability of X av 
’ yrl 


follows from Lemma 1 and the definition of By, (2). 
To prove the sufficiency of the conditions we observe, from one) 1, 


that (1) and (i) establish the R (An, k + 1)-summability of > av. The 


E (Àn, k)-summability of the series follows as a consequence of (ii? ), 


2. When lim F(t) does not exist, we can (under certain conditions) 
i406 font l 
determine an upper or a lower bound for limox(z), for large enough k, in 
LOO 


terms of lim F(t) or lim F(t). We have, in this direction, 


£540 


4 


LEMMA 5. Let us write 


lim F(t) =5, lim (2) =o. 
«300 


t-3+0 


Let us supose that += 0, k Z1 and write 
m T) CRE) « 
Vis ER . 
“Tee +l) &_ DA 
Then, if Ar(x) 20 (a=0), 


Sa grt _ 


provided the right-hand side is finite. 





Proof. From the known result [2, Lemma 6]: 


La St TOMI f, (@— uA (u)du, 
we obtain 

(13) orala) =E yet f gewa (u) de, 
where 


Dm k-1 puy 
glu) = aue 
ii iin 





reaches its maximum when u= x — , the maximum being 


° When k= 1, (K—1)** in the expression for »,() is to mean 1. 
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e7{k-1) k du 1 k-i 
( Tae: l ) 


Since this maximum is least when sy = k +r, (13) gives, with the Taste 
mentioned relation between x and y, 


ertt 


orale) Sa coe ‘fe si f rumad 


In this inequality we can invert the order of integration and let 2—> 0 
(or y—>-+ 0), obtaining 


grtt 00 co 
= RC PEL » a Tl p-uy 
Ort Sw EF D fat fru t) edu 
an 4 
as) a yy lim y Awe T(r +1)d 


which is the conclusion sought. 

A particular version of Lemma 5, involving the (r + %)-th Cesàro mean 
and the Abel mean, has been given by Garten and Knopp [1, Satz 4]. The 
lemma can be used in much the same way as its particular version and made 
to yield the next two results. 


Lemma 6. If (in the notation of Lemma 5), for some r= 0, 
or(@) Z — K, then ` 


Goo = lim Ck == S, 
kom 


Proof. Starting from the following relation, equivalent to (12), 
FEET) fe i 6 
I rek — k-1 r 
Araxe) + Kr CEES (= uF {Ar (u) + Ku"}du, 


we can get, arguing as in Lemma 5, 
á i, 
Vi; 


whence, letting k + œ, it follows that 
Goo “= § 


which, in conjunction with the universal relation § 5 Gœ, establishes the 
conclusion of the theorem. 

The above argument tacitly asumes that § < œ, the case î= œ being 
trivial. 


+ 


4 From this point onwards, the proof tacitly assumes r > 0, the argument in the 
case r= 0 being an obvious simplification of what follows. 
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2.1. Lemma 6 can be stated in a more comprehensive form as follows. 


THEOREM 2. Let 


lim F(t) =§, limo(e) =F lima=to. 
Sal enne k>% 


t-3+0 UF OO 


Then (a) provided goo is finite, and consequently, for large enough r, o,(x) 
is bounded below, a 


(b) provided ooo is finite, 


(c) provided go and to are both finite, 


Ma 


go =$, oo = 

3. Concluding remarks. Suppose that coo and eco ‘have the common 
finite value s. Then, for large enough r, e, and gp are finite. And so or(x) 
is bounded for r = k (say), which ensures the hypotheses (8) of Theorem 1. 


Further, the universal fact go < lim F(t) < oo implies the hypothesis (2) 
f-3+0 


of Theorem 1, viz., lim F(t) =s. Therefore, appealing to Theorem 1, we 
t-3+0 
find that o, = o, = s forr=k-+1. Thus we establish 


THEOREM t. In the notation of Theorem 2, Tœ = cœ = s(finite) ensures 
Gr = or = 8 for all sufficiently large r. 


Next supposing that 5 and s have the common finite value s, and furthér 
that ox > — œ, we can conclude from Theorem 2 that Fo == s == gœ. This 
fact, taken along with Theorem t, proves 


THEOREM T. In the notation of Theorem 2, 5 = s =s (finite) and 
ox > — 0 together ensure Tr = ar==s for all sufficienctly large r. 


The forms of Theorems 2, t T involving Cesàro means and the Abel 
mean are well known [8, Theorems 1(a), (b), (c); 4, Theorems t, T]. 
If A(z) = i An (0 < An < Anu => ©) in 882, 3, the propositions given 


there assume de form of statements connecting the summability of Man by 
Riesz means with the summability of the series by the D{An)-process, i. e., by 
Dirichlet’s series. 


MADRAS CHRISTIAN COLLEGE, 
TAMBARAM, S. INDIA. 
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A STUDY ON THE THEORY OF CONJUGATE NETS.* 


By CHEUAN-CHIH Hsruna. 


1, Introduction. This paper is concerned with the study of the pro- 
jective differential geometry of curves of a conjugate net on an analytic 
non-ruled surface in ordinary space.’ Some portions of the theory of a 
surface S referred to a conjugate net Nz, which are used in later developments, 
are summarized in 2. ` i 

Let Cy be any curve on the surface S through a general point Ps. As 
the point Py moves along the curve C), the parametric u-, v-tangents generate 
respectively two non-developable ruled surfaces R™, R™, In 3 we find the 
correspondence between the line joining any two points T, 7 on the para- 
metric u-, v-tangents through the point Pe and the intersection of the tangent 
planes of the ruled surfaces R™, R at the points T, T respectively. In 
4 two quadrics are introduced of which one has contact of the second order 
with the ruled surface R™ at the point T and contact of the first order with 
the ruled surface R° at the point 7, and the other has the same properties 
with the roles of u, v interchanged. 

By a line l, we mean, as usual, any line through the point Ps of the 
surface S and not lying in the tangent plane of the surface S at Pa; by 
a line ls we mean, dually, any line in the tangent plane of the surface S at Pr 
but,not passing through the point Pz. In 5, by means of certain correspon- 
dences between J, and J. we construct a one-parameter family of polarities 
and present a new geometric characterization for a general- canonical line 
(of each kind) of Davis. | 

In the last section we derive two one-parameter families of lines, of 
which two may be regarded as generalizations of the canonical edges of Green 
of the asymptotic net of a surface to a conjugate net. 


2. Analytic basis. If the projective homogeneous coordinates ©, 
--,a of a point Pe in-ordinary space are given as analytic functions of 
two independent variables u, v by equations of the form 


(1) z = T (wv), 


* Received September 19, 1946. 
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the locus of Pz as u, v vary is an analytic surface S. If the parametric curves 
on the surface form a conjugate net Nz, the four coordinates x and the four 
coordinates of the point Py, which is the harmonic conjugate of the point Pe 
with respect to the foci of the axis of the point Pz, satisfy a system of partial 
differential equations of the form [7, pp. 250-254] 


Tuu Pra pe A Ku + Ly, 
(2) Luy == CL Hatu + deo, 
Co = Gu + dt, + Ny (IN ~0), 


subscripts indicating partial differentiation and the coefficients being functions 
of u, v which satisfy certain integrability conditions. Bt is easy to verify that 


(3) Yu = fe — Nay + sty + Ay, Yy = gu t+ tay + nz, + By, 
where we have placed 


FN = cy 4- ao + bg — cò — qu, gL = Cu + be + ap — ca — pr, 


j — nN = dy + a — ad — g, tL = Qu + ab F E — ar, 
(4) sN = by + ab + ¢— bu, nL = by + b? — ba — p, 
A = b — (log N )u, B = qa — (log L).. 


The ray-points, or Laplace transformed points, Ps o of the point Pe are 
given by the formulas 


(5) p = Tu bt, O= Ty — AF. 
Some of the invariants of the parametric conjugate net are 


H == ¢ -+ ab — ty, K = c + ab — by, 


(6) § = sN, Q == tL, 
8B == 4a — 28341, 80° — 4b — 2a — lu, 
r == N/L, 


where / is defined by placing 
[== log r, 


We shall suppose that $A 40 so that the parametric curves are not plane 
curves. 

If the points z, p, o, y are used as the vertices of a local isfraliadiva of 
reference with a unit point suitably chosen, then any point given by an 
expression of the form 
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(7) Tit + Lap + Lao + Tay 


has local coordinates proportional to 2,° °°, ts. 
Introducing non-homogeneous coordinates by the definitions 


(8) x = Ea] Ti, Y == T/T, 2 == 25/2), 


we obtain a power series expansion [6, p. 481] for one non-homogeneous 


coordinate z of a point on the surface S in terms of the other two coordinates 
T, y: 


(9) 2— Yo (La? + Ny?) + A (LEP + NB) H. 


3. A Correspondence. Let us consider a point Pz on a surface S and 
the curve Cy passing through Pz and belonging to the family defined on S by 
the equation i 


(10) dv — Adu = 0, 


where A is a function of u, v; and let the parametric representation of the 
curve Cy be . 


(11) u=u(w), v= U(w). 


Without loss of generality we may assume that, for the point Pz, w =Q. 
Throughout this paper, differentiation with respect to w is denoted by accents 
and w, w”, <<; 0’, v”, -+ are the derivatives of u, v at any point on the 
parametric u-tangent through the point Pz, so that 


(12) A= V/W, N = v u” — vu" Je. 


The parametric u-, v-tangents at points of the curve Ca generate two 
non-developable ruled surfaces R, R™ respectively. The points 


(13) T = e£ — p, T = ëz — o, 


. where e, é are functions of u, v, lie on the parametric u-, v-tangents through 
the point Ps respectively, and the line /. determined by them lies in the tangent 
plane of the surface S at the point Py. 

From system (2) and equations (3), by differentiation and substitution, 
any derivative of T with respect to u, v can be expressed as a linear com- 
bination of x, tu, tv, y. In particular, making use of equations (4), (6) one 
obtains 
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Tu= (€u + bu— p)a + (e +b — a) a, — Ly, 
Ty = (€y + by — C) £ — aay + ear, 
(14) Puu == (*)x + (*)tu— sLav + [L(e + b — a) — Lu —AL]y, 
Luv = (*)a + (*) tu + (eu + eb) oo — aLy, 
Tos = (*)a + (*)au + (Ren + e — K) a, + eNy. 


where (*) denotes terms immaterial for our purpose. 

The tangent planes to the ruled surface R™ at the point T and to the 
ruled surface R®™ at the point 7 intersect in a line 7, which passes through 
the point Pe. There must be a point on the line J, given by an expression of 
the form. 


z = y + Ep + no. 


The plane of the points v, z, T is to be tangent to the ruled surface R™ at T, 
and therefore must contain the tangent to the curve traced by T as the point 
Pz moves along the curve Cy. It is clear from the first two of equations (14) 
that a point on this tangent is given by | 


To=(*)x + (*)p + evo — Lwy; 


this is to lie in the plane 227, which can occur if and only if n = — ev’/Lw’. 
Similarly, the plane x27' is tangent to the ruled surface R™ at T if and only 
if é= — éu’/Nv’. Thus we obtain a correspondence between the line la in 
the tangent plane z; = 0 and the line 1, through the point Po: 


(15) | Le, + eàt, =0, Nadrte+ ër, = 0, 


It is easily seen that this correspondence becomes a polarity with respect to a 
quadric (and therefore œt quadrics) tf and only if à satisfies 


(16) L— NX = 0, 
that is, if and only if the tangent of the curve C) at the point Pe is an associate 


conjugate tangent of the parametric conjugate net Ns. The equation of any 
one of these quadrics is found to be of the form 


(17) VIN Toba — PTa H+- lost = 0, 


where k, denotes a parameter. If a unique quadric of this pencil is desired, 
we may choose the one that passes through the covariant point P,. For this 
quadric we have k, = 0. 
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A, Two quadrics associated with the points T, T. The parametric vec- 
tor equation of the ruled surface R is | 


(18) X = T 4 pe, 


where p, w are taken as independent parameters. The coordinates of any 
point X near the point T on the ruled surface R™ can be represented by 
Taylor’s expansion as power series in the increments Ap, Aw corresponding to 
displacement on R™) from T to the point &: 


(19) Æ = X (Ap, Aw) = X (0,0) + Xp(0, 0)Ap-+ Xu (0, 0) Aw 
+ 3[Xup (0, O) Ap? + 2X pw (0, 0)ApAw + Xww(0,0)Aw*] +» <, 
where l 
Xy(0,0)=%, X (0,0) = Taw + Tyr’, 
(20) Xpu(0, 0) = 0, Xyw(0,0) = tuw + aw’, 
Xow (0, 0) = Tau? + 2Tuowd + To? + Tu” + To”. 


In accordance with equation (14), all the derivatives of X at the point T 
may be expressed uniquely as linear combinations of 2, p, e, y, so that we may 
write X in the form (7), where the local coordinates 21, : - -, 2s of the point ¥ 
are given by the expansions 


Tı = e Ap -+ [w (eu + eb + nL) + (e+ ea—K)]Aw +--+, 
g =— 1 -+ [w (e 4+- b — a) —av'|Aw+:--, 
(21) 23 = ev Aw +- v’ApAw + £[— sLu? + R (eu + eb)u'v 
+ (Ze + ed— Kw + eaw p, 
v, = — LuAw + 4{[L(e + b — a) —L,—AD]u” 
— 2aLu'v + eN? — Ta Aw? +++ <, 


The equation of any quadric, which passes through the points T, 7 
and is tangent to the planes (15) at T, T respectively, is found to be 


(22) Qi (21? + Rett 4 RELL + eTa + Ex) + Blitt, + Bazs 
+ Faostat4 + Bagqrgra + laata = 0, 

where the coefficients des, 434 are defined by the following formulas: 
Qe, = (d/Lu') (Luts + Vlog GE eév' a1) , 


(23) 
ds, = (e/Nv)(Nva + Warg — eda). 
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Imposing on equation (22) the further conditions that it be satisfied by the 
series (21) identically in the terms of the second degree of Ap, Aw, we obtain 
easily the equation of the quadric Qu which has contact of the second order 
with the ruled surface R™ at the point T and contact of the first order with 
the ruled surface R™ at the point T, namely, 


(24) 2D (Aaa, — Lro) — (26/raA) (L NA?) aay + {L (2nd — XK/L | 
+ S/N) + edl4(G + AD) — 3 (La + Mo) — (log A)"] 
— e(26/N — eà/ L) (L — NX) ye? = 0. 


There is also a unique quadric Q» with second order contact with the ruled 
surface R™ at the point T and first order contact with the ruled surface R™) 
at the pont T. The equation of this quadric Q» can be obtained in a way 
similar to the foregoing, or else can be written immediately by applying the 
substitution 


(25) 


u 2 es ol he 
(1306 


—n N K € ify —N/X 
to equation (24) ; the result is 


(26) 2N (mix, — N Atoz) + Ber(L —Nd*) t8, + {— N (2n 4- H/AN 
—AR/L) + (8/4) [4C AB) + 3 Clu + Mo) + log AY°] 
+ (6/42) (2eA/L — é/N) (L — NX) je = 0. 


On the other hand, if m be any plane passing through the line TT, then 
the plane sections Tx, T» of the ruled surfaces R, R® made by 7 have simple 
points at T, T respectively. It should be noted? that as the plane w revolves 
about the line TT, the locus of the conic in ~ having contact of the second 
order with the plane section Ty at the point T and contact of the first order 
with the plane section T, at the point Ë is the quadric Qu, and a similar 
argument can be made with u, v interchanged. 

Since the quadrics Qu, Qv both depend upon the points T, T, we obtain 
two two-parameter families of quadrics associated with the point Pe of the 
curve Cy. In particular, if the points T, 7 are the ray-points p, o of the 
point Pe, then e == ő = 0, and the equations of the quadrics Qu, @» become 
respectively l 


(27) 2 (Atita — Lestes) + (QP0nA — X K/L + O/N) x? = 0, 


2 For the proof of this fact for two hypersurfaces and its generalization see paper 
[4] of the author. 
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(28) R (10, — N Atata) — (Qn + H/AN —dAR/L) ae = 0. 


The two quadrics (27), (28) intersect, not only in the parametric tangents, 
but also in a residual conic whose plane is obtained by eliminating the terms 
containing ££, from equations (27), (28), namely, 


(29) 2(L— Me)z + [rEX + A(R — GS) — H/àr — 2n(L + Nd?) Je, = 0, 


which is a plane passing through the ray po. Moreover, the cone projecting 
this conic of Intersection from the point Pz is similarly found to be given by 
the equation 


(30) 2(L—NA*)ayey— [4nd + (1/N) (H + $) — (2/L) (E +8) 2.2 =0. 


5. The canonical lines of Davis. A canonical line 1,(h) of the first 
kind of Davis [1, p. 18] is the intersection of the two planes 


(31) Le + h@’z =0, Ny + hz = 0, 


and a canonical line l-(%) of the second kind crosses the parametric tangents 
at the point Pz in the points 


(32) (— (1/h€),0,0) (0, — (1/hB"), 0), 
where fh is a constant. l 
In order to give a new geometric characterization of a general canonical 


line of each kind of Davis we derive a one-parameter family of correspondences 


as follows. 
Let g be the polar line of any line /, with the equation 


(33) x ez = 0, y+ ëz = 0, 
with respect ‘to any quadric of Darboux, 
(34) Le +. Ny? + 2(— 2+ 4a + 4B y + kaz) = 0, 


at the point Pz of the surface S, where k, is a parameter: If g intersects the u-, 
v-tangents respectively in the points Pœ (4(, 0,0) and P, (0, 9), 0), 
then 

(35) 1/80) — 20 — eL, 1/0% — 29’ — aN. 


This correspondence between J, and the line joining the points P, (9), Py’) 
is called, for brevity, the correspondence Coo. 


13 
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On the other hand, let F, be the plane section of the surface S made by 
the plane through J, and the u-tangent; then by means of (9) we obtain 
easily the power series expansion of T at Pz: 


(36) y = — (6/2) La? — GOLE +. è - 


The pole P, 00) (#1, 0,0) of l, with respect to any four-point conic of T, at 
Py is given by 


(37) 1/79 — YG — eL. 


For the plane section T: of the surface S made by the plane through J, and 
the v-tangent, we obtain similarly on the v-tangent the pole P © (0, 9, 0), 
where 


(38) 1/9 = KB — oN. 


Thus we arrive at a correspondence Cy between 1, and the line joining the 
points P,, P,, 

Now on the u-, v-tangents we take respectively two points P,™®, P,0% 
such that the cross ratio of the four points Pn‘™, Pn, Ps and Pr™, 


(39) (PrP, PoPm®) =k (m=1,2), 


k being a constant, and define a one-parameter family of correspondences Cy 
between J; and the join of P;™, P. by the equation 


(40) = (È Ee) © —enle+ 18 (£ ii) w —any—1—0. 


It is easily shown that the correspondence Cy is the polarity with respect to 
any quadric Q of the pencil, 


(41) Let + Nyt el—2 + (i) oe + y (SF EEE y+ ke] = 


les being a parameter.“ 


la By means of the Fubini canonical differential equations of a surface S referred 
to its asymptotic net we can prove that the pencil (41) of quadrics associated with the 
tangents of the curves of a conjugate net at an ordinary point P, is in the family of 
conjugal quadrics of S at P, (V. G. Grove, “The transformation of Cech,” Bulletin of 
the American Mathematical Society, vol. 50 (1944), pp. 231-234). Furthermore, if we 
define the two cross ratios in equations (89) respectively by two different constants 
k, and k, instead of k, we may obtain a family of quadrics, which is an extension of 
the pencil (41) but belongs to the more general family defined by Grove (“ Quadrics 
associated with a curve on a surface,” Bulletin of the American Mathematical Society, 
vol. 51 (1945), pp. 281-287). 
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Observing that any quadric having contact of the second order with the 
surface 8 at the point Py is given by 


(42) La? + Ny? + z[— 2 + kos + kay + kaz] = 0, 


k>, ks, ka being arbitrary parameters, we infer immediately that the quadrics 
of the pencil (41) belong to this family. 

If k= % and Qs passes through the point Py, we have the canonical 
quadrie of Davis [1, p. 10]; if k = œ, we have the quadrics of Darboux; and 
if k = 0, we have the pencil [8, p. 697] of the quadrics having contact of the 
third order with the parametric curves at the point Ps of the surface S. Thus 
we have proved the 


THEOREM. The correspondence Cy is the polarity with respect to the 
pencil of the quadrics having contact of the third order with the parametric 
curves at the point Pz of the surface S. 


Since the polar line of the axis with respect to the quadric Qx is a general 
canonical line of the second kind of Davis, 
3kE\ w l 
7; ) By — i =0, 


(43) s= (4B) on +3(4 


and the polar line of the ray with respect to the quadric Qw is a general 
canonical line of the first kind of Davis, 


1) Cz—0, Ny+3 (E) Wz = 0, 


ra 











m) le + 3(5 
we obtain the * 


THEOREM. The polar lines of the aais and the ray with respect to the 
quadric Qy are respectively the canonical lines (43) and (44) of the second 
and the first kinds of Davis which depend upon the quadric Qr. 


By a proper selection of the constant k these lines may be made to become 
any desired canonical lines of both kinds of Davis. In particular, when 
k == œ, the lines (43) and (44) are respectively the associate ray and the 
associate axis. When 4=0, we obtain the principal join * and the canonical 
line 4, (84) of the first kind.‘ 


* A general canonical line of each kind of the surface referred to the asymptotic 
curves has been characterized geometrically in a similar manner. See my paper [3]. 

® For the definition of the principal join see E. P. Lane [5, p. 702]. 

t These two characterizations were given by Lane and MacQueen [8, pp. 698-699]. 
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Moreover, the polar line of any canonical line l, (kı) of the first kind 
with respect to the quadric @ is a canonical line /2(%:) of the second kind 
which depends on the selection of the constant k; and the values of k, and ka 
are the same when and only when k = %, that is, when and only when Qy 
is a quadric in the canonical pencil of Davis.’ 


6. Two one-parameter families of lines. The equation of the family 
(41) of quadrics may be rewritten in homogeneous coordinates as 


(45) Le? + Nr? + t (— 20, + k’2, + kBt + kiz) = 0, 


where k% is a new constant. The polar line of the line /1(33) with respect to 
a general quadri¢ of the family (45) is found to intersect the u-, v-tangents 
through the point Pe respectively in the points 


(46) P, == (kU — BeL)x + 2p, Wy = (kB — 2eN)x + Bo. 


On the other hand, the homogeneous coordinates of a point X near Pz 
and on the u-curve through Pe can be expressed as power series in the incre- 
ment Au corresponding to displacement from Pe to the point X along the 
u-curve, namely [8, p. 693], | 


ga: = 1 -+ bAu t, 

T = Au + asu? -+t 
t= HSN +, 
wy = ZLAR + 4L (a + bma luau 4. 


$ 


(47) 


For the purpose of finding the projection of the u-curve onto its osculating 
plane from any point r on the line /,: 


(48) 7 == ht — ep— da + y, 


A being an arbitrary scalar function of u, v, and in connection with the later 
development, it is convenient to introduce another local tetrahedron with 
vertices at the points x, &:, 7, y. If the point in space with coordinates 
Zi,” 0‘, referred to the tetrahedron z, p, o, y has coordinates Xi, | -, X4 
referred to the new tetrahedron x, ®;, 7, y, then the identity 


Lit + Tap + C320 + Tay = Xx + X of, A X aT + Xay 


© By means of this property Rasmussen and Hagen have defined the quadrics of 
the pencil (41), but they have made an error in considering k, and k: as always the 
same. See their ioint paper [9, p. 301]. 
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yields the equations for the transformation of coordinates between the two 
tetrahedra; after solution for X,,- © +, X4 these equations can be written in 
the form 


= £, + (eL — kE )e + 1/é[Le(gkU’ — eL) + Alas, 
(49) x == ir. — (6/28) Ts, Xs == — (1/8) 2s, 

== (1/2) £ + ca. 
The parametric equations of the projection C’u of the u-curve from the new 
vertex (0,0,1,0) onto the tangent plane, X; = 0, are found by substituting 
the series (47) for æ,’ © *,%4 into equations (49) and taking such a linear 
combination of the resulting coordinates X1,: - +, 44 and of 0,0,1,0 as will 


make the third coordinate vanish. These parametric equations, to terms of 
as high degree as will be needed, are 


Rai Ge Se Apa ss \ 
(50) Xo = F4U+4 faAdu? + <<, 
© i= 3L4u* + D(a + bly + G/N) + - 


the third coordinate being zero in the remainder of this section. Imposing 
on the general equation of a conic the conditions that it be satisfied by the 
series (50) for X1, X2, X, identically in Aw as far as the terms in Au’, we 


obtain the equation of the four-point conics at the point Pe of the projection 
C’, of the u-curve, namely, 


(51) X,X,—2LX,? —2[eL + $/36N + (16 — 3k)C/6]X.X, + hX. =O, 


where h, is a parameter. The polar line of the point ®,(0,1,0) with respect 
to any one of these conics has the equation 


(52) SLX + [eL + 6/38N + (16 — 3k)®/6]X,= 0. 


Since the plane of the line 1,(33) and the v-tangent intersects the osculating 
plane of the u-curve at the point Pe in the line 


(53) X; = 0, 2X2 -+ eX, = 0, 

we know that the line (52) coincides with the line (53) in case 
(54) ë = 29/ (8k — 16) NC’. 

Similarly, with the roles of the curves u, v Doca. we get 


(55) e — 2R/ (3k — 16) LB’. 


o 


È 
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Thus for each pencil of quadrics of the family (45) we can determine 
two lines, namely, the line 1,(383) satisfying the conditions (54), (55) and 
its polar line with respect to the pencil of quadrics, and hence associated with 
the point Pz of the parametric conjugate net Nz there exist two one-parameter 
families of lines, which will be called, respectively, the first and the second 
families. In particular, a reference to the original definition of Green [2, 
p. 114] shows that when k == 4 the two lines of these families may be regarded 
as generalizations of the canonical edges of Green of the asymptotic net of a 
surface to a conjugate net. Further, we observe that all lines of the first 
family lie in a plane, whose equation is found to be 


(56) SP, — TRET = 0. 
Finally, noticing equations (31), (82) it is easy to conclude that if one 


of the two families of lines mentioned above is a canomical pencil of Davis, 
then the other is also, and necessary and sufficient conditions for this are 


(57) O = R= nd . (m = const. ~ 0). 
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SIX-RINGS IN MINIMAL FIVE-COLOR MAPS.* 


ARTHUR BERNHART. 


Introduction. Kempe* and Heawood ? have shown that five colors are 
sufficient for coloring any map on a sphere. We conjecture the existence of 
some maps for which five colors are necessary, and seek the simplest example. 
For this end we here consider only minimal maps, namely those five-color 
maps such that any map with fewer regions is four-colorable. This paper 
investigates the structure of minimal maps by a systematic analysis of rings. 

By a proper n-ring we mean [i] a cycle of n distinct regions, each 
adjacent to the regions which precede and succeed it in the cyclic order, [2] 
but to no other region in the cycle, and [3] dividing the rest of the map 
into two non-empty sides. This definition is equivalent [in minimal maps] 
to the usage of Birkhoff * who introduced the terminology “ ring of n regions.” 
The first condition conveys the generic meaning of the word ring as used 
by many four-color writers without a formal definition. The second condition 
originated with Birkhoff, and corresponds to what Veblen* intended by a 
simple circuit. For n= 1,2,3 it adds nothing to the generic meaning, but 
Birkhoff excluded these cases thereby implying the third condition. <A ring 
divides the regions of a map into three mutually exclusive parts: the regions 
È of the ring itself, the regions / inside the ring, and the regions O outside 
the ring. Ordinarily the terms “inside” and “ outside” are interchangeable, 
but whenever the structure of one side is simpler or more fully known we 
shall refer to it as the inside, achieving thereby an economy of description. 
In proper rings, J is a proper subset of the map. Whenever we use the term 
ring in the generic sense with a meaning other than that set forth in the fore- 
going definition, we shall warn the reader by calling it an wmproper ring. 
Thus a single region forms an improper l-ring, two adjacent regions form 
an improper 2-ring, the regions meeting at a vertex form an improper 3-ring, 
and the regions participating in an edge form an improper 4-ring. Con- 
versely, these examples of improper n-rings are the only possibilities for 


* Received August 8, 1946. 

1 A. B. Kempe, American Journal of Mathematics, vol. 2 (1879), pp. 193-200. 

2 P, J. Heawood, Quarterly Journal of Mathematics, vol. 24 (1890), pp. 332-338. 
3G, D. Birkhoff, American Journal of Mathematics, vol. 35 (1913), pp. 115-128. 
40. Veblen, Annals of Mathematics, vol. 14 (1912-13), pp. 86-94. 
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n = 1,2, 3,4 respectively. In this paper unless the context indicates other- 
wise, all maps are minimal, and all rings are proper. 

The most significant result is the 6-ring theorem which lists the color- 
ability of each side of a 6-ring giving all solutions compatible with the Kempe 
chain reductions. Prior to the main theorem the case of n-rings with n < 5 
is solved again, but in addition to the familiar result that such rings are neces- 
sarily improper, a new conjugate-edge theorem is demonstrated. Birkhoff°s 
unique solution for 5-rings is obtained algebraically by solving a simultaneous 
set of primary and contingent options. This proof serves as a model for 
subsequent theorems, whose proofs are more involved but embody the same 
argumentative procedure. A compact notation is developed such that one 
“color matrix” of sixteen elements expresses 96 contingent options of the 
Kempe type. 

In order to make the discussion of 6-rings more readable, the step-by- 
step proof of the main theorem has been relegated to a separate section at the 
end. The significance of the main theorem is discussed. Whereas four-color 
‘investigation usually begins with geometric structures and derives their 
colorability, the methods used here permit arguing from colorability to struc- 
ture. This innovation proves fruitful, and the main theorem is used to obtain 
answers to seven structural questions. Each of these results may be read as 
a theorem in itself revealing new reducible configurations. The Birkhoff 
result that “ a ring of six surrounding four regions is reducible ” is extended 
to a 6-ring surrounding n regions, 3 < n < no where no is at least 16. Finally, 
if a 6-ring surrounds 7 inside regions (7 > 3), composed of p peripheral 
regions making contact with the ring plus / additional regions (} = p + h), 
then there are less than j — 5 inside pentagons, the p regions form a p-ring 
with p > 8, and X(n — 5) = > 6, where the summation extends over the 7 
inside n-gons. 





4-rings. 


Of the four regions around an edge the two which are adjacent will be 
designated as the primary components, the other two the secondary or guard 
components. Let regions N and S be adjacent guarded by regions £ and W. 
If the inside structure of this 4-ring is rearranged to make # and W adjacent 
thereby separating N and S, the primary and secondary components of the 
edge are interchanged, and the new edge is conjugate to the old. 

As a non-trivial corollary to the study of improper 4-rings we state the 
result for any minimal map: If one edge is replaced by its conjugate, the 
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new map can be 4-colored. This result shows that each map is on the verge 


N 
WE 


of colorability and the slight modification necessary to permit 4-coloring can 


x 


be achieved without reducing the number of regions. 

Though the proof is simple we include it here, since the procedure 
furnishes a prototype for the cases n > 4. The entire map cannot be 4-colored, 
but the outside regions may or may not be colorable consistent with a specified 
color scheme for the ring. We use 1 to indicate one color, 2 a color different 
from 1, 3 a color different from 1 and 2, 4 a color different from 1, 2 and 3, 
listing the colors for SENW respectively. A 4-ring can be colored in only 
four schemes, scheme A:1212, scheme B:1213, scheme C: 1232, scheme 
D:1234, On coloring # according to any scheme S we use the superscript 
shorthand S? inside colorable, S* outside colorable, S* outside not colorable, 84 
inside not colorable, S° neither side colorable, and S° both sides ‘colorable. 
We use a dot or mere jurtaposition for the logical product (both-and) of two 
propositions, and a comma for the logical option (and/or). When an argu- 
ment is equally valid for inside and outside the superscripts may be omitted. 
Thus (81,84) and (8°, 5°) are logical options required by the law of excluded 
middle, while S*S* and 8°8* are contradictions; 8384 = 6° and S*S? = S° but 
S° is absurd since by definition minimal maps are not four-colorable. 

Since the primary components N and S are adjacent, the edge itself can 
be colored only by schemes C and D. In the shorthand notation (CD)*(AB)?*. 
Now if C?, then C+C? = 0°, which is absurd. Therefore C°.. Likewise D*. 
But deleting the edge between N and & without disturbing the outside struc- 
ture forms a map with fewer than the minimal number of regions, and hence 
this modified map can be 4-colored, therefore (A?, B>). We refer to this as 
a primary or reducing option. But Kempe + has pioneered the way in showing 
that if the side of an n-ring is colorable according to one color scheme (on 
the bounding ring) then it must be colorable also according to certain other 
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schemes. Thus A> (B,C); B->(4,D); C—>(A,D); and D> (B,C). 
We refer to such implications as secondary or contingent options. The option 
(B,C) may be satisfied by any one of three alternatives: B and not-C, C and | 
not-B, both B and C. . 

Kempe derived the contingent option D : 1234 — (B : 1214, C : 1232) 
by introducing the notion of chains. Regions colored 1 and 3 form an “ odd ” 
league, while regions colored 2 and 4 form an “even” league. If—under 
scheme D—regions S : 1 and N : 3 can be connected by an uninterrupted 
chain of outside regions belonging to the odd league, then this chain partitions 
the outside and its bounding ring into two subdivisions. (The chain regions 
may be assigned arbitrarily to either subdivision.) In one subdivision Kempe 
retained the original colors, but in the other subdivision he interchanged colors 
2 and 4. This exhibits a new 4-coloring of the outside subject to a corres- 
pondingly new color scheme on the ring, in this instance scheme C. 

But if no such odd-chain connecting S and N exists, Kempe argued that 
E and W must be connected by an even chain. Interchanging 1 and 3 in one 
partition formed by this chain, he obtained scheme B, for 1214 and 1213 are 
dual notations for the same scheme. l 

Besides the leagues 1-3 versus 2-4 we could use 1-2 vs 3-4 or 1-4 vs. 2-3. 
The same topological argument is applicable and can be extended to rings 
n > 4, with precisely similar results for schemes with odd-even-odd-even ring 
coloring. If the ring coloring degenerates to a single odd-even pattern, as in 
B : 1218, the argument is sterile, but in the general case three contingent 
options are obtained by chain deduction from each postulated scheme. 

In the improper 4-ring case under consideration, the four contingent 
options can be diagrammed by putting the schemes at the corners of a square, 
A and D placed diagonally. Then each scheme implies an adjacent corner. 
Since C*D*, from the option (A’, B?) we obtain (A°?. B?) and in particular B°. 
This establishes our conjugate-edge theorem. 

If the 4-ring were proper we would have four primary options 
(A, B)(A,C)(C,D)(B,D) for both sides, which can be satisfied only by 
putting A.D and B.C on opposite sides. But this is contrary to the con- 
tingent options, hence proper 4-rings are excluded from minimal maps. 

The exclusion of proper 1-rings, 2-rings, and 3-rings is simpler since it 
does not require chain deductions. For in each case only one color scheme 
is possible for the ring. Primary options compel the coloring of each side 
by at least one scheme, and with both sides colorable with the same scheme, 
the map would be 4-colorable. Ti 
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5-rings. l 

Let regions A, B,C, D, E constitute a proper 5-ring. Only ten schemes 
are possible: scheme A with ABODE : 12323 respectively; scheme A* with 
ABCDE : 12342; scheme B with BCDEA : 12323; etc. The notation em- 
phasizes the cyclic symmetry. Scheme A uses only three colors in which the 
color of region A is not repeated. Scheme A* uses four colors in which 
region A lies between two regions colored the same. 

We have the chain deduction A : 12323 > (E : 12128, D* : 12348), and 
by clock symmetry A—->(B,C*). Again A*: 12842 — (D : 12142, 
C* : 12824) and by clock symmetry A*— (C, D*). Cyclic symmetry gives 
us twenty contingent options, two for each scheme. 

Merging the inside with regions B and D we form a modified map with 
fewer than the minimal number of regions, and which therefore can be 4- 
colored. This yields the option (A*,C,D). Merging region A with the 
inside yields (A, A*, C*, D*). Symmetry provides a total of ten primary 
options, applicable to both outside and inside. 

We seek all solutions for this system of 10 primary and 20 secondary 
options. Trying (C.D)? we are led directly to the solution (A. B. C. D. E)? 
(A*, B*.C*. D*. E#)'. In trying for other solutions we must avoid putting 
two “consecutive unstarred” schemes on the same side. But then the try 
(A)? implies (A. C*. D*)?(A*)* hence (A*. C.D)? contrary to the primary 
option (A*,C,D)*. Avoiding (4)? and by symmetry also (BY, (A)? ete., 
we would have to exclude A, B, O, D, E from both sides. But then the option 
(A*,C,D) would compel A* for both sides, contrary to the definition of 
minimal maps. This shows that the given solution is the only one. It 
corresponds to an inside composed of a single pentagon. 

For if the inside contained more than one region, a merging of the 
inside to form a single region would provide the outside option (A, B, C, D, EY 
leading to the solution (4. B.C.D.£)?. But then the corresponding inside 
option (A, B,C, D, EY could not be satisfied. Thus the case of an inside 
composed of more than one region is excluded. Hence the inside of a 5-ring 
must be a single region, a pentagon, and the outside must be colorable by each 
of the schemes using 4 colors on the ring, and by none other. It is to be 
noted that minimal maps must include 5-rings, one for each pentagon. By 
contrast the existence of 6-rings is only conjectural. 


6-rings. 


Let regions A,B,C,D,H,F constitute a proper 6-ring. Thirty-one 
| schemes are possible: 
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121212 = X 123123 = 0 123242 = H 
213 = F 124 = 9 243 = (* 
232 — E 182=1 412 =T 
234 = V 134 = D* 413 = P* 
312 = D 142 = A* 414= 8 
313 = B 143 = 8 423 = 7 
314= G 212 = C 424 = E* 
323 =? 213 == 3 432 = 4 
324 = B* 214 == 6 434 —= PR 
342 =U 232 = A 

348=5 934 = W 


The notation emphasizes the following cyclic groups (ABCDEF) 
(A*B*C*D*H*F*) (RSTUVW) (GH) (X) (0) (1238) (456) (789). 





We now derive 38 primary options, each applicable to both sides. 
Merging region A with inside: (A, C*, E*, H, BR, W,4,.7), six variants. 
Merging regions A and D with inside: (A*, D*,0,1,8,9), three variants. 
Merging regions B, D, F and inside: (A, C, E, H, X), two variants. Merging 
regions C, E and inside: (A, D*, R, W,1,4), six variants. Merging B and 
F, also C and E through inside: (A, D, X, 1,4), three variants. Merging 
B and F, also making C and E adjacent, through inside: (A*,C, E, H, T, U), 
six variants. Partitioning inside into two regions by an edge guarded by A 
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and D, then merging these subdivisions of the inside with B and £ re- 
spectively: (A*, D*, R,U,1,4,5,8), three variants, and clock symmetric: 
(A*, D*,T,W,1,4,6,9), three variants. Finally, partitioning inside into 
three pentagons by edges guarded by B, D, then annexing two pentagons 
to C and £, respectively: (B*,C, E, F*,T,U,0,2, 3,7), six variants. The 
modified map has fewer regions except when the inside consists of a single 
hexagon. For this exceptional case the option is justified for the outside by 
conjugating the edge guarded by C and £. 

Merging the inside into a single hexagon yields (Y,A,B,€,D,#,F,0,1,2,3), 
an option not applicable to. the outside of a 6 #1. Making two pentagons 
from the inside yields (A*, B, C, D*, E, F, G, H, X, 5, 6, 8,9), three variants, 
not applicable to the outside of 6 1 or 6 #2. Making three pentagons with a 
common vertex from the inside yields (A, B*,C, D*, H#,F*,G,H,R,S,T,U,V,W), 
two variants, not applicable to the outside of 6 #1, 6 £ 2, and 6 RÈ 3. 

Next we list all chain deductions from the first scheme in each cyclic 


group. 


CHX ACE 
A> (H,1) and (2074) - | x(t op): 


A* > (H, 1) and (U, 9) and (7,8). 0 — (1, 7) and (2, 8) and (3,9). 
G — (B, B*) and (D, D*) and (FP, F*). 1— (A, A*) and (D, D*) and (0, 4). 
AW i) RA 3) 
S B5’ UDT 
7 — (B*,0*) and (E*, F*) and (0,4). 


R — (D*, E*) and ( 4 — (1, 7) and ( 


The ring pattern odd-even-odd-even-odd-even occurs for the first time in 
6-rings and it involves more than two alternatives. Thus X : 121212 requires 
a selection of at least one scheme from each of six three-way choices (A, B, C) 
(B,C, D)(C, D, #) (D, E, F) (E, F, A) (F, A,B). We indicate all six of 

. {ACE 
these by the matrix ( DEB 
one of five sufficient ways (AD) (BE) (CF) (ACE) and (BDF), namely 
by any row or column from the matriz. 

The entire system of contingént options can be presented in a more 


) These requirements can be satisfied in any 


compact manner. We may arrange the schemes which involve simple odd- 
even-odd-even ring patterns in groups of four, 
AH BG CH DG ‘EH FG 10 20 380 
14* 2B* 30% 1D*° 2h* 3B 47 58 69 
B*V 0*W DFR EFS EF*T A*U 
70% 8D* O9H*®  7F3 8A* 9 B* 
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in which each scheme implies another scheme at an adjacent corner. ‘Those 
schemes which involve a threefold odd-even sequence around the ring we 
arrange in an array of 4 rows and columns corresponding to the design: 


121212 3232 3212 1232 YACE 
3432 1412 1432 3412 4DUT 
3214 1234 1214 3234 6VFW 
1434 3414 3434 1414 5SRB 


Each element in this square array is to be thought of as belonging to one row 
and to one diagonal.’ To obtain the 2 by 3 option matrix for any scheme 
we write the elements in the same diagonal below the elements in the same 
row, retaining the column pairings. Or we may read the contingencies 
directly from this square array. Thus scheme & implies one of five sufficient 
alternatives: all the schemes (58 B) in the same R-row; all the schemes 
(4A W) in the same #-diagonal; or one representative from the R-row and 
one from the A-diagonal chosen from the same column (45) (A 8) or (WB). 

The next task is to find all solutions for the system of primary and 
contingent options. From any one solution we can, of course, produce others 
by cyclic permutation, by clock symmetry, and by interchanging inside and 
outside. We shall count all these variations as belonging to the same solution. 
We are now in a position to state the theorem: The 6-ring options admit only 
these six solutions: 


Solution #1 (1 inside variation, 10 outside variations) 
Inside ABCDEPFX0123 
Outside A4*B*0*D*E*F*GH456789 and two pairs (RU)(SV)(TW) 
or more. 


Solution #2 (8 variations, each side) 
Inside A*BCD*#HPGHX5689 
Outside AB*C*DE*F*RTU W012347 
Neither side SV . 


Solution #3 (2 variations, each side) i 
Inside AB*CD*EF*GHRSTUVW 
Outside A*BO*DE*FX0123789 
Neither side 456 . 
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Solution #4 (3 variations, each side) 
Inside AB*C*DE*F*GHSVX456789 
Outside A*BCD*EFRTU W0123 


Solution #5 (6 variations, each side) 
Inside AB*CD*EF*GHRTUW4?7 
Outside A*BC*DE*FSVX01235689 


Solution #6 (12 variations, each side) 
Inside ABC*DE*F*GHRSX4578 
Outside A*B*CD*EFTUVWO012369 


Comments on these solutions: Solution #1 corresponds to a single hexagon 
inside; solution #2 corresponds to two pentagons inside, whose common edge 
in variation one is guarded by A and D; solution #3 corresponds to three 
pentagons inside, with a common inside vertex, whose edges in variation one 
are guarded by A, C, E. That is, we know the inside structure of the first 
three solutions and it is a simple matter to verify that such structures are 
4-colorable only for the schemes listed. We do not know the outside structure, 
and it is a matter of conjecture whether such structures, colorable as indicated, 
actually exist. 

An attempt has been made to list the solutions in the order of their 
simplicity, but since the geometric structure of the last three solutions is 
unknown, the assigned order is merely for reference. Likewise the distinction 
between inside and outside is arbitrary. Solution #5 (with schemes 5 and 6 
inadvertently omitted) was given by Birkhoff? He was disappointed in 
finding more than three solutions. But now that we know all the color 
solutions for the 6-ring, we can settle many questions without knowing their 
inside geometrical structure. In examining one side of a 6-ring we may 
consider in turn each of the 63 possible variations. Symmetry or other con- 
siderations may reduce the number of cases requiring separate study. The 
important contribution is that we have a tool for investigation—a partial 
“analytic geometry ” for maps—-which frees us from the necessity of drawing 
diagrams. We use geometric intuition to set up the options, but their 
simultaneous solution is a problem in permutations and combinations. 
Furthermore, our solutions are complete in the sense that each satisfies all 
the conditions proposed; and so no further results can be obtained from 
geometric devices which do not arrive at new conditions beyond those contained 
in our options. Our solutions are incomplete in that our options may not 
express all the conditions inherent in the geometric formulation of the problem. 
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Since the 6-ring theorem lists all solutions, we may set down a number 
of simple corollaries which summarize their characteristics. Observe that 
A and 4° are always on opposite sides; and that (G. H) are always opposite 
(0. 1. A 3). Also notice the absentees 4. 5. 6 in #3, and SV in #2, optionally 
absent in #1. The only solution clock-asymmetric is #6. The only solution 
with three-phase symmetry is #3. 


Inside Structure for 6-rings—Preliminary Considerations. 


Let 6kn indicate that a ring of six regions surrounds an inside group 
of » regions. It has already been mentioned that the first three solutions of 
the 6-ring correspond to 6R1, 6R2 and 6R3 respectively. 

If both 6Rn’ and 6En” have the same 6-ring solution, then w == n”. For 
if n’ is not greater than n” then the inside with n’ regions could be matched 
with the outside with mo — n” — 6 regions forming a non-colorable map with 
m = Mo — (n° — n’) regions. But mo is the minimal value of m; therefore 
n =n”. Except for the ambiguous 671 outside, if a geometric structure can 
be found fitting one variation, it could be rotated and reflected to fit all the 
other variations. It is conceivable that more than one geometric structure 
(different arrangements of the same number of regions) might fit the same 
solution, or that no such structure was geometrically possible. Again, such 
structures might be possible, yet not essential, features of every minimal map. 

Knowing the color solutions of the six possible Snes, it is natural to 
‘seek geometric structures meeting these requirements. But the trial and error 
method of examining one geometric candidate after another seems to be 
unfruitful. Birkhoff* cautiously confessed: “ In all the cases which I have - 
considered, the ring Æ of six regions containing more than three [inside] 
regions...is reducible.” (The terminology reducible means that the problem 
of coloring such a map reduces to the problem of coloring another map with 
fewer regions. In minimal maps reducible configurations simply do not 
occur.) We propose an approach to 6-ring structure by means of a cumu- 
lative series of questions. Excluding from consideration the 6/1 inside, 
6R2 inside, and 6£3 inside, whose structures are already completely known, 
our questions will apply to each side of all six rings. Each such side must be 
colorable according to one of the variations listed as possible in the foregoing 
6-ring theorem. Since the color schemes of each variation are known, we 
can decide whether its colorability is compatible with the conditions in 
question. When a like verdict is obtained for each of the variations, we have 
obtained a theorem valid for all 6-rings. If the verdict should depend upon 
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the variation, then we have a clue to the characteristics which distinguish one 
variation from another. Each successive answer will suggest the formulation 
of new questions. This is our program. The questions discussed in this 


paper are by no means exhaustive, but they will serve to illustrate the fruit- 
fulness of this approach. 


Can any inside region Y make multiple contact with the 6-ring? To 
avoid taboo 2, 3, 4-rings contact must be at opposite sides, say A and D. 
Then ABCDY and AY DIF are 5-rings, so that their insides X and Z are 
single regions. But then AY DZ forms a taboo 4-ring around Y. Hence 


multiple contact 1s excluded, and the peripheral cycle of inside regions making 
contact with the ring is a distinct set. 


Can any inside region contact as many as three ring regions? Since 
multiple contact has been excluded, the contact must be consecutive. If D’ 
contacts ABCDE then AD’EF threatens to form a 4-ring unless D’ is the 
only inside region, hence 6 #1. If D’ contacts only ABCD then ADDEF 
forms a 5-ring around D”, and D’D” are the two inside pentagons for 6 R 2. 
If D’ contacts only CDE then both ABCDEF and ABCD'EF would be 6-rings 
with DD’ forming a double link. N 

Designating the respective insides by Z and J we observe that J contains 
one more region D’ than-/. But the colorability of J and J are interdependent. 
Postulating scheme C for one side implies 7° for the other side, and con- 
versely. The same reciprocity holds for £ and U, A* and H, B* and 2, C* 
and 8, £* and 9, #™ and 3, S and 6, V and 5, 0 and 7. Of the three schemes 
B, F, @ postulating one for J implies an option of the other two for J, while 
postulating one for J implies both the other two for I. (Consequently 
postulating one of the three schemes for / implies a second for J, and the 
third for J.) The same implications hold for the triads A, 1, 4 and D*, R, W. 
Finally postulating X for one side implies D for the other, but I(D) > J(D, X) 
while J (D) — I(D. X), relations which could be obtained formally by treating 
D, D, X as a fourth triad. 

In view of these interdependent relations between J and J we may answer 
the double-link question by systematically trying all 6-ring solutions seeking 
an IJ fit. 

J (0,1, 2,3) —J (0.1.2.3. not-G. not-H) >I (AB*P*47) >J(B*F*) 
since B* is equivalent to not-B, F* to not-F. Thus we can ignore any postu- 
late J(0,1, 2,3) not coupled with J(B*F*). The alternate postulate J (GH) 
+ >I(BFA*) whence J is not-4. This excludes many J cases, in particular 
both sides of 6 #1 and both sides of #4. Since C.C* never occur simul- 
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taneously, we avoid putting T and 8 on the same side, J or I; likewise F. E* 
indicates U and 9 are incompatible; while D. D* indicates X or D should not 
be placed on J with either R or W. Only six cases for J pass these pre- 
liminary hurdles, and we examine these individually. i 


First case: J is #2 inside, first variation, with A*BOD*EFGHX5689. 
Then J is A*BC*DE*FGHRSTUVW, which is #3 inside, second variation. 


Second case: J is #3 inside, first variation, with AB*CD*EF*GHR- 
STUVW. Then I is RIE 1456 which does' not fit any 6-ring 
solution. 


Third case: J is #3 outside, second variation, with AB*CD*EF"*X0123- 
789, Then I is AB*C*DE*F*TU014% which fits #9 outside, first variation. 
This is the first case as seen from the other side. 


Fourth case: J is #5 inside, third variation, with AB*CD*EF*GHTV- 
' W869. Then Tis A*BCD*E* ‘FRSTU W123456, which does not fit any 6-ring 
solution. 


|. Fifth case: J is #5 inside, fifth variation, with AB” OD +EF* GH RSUV58. 
Then Zi R A*BO*D* EFRTU VW123456 which does not fit. 


Sixth case: J is #5 outside, fourth variation, A B*CD*HF*S VX01235689. 
Then J is ABYC™DE*F*RSTU VW1234567, which does not fit. 


Summary: In any 6R3 agile ‘each of the enclosed pentagons produces 
a double link, forming three associated 6 R2 structures. Otherwise, 6-rings 
do not possess double links ; no region contacts more than two ring regions. 
The regions in the outermost J shell belong to’ two types: corner regions 
which contact two ring regions, guarding their common edge; and lateral 
‘regions which contact only one ring region. Incidentally; since this shell 
‘certainly contains six corners, 6 #4 and 6 E 5 structures are excluded. 

If there are p regions in this peripheral I shell (p-shell: composed of 
corner regions and lateral regions) and h additional regions on the inside, 


-then the average number of sides for inside regions exceeds 5 by TLT 7-3 80 that 


if they were only pentagons and hexagons there would be p sia and 
h hexagons. í 

Can non-consecutive regions in the p-shell be adjacent? Having shown 
‘that the regions in the outermost shell are distinct, we show that they con- 
stitute a ring! The only contact between non-consecutive regions in the 
‘shell not forming taboo 3-rings, 4-rings, or 5-rings would be between lateral 
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regions at opposite sides of the hexagonal contour. Label the corner regions 
Rat AB, Sat BC, T at CD, U at DE, V at EF, W at FA. Let A’ be in lateral 
contact with A, and D’ with D. Postulating A’ adjacent to D’ forms a system 
of three 6-rings: ABCDD’A’ with RST inside, AA’D’DEF with UVW inside, 
and AFE DCB with WA’R outside. Designate the respective insides by I, J, K. 
Their colorability is interdependent. Thus [(A) and J(C) together imply 
K (not-£) else the entire map would be 4-colorable. In the ordered triad ACE, 
postulating the first scheme for J and the second scheme for / implies the 
exclusion of the third scheme from K. Symmetry in the definition of I,J, K 
allows the corresponding inferences from the triads CHA and FAC, (but not 
from HCA). 001 forms another such triad, and since the schemes 0 and 1 
are always opposite H, we conclude that at least one of the sides J,/,K is 
colorable H. We next try to assign color schemes to I,/,K consistent with 
the six known solutions but avoiding respective assignments which involve 
taboo triads such as Z(A).7(C).K(£). The method is simple but involves 
a consideration of many cases, and we omit the details here. ‘T’he conclusion 
from the systematic trials is that no fit is possible: the postulate A’ adjacent 
to D’ is absurd. Therefore the p-shell constitutes a p-ring. 

In an entirely similar manner we may dispose of the question: Can oppo- 
site corner regions W and T have a common neighbor X? Another system of 
6-rings is formed: DEFWXT, TXWABC, and CBAFED. Another system 
of scheme triads is formed such as OAD and again we may try for a fit. No fit 
can be made and the postulated structure is impossible. 

Since the six or more regions in the first shell form a ring each must 
be adjacent to some region in the second shell. Since the same region X 
cannot serve for both W and T there must be at least two regions in the second. 
(For p= 6 we may apply our 6-ring conclusions to the p-ring. The trials 
pR1, pB2, pR3 collapse, whence there would be a p’-ring within the p-ring.) 
That makes at least nine regions inside the original 6-ring, so we have 
excluded all 6 R6, 6 R7 and 6 R8 structures. 


Can the p-shell be another 6-ring, contiguous with the original 6-ring 
and consisting of corner regions only? Let the inside J of ABCDEF include 
ÈR and let the inside J of RSTUVW exclude A. Then the color schemes of J 
and J are interdependent. Thus J(B*) > I(A*B*0*D*0189), but since no 
6-ring solution contains 0 together with four “consecutive star” schemes, 
the postulate /(B*) is absurd, and by symmetry all star schemes are excluded 
from J. But then J would have to be the 6 R 1 inside, colorable by scheme 0. 
But J(0) leads to the impossible Z(M. 0), so that contiguous 6-rings do not 
occur. 
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Can the p-shell be a t-ring? We suppose a region A’ making lateral 
contact with A, plus the six corner regions. Then A’RSTUVW is a 7-ring 
contiguous with the 6-ring. Considering each of the 63 cases, the color 
schemes not possible for that side of the 6-ring including 4’ induce restraints 
on the coloring of the Y-ring. But too many restraints become inconsistent 
with the requirements of certain primary options for the 7-ring. In this 
. manner we may dispose of each case. Their verdict is unanimous, so that 
a Y-ring contiguous with a 6-ring does not occur. 


In like manner minimal maps reject the occurrence of an 8-ring con- 
tiguous with a 6-ring. The 8-ring possesses two lateral regions in addition 
to the six corner regions. We distinguish four structures: (1) A’ and A” 
sharing a vertex with A, (2) A’ and B’ in lateral contact with A and B, 
respectively, (3) A’ and C” in lateral contact with A and C, respectively, and 
(4) A’ and D in lateral contact with A and D, respectively. An exhaustive 
examination of each case shows that no color fit is possible, and the proposed 
structure is excluded. 

We conclude our current study of the inside structure of 6-rings with 
the question: Can alternate corner regions S and U have a common neighbor 
X in the second shell? If so, then UXSCD forms a 5-ring around the 
pentagon T. The colorability of the 7-ring ABSXUEF and of the 6-ring 
ABCDEF are interdependent. Let I be that side of the 6-ring which excludes 
X, and let J be that side of the -ring which excludes T. To each scheme 
for which J can be colored there are certain schemes excluded from J, lest 
the entire map be 4-colorable, contrary to our basic conjecture. Usually each 
I scheme excludes four J schemes, but B*, £*,0,2,7,9 each exclude six J 
schemes, while 1(X) excludes only two /-schemes. An examination of all 63 
cases for I shows that only one case is compatible with the supposed structure, 
solution #1 inside, that in which I is a single hexagon. Then C and D are 
pentagons, the primary components of an edge guarded by the pentagon T 
and the hexagon I. 

Franklin ë has shown that three pentagons and one hexagon cannot form 
an edge with the hexagon in primary position. But when the hexagon is in 
guard position, the 7 R4 structure is irreducible since its outside may be 
assigned color schemes compatible with all known primary and contingent 
options. 

The reader is reminded that these cumulative results concerning the 


€ P, Franklin, American Journal of Mathematics, vol. 44 (1922), pp. 225-236, 
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“inside structure” of 6-rings apply to both sides of solutions #4, #5, 
#6 and—with specified exceptions—to the outside of solutions #1,#2, #3. 

Neighboring the original six-ring £ are two more rings each containing 
at least nine regions. The p regions of each associated ring consist of six 
corner regions (guarding the edges between consecutive R regions) plus three or 
more lateral regions. Inside the p-ring a corner n-gon contacts n — 4 regions, 
while a lateral n-gon contacts n— 3 regions. Opposite corner regions have no 
common neighbor, and alternate corner regions have no common neighbor 
inside the p-ring. Defining the power of an n-gon as n — 5, the combined power 
of the p + A regions inside the 6-ring is precisely A. By resorting to geo- 
metrical trials it can be shown that the power A cannot be concentrated in five 
or fewer regions, nor yet in six hexagons. This includes the (weaker) 
corollary that A is greater than six. Combined with the knowledge that p 
is at least nine, we see that p + h exceeds fifteen. Thus 6&n structures with 
3 <n <n = 16 do not exist in minimal maps. The way is open to increase 
the value of p, h and no. Birkhoff? conjectured that six-rings not sur- 
rounding one, two or three regions might be a characteristic feature of all 
minimal maps. If one such ring is present in one minimal map of mo regions 
then mo is not less than 27 + 6. 


Proof of the Main Theorem. 


The superscript notation relative to scheme S provides for five classes: 


S* inside colorable S* outside not-colorable .”. (81, 8°) 

S? outside colorable S* inside not-colorable .". (97, 85) 
S* neither side colorable 

(RST)? == R°. 8, T? 


The problem is solved when each of the 31 schemes has been assigned 
one of the superscripts 1, 2, or 5 consistent with the primary and contingent - 
options. 

For convenient reference we tabulate herewith all the primary options: 


(1) (4,0, B,H,X) (21) (A, D*, W,R,1,4) 
(2) (B,D,F,G,X) | (22) (B, E*, B, S, 2, 5) 

(23) (C, F*, 8, 7, 3, 6) 
(3) (A,D,X,1,4) (24) (D, A*, 7,041, 4). 
(4) (B, EB, X,2,5) (25) (E, B*,U, V,2,8) 


(5) (C,F,X, 3,6) (26) (F, C*, V, W, 3,6) 


“XACE 
4DUT 


6VEW 
5SRB 
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(6) (A, D*,0,1,8,9) (27) (A4%,0,E,H,T,U) 
(7) (B*, B*, 0, 2, 7,9) (28) (B*,D,F,G,U,V) 
(8) (C*, F*, 0,3, 7,8) (29) (C*, EB, A, H, V, W) 


(30) (D*,F, B, G, W, R) 

(9) (4% D*,R,U,1,4,5,8) (31) (B*,A, 0, H,R,8) 
(10) (B*, B*, 8, V, 2, 5, 6, 9) (32) (F*, B,D, G,8S,T) 
(11) (C*,F*, T, W, 3, 4, 6, 7) 


(12) (A*,D*,7,W,1,4,6,9) (33) (B,E,C*, B*, W, R, 0, 2, 3,7) 
(13) (B*,E*,R,U,2,4,5,7) (84) (C, 4, D*, F*, RB, 8, 0,1, 3,8) 

(14) (C*, F*, S, V, 3,5, 6,8) (35) (D,B, E*, A*, 8, T, 0,1,2,9) 

(36) (B,C, F*, B*, T, U, 0,2, 3,7) 

(15) (4,C*, E*,H,W,R,4,7) (37) (F,D,A*,C*,U, V, 0,1, 3,8) 
(16) (B, D*,F*,G,R,8,5,8) (38) (A, E, B*, D*, V, W,0, 1, 2,9) 
(1?) (0,5%, A*, H, 8,7, 6,9) 

(18) (D, B*, F*,G,7,0,4,7) 

(19) (E, A*, O*, H, U,V, 8,8) 

(20) (F,B*, D*, G, V, W, 6,9) 


The contingent options have been arranged in compact “ color matrices ” 
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which will be indicated by enclosing the scheme found in the upper left corner 
in quotes, thus “ X,” “A,” ete. We are now in a position to seek systematically 
all the solutions of this combinatorial problem. 


Case 1. Excluding all “star” schemes from one side let (A*B*C*D* 
E*F*)4, Then “ R “8,2. “W” imply (RSTUVW789)*. Primary (6) 
yields the option (0,1)? but (0)'(7)* yields (1)! by “1”; therefore (0,1)* 
gives (1)*. Similarly, primaries (7) and (8) give (2)* and (3)*. We already 
have assigned three schemes to the inside, namely (123)*. Now (123)'(stars)* 
via “A,” “B? ete. gives (ABCDEF)*, and (A)!(WR)* via “X” gives (XY. 
Primary (1) with (ACEX)* gives (H)*, similarly primary (2) gives (G)?. 
Now (H)?(A)* via “A” gives (A™)?; by symmetry this applies to all the 
stars, thus (A*B*C“D*E*F*)% Primary (3) with (ADX1)* gives (4)?, 
similarly (4) and (5) give (5)? and (6)? Now (4)*(1)* via “1” gives 
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(7)2(0)!; similarly (5)? and (6)? give (8)? and (9)% We already have 
assigned ABCDEPX0123 to the inside and A*B*C*D*E"F*"GH456789 to 
the outside. Finally “ X” with (4)? provides the outside option (RU, TW)? 
while (5)? and (6)* provide the outside options (RU, SV)? and (SV, TW)’. 
These compel two pairs outside, for example RU and TW. All requirements 
are fulfilled so S and V may be assigned in any of four ways (SV)? or (SV)? 
or S°V* or S°V?. This is solution #1, the only possibility under Case 1. 


Case 2. Excluding five star schemes from one side, let (A*B*C*D*E*)*. 
Excluding Case 1 [already considered] we have (#*)*. From “ R> “U,” 
“yV?” and “W” we have (789RUVW)*. Now (#*)1(78)* via “8” and 
“T” yields (S)* and (7’)* respectively. Primary (6) provides the option 
(0,1)1 which combines with (7)* via “1” to give (1)*. Similarly primary 
(7) gives (2)! Now (1)*(A*D*)* gives (4)! and (DY via “A” and “D” 
respectively. Likewise’ (2)*(B*#*)* gives (BY and (EY via “B” and “E”, 
Primary (32) gives (G)?, which with (BDF*)* via “B” “D” and “|” 
gives (B*D*I’)*. Primary (20) gives (6)*, and (6)'(9)* via “3” gives 
(3)?; and (3)!(C*)4 via “O” gives (C)*. We now have (CF*S7T36)* con- 
tradicting primary (23). Thus Case 2 falls. 


Case 3. Excluding four consecutive star schemes from one side, let 
(A*B™C*D*)*, Excluding Case 2 [already considered] we have (l/*F*)?, 
From “U, “YV” and “W” we have (UVW?89)* and now (L*F*)* via 
“R “S” and “T?” gives (RST)*(7)°. Primary (6) provides the option 
(0,1)! which combines with (7)* via “1” to give (1)*. Now (1)*(A*D*)* 
via “A” and “D” gives (AD)!. At this point (BC)? would be absurd. 
For (BC)?(B*C*)* via “B” and “C” would imply (G@H23)* which is 
incompatible with (#*)+ by virtue of “E”. Accordingly (B,C)* and from 
the symmetry we may choose (C)*. 

Then primary (31) gives (H)*, and then (H)*(ACE*)? via “A,” “C” 
and “E” gives (A*C*E)?. Now (EY (AC)? via “X” gives (5)?. 

Further (C*)?(7)3 via “V” gives (V)*% But then (EA*C*HUV58)* 
is incompatible with primary (19). Thus Case 3 falls. 


Case 4. Let (A*B*C*)4(E*)3. Avoiding case 3 already considered we 
have first (D*F*)* and then (A"C*)?. Thus case 4 has the symmetrical 
form (D*F*)*(A*C*)*. (E*)*(B*)4 Now (A*B*C*)* via “U” and “V” 
gives (UV79)*, while symmetry gives (£979)*, therefore (79)5. Again 
(D*F*)*(79)5 via “R” and “8” gives (RS)*, while symmetry gives (UV )?. 
At this point (H)* is absurd for (H)*(A*C*)? via “A” and “CO” would 
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give (AC)*, but the resulting (E*ACHES)® is incompatible with primary 
(31). This absurdity of (H)* establishes (H)*, and symmetrically (G)?. 
Since scheme 2 cannot be on both sides, either (2)° or (2)*. We remove 
symmetry by choosing (2)3. With (G)* via “B” this gives (BB*)3. Pri- 
mary (7) yields (0)?, while (0)?(729)? via “1,” “2,” and “3” gives (183)?. 
Now (13)?(D*F*)* via “D” and “F” compels (DF)?, but the resulting 
(FDA*C*UV0138)? is incompatible with primary (37). Thus case 4 falls. 


Case 5. Excluding three consecutive stars from one side, let (A*B*C*)4. 
Fallen case 3 requires (D"“F*)1, and fallen case 4 requires (£*)? From 
(A*B*C*)4 via “U” and “V” we have (UV79)* which in turn combines 
with (D*F")?(#*)? via “A” and “S” giving’ (RS)*(79)?. 

If (0)* then primary (7) would require (2)*®. But this would give (5)* 
and (#)* via “2” and “E” respectively; and (55£)!(UV)! via “X” would 
give (BX)?. 

But (BEX25)! is incompatible with primary (4). The absurdity of (0)* 
establishes (0)*, and (0)!(79)? via “1” and “8” establishes (13)! which 
in turn combines with (A*C*)* via “A” and “C” to give (AC)*. Now 
(ACD*F*RS013)* and primary (34) yields (8)?, and (8Y (0) via “2” 
gives (5)?(2)*!. Again (2)1(#*)4 via “E” gives (EV. But (5)? via “X” 
is Incompatible with (FES)'. Thus case 5 falls. In any additional solutions 
each side must contain at least one of any three consecutive stars. 


Case 6. Let (A*C*H*789)?. 

Fallen case 5 compels (B*D*F*)* which combines with (789)? via 
“RY: “W” giving (RSTUVW)}. 

At this point (GŒ)? is absurd. For (@)?(B*D*F*)* via “ B? “D” and 
_“#F” gives (BDF)*, and (B)? (REY via “X” gives (X)*. But (BDFGX)? 
is incompatible with primary (2). The absurdity of (G)? establishes (G)*. 

Using (B*D*F*RSTUVW)'(G)? primary options (28), (30) and (32) 
provide the three outside options (D, F)? and (F, B)? and (B, D)?. Thus 
the outside-contains at least two of the three schemes B, D, FF and we may 
exploit the symmetry by choosing (BD)? Then (BD)?(G)*(B*D*)* via 
“B” and “D” gives (12)°(G)*. Also (1278)? via “1” and “2” gives 
(045)*. Now (#)*(B5)* via “ X ” gives (4)!, and (A)!(1)? via “A” gives 
(H). In continuation (H)'(C*L*)? via “0” and “E” gives (CH)*(8)?, 
and (3)?(F")* via “F” gives (/)?, restoring the symmetry, whence also 
(6)*. Finally (ATU)? and (ERS) and (CVW)? via “X” require (456)? 
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which combines with (456)* to give (456)°. The assignment (04)? is 
completed by (1)7(4)° via “1,” and by (B)?(RS)! via “X,” respectively. 
The result 


(ACEB*D*F*GHESTUVW)'(BDFA*C*E*X0123789)*(456)° 
satisfies all requirements. This is solution #3. 


Case 7. Excluding alternate stars from one side, let (A*C*£*)4 Fallen 
case 5 compels (B*D*F*)* and (A*C*E*)? From “R”---“W” the 
contingencies (7, SV) and (8,7W) and (9,RU) apply to both sides. 
Assigning 7-8-9 to the same side is case 6, so we seek new solutions by 
assigning two of these schemes to one side, the third scheme to the other 
side. Symmetry makes (78)*(9)! typical. We have therefore (A*C*E*78RU)* 
(B*D*F*9STVW)® Then (R)°(SW)! via “X” implies (45)*. 

An inspection of “X” reveals that (X)* is absurd. For (STX) 
implies (C)*; (VWX)? implies (F)?; (CV)? implies (6)*; and (FF*)? 
via “ F” implies (3)?. But (CFX36)* is incompatible with primary (5): 
Accordingly (XY. 

It is readily shown that both (6)* and (@)* are absurd. On the one 
hand (6)?(SVW)! via “X” gives (C7)?, and (6)°(9)* via “3” gives (3)?. 
But (CFX36)? is incompatible with primary (5). Therefore (6)8. On the 
other hand (@)?(B*D*F*)* via “B” “D” and “F” gives (BDF)*, but 
(BDFGX)* is incompatible with primary (2). Therefore (G)*. 

Now however primary (20) requires (F)?, which combines with (6VW)? 
via “X” to give (BD)?, and in continuation (BDF)?(G)* via “ B” “D” 
and “F” gives (123)?(G)!. Again (3)?(6)*(9)* via “3” gives (0)?(6)!. 
If (#H)* then (123)? via “A,” “C” and “E” would compel also (ACE)*, 
but the resulting (ACHHX)* is incompatible with primary (1). Therefore 
(H)* is absurd, and instead we have (H)*. Now (H)'(A*C*£*)? via “ A,” 
“OC” and “E” gives (ACE)! The complete assignment of schemes 


(ACEB*D*F*GHSTVW69)!(BDFA*C*E*RUX01234578)? 


satisfies all requirements. It is solution #5. 

The seven cases already investigated have served to indicate three solutions 
(listed as #1, #3 and #5). By virtue of case 5 and case 7 any further 
solutions must be obtained by assigning to each side at least one scheme from 
each consecutive group of three stars and at least one from each group of 
three alternate stars. 


Case 8. Let (B*0*E*F*)'(A*D*89)?. The hypothesis of this case 
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combines with the contingencies “R”---“W” to give (RTUWP(SVYY. 
We readily see that (0)? is absurd, for (0)?(7)* via “1” implies (1)?, but 
(A*D*0189)? is incompatible with primary (6). Therefore (0)*, which 
combines with (89)? via “2” and “3” to give (56)*%. Then (5)?(SU7)? 
and (6)*(7V)* via “XA” imply (BH)? and (CF)? respectively. Also 
(B)?(RS)* via “ X” implies (X)*. Again (BEX5)? and primary (4) yield 
(2)*, while (CFX6)° and primary (5) yield (3)!. Now (BC)?(23)* via 
“B” and “C” yields (GH)*, and (2)*(5)? via “2” yields (0)% An 
inspection of “ X ” shows that (BC5)? infers S*, and that (EF6) infers V*. 
These results combine with (SV)* to give (SV), while (#*)*(S)* via “8S” 
gives (7)?. 

Finally (CHHX)? and primary (1) compel (A)?*, while (BFGX)* and 
primary (2) compel (D)*, so that (AP (HY via “A” gives (1)!, and 
(DY (BF)? via “X” yields (4)*. The completed assignment 


(ADB*C*E*F*RTUW012347)!(BCEFA*D*GHX5689)?(SV)? 
satisfies all requirements. This is solution #2. 


Case 9. Let (B*C“E*F"89)!(A*D*)?, The hypothesis of this case 
combines with the contingencies “Rh”: “W” to give (RTUW)?(SV7)?. 
Primaries (7) and (8) provide the outside options (0,2)* and (0,3)? respec- 
tively. Accordingly (23)? is compulsory, since it follows both from (0)? via 
these options, and from (0)* with (89)* via “2” and “3.” Then (2)?(B*£E*)! 
via “ B” and “E” gives (BE)? (GHY, and (8)?(C*F*)? via “C” and “FP” 
gives (CF)*, In continuation (H)'(A*)? via “A” gives (A)!(1)?, while 
(G@)1(D*)? via “D” gives (D) Via “X” from (A)?(RW)? there follows 
(Xy, and from (D)'(BF)? follows (4)?, Now (1)*(4)* via “1” gives 
(0)?(7)*, and (39)*(0)° via “2” and “3” gives (56)*. Finally (5)!(B7)? 
via “A ” gives (SV)! The result . 


(ADB*C*E*F*GHSVX456789)!(BCEFA*D*RT UW0123 y 
satisfies all requirements. This is solution #4. 


Case 10. Excluding the special cases comprised under case 8 and case 9 
let us consider (B*C*E*F*)!(A*D*)". The contingencies “R”- + -“W” 
provide the restraint (SV7)%, and the options (8, TW) and (9, RU) applicable 
to both sides. Accordingly 8 and 9 must each be assigned to one side or the 
other. Putting 8-9 both outside is case 8; and putting 8-9 both inside is 
case 9. There remains only the possibility of putting one inside, the other 
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outside. As the two choices are symmetrically equivalent, let us consider 
(8)*(9)? whence (TW)?(RU)!. Under case 10 we therefore examine 


(B*C*E*P*RU8)'(A*D*TW9)*(SV?)?. 


Primary (8) reduces to the outside option (0,3)? The trial (0)? is 
contrary to this option since (0)!(9)? via “3” gives (3)*. Therefore (0)*, 
and (8)!(0)* via “2” gives (5)!. The trial E° is likewise absurd. For 
(EE*)* via “ E” gives (2)?, but (EB*UV25)* is incompatible with primary 
(25). The absurdity of (Æ)? establishes (Z)*, which combines with (UV5)? 
via “X” to give (ACX)?. Now (AA)? via “A” compels (H)*, but 
(ACEHX)4 is incompatible with primary (1). Thus case 10 falls. 


Case 11. Putting three stars on each side, [but not alternately as in 
case %] let (A*B*D*)?(O*E*F*) a l 

From “T” and “ W”? we obtain the option (8, TW) applicable to both 
sides, and we may remove the symmetry by choosing (8)'(TW}?. From 
(E*F*) in “8” follows (87)?, and from (A*B*)? in “U” follows (U9)*. 
But (B*)*(7)8(C*)* in “ V” gives (VY? (TY, and (#*)*(9)*(D*)? in “R” 
gives (R)!(9)?. 

Try (0)% Primary (8) compels (3)*. Then (3)°(C*F*)! via “CO” 
and “F” gives (CF)?(GH)*, and (GH)*(A*B*)? via “A” and “ B” gives 
(AB)?(12)?. Now (1)°(0)? via “1” gives (4)?, but (A)*(CW4)? is incom- 
patible in “X.” Then the trial (0)? fails, and instead we have ‘(0)?. 

Now (0)?(78)? via “1” and “2” gives (12)?(45)*, and (2)?(H#*)? 
via “E” gives (#)*(H)*, whence (H)*(A*)* via “A” gives (A)*. At this 
point primary (31) compels (C)?, and (C)*(H)* via “C” gives (3)?. Then 
(3)°(F*)! via “F” gives (FY (GY, and (G)!(B*D*)? via “B” and “D” 
gives (BD)?. 

Examining “X,” we find (WY: (AR)! gives (6)?, while (A)1(CW)? 
gives (X)*, whence (#)?(XA)* gives (U)?, and (5)*(EU)? gives (S)*. The 
result (ABDC*E*FP*GHRSX4578)!(CEFA*B*D*TUVW012369)® satisfies 
all requirements. It is solution #6. 


Case 12. Avoiding three stars on each side there remains but one other 
pattern to consider. Let (B*£*)!(A4*D*)?(C*)®(Z#*)®. For if one side has 
more than three stars, the other side [except in case 1] must have diagonal 
stars, and we have the pattern (A4*D*)?(B*C*E*F*)! the consideration of 
which was concluded in case 10. If neither side has more and: one side has 
less than three stars we have the pattern (A*D*)?(B*C#E*)3(#*)5 in which 
the selection (F*)" merely removes the symmetry. But F*,A*,B* and 
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D*, E*, F* are consecutive stars, so that to avoid duplicating case 5 we must 
specify (B*£*)! as has been done. 

From (B*C*H*I*)? via “S” and “V”? we have (SV7)*%. From 
(A*F*)* via “T” we have (7°8)4. From (B*E*)!(A*D*)? via “R” and 
“U”? we have the option (9, &£U) applicable to both sides. 

We next show that (2)* is absurd. For (2-8)* via “2” implies (05)*4 
while (B*)*(2)* via “B” implies (G)!, and (@)!(D*F*)* via “D” and 
“F” implies (DF)*. Now primary (28) compels (V)?, and using the option 
(9, RU) also (R)*. Again, primary (2) reduces to (B, X)”, but since 
(B)?(1°8)® via “X” implies (X)?, therefore (B, X)?” implies (X)*. Then 
(XY (DFY via “X” gives (£)? Meanwhile (#*)*(2)* via “E” gives 
(H)*, and (H)*(A*)* via “A” gives (A)*. However (A)* is incompatible 
with (ERA)? in “X.” This absurdity establishes (2)*. 

Next examine (9)'(RU)*, Primary (7) yields (0)*, and (2)1(0)? via 
“2” gives (5)1(8)°, while (9)*(0)? via “3” gives (6)!(3)?; and (0)?(7)* 
via “1” gives (1)?. Now (3)?(C*)#(F*)*® via “C” and “F” gives 
(CF)?(G)*, and (@)*(1)? via “D” gives (D)*. With (25)* primary (4) 
reduces to the outside option (B, E, X)?. Since (X)1(CDF)! via “ X” would 
give (BE)! voiding this option, therefore (X)*. Then (DRX)* via “X” 
compels (B)*. But (BDFGX)* is incompatible with primary (2). This 
absurdity establishes (9)?(RU)?. 

Primary (6) reduces to the inside option (0,1)*. Since (1)? and (7)? 
via “1” yields (0)*, and (1)* also yields (0)*, therefore (0)?. 

Try (B)*. Then (B)?(RS)* via “X” gives (X)*, and (B)?(2)* via 
“B” gives (G)?, and (GY (F*)5 via “F” gives (FY. Then (FTX)* via 
“ X” gives (D)'. But (BDFGX)* is incompatible with primary (2). Trial 
(B)? fails and therefore (B)?. 

In conclusion (BRY)? via “X” implies (5)%, and (BB*)*® via “B?” 
implies (G)3. Then (D*)*?(G)? via “D” gives (1)*, so that the option 
(0,1)* gives (0). Now (0)7(1)? via “1” gives (7)*(4)*, and (0)1(9)? via 
“3” gives (3)4. Again (05)*(8)‘ via “2” gives (8)°. But (C*F*0378)? is 
incompatible with primary (8). Thus case 12 falls. | 

All ramifications of the combinatorial problem have been investigated, 
and we may conclude that there are six and only six solutions, as indicated. 
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A NOTE ON FINITELY-ADDITIVE MEASURES.* 


By Erren F. Buck and R. ©. Buck 


1. Introduction. In a previous paper, one of the authors has discussed 
a finitely-additive measure defined in J, the positive integers.’ In Section 1, 
we show that this is typical in that any separable measure in a countable space 
is equivalent to this measure under a 1:1 map of the space onto the integers.” 
In Section 2, we define continuous maps of J into the interval (0,1) which 
are non-trivial and which generate there the usual measure. Section 3 
and 4 deal with certain aspects of the topology defined by the arithmetic 
progressions. 


2. A mapping theorem. Consider a countable class Do of subsets of J, 
the space of positive integers. Deo is the minimal class containing all finite 
sets and arithmetic progressions, which is closed under finite union and dif- 
ference. In Do a finitely-additive measure A may be defined such that 
A({an + b}) =1/a while A(F) —0 if F is finite. Let D*, be the finite 
Carathéodory closure cl[ D>, A] of Do with respect to A. A set S belongs to 
D*, and has measure A*(S) if for any e > 0, there exist sets B,, Ba e Do with 
B,C SC B: and A(B,— By) < &. 

Let X be a countable space in which there is a finitely-additive measure Q 
defined on a class of subsets PM, closed under finite union and difference, such 
that the measure of a point is zero, and Q(X) = 1. If this measure [M, 9] 
is in addition separable, so that there is a countable subclass Mo of Mm satis- 
fying: (i) M —cl[ Mp, Q], (ii) Mo contains no infinite sets of measure zero; 
and, if, (iii) Q(A) is rational for every set of Yo, then the following theorem 
holds. 


THEOREM 1. There exists a 1:1 map T of X onto I such that T{ Mo} 
C Do, T{M} C D*, and if Ae M, then O(A) = A*(T(A)). 


* Received November 1, 1946. 

* R. C. Buck, “The measure theoretic approach to density,” American Journal of 
Mathematics, vol 68 (1946), pp. 560-580. This paper will be henceforth referred to 
as [M]. 

? This includes an unpublished result on sets having density, due, we believe, to 
S. Ulam. 
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We may clearly assume that Mo contains X and all the finite subsets of 4, 
and is closed under union and difference; for if not, we adjoin these sets and 
take the finite Borel extension which is still countable. Restriction (ili) is 
relatively unimportant. Since the measure values which occur for sets in Dy 
are all the values in [0,1], the theorem, without (iii), holds if T{9M.} C Do 
is deleted. Condition (iii) is clearly necessary for the stronger form. We shall 
denote the cardinal number of any set S by |5 |. 


Lemma. Let Ae Mo, BeDy be sets such that | A|==| Bl, Q(4) 
= A(B). If Ag CA, Age Mo, then there exists a set By C B belonging to Do 
such that: (a) @(Ao)—=A(Bo), (b) | 4o|= | Bo], (e) |A—Ao| =| B—Bo |. 


Proof. (i) Suppose that 0 < Q(Ay) = p/q < Q(A) = 7/8. Write 


b ar e [I * » . ‘ 
B = |} Piv F where P; are disjoint progressions with common difference gs, 


$=1 
and F is finite. Choose ps of the P; in order of their first terms and call their 
union By. We see that Bo G B, Boe Do, and A(Bo) = p/q = Q (4o). More- 
over, By is infinite and B— By consists of gr — ps > 0 progressions P; and 
is also infinite. But so were A, and A— Ao. Thus (b) and (c) hold. 


(ii) Suppose Q(40) =0. Then Ao is finite and | 40| + | A — Ay | 
= | A |. Choose Bo as the first | Ao | terms of B. 


(iii) Suppose Q(A,) (A). Choose B — By to be the first | Aa Ao | 
terms of B. 


Consider the vector e = (e, e,° * *, en) where e; is 0 or 1. Set?=—Se 
and for any set S define eS to be S if e == 1, and to be its complement 8’ 


if e = 0. Let (Ai, Ao, + `, An) be A eA; Thus if e£ e, e (Ait, Án) 
i=1 
€ (Aa; i Ae) = 0 and VY, e(A1,* uu: Án) == U Ai. 

Order the sets of Ino into a sequence "i (1==1,2,---). Since 
A,X, Q(X) = 1 = A(I) and | X | = |Z|, we can choose, by the lemma, 
a set B,eD, such that A(B:)=Q(A4;) and |B, |=] 4|, | X— A; | 
==|I—B,|. There exists a 1:1 map T of A; onto By. 

We extend this map to A,u A». Consider A: — A; e Mo; it is contained 


in X — A, e Mo and, applying the lemma, there exists a set Z1e Do, FH, CI 
— By, such that | Ao Ai | = | E, |, 


| (X¥ — A) — (42 — 4.) = |(Z—B,) Z| 


and 0(A,— A.) == A(H,). Let T be a 1:1 map of As Ai onto E. Con- 
sider now A." Ai; again applying the lemma, there exists a set Fe Do, 
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E, C B, with | E| = | 43° A. |, | Bı — E: | = | A: — (4:09 42)| and 
A(E:) == (A,°%A;). Since T is a 1:1 map, T(A^ A;) is a subset of B, 
with the same cardinal number relations as A» «A,, and therefore as Ea. 
Let o be a 1:1 map of B, onto = which maps T(A4. 4) onto F. Set 
B, = E, v Ba. 

Define the extended T to be r on A:— Á and oT on A;. T is now 
defined on A, v A». It may be easily verified that T has the following properties 
for n = 2. 


(oy Ajay (ABs, GA Ae), Gates). 
(8) T(e(A4, As, ° f -,An)) = €(B,, Bo,’ ` Daly all e> 0, v 


(y) | e( Ai, Áa * : +, An) | = | (Bi, Ba, i °,Bn)| 
O(e(A, Aa, i +, An)) = A(e(B., B.,: Sei Bn)), all E, 


Suppose that T has been defined on Sx = Ù A; with properties (a), (8), 


and (y) holding for n=%. We extend T to Sru Ár = Srn Let 
Fo == Aksı — Sx. On this set T has not yet been defined. (£) and (y) imply 


le k k 
that T(S) = U Bi, | Sx | = | U Bil, O(S) = A(U B;), and |X — S| 


= | Z — Ù B,|. Thus, by the lemma, there exists a set EC CI—-U B: such 
that E,eDo, | Eo | = | Fo |; | (X — S) — Fo | = |(I— U B:) — F. | and 
Q(Fo) =A(E,). Let 7 be a 1:1 map of Fy onto Eo. 

Let Pe = Ati “efn Aat tet, Ar), €>0. TCR.) has already been 
defined; however, by (y) and the lemma, there is a set Fe in «(Bi,- > +, Bx) 
such that A(E.) =O(F.), | Be | = | Fe | = | T (Fe) |, and 


| €(Bi,+++, Be) — Ee | = | e(r +, 40) — Fe | = | e(Bi,---, Br) —T (Fo). 


Let c: be a 1:1 map of «(Bi,: - -, Bx) onto itself such that T (Fe) is mapped 
onto Fe Set Brn = How (U Fe and define T*, the extended T, on Srn to be 
E> 0 


ron Åk — Sy and eT on e(41,* + +, Ag). TĦ has properties («), (8) and 
(y) for n==k +1. We give here only the proof of (a); the others may be 
proved in a similar fashion. Suppose that 1 k: 


T* (As) cae e(z: - t, Ax))= U U oeT'(e( As,” - +, Ax)) 
=U Tele (Ba: . ‘,Bx)) = U (Fi: Rra “©, Ba) ay e 


Thus, none of the sets Bi, i i< k, have been altered and | A; | =| B; |, 
Q(Ai) = A(B;). If i= k- 1, then 
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T* (Ars) = Pe ( (Ars ca Si) uU (Ara ch, Sx)) 
= 7(Fo) U LT (Ania = e(A, AA Ax) ) 
E>0 


= Bou U aT (Fe) = Bou U Be = Bee 
E» 0 “E> 0 


Since T* is 1: 1, | Ara | = | Bra |. Finally, 
A(T*(Ax1)) = A(Hou UE.) = AE) + SAE) 
E> 0 € > 0 


== (Ho) + OCF) = Q (Arn). 
z> 0 


We have thus defined the mapping T recursively; since every point p of X 
occurs in a unit class {p} in Mo, T(p) is determined and its image will not 
be altered in further stages of the induction. Moreover, since X occurs in 
Mo, X is mapped onto I by T, and (a), (8), (y) hold for all n, proving the 
first part of the theorem. 

Now, suppose that Re M; since M is the finite Carathéodory extension 
of Mo, for any e > 0, we can find sets A; and A; of Mo such that A, CRC Aj, 
and Q(A;—-4;) < e. Let T(R)=S$S. Then T(A:) —=B,CSCB; and 
A(B:—B;)<e so that Se Dy, and since | Q(R) — A*(S)| <e for any 
e > 0, Q(R) = A*(8). This completes the proof of the theorem. 

More generally, let [ 9, Q] be any finitely-additive measure on a space X, 
and let $ be a 1:1 map of X onto XY. Let M*=@{7}, and define Q*(A), 
for AeM*, to be Q6(A). Then, [%*,Q*] is also a finitely-additive 
measure on X. We call any measure obtained in this fashion a replica of 
[9n,Q]. It is clear that any replica of a separable measure is separable. 


COROLLARY. Any separable measure on I is a contraction of a replica 


of [D*,, AF]. 


For, given [M, Q] on J, there is a map T of I onto I such that T{WM} 
CD*, and O(A) = A*T(A). If [ M*, Q*] is the replica of [D*,, A*] given 
by ¢= T>, then MC M* and O*(A) —OQ(A) for Ae MN. 

3. Continuous functions. Let Y and Z be topological spaces and f be 
a continuous mapping from Y into Z. Then if a measure m is defined on 
open sets of Y, a measure m* can be defined for open sets O of Z by m*(0) 
= mf-1(0). It is clearly sufficient that m need be defined only on open sets 
which arise as inverse images of open sets of Z. We shall discuss this con- 
struction when Y = I, Z == (0,1), the open unit interval, and m=A*; we 
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shall show that for a simply defined function f, m* coincides with Euclidean 
length for open intervals (a, 8). 

We introduce a natural topology into J by choosing for neighborhoods 
all progressions. Thus a general neighborhood of a point pel will be the 
progression {An + p}, (1==0,1,2,:°-). These sets are both open and 
closed and so the space is totally disconnected.” We may define many con- 
tinuous real-valued functions. For example, the characteristic function of any 
neighborhood is continuous. Such a function is, in a sense, a trivially con- 
tinuous function even though it is not constant. For our purpose, we construct 
a non-trivial 1:1 real-valued continuous function. 

For any Nel, we may express N uniquely in the form N = a + ar - 
-+ Gor? +--+ + e + Qnr” where r and g; are integers, r= 2 and 0S a <r. Let 
fr( N) = aor? + ay? +++ ++ ay, This is uniquely defined for all N 
and maps J in a 1:1 manner onto the set of rational numbers in (0,1) of 
the form 4/7*. 


THEOREM 2. The function fr is continuous, and if O is the open interval 
(2, B) on (0, 1); then fr7(0) € H*, and A*f,-3(0) = B— a. 


Proof. Tf fr(N) e (Ar*, (A + 1)r*), then fr(N) = Ar® + agt 
+ Zrt T? + - + + where the a; are ultimately zero but at least one is not zero. 
Write Ar == ag? + au? ++ + ++ Qpr; then 


N = (a p are + Og) (om Arar +: + +) 


and N ==a + r*n where n is some positive integer. As f.(N) ranges over 
(Art, (A + 1)r*), n ranges over.all positive integers and thus 
fr7{(Ar*, (A + 1)r*)} is the progression {1n + a+ r*} (n= 0,1,2,°-°), 
which is an open set. Similarly, the inverse image of the interval 
[Ar*, (A+ 1)r*) is the progression {rn+ a} (n=0,1,2,::-). Thus 
the inverse image of (Ar, Br-*) is the sum of B— A disjoint progressions 
of the form {r*n + a}, is open and belongs to De. Hence fr is continuous. 
Moreover, Afr{(Ar®, Bi) } = r*(B_— A). 

For any (@, 8) in (0,1), we may choose rational numbers such that for 
large k, 


* This implies that the space is metrizable; for example, let 
hess 
pley) = | faol) — fap (Y) | 270% 


Q,b=1 
where f, y is the characteristic function of fan 4-b}. The space is not compact. 
Topologies of this type on the additive group of integers are often used as illustrations— 
c.g., Pontrjagin, Topological Groups, p. 57. 
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At <= a = Aa < Byr* < BZ Barh 
and 
lim Ayr-* = lim Agr = Q, lim By = lim B'r” = 8 . 


If S=fr-1{(,B)}, the sets of Dy corresponding to (A4/r%, Bi*) and 
(Ax, Byr*) approximate S from within and without such that the A-measure 
of their difference is (Bx — Ax)r* — (B’,— A’,)r-* which approaches zero. 
Thus the set S belongs to D*, and ui = lim(Br— Ax)r® or A*(S) 


= 8 — a, 


4. Decompositions. We cannot conclude that the inverse image of an 
arbitrary open set in (0,1) is measurable A* for there are open sets in I 
which do not belong to D*. Any open set in I is a union of progressions; 
since'the union and difference of any two progressions is either null or a finite 
union of disjoint progressions, we may express any open set as a countable 
union of disjoint progressions. Let D D D* be the class of subsets of J for 
which a density exists, defined as D(S) = lim S(N)/N where dii ) is the 
number of terms of S not greater than N. 


THEOREM 3. Let S be an open set in I, S = U) Bi, where By = {bin +-a;} 
and B° B; =0 if ij. Let A= {ai}. Then, S—AeD.and D(S — A) 
Proof. Clearly S(N) == 3Bi(N). Since Bi = {bin + aj}, 


on $1+N—a)/bi] if aS 
BN) = j 0 dg N 


/ 


Thus ; 
S(N)=> X 1+ X [(N_—«&)/b:] 
i=N EN 3 
or 
| (S(V) — A(N))/N= VI i, [(N— ai) /bi] = un. 
Since 


Ww SYN E N/i= "yp, 


lim uy < 8. For the other ACRI choose some index &; if N is sufficiently 
large so that N > ax, 
= [O — a) /01/N 
did 
and as N increases, | 
lim uy = È 1/bs. Then letting k increase, lim uy = £. 
ar 
COROLLARY 1. SeD if and only if Ae D PE, then D(S) = D(A) + B. 


a 


j 
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Since J is = Wet Coie it as -the, union of disjoint progressions ; 


in particular, I == U aan ae, a More generally, if r is any TORET r= R, 
I =U B; where B= {rin 4 ai}, and B: a B; = 0 if 1-47. To etteck, this 


we need only’ choose a, = 1, and choose dyn as the least integer in I — Ù Bi. 
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From this decomposition we see at once that there are a non-countable number 
of sets both open and closed. Observe also that | 


p— DAB) = Z1/=1/(—1) 


which may be made arbitr arily small. Applying the above theorem to such a 
decomposition, we obtain in particular: 


COROLLARY 2. There exist open sets not in D. 


Let T= {3in+ a} = UBi, Bia B;=0. Since JeD, A= {aj} 
belongs to D and D(A)=1—8=1/2>0. Select a subset A, of A which 
does not have a density, and define Sas U Bi. By Corollary 1, this open 
set cannot belong to D. ray 

Such decompositions of T also yield open sets which belong to’ but not 
to D*,. A set E is everywhere dense if its closure is J; then, every progression 
meets Æ in an infinite number of points.* This is equivalent to A(E) = I 
-where A(#) = inf A (B) for EC B and B in D,. [M]. 


THEOREM 4,° If T= {rin + ai} is ‘a disjoint decomposition of I, 
= {ai}, then A’ = I — A is an open everywhere dense set belonging to D 
si ifr > 2, not t0 q)*,, 


Proof. A’ == U {rin +- ai + 1t} and is open but not closed. To show 
that A’ is everywhere dense it is sufficient to. show that every progression 
{Am +- 4;}, meets A’ infinitely often for.every A and 7 (A,7="1,2,: °°). For 
then the closure of A’ is Z. If two progressions have one point in common, 
their intersection is infinite. If we choose t= 7, m==<7), n+1=AZ 1, 
then for any A and j, Am + aj = trin + a; + ri; thus A(A’) == 1. By the 
previous theorem, A’ belongs to D and D(A) = (r—2)/(r—1). Since D 


ok 
agrees with A on Do A(A) Z D(A). It Ca=U {rin + ai 4 7%}, then 
: I i ‘0 deh 


* Added in proof. Everywhere dense sets predominate. A measure may be defined 
in 21 by a dyadic mapping of this onto (0,1). [M] By a standard application of 
Rademacher functions, one may show the following: if A C I does not have unit lower 
density, the class of subsets of A has zero measure. Hence, almost every subset of J 
is everywhere dense in J (extremal) and Di has measure zero. This answers a 
question raised in [M, p. 580]. 
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A(A) Slim A(C’,) =1— Ñ 1/r. 


Hence A(A) = (r—2)/(r—1). If r>2, A(A) + A(4’) > 1 and A’ is 
non-measurable. We remark that A is nowhere dense in J but D(A) may be 
arbitrarily close to D(J) = 1. 


5. Special sets. Since the topology is inherently arithmetic, it is natural 
to look for connections with the theory of numbers. 


THEOREM 5. The set of primes, P, is nowhere dense, has 1 as its only 
limit point but is not convergent. 


Since A*(P) = 0, the set of composites O = I — P — {1} is everywhere 
dense. [M]. But C= U, {np + p} and so C is open, Pu {1} is closed and 
pe 


therefore nowhere dense. P has 1 as a limit point if and only if every pro- 
gression {An + 1} contains an infinite number of primes; this follows from 
Dirichlet’s theorem.” For any g £ 1, the neighborhood {qn + q} contains at 
most one prime and q is not a limit point of P. Since {4n + 3} contains an 
infinite number of primes but does not contain 1, P does not converge. We 
can, of course, choose a subset of the primes convergent to 1. For example, 
let px be the least prime in {(X-+1)!n + 1} distinct from pi, par: * *, Pra 


THEOREM 6. The set {m?} is closed, perfect, and nowhere dense. 


Let q be a limit point of {m°}. Then for any A, An + q must belong to 
{m°} for an infinite number of n. Thus, x? —qg==0 (mod A) has a solution 
for each A. It then follows that q is a square. If p= «?, then for each A, and 
for all ¢, (a+ At)? = a? + A(#A + 2ta). Hence {a? + An} intersects {m°} 
infinitely often. Thus {m?} is closed and perfect. Moreover, A*({m?}) == 0 
and so {m?} is nowhere dense. [M]. 


THEOREM 7. S={[en+ B]} where a is larger than 1 and irrational, 
B=0, is neither open nor closed, and is everywhere dense. 


o 
The proof follows immediately since A(S) =-1==A(S’). [M]. This 
result is dual to the classical one which states that if æ is irrational, the frac- 
tional parts of an + 8 are everywhere dense in (0,1). 
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ON CONFORMAL CORRESPONDENCE OF SURFACES 
AND MANIFOLDS.* 


By P. SAMUEL. 


I. Introduction. 


In the ordinary euclidean 3-space the problem of finding two surfaces 
in conformal correspondence with parallel corresponding tangent planes was 
solved by Christoffel! The method is the consideration of the linear corres- 
pondence between the corresponding vectors of the tangent planes: one takes 
the principal directions of this linear operator as coordinate directions. The 
result is: either the two surfaces are minimal, or their lines of curvature form 
an isothermic net, according as the principal directions are isotropic (the linear 
correspondence being a proper similarity) or real (the linear correspondence 
being a proper similarity followed by a symmetry). 

This method of taking the principal directions of a suitable linear operator 
as coordinate directions is very often used in differential geometry: for 
example the consideration of the lines of curvature. 

In this paper we shall study the general case of two n-manifolds in an 
euclidean N-space, in conformal correspondence, the tangent n-planes at two 
corresponding points being parallel. We shall use the same general method: 
take the principal directions of the linear operator between the corresponding 
vectors in the tangent n-planes as coordinate directions. For convenience 
this operator will be called “parallel tangent planes operator” or “ the 
operator.” 

After having fixed the notations and the terminology used, I establish 
in If and Ill some properties of the operator which will be used throughout 
this paper. IV is a rapid review of some important kinds of manifolds in 
the euclidean .V-space. V studies the case of 2-dimensional manifolds; the 
results obtained are a mere generalization of those of Christoffel: we obtain 
as only solutions the minimal surfaces and the surfaces which have isothermic 
lines of curvature. With manifolds of any dimension the case where all the 
principal directions of the operator are real can be studied completely; this 


* Received December 9, 1946. 

1 Christoffel, E. B., “ Uber einige allgemeine Eigenschaften der Minimumeflichen,” 
Journal fiir die reine und angewandte Mathematik, vol. 67 (1867), p. 218. See also: 
` Darboux, “Théorie des surfaces,” t. II, livre IV, ch. XI, pp. 239-55, 1889, 
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is done in VI; the result is that the manifolds must belong to a very 
restricted class; an application is given to the hyperspherical representation 
of a hypersurface: when the space is of dimension > 8 it is only conformal 
for the hypersphere itself and the generalization of the catenoid. In VII is 
studied the case of 3-dimensional manifolds: if the principal directions of 
the operator are holonomic we give a complete solution, that is parametric 
representations of the two manifolds in terms of 3 arbitrary vector functions 
of one variable; in the non-holonomic case we get only the ds? of the manifolds 
in terms of an arbitrary function of two variables and some necessary and 
sufficient conditions on the second quadratic forms. VIII is the study of 
the general case, with the restriction that the principal directions are: 
holonomic; a complete answer is given: the only possible manifolds are 
essentially: the translation manifolds generated by two totally isotropic 
manifolds and their cartesian products,—and a generalization of the manifolds 
obtained in VII. IX is the study of the case where the correspondence 
between the two manifolds is not only conformal but isometric; using classical 
lemmas about geodesics and geodesic coordinates, we prove that the linear 
correspondence between the two parallel tangent n-planes (which is a rotation) 
has its angles constant when decomposed in its canonical form; after that 
we consider the case of 3- and 4-dimensional manifolds, and we prove the 
holonomy of the principal directions; we are therefore reduced to the case 
studied in the preceding section. 

It should be noted that our considerations are only local and restricted 
to analytic manifolds. l 


Notations and terminology. 


In this paper we use the notations and the terminology of J. A. Schouten.’ 
dc denotes the ordinary derivative with respect to the variable u*, or the 
non-holonomic derivative with respect to the coordinate direction of index «; 
Tag are the Christoffel symbols defining the affine connection of the manifold 
considered as a Riemannian space; gag is the metric tensor; Va is the covariant 
derivation with respect to the affine connection ; fag and Vag denote the second 
derivatives in the order 8, a. Qag is the “non-holonomy object” relative 
to our coordinate directions, which are in the general case non-holonomic ; 
this symbol expresses the “deviation of the commutativity ” of the second 
derivatives in terms of the first ones das — @gq == QY gaðy. We use the classical 
summation convention. 


2 Schouten, J. A., “ Einführung in die neueren Methoden der Differentialgeometric,” 
Groningen, 1935. 
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The corresponding points on the two manifolds will be denoted by M 


> 
and P, which will denote also the vectors OM and OP, O being the origin 
in the euclidean N-space. The two manifolds will be represented in terms 
of the same (holonomic or not) parameters u*, two corresponding points 
being obtained for the same values of the parameters, as usual. Some quan- 
tities, like the Qag, are the same for the two manifolds; for the others we 
must use a subscript: guaps 9p.ap, Emap, Tag. 


II. General Properties of the Operator. 


We denote by {na} a free system of N — n vectors orthogonal to the 
tangent n-planes at M (or P). The Frenet-formulae of the manifold (U) 
are: 


— 
OapAl == F uag yM + Garag® | Na 


(The dap*dutdu® are the second fundamental forms of the manifold (W) 
imbedded in the euclidean N-space.) 


We define the operator ba? by the relation 0.P = baf ` 0.4. If the tensor ba? 
is in diagonal form, the coordinate directions being its principal directions, 
then bg = gs Sab, and aP = as OaM (a not summed). 

We consider the compatibility conditions 


Opal’ vasaio dag. = Q ap z Oud i ys ì OV ag ° OM = Og (aS) aM din da (ps) ì Og. 
+ aS © Îga M — gs * daplil. 
Or 
yS Qag ` yM = 3p (aS) © PaM — da(ps) + dad 
+ (a8T arpa? — gS ` Varag?) Oy M 4 (as — 68) da apra- 
From these vector equalities we conclude 
a) (as — pS) utag = 0. 
Two principal directions relative lo two distinct characteristic roots are con- 
jugate with respect to all the second forms. 


b) If y is different from « and 8 
(1) yS S Qag == as Ù Tar’ pa == ps ‘ Tuag. 
c) If y==x (same formula if y = £) 


(2) aS Lap = Ig (a8) + as * Darga — ps Tuag. 


The parenthesis («) denotes that there is no summation with respect to «. 
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III. Principal Directions when the Correspondence is Conformal. 


In this case dsp? == A°dsx?. Or gras = A”9xa8 = aSg8gxag. Suppressing 
the subscript M we have 


(3) (aS ` 8 — A?) gag = 0. 
We conclude from (3): 
1) Ifa=8: 


a) gap==0. We obtain n— p isotropic principal directions, complex 
conjugate by pairs, denoted here by latin indices: gi = gine = 0. 


b) gaas*0 (real principal directions). Then as = + A. The g 
directions with gs = + A will be denoted by a, 8B, y’ > - (positive directions), 
and the p— q directions with as = — A by A, u,v: >> (negative directions). 


2) For two positive or two negative directions, (3) is verified. For one 
positive and one negative one must have ga, = 0. 


3) gai, sum of products of complex conjugate quantities, is real > 0; 
hence ¿sis — A? = 0; is = Ae; ps == Ae (6; kr). 


4) Then one sees easily that gia = gin = 0, and gis = 0, if 0; + 0,4 Bho, 


IV. Some Classical Manifolds of the Euclidean N-Space. 


In this section we shall review a certain number of manifolds imbedded 
in the euclidean N-space. These manifolds are classical and the only aim 
of this short review is to give a name to each of them in order to increase 
the brevity of the rest of this paper. i 


1) Translation manifolds. 
These manifolds can be represented parametrically by 
M = U (ut) + V (ò). 
The vector U depends only on the variable u*, V only on the other variables vò. 


2) Particular case: ‘‘ cylinder.” 


In many questions the vectors ôM and @\M must be orthogonal: 
0,0 -0V =0. They vary independently. If U and & are the linear sub- 
spaces spanned respectively by them, U and 8 are totally orthogonal. Then, 
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up to constant vectors, VeU and Veg. In this case it may be useful to 
take the first axis of cartesian coordinates in U, and the last ones in 3. 


3) Revolution manifolds. 


In the N-space there are several kinds of revolution manifolds according 
as the rotation takes place around an (N — 2)-plane, an (N —3)-plane,: + - 
In the first case, with suitable axis, the parametric representation of the 
manifold is 

Tı == r* 0088; zta =r- sin ð; Cea) 2 LI SN, 


In the second case 


Tı = T ' COS 8 - COS $; Za = 71: cos O sin o; za =r: sin 0; gj = zj (r), 3 < j. 


4) Totally isotropic manifolds. 


A manifold is called totally isotropic if every tangent vector is isotropic 
(i.e. of length zero). Since dil = ôM - dut, (dM)? = 0 implies dal - gd 
= 0: the coordinate directions must be isotropic and mutually orthogonal. 
This necessary condition (C) is evidently sufficient. 

If we take the first n coordinates x* in the euclidean N-space as para- 
meters on the manifold, the others being denoted by x*,2®- - - the condition 
(C) is: 

a=N-n a=N-n 
1 -+ 2 (8,27)? — 0; 2, ba*0 px? == (), 
If z = iya, these conditions express that the n-manifold of the (.V—7)- 
space, with cartesian coordinates ye and parameters 2%, has 


dg? == (de)? + (dz)? +. e.. 


The study of the totally isotropic manifolds is therefore equivalent to the 
study of the manifolds with an euclidean ds*. Note that we must have 
N—~—n=n, or n= N/2: in an N-space a totally isotropic manifold is at 
most of dimension V/2. Those of dimension N/2 are linear, the manifold 
with euclidean ds* being then the whole (N — n)-space. 


5) Translation manifolds generated by two complex conjugate totally 
isotropic manifolds. 


A totally isotropic manifold is always imaginary. Then we consider the 
translation manifold generated by two complex conjugate totally isotropic 
manifolds, the real points being obtained by associating two complex conjugate 
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points: M = P(ut) + P* (u). gap = garge = 0; gt? = g%"8* == 0. Since 
dageM = 0, dage? = 0 for all the second forms; ag = gAarg! + g% arg? = 0, 
and ag+*— 0. The characteristic equation of the matrix (ax) is; 


s 0 
0 & 


| 


Applying Laplace’s rule, we see, two corresponding minors of order n/2 
having as factor the same power of s, that the characteristic equation will: 
contain only terms with an even power of s. Therefore the roots of the 
equation, which are the principal curvatures- relative to the second form 
dap du*du®, are opposite by pairs; their sum, the mean curvature normal 
vector, ts zero. With two isotropic curves in the 3-space we obtain the 
mimmal surfaces. 


V. Two-Dimensional Case. 
In this case any net of coordinate lines is holonomic. The two para- 
meters on the surfaces will be called u and v. 
1) Two positive principal directions (or two negative ones). 
uP = Ad,M, 0,P = AM. 
The compatibility -condition is dusP — dnP = 0,A ` oM — dA ` uM = 0. 


Therefore: 0,4 = dA = 0, A = Const. The surfaces are homothetie. 


2) Two isotropic principal directions. 
OP = Ae‘? j di, bP == À j git i af, 
The compatibility condition is 


i yl Aet?) - 0,3 — Pul AEE) ; 0,40 + Ai: sin 6- du = 0. 
But 
(6,1)? = (MY)? = 0, uM dM£0. 


By scalar multiplication of the compatibility condition by d,M and M, and 
since uM < uM = 1/2: de(u M)? = 0, one obtains 0,( Ae) = fu (Ae) = 0. 
Hence (if sin @== 0 we are in the first case) îwwM == 0. Therefore 


M=U(u + V(~), g”? == V = (), 


CONFORMAL CORRESPONDENCE OF SURFACES AND MANIFOLDS, 427 


The surfaces are lranslalion surfaces generated by two isotropic curves. Then 
P==U,(u) + Vi(v), the curves U and U,, V and V, having parallel tangents 
at corresponding points. 


3) One positive and one negative principal direction. 


These directions are orthogonal (III) and conjugate (II). Therefore 
the surfaces have lines of curvature, which are taken as coordinate lines. 


ds? = E : dw + Gdo, ds? = A(t: d? + G: dv’) 
OP == A- 0,4, P = -— A 0M. 
The compatibility condition is 
RA + Ouy dl + uk OM + OA Gdl = 0. 
By scalar multiplication by 0, and fll we get 
A-OE-4E-dA=0 or E=f(u)/A 
A-0,G4+ G-QA=0 or G==g(v)/A. 
Changing the variables u and v one can take E = G == 1/4. 
ds*x = (1/4) 2 (dw + dv’). 
The lines of curvature are isothermie. Conversely the compatibility condition 
is verified in this case. 


Therefore, to each surface having lines of curvature which are isothermic 
corresponds another surface with the same property; these two surfaces are 
in conformal correspondence with parallel tangent planes. 


Example: revolution surfaces. 
gi =" COS Ô, =r: sinb, 2; =2;(1) (j= 3). 
The following vectors are N—2 linearly independent normal vectors: 


(— 2; così, — vj sin 6,0,- + -0,1,0,°--,0). 
The ds* is: 
ds” == (1 + Syoe0",;) - dr? +12 - dO. 


The XX — 2 second ‘forms relative to the preceding normal vectors are: 
(ef dr? +r e; d@)/V1 a”. 


They are reduced simultaneously to sums of squares; hence there exist 
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lines of curvature which are the meridians and the parallels. Since ds° 
= 1 (dw? + d8), where du = V1 + X;>ar;(1) dr/r, they are isothermic. 
If the coordinates of P are (y:,42,° © ‘,yx), the integration of 
0,P == 1/1° - 0,M, P = — 1/r°- OM, 
gives 


pı =— cos 6/1, ya =— sin 0/r, y = f das/ = fa’y(r)dr/r® (j=>3). 
In order to avoid the integrations one can write . | 
vi=r(aj—ra;), y=— (aj + re';)/r 


a; being an arbitrary function of r only. 

In the case of ordinary space one obtains an interesting correspondence 
between the meridians, i. e., between plane curves. To the curve (z(t), r(t)) 
corresponds the curve ( f dz/r,—1/r). We take z as the independent variable, 
and if we denote by R the radius of curvature of the meridian, by N the 
length of the normal to the meridian limited by the incidence point and the 
Z-axis, 


Res (1 + e, N=r(1 + e). R/N = (1 + 19%) r. 


For the other curve; 7, > — 1/1, dz, = de/r. 
171 = dr/da = = ia (1/7°)r°7° = (the tangents are parallel) 
a dz da 
; dr’ dz La 
T 1 = di” / dz = ae da. ang 7, 


+ 


Hence R,/N, = — R/N. 
At corresponding points the quantities R/N are opposite. 


To a circle with center on Oz (N = R; sphere in the space) corresponds 
the catenary (N == — R; minimal surface of revolution in the space). 

To the cycloid with base Oz (R —2N) corresponds the parabola with 
directrix Oz (R = — 2N). 

There are other interesting couples of curves: 
Hyperbola (z == a: sinh ¢, r = b- cosh #) and sinusoid (r, = —(1/b)-sin b?z,/a). 
Hyperbola (z == a  cosh #, r == b+ sinh?) and (r = — (1/0) sinh b7z,/a). 


Circle tangent to Oz (z= a'sin t, r=a + cost) and rectifiable cubic of 
Tschirnhausen 
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(z; = — (1/60) (Bu —u?), rr = — (4/64) — (1/60) (3u° — 1); 
u == tan t/2). 


Parabola with axis Oz (z == 1°/2p) and exponential curve (r, = — e?*1), 


VI. Case where all the Principal Directions are real. 


1) The formula of II b) with y == à, „8s == — Å, as = ps =A, gives 
— A Map = A (Taga — Tuag) = AQgs. Therefore ag = 0, and for the 
same reason 0% == 0. Hence the two linear systems {faf = 0} and {df == 0} 
are complete. One can find holonomic coordinate directions such that the 
first ones (æ) are principal directions relative to A, the others (A) principal 
directions relative to — A. 

2) The formula of II e) gives, if there exist at least two positive 
directions a, B: AQ™ ag == 6gA + A OM wp, or JgA4==0. In the same 
way A = 0. 

Therefore A is a constant unless one direction is alone of its kind. 


In the case n = 2, already studied, the two directions could be of different 
kinds, and A could depend on the two variables. In the case n = 3, what 
is a little surprising at first sight, we have less freedom. If one direction 
is alone of its kind, the other ones are in number = 2, and A can depend 
only on the variable corresponding to the first direction. 


Case A constant. 
If all the directions are positive (or negative) the two manifolds are 
homothetic. We suppose now that we have 
OP? = Ada, O\P= — A OA. 
Integrating: 
P =A(M 4 6(u)), P = A(— M+ ¥(u*)). 


ITence 
P==4A(¥(ut) + O(u)) 
1 


M = 4 (4 (ut) — @(w)). 


But we must have also 0,)/° AM = 0. Applying IV 2) we see that the 
vectors ® and & must vary in two totally orthogonal subspaces. 


Case A non-constant. 


We may suppose that n — 1 directions (w*) are positive and the last one 
(+) negative. We may take A =v since A depends only on v. 
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0,P = 9: ddl, P == — ve di. 
The integration of the first gives P= vM + V (v). Then the last one may 


be written 200,M{ + M + V’(v) =0. The integration of this linear differ- 
ential equation of the first order gives 


M = 1/ Vo (M (ut) — f (V’(v)dv/2V0)) 

P = Vo(M.(u) — f (V’(v)dv/2Vv)) + Y (w). 
But one must have 0,10 - fM = 0, or aMi (M + V’) =0, or 
(1) Mi aMi + aMi (V’ V0 — f (V’dv/2Vv)) = 0. 
If we write V, = V’Vu— f(V'dv/2V v), we get dally eV’, = 0. 


Then, by IV 2), Af, = Mo + Ms, Vi = Vo + Va, M and Vo being constant 
vectors, M.(u") and V.(v) vectors in two totally orthogonal subspaces We 
and 8. (1) may be written then 0,42: (Mo + Vo+ Mf.) =0. One may 
suppose Mo 0 (it may be absorbed by V} and Voe Mt. Then Vo + M has 
a constant length. Let U (ut) denote a unit vector of M, M == k- U(u°) — Vo, 
k being a constant. 

Let us consider Vo + V: = VVv— f(Vdo/Vo). The projection on 
B, since V, may vary, does not impose any conditions on the components of 
V’ in 8. But, by projection on Mt, the vector I, the projection of V” on Mt, 
must satisfy W’ Vv — f W’dv/ Vv = const. Hence W’ is a constant vector 
Wo Then V’ = V’ + Wo (V’,e%, Woe Mt). In order to avoid the inte- 
erations, we take 1/Vv==w as a new variable, and for V a derivative 
W"(W e). M may be absorbed by W. Writing — Me instead- of Vo, we 
get the following parametric representations: | 


M = w(kU (u) + Mo) + w(W — Ww) 
P = (1/w) (kU (u) + Mo) + (1/0) (W — Ww) 


where U(u*) is a unit vector in Mt, Mo e Mt, k is a numerical constant, and 
We 8 subspace orthogonal to St. 

These formulae are a generalization of the formulae for the correspon- 
dence between revolution surfaces. 


Conformal hyperspherical representation of a hypersurface. 


If the manifold (M) is a hypersurface, it can be mapped by parallel 
tangent planes on the hypersphere of radius 1. Then the “operator” is the 


a 
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second fundamental tensor a%g, the principal directions are the tangents to 
the lines of curvature, and the characteristic roots gs are the principal 
curvatures. 

If this correspondence is conformal, all the principal curvatures must 
be equal in absolute value. We have here an example of decomposition oi 
properties. In the classical case of a surface in the 3-space the condition of 
conformal correspondence with its spherical image is that the surface be 
minimal. But the reason for this fact is not “the sum of the principal 
curvatures is 0,” but “the principal curvatures have the same absolute value.” 
These two properties, indentical in the 3-space, become different in higher 
spaces. Here is one of the principal interests of the generalizations; to show 
the real reason for the properties, and to separate what is natural from what 
is due to coincidence. 

For a hyperspherical representation the principal directions are real. 
Since the hvpersphere is not a translation manifold, the case “A constant” 
gives only the trivial homothety. In the case “A non constant” U (u*) 
must run over all the unit vectors of an (N — 1)-dimensional subspace, for 
convenience the subspace spanned by the x; axes, 7 =. 2. Then in the para- 
metric representation, Mo = 0, w = X;>2r%; (k gives only a homothety, and 
we take k == 1). The other coordinate x, == w( W — W’w) (W being here a 
scalar function of w) must satify 21° + w? = 1, or Ww — W = V1 — w°/w. 
Taking 1/w = cosh œ, the solution is: W = — (sinh 26 — 26 + a)/4 cosh ¢. 
The locus of P is therefore a revolution manifold, whose meridian has the 
following parametric representation. 


r= Zj>or°; = 1/w = cosh è, c=(Ww+W)-1/w=$— (1/2). 


This meridian is the cafenary r = cosh(x, + 4/2), and the manifold is the 
natural generalization of the minimal surface of revolution. 

We have here a second example of a loss of freedom by passage from 
ordinary surfaces to higher manifolds: the surfaces with conformal, non- 
homothetic spherical representations are all the minimal surfaces, which depend 
on an arbitrary analytic function. For the hypersurfaces one obtains essen- 
tially one solution. 

We may compare this fact to the conformal mappings of an euclidean 
space itself. For the plane the solutions depend on an arbitrary analytic 
function; but for the n-space (n = 3) the solution is given by the anallag- 
matie group which depends on a finite number of parameters, (n + 1)(1 + 2)/2.3 


* Klein, F., “ Vorlesungen iber höhere Geometrie,” p. 197, Berlin, 1926. 
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VII.’ Three-Dimensional Case. 

There still remains the case where one principal direction is real (we 
may take it positive without loss of generality) and the two others are isotropic. 
Holonomic case. 

Calling u,v,w the parameters one must have a 


0,P = Ad,M, OP == A - eM, dwP = A> eho M 
and. 
ds? == H+ du? + 2H > dv- dw. 


The compatibility conditions are 
A (1 — ®t) Aue > Ou (Ae!) Oy AM — O0AO Ml. 

A (1 — eth) Ay A == du ( Ae”) M — OA da. 

2Ai- sin 0 vM = Oy( Ae?) Ow M — bo (420M. 
By scalar multiplication with 0,4, ôM, ôM, and since 

Ould - ODI = uM + wM == (3M)? = (M)? = 0, (uM) = E, 
sM - du M = H Æ 0, we obtain two identities and 
On (Ae) = Oy (Ae!) == dy(Aeî) = du (Ae?) = duH = 0 
Ol / EB = — 2(OwA/A (1 — 7?) ) ; Oy.E/E = — 2(dA/A(1— e") ). 


Changing the variables v and w, we can take Aet == w°, Aet? = v°. Then 
A == vw, e = v/w, e = w/v; and the integration of the two conditions 
for # gives E = ¥,(u, v) (w—v/w)* = F(u, w) ((w—v)/v)*. Comparing 
them; E = ¢(u)(v—w)?/v*w*?, Changing the variable u we can take 
E==(v—w)°/v°w, H = H(v,w). Then the compatibility conditions take 
the simpler form 


Duy M a (0/w (w = v) YO, dI, Pur M == (w/v (v ce w) )OuM, Py M = 0 


and are solved by M = ((w—v)/vw)U(u) + V(v) + Ww). 
It remains to study the conditions for ds*y; for E it is sufficient to take 
U” == 1. The conditions ĝu M - @)Jf = uM - IM = 0 become 


— (1/0)UU + UV = + (1/w°)UU' + UW = 0. 


U°=v(u), UU =}Y (u), 
and 
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CTS (ay) (wV) =1, (UY (u)) (2w?W) = — 1. 
I£ 
U’/¥' (u) = U, (u), 2v V” = V(r), Ru = Wi(w), 
we obtain by derivation 
UGV = 0, OV, = V, UW, sa 0, U, W =en 0. 


If V is the linear subspace spanned by the vectors U,, $, the totally 
orthogonal subspace, 


V” e Vy, WeB, Vi = V+ P,°, Wa Wy + We, 
U,e%,, Vi = conste Be W = conte Xp Vite By, Wye BW, 


We must have also V,°U’, = PiU’ = 0. If Bz, is the plane spanned by the 
two constant vectors V,°, W° and Gz, the totally orthogonal subspace in Be, 
UL” € Ba We obtain therefore the following decomposition of U,V, W: 


in B,,: Di VA W,’ 


m Bar Uy; 0 0 
in VB, : 0 Vo. Wy 
with U? V! = — U, We =l. 


We omit the integration constant for V and W (it is equivalent to a 
translation), aud obtain the following decompositions of U, V, W: 


in Ba: Utlu) HU —Vi/20 — W°/2w 
m Bag a 0 0 
in By: Us Vy Wy. 


The isotropy condition (eM)? =0 is: (U*/v?) — V? — R32 (U : V/v) = 0 
which gives a quadratic equation in ¥(u), with coefficients depending only 
on v. Then ¥(w) is an absolute constant a, and U* may be absorbed in 0°. 
The situation is the same in 8, and Br, and, with an obvious change of 
notation, we obtain the following decompositions of U,V, W: 


in Bs: Us 0 0 
in B : Uy Vy Wy 
With the additional scalar conditions: : 
Pweg ee 
V4? — (2/0) Vy: Up + a°/0 == 0 
Wie — (2/w2) Wy U, + a2/0t = 0 
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all our conditions are satisfied, and the parametric representations of the two 
3-manifolds are 


M = (w — v/vww)U H V +4 W; 
P = (w — v): U + fv'V'du + fwW dw. 
In order to obtain real manifolds we must have A and @ real. Since 
v == VA e2, w= VA ee, v and w must be complex conjugate for a real 
point. Hence we must take for V and W the same analytic vector function %, 
having complex conjugate values for two complex conjugate values of the 
variable (i. e. the Maclaurin’s expansion of §(z) has all its coefficients real), 
and for U(w) a purely imaginary vector 1U,(u). Then 
M = 2 sin (6/2)/A-U,(u) + (VA e02) + (VA et). 
Non-holonomic case. | 
We may suppose that dsy* = (du*)* + 2(du')(du’). Let us recall that 
Lpo” = {po} — 3 (27,0 + N'a,p + Npa”), Qpo7 = Ip". 

Then the conditions II a) and II b) may be written: 

Qisa Cusani Qijea una 0 

Q* ais H+ Qia: == 4 tan 6/2 3 QU; 

9; (log A) = (1 — e) Q%; 

di» (log A) == (1 — ett) QU 

dis( Ae?) = dis (Aet?) =x (), Ì 

da(log(Ae?)) = eî?- tan 0/2 + Qiri 

ða (log (Ae) ) = e? tan 0/2 QU; 
The conditions 0 ;_ == O4~g = 0 suggest computing non-symmetrically with 
respect to i and i*. The system {faf = 0, d;f= 0} is complete; we call w a 
first integral of it, and u, and v, two independent first integrals of the 
equation d;-f=0. Now da = dôu, + bi, di = Ou, + Diaz din = chw. But, 
since Qfie = 0, diva — dai must be a linear combination of ĝa and die. It is 
(a+ dune + b ` Oy,6) Ow — c (wa dn + dd do). One must have dwa/a = Owb/b, 
or a = bo (t, v1). Now da = b (dr, + $(t, 01) 0u,). Let v be a first integral 


of faf + (1, V1) 4u,f = 0, and u a function of u, and v, independent of v. 
Then ĝa == dn, di == did + 10, Oi = Chw, The conditions dall» diM 
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== Og M + Oy AL = (M)? = (031)? = 0 give (04M)? = Md = 0. Thus, 
for the manifold (M), ds? == Edu? + 2Fdudv + Gdv + 2ildvdw, with 
b/a = — F/E, G=F/F°. ds = (Edu + Fdv)*/H + 2Hdvdw, and 
0; = c(d, — (F/ E) 0a). The fundamental system becomes, in the holonomie 
parameters u, v, w: 


uP == A+ OM. | 

sP = A+ (F/E) > (1 — e) ` baM + A+ e - OM. 

OyP = A ed M. 
0 j»(Ae#) =0 gives fu (Aet) = 0, or A= e afu, v). il Aet) = 0 gives 
BEIA) — F bual Ae) = 0, or Ed (ae) — F- G,(ae°t?) == 0. (2) 

Let us write the compatibility conditions: 
a) (uw) ACL 0t) uwo M == u (AI) Iu M — Vw AV M. 
b) (v,w)(AF/E) (1 — eh) due + A (e8 — et) fou M 
+ ĝue ( (AF/E) (1 — e)a M — I (Ae) 0M = 0 

c) (u,v) (AP/E) (1 — e*)0eM + A (et? —1)fuM + QUAM + Oy (Ae?) OM 


—=— 0 
where 


Q = 04((AP/B) (1 — ei) — WA. 
By scalar multiplication with uM (1), &M (2), doll (3), we obtain: 
a) l. A (1 — et) E = — 2+ dwA « E. 
2. A(1— et) (OF + QI) == QI0, (Ae) — FOA. 
3. already verified, 
b} 1 (AF/2E)(1—- e*)0cH + Bw( (AP/E) (1 — e9)) 
+ (A/2) (et? — et) (Gu F — dI) = 0 
2. (AF/2E)(1— e) (uF + 0,11) + F0w((AP/E) (1 — eî°)) 
+ (1/2) (eî0 — e-)0, (F° E) — Hô (Ae) = 0 
3. already verified. 
c) 1. (AF/2B) (1 — e19)0,E4- (4/2) (— 1 + 6”) 0.8 -+ QE 
+ (F°/E) ba (Ae?) = 0. 
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2. (AF/RE) (1— et) (20,P — ôE) + 4A (et? — 1)0, (F?/E) 
+ QF 4+ (P°/E)du(Ae) = 0. 

8. (AF/RE) (1 —e)d.# + A/2(1— ett) (CH —0.F) 
— Hô, (Aet) = 0. 


1) Taking A=a(u,v)e and integrating a) 1 with respect to w, 


stiva 


we obtain: VE = b(u,v)-(1—e*). 
2) Using these values of A and E, b) 1 and c} 3 may be written 
| (e + 1)0,H = (1— 0) uF +. RiPei99,9 = R 
and 
(e + 1) Ho,a/a = — [(1— ei) uF + ikete] = — R. 
If a = 0, then R=0, 
P==c(u,v)(1— e)? and Edu + Fdv = D(u,v,w)du 


u, being a suitable function of u and v. Replacing u by uw, we get F = 0, 
and we are actually in the holonomic case. If a 40, we may write 


aH + H -ĝua = 0, or H=$(v,w)/a(u,v). 


3) Substituting in a) 2 the values of MH and ĝa obtained above, and 
factoring out £, we obtain (2540 unless we are in the holonomic case) 


e774 - fua — ĝu (aeit) = 0. 
Therefore, 0,6 == 0, 0 == 0(v, w). 

4) c) 2 is the same as c) 1 multiplied by F/E. 

5) Since 0,0==0, (2) can be written 0,(ae?”) — F/E- e - da == 0. 
And c)1 becomes 4,(aFe-/b(1— e#)?) =0,(abe-*”) with the solution 


abeti? = fub, aFe'?/b (1 — ett)? = 0,6. Therefore ĝu ($ - et?) does not depend 
on w and may be written duc(u,v). Hence 


b= c(u,v)ei 4A, (vw), F/E = b /abe = bab / fu 


(since ab == de, and E == b? (1 — e)?). Since F/E = ô, (aeth) /0, (ae?) , 
the jacobian D(®,ae*!*)/D(u,v) =0, and $ = (aet, w) (3). But 
© == c(u, ve? +A, (v,w) (4). & must depend on u (unless ab = 0 which 
is impossible). From its form (3) it depends on u through aet, and from 
its form (4) only through the first term. Hence c(u,v)e- == P (aet). 
If @ does not depend on w, neither does F/E, and we are in the holonomic 
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case. If @ depends on w, we must take c= Va, Y= Vy ae? and 
®= Vaci +- W(w). Then b=d,0/(2aVa). We may now suppose that 
a=u. This change of variable does not change the forms of the ds° and 
of the fundamental system. Then b = 1/(2uVu), E = 1/4u" (1 — ce), 
F/E So iuh, F = 1/2” (1 ERT, ci) 0.6. 

6) Substituting these values in c) 3 we obtain 

Iu = (4(1 — 07) 3/2 (1 + eth) ) Onl 

which is compatible with the results of 2). 

7) With these values b) 2 is identically verified. 


Thus all the projections of the compatibility conditions on the tangent 
3-plane are verified; four of our nine conditions were consequences of the 
five others since we had used four conditions in the “study with g, 7, 1%.” 

With A(v, w} = ett, the fundamental system is: 


uP = u: Ac OYA. 

OP = ue GM 4 2u?(1 — 1/4) BoA Ou. 

OuP = u A e eA. 
The compatibility conditions are now 
UN(A — 1) Gulf = we Aw? dal — A - OA. 
U(I A?) Ouwdl = 2u? (1 —A/A)A’ 0° Oued = QUA My: Oud 

Ru? - de((1—-1/A)X) dui. 
U(A— 1) Ouvdf — 2u?(1— 1/A) N° M = bM + u N e(d — 4/4) ddl. 
By scalar multiplication with the normal vectors na, we obtain the following 
necessary and sufficient conditions for the coefficients of the second forms 
Cun = dew == Ò, Asura == RU Ny *Uaruu,a» 


And the ds? must be 


F r aa ) 1—A Ver Aa) du | 
dsa = -= A dv Tr n E dedw |. 


Using 9 the necessary and sufficient conditions are 








9 1 EG Wy Di 9 s 0 ; oP 
ds°y = CIEL — id) + è tan z ell Oow: dudw | i 


. , 
Auw, a == CA rio, a = 0, Mura == Ru Oy: QiMuu,ae 
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VIII. General Holonomic Case. 
We consider the fundamental system 
OgP ==A-OoM, 0P—=—A-dM, P= Aci WIM, GP = Aci, M 
With da = gaa (d)? ++ + 4 galda) + - + Rgrisdul: dyuk* ++ + - 


the coordinate directions being holonomic. 


Compatibility conditions. 
a) Ink, k*: Aî- sin Og + OracoM = 0, (Ae) - Aged — Aye (Aci) - OM, 
By scalar multiplication with the tangent vectors we obtain: 
Oa gure = Igir = Oj 9nne = On (Agri) = dg ( Ae) — 0. 
b) In j,k: A(ei — ef) - pM = d;(Aei8) GM — G(Aeî!) ` 0;M. 
By aM, 0M, 0pM{,0;DL: identically verified. 
By pM: A/e — et) + Irgi = — (4000). 
But, because of a), &(Ae'#) = 0, and similarly W(Ae'#) == 0. 
c) In a,k: A(1— et) -baM == GM — a (Aei) - pM. 
By gM, 0\M, 0M, GM: identically verified. 
By baM: 3(0gaa/Jaa) = A/A (1 — et), 
By Opell: 0g(Ae*) = 0 (since daga = 0). 
d) We obtain only, in A, k: 
3 (g/g) == A/A (1 — e) and ô (Aet) = 0, 
e) In a, B: 0,4 + dgM —O0gA - 0,M = 0. 


Therefore 0,4 = 03A = 0, if there exists at least two positive directions. In 
the same way d\A = duA == 0, if there exists at least two negative directions. 


f) In aA: 24+ baM = aA: DM — A gM. 


We see that Ae?” depends only on už, Ae-i®: only on u**. If they are not 
constant we can write Ae == (u¥)?, Ae-i&— (ut*)2, Then A = utt". 
And since it is impossible to have also A — ufui*, Aet and Aeh must be 
constant. Then A is constant which is contrary to A == vu. Hence there 
is only one couple of isotropic coordinate directions. 
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Case with one couple of isotropic principal directions. 


Let uë = y, w* == w. Then A = vw, and 0,4 = fA = 0 are verified. 
e? = tjw, = w/v. 


Consider the compatibility conditions 
Oyedl = 0, Ora == — (w/v(w —v)) baM, Awad = (v/w(w—v)) dall, 
and the similar ones with A instead of a. Their integration gives 


M == ( (w —v)/rw)U (us, cu, )+V(0) + w). 
The ds°-conditions impose that: 


1) U satisfies the same conditions as M in VI (real principal direc- 


tions). Only the two first cases can happen; V case 3) cannot happen since 
OA = OA = 0. 


2) There exist two supplementary subspaces 8, and B, with the 
following decompositions of U,V, W (see: VII, holonomic case): 


In Be: Uz 0 0. 


In X: U% (const.) V W 
3) U? = œ = constant, 


172 — (2/0) V: DI, + (08/0) = 0, W2— (2/09) W: D+ (a/u) = 0. 


Seyeral couples of isotropic principal directions. 


Then all the angles of rotation 6% are constant, and, since ôk (Aeth) = 0, 
at depends only on the parameters corresponding to the real principal direc- 
tions. But ĝa (Aeth) == ĝa (Aet) = 0. Therefore A is also a constant. 
After a homothety we can take A = 1, and the manifolds are isometric. 

The compatibility conditions are @,,Jf = 0, faj M = ĝa M = 0 (because 
0; lr: in the case 0; = kr, these directions are real). And 0;;e/ == 0, 
M = 0 (if 0; =Æ 8). 

Denoting by Jı Jæ- the indices corresponding to the same angle 
we get the following parametric representation : 


440 f P. SAMUEL. 


M = M, (8, > +) + Me(wd,- + +) + Mli + ude) + MEy (ui e e, udr) 
ee Ma (lt, + +, ue) My (aks, + +, ut) 


with the following conditions due to the ds*. We do not consider the con- 
ditions gjj = 0 which are not necessary (see III, 4). 


a) Mı Mo, Mj, M“; t, Me and M*, vary in mutually orthogonal 
linear subspaces. 


b) The manifolds (M;) and (4£*;),- © -, (Mk) and (M*,), are totally 
isotropic, and complex conjugate in the real case. 


IX. Isometric Manifolds. 


We shall now study the case where the manifolds (M) and (P) are not 
only in conformal, but in isometric correspondence. 


Preliminary formula: principal normal te a curve on a manifold. 


We consider the manifold M(wu®,- - <) in the euclidean N-space, and 
on it the curve C, ut = u%(s), s being the arc on C. The primes denote the 
derivations with respect to s: gag: ut- wP = 1 by definition of the arc. The 


> F . 
tangent unit vector of O ist = dM/ds = 0,M-w',. IE n denotes the principal 
normal unit vector, and Æ the first radius of curvature of C, we have by 


-> : 
definition d°M/ds° = n/R, and, by the Frenet formulae of the manifold 
n/R = d/ds (baM - wt) = baM w + dapM - u’*- w8 
= (WA +. Magu’? wP) - OM + atag: wu - n. 


If n is tangent to the manifold, a'gg-u’*- wf = 0 (asymptotic curves). If n 
is normal, w^ + Tagg: wt: wP == 0 (geodesics). 


A property of the geodesics. 

Since here the two manifolds are isometric, the geodesics are corres- 
ponding curves. We consider two corresponding geodesics, with the same 
arc s, and with tangent unit vectors #(s), (s), with angle V between them; 
cos V == re v. 
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> > > > > > 

sinV-dV/ds=i-n'/R'+4+-n/R=0, since n and n’ are normal 

vectors. Hence the angle of rotation, which is applied to a tangent vector t 

on (M) in order to obtain the corresponding tangent vector on (P), ts 
op 


stationary for a motion of M in the direction of +t, 


If the manifolds are surfaces, and if the correspondence between tangent 
planes is a proper rotation, the angle of rotation is the same in all directions, 
and is evidently cofistant on every part of the surface whose two points can 
be joined by geodesics. 


Constancy of the rotation angles. 


This fact may be generalized. We shall prove that, when the rotation 
is canonically decomposed into rotations in mutually orthogonal planes, with 
angles 6x, these angles are constant. We denote by b% the linear operator of 
rotation, by p* the contravariant components of a tangent vector. By rotation 
it is transformed to q% == 6% - p^. The angle V between these vectors satisfies 
cos V = gagp’q* == gagb*\pp8. By parallel displacement along the geodesic 
tangent to p* at M, the covariant derivative p“ Vu p° is zero. The covariant 
derivative of the scalar cos V is the ordinary derivative which is also zero as 
proved before. Hence gagp®pp* Vu(b%) =0. This relation is true for 
every vector p*; being a polynomial in the ps, its coefficients must be all 
zero; gacp Vulb%)) = 0. (The parenthesis around the indices £,u,A denotes, 
as usual, that one has to take the sum of the 6 terms corresponding to all the 
permutations of the 3 indices £,u,,.) 

If, at the point M, we take geodesic coordinates with the principal 
directions as coordinate directions, the first covariant derivatives are, at M, 
equal to the ordinary derivatives. Hence, using indices a,b,c: --, in order 
not to interfere with the conventions of III, gaw Va(b%)) == 0 can be written 


Gavdasa +- gradaso + gaadisa + gaaduSa + Gvadaso + Gavdasa = 0 
or 
Javda(Sa + 86) + goadi(sa + sa) + guada(s80 + sa) = 0. (E) 


But here as == 1, as=— 1, ps = ef, ps = 074%, gag == Gy, == Ge = 1 the 
other gap being zero. With two Greek indices, or with two indices j,k, (E) 
is verified. With %,k*, and any other index a: grieda(e? + et) = 0, 
daga = 0. With K,k,l 1 guaedy (et 4 ette) + gras dx (et + ete) — 0, 


ae 
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Hence dx0x == 0, and similarly dsx = 0. Therefore the x are constant. 
This result is also true if some 6’s are equal. 
We shall now show that, in the 3- and 4-dimensional cases, the principal 


directions are holonomic, so that we are concerned with a case already 
studied in VIII.. i 
We shall take, as in the 3-dimensional non-holonðmic case, 


dsty = (dut)? +- + (dt)? + +--+ 2(dut) (du) >>>, 


and write the compatibility conditions in terms of the Q’s. We shall not 
use the constancy of the @« (the computation is only slightly simplified by 
using this fact) but prove it a second time. 


é 


3-dimensional case. 
Putting A == 1 in the conditions (1) of VII, non-holonomic case, we get 
Otai == Qi = Dia = Lig = 1468 = dl = 0. 
da (log (Ae#)) = 10,0 = eil tan (6/2) QU. 
da (log (Aeî?)) = — 10,0 = o tan (0/2) Qis. 


Since 954 xr, 0,6 = 0, Q; = 0. Hence 0 is a constant, and the conditions 
for the s prove immediately that there exists 3 parameters u, v, w such that 


da — ddu, 0; = daly, die = Alw. 
\ 


Therefore the principal directions are holonomic. 


Compatibility conditions in the general case. 


We do not write the intermediary computations which are long but 
without mathematical difficulties. 


1) Inc,f. 

a, B, y, : verified 

A: ag = 0 

le: (ets — 1)" = 0. Hence Qag = 0. 
2) InaA,p: 
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A, u,v : Verified. 
ko: OF}, = 0. 
3) In gà: 
o: Of an 0. 
B : Qar + L= 0 (using 1),A). 
A: Qo = 0. 
wt 2a + ap = 0 (using 2), a). 
ii CROKE GY Vea + Qu == 0. 


Riti ci + Dug + 2 = 0. 








4) Ina, k (or àk). 
a: OM gr = 0, and AY x = 0. 
Bi: Bar + Qpr == 0, and Oy, 4+ yy == 0. 
A: Mka = 0, and 2%) = 0. 
Ience, using 3), &# : OF’ a, = Qan = 0. 
k: DP pepe + DO ea + OP ra = 2 (In (ef) Jet — 1). 
Similarly : Qui — Q% ua | QE keja a 2 (a (et) Je aa 1) 
and the same with A, but with ef -+ 1 and et" — 1 in denominators. 
ji (Reit! — gilt — 1) Qag = (0 — 1) (r + OF fxg) 
and (2010 — ei 4 1) Qiu = (0% 4. 1) (dia + OF jen). 
5) In &,k*. 
di: O%ne(1 — cos Or) == isin O(P za + I ira). 
Comparing with 4), Æ : Q%x= DO) pa = OE) aa = dal = 0 
A: in the same way Mue = QH pa = DE) = Me = 0. 


hi: OO, = 0 (the terms in Q disappear). 
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+ 


Similarly 0,6; = 0. 7 
ji ins (et — cos Op) + (2; a ae”) ie) i sin Ox = 0. 
PP: OF ya ( et — cos Oe) + (Qjo PF A jay) isin Oy = 0. 
6) In ky: 
a: 2%; (2 — ei — e491) = (67% = g10x) (QF "ax + Qa;). 
A: rj (— 2 — eff — et) = (e107 — et) (Oi + E*n). 
k* i (ei — ci), D. 
ki QQ gw; Log + OF" ype = 20; (et) /0101 — eth, 
Exchanging & and k*, 
1) aj LE aj -H Q ene = 20; (07488) Jett — gia, 
~ Comparing with 5), f, 
Oy —=0, Wye =O ays + OF gg 0 
(even if 0; = — bz). 
` 1: Qi (Lelli — etr — etb) — (gi) — gift) (Q ry, + Qij). | 


A 


- We see that the angles & are constant. 


Holonomy in the 4-dimensional case. 


We shall now prove that, in the 4-dimensional case, we have enough 
symbols Q equal to zero in order to make the principal directions holonomic. 
In the general case, when the four characteristic roots are distinct, we notice 
that every system of two equations extracted from the system , 


{af == Of = Of = Ouf = 0} (or {Oxf = drf = 0;f = ff —0}) 
is complete. 
. LEMMA. If every system of two equations extracted from 
(Of = f = Of =Ieof—=0}, 


is complete, then the non-holonomic derivatives da, da, Ox, Jie are proportional 
to holonomic derivatives. 


CONFORMAL CORRESPONDENCE OF SURFACES AND MANIFOLDS. 445 


The system {ôf = faf = def = 0}, being complete, has a first integral u. 
Let us denote by v, w, è three independent first integrals of @.f=0. Then 


da == ddu, NN == did: -| Dii + 101, Oy, —= Gedy + bolie + Colt, 
Ora = 0p + Dabo + C201. 
dar Ora = (Out: Ov + Onda: Oe 4 Duci + dd) — (1 Ora ++ dia + eitla). 


But, since Of = 08", = 0, dan — Ara is a linear combination of 9, and di. 
Hence we must have dy@,/a, = 0ub,/b, = utci, whence 


A = (Ut, ww, i)er w, O, bi = pi (u,e, w, tbl w, t), Gi = dies 


and similarly for do, bo, Co, (3, Das Ca. Now 


= hi (030 + Vibe + 101), di = hat (ed, + bbw + 20t), 
One = hg ° (dad + b’ 30 + C'ar) : 


Hence the equations {0)f == ôf = ôf 0} do not contain the variable u. 
We make the same reasoning for them; we isolate ôn, and, since QAxe = 0, 
we change the variables v, w, ¢ into t, w, ( such that 


aN == di z l i Oy, Op == Da R (h (1°, Ww’, LU’) Ow: + m, (v, aw’, iâr), 
Oxo Gora bs a (La ( v, w', Cyb + Ma (v, w, t’) 01+) . 
Since l 
OF" = ds; dba 0, Oy. (pali) /pal Srann Ow (dim) /domy 
and 


Ow (Pala) / pala = Ou (dsm2)/psms 
or byl, /l, = bem, /m, and Oyle/l, = @em./m2, which are solved by 


h =y (v, w, 0) Pw, 0), m, =p m (w, t) 
ly = pa (v, w’, U’) Vw, C), M = pat Ma Cw’, 1°). 


Now 0; = be ya: (alw, be + ma be), be = pst Wo? (Vot de + ma de). 
Changing the variables w and l’ we can write 
Le») © 


ide + nd = n, (w, C) ber 
Lion 
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Hence, in the 4-dimensional case (and more generally, in any dimension, 
in the case where there are only: two couples of isotropic principal directions 
with different rotation angles, at most one positive and at most one negative 
principal direction) we are in the holonomie case. ' 

If there are several principal directions corresponding to the same 
characteristic root, some conditions Q = 0 do not hold; but, by compensation, 
we have more freedom for choosing the principal directions, every direction 
of the linear space spanned by the principal directions corresponding to the 
same characteristic root being principal. 


’ Therefore: there exist principal directions which form a holonomic 
coordinate system, when there are at most two different rotation angles. 


Remark. This result is probably true in general. The conditions of the 
type 6), 1, with all the possible combinations of the 6 indices 7, 7*, k, k*, 1, 
form a, system of 6(6—1)/2==30 linear homogeneous equations in 30 
unknowns Q. Their determinant is probably 540 (if 6;, — 0j, Or, — Or, 91, 
— 6, are all different; otherwise it is already proved). Hence Q'j;,-=0,°:-, 
and the holonomy is proved by the lemma. 


PRINCETON UNIVERSITY. 


SUL CALCOLO DELLE SOLUZIONI DEI PROBLEMI AL CONTORNO 
PER LE EQUAZIONI LINEARI DEL SECONDO 
ORDINE DI TIPO ELLITTICO.* 


By Luigi AMERIO. 


Introduzione. 


Nei suoi Appunti di Analisi Superiore il Picone! tratta i classic) prob- 
lemi al contorno per le equazioni differenziali lineari a derivate parziali 
seguendo un unico criterio, basato su una nuova e suggestiva interpretazione, 
da Lui stesso indicata, della formula di Green. 

In virtù di tale criterio, la soluzione dei problemi considerati si deduce 
immediatamente dalla preventiva risoluzione di alcuni problemi di Analisi 
che il Picone pone in modo ben preciso calendosi, se sì considerano le equazioni 
lineari del secondo ordine, di tipo ellittico, delle seguenti considerazioni. 


Sia 
(1) E(u) == Zair (9/02 0%) —- Zb; (0u/0zr;) A cu == f (Aix = Ani) 
un’equazione di tal natura, in m variabili (x1,: * ‘,&%m), e si suppongano le 


> dix, di funzioni reali di classe 2 e I rispettivamente,” le c, f reali e continue 
in un dominio limitato r di Sm. Inoltre il determinate || aix || sia unitario, ciò 
che manifestamente non lede la generalità. 


i 

* Lavoro eseguito presso l'Istituto Nazionale per le Applicazioni del Calcolo, 
Received September 21, 1946. i 

1 M. Picone, Appunti di Analisi Superiore, Rondinella, Napoli, 1940, pp. 752-65. 

* Seguendo G. Ascoli, (Equazioni alle derivate parziali dei tipi ellittico e parabolico, 
Sansoni, Firenze, 1935, p. 53) diremo che una funzione « è di classe k in un dominio 7 
se è continua ensieme alle sue derivate parziali di ordine =k in ogni punto interno a 
7 e se è possible prolungare la wu e le sue derivate parziali di ordine “% anche sul con- 
torno ¢ di r in modo da risultare continue in tutto r. Diremo inoltre che la u è di classe 
KH in r se le sue derivate parziali di ordine =k soddisfano in tutto 7 e una condizione 
di Hélder. Scriveremo A in luogo di off. 

Una varietà c a m— 1 dimensioni si dirà di classe k in un suo punto M se risulta 
definita, in un intorno completo di M da una rappresentazione (invertibile) delle 
coordinate dei suoi punti come funzioni di classe k di m-—1 parametri variabili in un 
certo dominio, con matrice funzionale non nulla. Si dirà poi di classe k una varietà e 
la quale sia di classe k in ogni suo punto. 
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Introdotta l’espressione differenziale aggiunta di E(u): 
(2) E*(w)= 3(0°(amw)/0x;0d0) — 3(0(biw) /0x:) + cw 
= Sain (0?w/0x0x,) + 3b*;(0w/0x;) + c*w, 


supponiamo che il contorno o di 7 soddisfi a quelle condizioni che assicurano 
la validità della formula di Green per ogni coppia «, w di funzioni di classe 
2 mr: 


~~ 


- f (uE* (w) — wE(u)}dr = f {u(9w/0v) — w (0u/ðv) — Luw}do, 
T o 
dove v è la direzione conormale,* orientata verso l’interno di 7, e si è posto 
L= X cos (nx;) {bi — S(00;x/0xx)}, 


n esendo la normale a a, orientata anch'essa verso l’interno di 7. 
Risulta allora, se w è un integrale della (1) di classe 2 in r, 


(3) — f uE* (w) dr = f {u((0w/0v) — Lw) — (8u/0)w}do — f fwdr 


e da questa classica relazione il Picone deduce le seguenti proposizioni, che 
riferirmo, per semplicità, al problema di Dirichlet. 


a) Se si conosce una successione {vr} di integrali dell equazione aggiunta 
(4) | E*(v) = 0 


la quale sia chiusa,* su o, della (4) st ricava il sistema di Fischer-Riesz: 


(5) f {u((dvr/èv) — Lor) — (8u/év) v,}do — f furdr = 0 


e quindi si conoscono i coeficienti di Fourier dell’incognita 0u/0v rispetto 
alla sucessione {vr}. La funzione du/0v resta perciò determinata nei punti dio. 


b) Se si conosce una successione {wr} di funzioni di classe 2 in 7 tali 
che la successione {E*(wr)} sia chiusa, in 7, dalla (3) si ricava il sistema di 
Fischer-Riesz : 


t 


°y è la retta di parametri direttori », = 2a,,cos (ve,). Osserviamo che du/d» 
risulta proporzionale alla derivata della funzione u rispetto alla direzione »: benchè 
impropriamente chiameremo, seguendo l’uso comune, tale funzione la derivata conormale 
di u. 

‘In questo enunciato, e nei seguenti, basterà considerare la chiusura rispetto alla 
totalità delle funzioni a quadrato sommabile nell’assegnato insieme di definizione. Noi 
però considereremo, in seguito, la chiusura anche rispetto alla totalità delle funzioni 
sommabili. 
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(6) — f ull* (w,) dr = f {u((dwr/0v) — Lwr) — (0u/dv wdo— Í fwrdr 
r e T 
e, quindi, nole, su o, le u e du/0v, resta delerminala la u nei punti di T. 


Osserviamo che, mediante le successioni {v}, {wr} considerate in a), 
b), si ricava prima la 2u/0v su o e successivamente la u in 7. È possibile 
però enunciare una terza proposizione relativa alla contemporanea determina- 
zione di tali funzioni. 

Cominciamo per questo, col ricordare la seguente estensione, indicata 
dal Picone, della classica teoria degli sviluppi in serie di funzioni ortogonali 
e normali. 

Siano f:,° °°, fp, p funzioni reali definite rispettivamente nelle varietà 
Iot + e, Ip di Sm, aventi ciascuna un proprio numero S m di dimensioni. 
Consideriamo tali funzioni come componenti di un vettore F dello spazio Sp. 
Se è un altro vettore, di componenti w,,° * +, op in Jt 0‘, Ip rispettiva- 
mente, chiameremo prodotto integrale di F per ®, e lo indicheremo col simbolo 


(F, ©) 
la somma 


(F, 0) =Xa f frandh. 


Il prodotto integrale (F, F), si dirà la norma integrale di F e una 
successione {zr} di vettori si dirà ortogonale e normale se risulterà 


l per r=sS 


Zr, Zo) = 
( 0 per rss. 


Da una qualsiasi successione {@,} di vettori di norma integrale finita 
si può sempre, mediante l’estensione di un noto procedimento, dedurne una 
equivalente, {s,}, ortogonale e normale. 

Consideriamo ora un sistema di equazioni di Fischer-Riesz: 


(7) (F, Dr) = Cr 


dove F è un vettore incognito e le cr sono costanti assegnate, che chiameremo i 
coefficients di Fourier di F rispetto alla successione {,}. Sostituito al 
sistema (7) l'equivalente sistema 


(8) (F, žr) e dr, 
5M. Picone, loc. citt, pp. 632-34, Vedasi anche, dello stesso Autore, “ Vedute 


unitarie sul calcolo delle soluzione delle equazioni alle derivate parziali della fisica 
matematica,” Atti I Convegno di Matematica Applicata, Roma, 1936. 
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(dove le d, risultano note, perchè ciascuna è combinazione lineare di un 
numero finito di cr) vale il teorema di Fischer-Riesz: condizione necessaria e 
sufficiente perchè il sistema (7) ammetta una soluzione F di norma integrale. 
finita è che converga la serie 3d*,. In tal caso la serie di vettori Xd,4, converge 
in media a un vettore F” per il quale (F’, ©,) = cr, cioè, indicata com zrn la 
componente di 2, in In, la serie Sd-zr,, converge in media nella varietà I, alla 
componente f del vettore F”. Indicato poi con F” il pit generale vettore, 
di norma integrale finita, ortogonale a tutti i vettori ©,, cioè tale che risulti 


(9) (F°, 0.) =0, 


la soluzione F del sistema (7) (nella totalità dei vettori di norma integrale 
finita) è data dalla somma 


(10). F = FF", 


Il vettore F” dipende linearmente da un certo numero di costanti 
. arbitrarie. Inoltre, per una qualsiasi soluzione F del sistema (7) vale la 
disuguaglianza di Bessel: xd?, < (F,F). Infine condizione necessaria e 
sufficiente perchè la successione {©} sia chiusa rispetto alla totalità dei. 
vettori di norma integrale finita, cioè il vettore F” sia quasi ovunque nullo, 
è che per un qualsiasi vettore F di norma integrale finita valga l'eguaglianza 
di Parseval: 2d?°, = (F, F). | 

Osserviamo anche che, ‘se le componenti wra di ©, sono limitate, nel 
sistema (7) si possono supporre le incognite fa sommabili nelle rispettive 
varietà In. Vale anche in tal caso la (10), dove F’ è una particolare soluzione, 
di componenti sommabili, del sistema (7) e F” il più generale vettore, di 
componenti sommabili, ortogonale alla successione {@,}. La possibilità di 
ottenere il vettore F’ come somma della serie 3d,%,, calcolata con un con- 
veniente metodo di sommazione, richiede però un particolare studio, analoga- 
mente a quanto avviente per le serie di Fourier. 

Ciò premesso, considerando sempre il problema di Dirichlet, possiamo 
enunciare la seguente proposizione. 


c) Sta {wz} una successione di funzioni di classe 2 in + tale che la 
successione di vettori {@,}, di componenti — H* (wr) in t, wr ŝu o, risulti 
chiusa. Detto G il vettore di componenti u in t, du/bv suo, si ricava dalla 
(6) il sistema di Fischer-Riesz : i 


(11) (G, @,) = f TE — Lwr)do — f fwrdr. 
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Sono perciò noli i coefficienti di Fourier dell’incognilo vettore G rispello 
alla successione {@,} è quindi tale vettore risulta individuato. 


Negli enunciati a), c) si suppone manifestamente che la soluzione esista 
e sia unica. Osserviamo infatti che, se manca il teorema di unicità non esistono 
successioni {vr}, {wr} soddisfacenti alle condizioni di chiusura poste in a), c). 
Indicheremo perciò le condizioni cui debbono soddisfare le successioni 
{v,}, {wr} per poter trattare, attraverso i sistemi (5), (11), anche questi casi. 


d) Le successioni {vr}, {wr} debbono esser tali che, se la soluzione del 
problema considerato non esiste, i sistemi (5), (11) non ammetiano soluzioni. 
Se manca il teorema di unicità, le derivate conormali delle autosoluzioni 
debbono esser carallerizzale dall'essere ortogonali, su o, alla successione {tr}, 
le autosoluzioni dall'essere i corrispondenti vettori G ortogonali alla succes- 
sione {®r}. 


Proposizioni analoghe alle a), b), c), d), si possono enunciare per gli 
altri problemi al contorno relativi alla (1). 


Si presenta ora la questione di costruire effettivamente le successioni 
{vr}, {wr} dotate delle proprietà richieste in a), b), c), d), di risolvere cioè 
i problemi ports dal Picone. 


A tale proposito, il Picone,® considerando le sole proposizioni a), b) ha 
dimostrato, come conseguenza della nota chiusura in 7 della successione di 
funzioni 2,%- > Zm”, con a; = 0,1,- +-+, rispetto alla totalità delle fun- 
zioni sommabili in 7, che, se la (1) è a coefficienti costanti e se (ph, +, pw) 


x 


non è soluzione dell’equazione 
(12) Sapi p: — Ship; + c = 0, 


posto w == e=7'7! e inoltre 


( Quit. tam 
5 
Wp = | aaea “Pia C "Oo Loe 2} 
dp, + + OPn®” (Pipi) 


la successione {£*(w,)} è chiusa rispetto alla totalità delle funzioni som- 
mabili in r. 


° Il Prof. Picone, dal quale gli eventi della guerra mi separarono, impedendomi per 
più di un anno di comunicare con Lui, mi partecipa ora di aver già Lui stesso assunto, 
per i problemi d'integrazione delle equazioni lineari a derivate parziali, di qualsivoglia 
ordine e tipo, il punto di vista al quale appartiene la proposizione e). Ciò formò oggetto 
di una sua conferenza—tenuta nel 1943 ma non pubblicata e della quale non ero al 
corrente durante la redazione del presente lavoro—avente per titolo: Questioni di topo- 
logia nella teoria dell'integrazione delle equazioni lineari a derivate parziali, 
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Quanto alla successione {v}, sempre supponendo la (1) a coefficienti 

costanti, dopo aver osservato che dalla funzione v == e~?'#*, nell’ipotesi che i 
parametri ps soddisfino alla (12), si può dedurre, in moda analogo a quanto 
si è fatto per la w (mediante le derivazioni di tutti gli ordini rispetto ai 
parametri p:, effettuate tenendo conto della (12)) una successione {ur} di 
integrali della (4), ha proposto di studiare in general tale successione, rile- 
vando che essa è sicuramente chiusa se la (1) è l’equazione di Laplace in 2 
variabili e se 7 è semplicemente connesso, perchè in tal caso si può prendere 
Ur = (1 + te)". 
. Im un recente lavoro” ho risolto, nel caso generale, la questione posta dal 
Picone, dimostrando che la successione di funzioni {vr} da Lui indicata 
permette di risolvere i problemi al contorno per la (1), ma soltanto nell’ 
ipotesi che il dominio 7 abbia connessione ipersuperficiale semplice. 

Nello stesso lavoro ho indicato un’ultra successione {vr} che consente la 
risoluzione dei problemi considerati, qualunque sia la connessione di r. Il 
procedimento di integrazione da me seguito si basa sulla conoscenza della 
soluzione fondamentale della (4), ben nota trattandosi di un’equazione a 
coefficienti costanti, e si può estendre a numerosi altri problemi al contorno 
relativi a equazioni lineari; inoltre in esso non si richiede la conoscenza della 
successione {w,} considerata nella proposizione b). 

Nella prima parte di questo lavoro è appunto indicato come tale proce- 
dimenta si applichi all’integrazione della (1), supponendola a coefficienti 
variabili. | 

Per questo cominciamo con Vammettere che le funzioni air, di, € si 
possano prolungare in un dominio 7’ dotato di contorno o’ di classe 2, con- 
tenente 7 nel suo interno, supponendo inoltre che in 7° le dix, di risultino di 
classe 2/7, 1H rispettivamente, la c di classe M. 

Esiste allora ê se A è un qualsiasi punto prefissato internamente a 7° e N 
un punto variabile in 7’, la soluzione fondamentale F(N, R) dell’equazione 
E*(u) = 0 (che possiamo scegliere in modo da soddisfare alla E(u) = 0 come 
funzione di Æ} e valgono, per ogni integrale della (1) di classe 2 in r, le 
formule fondamentali di Green: 





7M. Picone, “ Nuovi metodi risolutivi per i problemi d’integrazione delle equazioni 
lineari a derivate parziali e nuova applicazione della trasformata multipla di Laplace 
nel caso delle equazioni a coefficienti costanti.” Rendiconti Accademia delle Scienze di 
Torino, 1940, pp. 413-26. 

8L. Amerio, “ Sull’integrazione dell’equazione A,u — A'u = f in un dominio di 
connessione qualsiasi,” Rendiconti Istituto Lombardo di Scienze e Lettere, vol. 78 
(1944-45). 
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(18) kgu(P) = f (u (M) ((3F (AL, P) /ov) — L(M)F (M, P)) 
— (ĉu( M) /) F (M, P)}do — f FODF (M, P) dr 
(14) 0= f (WAN ((OF(M, @)/%) — L(A) F(A, Q)) 
— (ôu (M) /ov) F (M, Q) ydo — f f(M) F(A, Q) dr 
dove En è una costante non nulla dipendente solo da m, P e Q indicano 


rispettivamente un punto interno e un punto esterno a r, M è il punto, di 7 
o di o, rispetto alle cui coordinate si effettuano la integrazioni. 


Noi considereremo sempre i problemi al contorno per la (1) nella totalità 
degli integrali per cui valgano le (13), (14) intendendo, nel caso più generale, 
le funzioni u( Al), du(M)/0y definite quasi ovunque, su o, come i limiti 


lim u(P),, lim (0u(P)/0), 
PoM PoM 


dove P-> M lungo la conormale v in M, e sommabili su o. 


Se poniamo, su o, u(M) = 4(M), 0u(1/) /0v= B(M), dalla (14) segue 
che A, B soddisfano all’equazione 


(15) o= f (40) ( (AP (A, Q)/0) — LF (L Q)) 


—B(M)F(M,Q)}do— ( f(M)F(AL, Q)de 

la quale appare perciò come necessaria per le coppie A, B di funzioni che 
coincidono rispettivamente con i valori assunti su e da un integrale u della 
(1) e della sua derivata conormale du/év. Ma tale equazione è anche 
sufficiente: ho dimostrato infatti, facendo sulla natura di o delle ipotesi 
largamente verificate nei casi pratici, che se A, B è una coppia di funzioni 
soddisfacenti alla (15), la funzione u(P) definita internamente a + dall 
eguaglianza 


(16) EnuP) = f {A (M) ( (OF (ML, P) /0v) — L (AQ) F (M, P)) 
— B(M)F(M, P)}do — fo f(M)F(M, P)dr 


è un integrale della (1) soddisfacente su o alle condizioni 


u(M) = A(M),  du(31)/0v= B(M). 
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Si può perciò dire che la (15) rappresenta l'equazione di compatibilità 
tra i valori assunti su e da un integrale della (1) e dalla sua derivata 
conormale. 

La (15) equivale poi a un sistema di Fischer-Riesz. Sia infatti {g-(Q)} 
una successione di funzioni continue, chiusa nel dominio F == 7 — rt +0 
rispetto alla totalità delle funzioni sommabili in 7 e continue nell’interno di 7, 
totalità alla quale appartengono gli integrali a secondo membro della (15) 
(si può, ad esempio, prendere gr(Q) == T1: + en, con ai = 0,1, <). 
La (15) equivale allora al sistema di infinite equazioni 


S.o(@LS (4000) (OF, 0)/0) — LAMF(ALO)) 
| —B(M)F (M, 9)}de— | f(M)F(M, Q)dr]dr = 0 


cioè anche, posto . 
(17) vr(BL) = f g-(Q)F(M, Q), 


al sistema 


(18) f {A (31) ( (80 (IL) /8v) — L (BL) v-(ML)) 
— B(M)v,-(M) }do — f f(M)v,(M) dr =0. 


Se si considera, ad esempio, il problema di Dirichlet e se vale, in tale 
problema, per la (1), il teorema di unicità si ha perciò che la successione 
{vr} data dalla (17) è chiusa su o e soddisfa, essendo v(M) un integrale 
della (4), alle condizioni richieste nella proposizione a). Se non vale il 
teorema di unicità, le autosoluzioni sono caratterizzate dall’essere le corris- 
pondenti funzioni B(M) ortogonali su e alla successione {vw}. Infine, se il 
problema non ammette soluzione, nemmeno il sistema (18) ammette soluzione. 
La successione {v,} soddisfa perciò alle condizioni poste in d). 

La (16) dà poi Vintegrale della (1) corrispondente a una determinata 
coppia di funzioni A, B. 

Il procedimenta di integrazione indicato non richiede l’uso della succes- 
sione {wr} considerata nella proposizione b); in esso però si suppone espli- 
citamente nota la soluzione fondamentale F(N, R) la cui effettiva costruzione 
è, in generale, assai ardua. Per ovviare a tale inconveniente ho indicato, 
nella seconda parte di questo lavoro un altro procedimento, in virtù del quale 
l’uso di tale funzione è completamente eliminato, essendo sufficiente di conos- 
cerne l’esistenza, ciò che avviene se i coefficienti ai, di, e soddisfano alle 
condizioni dianzi ricordate. 


e 


EQUAZIONI LINEARI DEL SECONDO ORDINE DI TIPO ELLITTICO. 455 
Per questo, poniamo nella (3) in luogo di w la funzione 


We ee (a; = 0, Je ° “i 


e, su o, u= A, 0u/0v= B. Otteniamo in tal modo il sistema di infinite 


equazioni di Fischer-Riesz: 


Wi = f uE* (wr) dr = f {A(0wr/2v — Lw,) — Bwr}do 
T g 


— f fwrdr. l 


Anche tale sistema caratterizza gli integrali della (1). Ho dimostrato 
infatti che se u, A, B sono tre funzioni per cui valgono le (15), (16), con 
A, B funzioni sommabili su o, le funzioni u, A, B soddisfano al sistema (19). 
Viceversa, se u, A, B sono tre funzioni sommabili nei rispettivi insiemi di 
definizione e soddisfacenti al sistema (19), allora A, B soddisfano all equazione 
(15) e u, ove se ne alteri al più il valore in un insieme di misura nulla, è 
data dalla (16). 

Per risolvere il problema di Dirichlet si procederà allora nel modo 
seguente. Si considerino le funzioni incognite u in 7, B in o come com- 
ponenti di un vettore G, le funzioni — £*(w,) in 7, wr in o come componenti 
di un vettore ©,. 

Si ottiene perciò che Vincognito vettore G soddisfa al sistema (11) in 
cui si ponga A in luogi di u. Se vale poi il teorema di unicità la successione 
{o,} così ottenuta risulta chiusa e soddisfa alle condizioni poste in c). Se 
tale teorema non vale, le autosoluzioni sono caratterizzate dall'essere i corris- 
pondenti vettori G ortogonali alla successione {@,}. Infine se manca la 
soluzione del problema di Dirichlet, anche il sistema (11) non ammette 
soluzione. La successione {,} soddisfa perciò alla condizioni poste in d). 

Ragionamenti del tutto analoghi si fanno per gli altri problemi al 
contorno. 

Osserviamo infine che, in luogo della successione #,%- + - ®n®* si può 
assumere, sotto condizioni assai larghe, come successione {w,} una qualsiasi 
successione chiusa in 7° rispetto alla totalità delle funzioni ivi sommabili. 
In ogni caso la corrispondente successione {£*(w,)} risulta chiusa in r 
rispetto alla totalità delle funzioni sommabili in 7 e soddisfa perciò alla 
condizioni posta in b). 


456 LUIGI AMERIO, 


I. Primo procedimento di integrazione. 


1. Ricordiamo che la parte principale V (Jf, ui. della soluzione fonda- 
mentale #(M,P) è data da ° 


V(M, P) = {Z(M, P)}- oP), per m > 2, 


(20) 

V(M,P)=—tlogZ(M,P), per m=—2, 
con | | 
(21) Z(M, P) de ZA (P) (24 — £;) (cx ica Ex) 


dove Aiz(P) è laggiunto di am(P), (21° em) e (`` °, ém) sono le 
coordinate di M e P rispettivamente. 

Ciò premesso, dimostriamo un lemma relativo al porto di alcune 
derivate della funzione F(M, P). 

Per questo, portata l’origine Q delle coordinate di Sm in un punto Mo 
di o, cominciamo col supporre che, in Mo, e risulti di classe 2. Fatta coinci- 
dere la normale a o in Me con Passe 2m, in un conveniente intorno completo 
co di Q. o avrà perciò equazione tm = @(%1,% >, Xm-1), con $ funzione 
di classe 2. Sia A la conormale in Q, v la conormale in un generico 
punto M di vo. Posto a={Xr;(M{)}}, sia è la distanza da Q di un 
punto P(é,,:--,émn) interno a r e situato sulla conormale in Q. Siccome 
la conormale in Q pentra in r, il punto Q simmetrico di P rispetto a Q sarà 
esterno a r, se la distanza è è sufficientemente piccola. Poniamo poi A = 6/a. 

Dette allora ¥ == A'a, 8” == 2a le ascisse di P e Q sulla conormale in Q, 


sara A’ =A, A” = — A e quindi risulterà, in particolare, 
0P(M,P) _9F(M,P) 90F(M.Q) Sed, Q) 
On’ On í On” 
0F(M,Q) @F(M,Q) _ ®F (IL, P) sn Q) 
Ovo VAN” AvOd odi * 


m-l 
Lemma. Posto s == { $u 27:}3, valgono per le derivate della soluzione 
1 
fondamentale le limitazioni 


OF(M,P) _ ( À L) 
eo (Pa) T ge 


OF (MP) — À bi ) 
dA =0 (HW + gue? , 


PFOP) PEQ) ( NR ) 
aver T var p 0 (8° + A?) 1/2 -}- gm? 


® Vedasi, ad esempio, G. Ascoli, loc. cit.*, pp. 70-76. 
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nelle quali, per m == 2, in luogo di st, dovrà porsi | logs |. 


Dimostrazione. Supporremo m > 2, la dimostrazione per m = 2 essendo 
del tutto analoga. 


a) Dimostriamo dapprima che per la funzione V(M, P} data dalle 
(20), (21) valgono le limitazioni 


aV (M, P) ~o( A p) 
gin-2 > 


oy (s? + 2) ™/2 
aV(M,P) _ A a ) 
(22) dA == 0 (x + A?) 7/2 T gu]? 
PV (MM, P) de PV(M,Q) À +e) 
dvOr E (s? + A2)™/2 gm) * 


Per questo, cominciamo col ricordare che risulta, per il parametro 
direttore v; della conormale v, 


(23) Vv, == St: (AT) COS (nc), 
n essendo la normale in M, orientata verso l’interno di 7. 


Si ha allora, per le (20), (21), ricordando che il determinante || dex || 
è unitario, 


OV (AM, P) CO 
dy _ 


(24) (m —2)Z (M, P) XA (P) (tx — &) ve 


Coni (m — 2)2 (M, P)-"-P3 Ai. (P) (zr — & )ai ( M) cos (ng) 
= (m — 2)Z(M, P) {3S (t — Ex) cos (nae) 
4- % (aul M) — an(P))Agx(P) (Tr — é) cos (nz) } 


e, posto p = { $ x;}}, cos 64 = x;/p, risulta 
1 
(25) Z(M, P) = 3Au(P) (2i — &) (ax — &) 
== YA (P) titr + SA (P) iér — 22A ir (P) fitr 
som p* 2A (P). cos 6; cos Ory + MEA ix(P) aim (Q) dom (Q) 
Satani RApZA (P) dim {(Q) COS 6, 


essendo, per la (23), 
(26) Éi = Adim(Q). 


Si ha poi 
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(27) SAw(P)a;m(Q)tm(2) == Amm (Q) + Z(Agax(P) = Aix(Q) )dim(Q) dim(Q) 
ed è dmm(Q) 550 perchè la forma quadratica Santé; è definita positiva. 
E infine 


(28) Air (P) aim (2) COS Oy = COS bm + Z(Ax(P) — At(Q) ) aim (2) COS O; 


e siccome risulta, indicando con « una costante positiva, 


(29) | Tm | == | $ (21, rr Ge a2 Ema) | <= as’, 
(30) lim p/s = 1, 

Sl ricava 

(31) | cos Om | = Bs 


con £ costante positiva. 

Dalle (25), (27), (28), (29), (80), (81), essendo la forma ZAné: 
definita positiva, segue perciò che è possibile determinare è > 0 in modo che, 
per | z; | 5 8, 0 < à S ô, risulti 


_ (82) p(s° + A°) < Z(M, P) = q(s° +d’) 
con 0< p< gq. 
Siccome poi si ha 
(33) | cos (nax)| S ys, (£=1,---,m--1) 


con y costante positiva, si ricava, per le (26), (29), 
| Z (Tr — &) cos (nazz) | S n(s? +A), 
dove » è una costante positiva, e quindi dalle (24), (32) segue la prima delle. 
(22). 
Consideriamo ora la derivata ôV (M, P)/0A. Si ha, per la (26), posto 
Ain(P) = 0Aix(P) /0&n, 


Di Lo 
(34) Re T U, P) — 28am (0) das (P) (es — b) 


+ Sanm(Q) Aswan (P) (az — &) (zi — £) } 
rn (m — 2)Z (M, P)-™?? (am — Em) 





e Lc > 2 Z (M, a lan RZann (0) (Anx(P) cai An(92) ) (cx aga Ér) 


+ Barm (2) Aina (P) (ax — Er) (2: — &)} 
e quindi dalle (26), (29), (82) segue la seconda delle (22). 
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Studiamo infine il comportamento della derivata 6°V (M, P)/0v0A. 
Si ha, per la (26), 


0V(M,P) E 
dvdr = 


+ Stam (Q) Aiza(P) (Er — ér) (£4 — £)} {Zau (M) Ai(P) (ax — é) cos (nar) } 
— (m —2)Z(M, PY®P{— Sanm (2) air (AD) Ain(P) cos (nazi) 


(35) mince) Z(M, P) 02/9 {— 23am (Q) Anz (PL) (tr — é) 


+ Sanm(2) a (AL) A ixn(P) (£r — &) cos (nar) } 


da cul, per le (24), (34), 
0V(M,P) _ 
dvr 
— 23anm(@) (An (P) — An (2) ) (ae — &) 
+ Sanm (NQ) Aien (P) (Er — ér) (ri — éi) } {2 (an — ér) cos (nex) 
-+ Saa (M) (Ain(P) — Aix (AD) ) (tr — &) cos (ng) } 
— (m— 2)Z2(M, P)” {— Sain (AL) cos (nar) 
L Sa@im (2) aer (AL) Asin (Q) (Er — &) cos (ngi) 
— Zam (Qana (AL) (Ain(P) — Ain(2)) cos (nar) 
+ Sarm (Q) a1 (M) (Ain (P) — Ain (Q) ) (ce — &) cos (n21) } 
== — m(m —2)Z(M, PY) { (am En) (X(t — ér) cos (nzx)) + n} 
— (m —2)Z (M, P)-"°{— Zaum(M) cos (nar) 
+ Zanm(Q2)4:1(M) Ann (2) (2% — &) cos (na:)} 


(36) mlt) Z (M, P)-(m+2/2) {— 9 (am oy En) 


-e risulta, per le (29), (32), (33), 
(37) ni (AM, P)~ (82/2) na 0:((s° + AF (g° A A) (s -+ à)? 
+ (A(s +A) + (8 +AA (s-+A)?)]) 
A 1 
tt). 
(38) Z(M, P) =? = O((s? + XPI + A(s +-A)]) 


x 1 
7 o(7 + Xe F 1) ai 


Consideriamo ora la derivata 0°V (M, Q)/dv@A. Siccome le coordinate 
del punto Q sono qi = — & == — Adin(Q), risulta 
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dvOr Sia) dvOni 
e quindi si ricava dalla (36) 
(39) ae) — m(m —2)Z (BL, Q)~™/ (aim + Em) E (ae + E) cos (nate) 


4 (m —2)Z(M, Q)-"/2{— Sam (M) cos (ner) 
+ Sanm(Q) air (IL) An (0) (ae + &) cos (nv1)} + p 


dove » soddisfa, per le (37), (38), alla limitazione 


À 1 
= + OC paar + aes) 
Si ha poi, per le (36), (39), 
®V(M,P) , ®YV(IL 0) 
(41) 0 + dv | 


— — m(m — 2) {Z (M, P)-08/9 — Z (M, Q)-™2/ ye, cos (nae) 
+ (m — 2) {2 (M, P) ™ — Z(M, mie {Zaim(M}) cos (nx) 
— Sarn (OQ) ay (AL) Asan (Q) rx cos (ne:)} + Y. 


e risulta, per le (29), (33), (36), (37), (38), (39),-(40), . 
(a) votata. 
Si ha inoltre 
Z(M, P) — Z(M, Q) = Zaa (P) (wi — éi) (2: — 6) — 3A (Q) (+ £i) (te + &) 
= Z (Aa (P) — Au(0Q)) (wire + éir) — 22 (AP) + Aia(Q) ) tié 
e quindi, osservando che risulta, per la (26), 
X(An(P) + Aa (Q) riie = Atn + ASA (P) + Aaa (0) — 24a (9) tam (0), 


si ricava 


Z(M, P) —2Z(M, Q) = O(A(s? + A’)). 
Ne segue, per A intero positivo e par la (32), 
l h-1 
Z(M, P)*—2Z(M, Q)! = (Z(M, P) — Z(M, Q)) Si Z(M, P\)‘Z(M, Q) 


= 0(A(s? + A?)*). 
Si ha perciò 


EQUAZIONI LINEARI DEL SECONDO ORDINE DI TIPO ELLITTICO. 461 


daga __ 
(Z(M, P)” 4 Z(M, Q)!°)Z(M, PYZ (M, Q)" 


À 
pa). 
e quindi dalle (41), (42), (43) segue 


PV(M,P) , #V(M,Q) ( A? À <3) 
OvOA. + RA =0 (8° -|.. A?) m+2/2 sl (8° + A) 1/2 T gm~2 


À 1 
o (EEr +7). 


Perciò anche la terza della (22) è dimostrata. 


(43) Z(M, P) #3 — Z(M, Q) = 


b) Ricordiamo che, per ipotesi, i coefficienti ax, di, c della (1) si 
possono prolungare in un dominio 7’ contenente r al suo interno (in modo 
da risultare in 7 di classi 2H, 1H, H rispettivamente) e consideriamo la 
funzione 


(44) | W(S,R)= f, V(S, N) E*x(V (N, B)) ar’ 


dove 8, R sono due punti qualsiasi di 7’ e si è macat; per maggior chiarezza, 
con E*y operatore differenziale 


Za (N) (0°/0ys0yx) + Zb” (N) (8/3y) + c*(N), 
(Y1,° * *, Ym) essendo le coordinate del punto N. 


Se M, P, @ indicano ancora gli stessi punti considerati in a), dimos- 
triamo che valgono le limitazioni 


WUE) _ o 1 ) 





Op gue? 
| W(P) (1 
(45) mn) ohh) 





-PWL P) j i 
dv0A aU ( (8° + A2) m/? T da) 


e le analoghe ottenute scambiando P con Q. 

Cominciano col ricordare una nota proprietà della funzione V(N, R). 
Si ha V(N, R) = Z (N, Ry- e quindi, indicate con (£1,° +, &») le 
coordinate di Æ, 


OV (N, I ; 5 
(46) ai na A) > (m—2)Z(N, R)-"?24y(R) (rt), 
0V(N, È) P - (m+2/2 
(47) E = m(m —2)Z(N, E) ZArs (B) Air(R) (Ys — és) (yr — €,) 


— (m —2)Z (N, R)” Aal B), 
da cui 


462 LUIGI AMERIO. 


x» 


(48) 3ain(N) == m(m —2)Z(N, kR) 04/2 Zan(N) Axs(B)Air(R) 


X (ys — bs) (yr Lr) 
— (m —2)Z (N, BR)” Sain(N) Aw (PR) 
== m(m—2)Z2(N, R) 3 (ag, (NV) — ain (R)) 
X Ans (2) Air(B) (yi be) (yr — br) 
— (m —2)Z(N, R)” X (ax(N) — ain(R)) A(R). 


8? Pa R) 
Oy 


Ne seguono le note limitazioni 


(49) Saa (N) A — 0 (NR), 
(50) E*x(V(N,R)) = O(NR-rD), 

Siccome è anche 
(51) END L O(MN-0), 


si deduce, per la (82), 


OW(M, P) 9V(M,N) os oy ; 
na = ay E y (N, P))dr 


= O(MP--2)) = O (Z(M, P)-(m-2/2) 
= O (17675) 


cioè la prima delle (45) è dimostrata. 

Per studiare la derivata 0W(M,P)/0A trasformiamo la (44) con la 
formula di Green. Per questo, si circondino i punti M e P con due 
ipersfere o'y, o'p aventi i centri rispettivamente in M, P e raggio e; siano o” 
il contorno di 7’, t'am e rp i domini ipersferici limitati da o's, o'p. 

Risulta, per la formula di Green, detta v la conormale in N, essendo Fy 
l’operatore differenziale aggiunto di E*x, 


(62) VCE, N)B*s(V(N,P) dem f V(N, P)Bs (V (M,N) 

-f (VOL ny PT) V(N, p) YO) L(N)V(M, N)V(N, P)}do’ 
— f parm EE yen, p) SE LNY, N) VW, P) dn 
-f „rar mera _ ven, p) PALI. rw) V(I, NYY (N, P)}do"p. 
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Siccome, per «—>0, i due ultimi integrali tendono rispettivamente a 
= kmV(M, P), segue dalla (52) 


(53) W(M, P) = f V(N,P)Ex(V (3, N) 


Lit P) LALA N) 


- Í, (VON) 


da cui si deduca la seconda delle (45). 
Consideriamo infine la derivata °W (M, P)/dv@A. Per la (2), posto 


— V(N,P) — L(N)V(M, N) V (N, P)} do’ 


(54) Bty = B*y —c*, 
sì ricava 
9°W (MI, P) 6V(M,N) x, 
6) ati 3 f. Sui Bay (V(N,P))dv 


IV(M, N) «emy VIN, P) A, 
+f, PLL o (N) SL. dr 


e risulta 
7 
(56) fy" c*(N) SOI, dr = 0(MP-m-2) == O(1/s"*). 


Osserviamo ora che i punti M, P, Q sono interni a 7’; possiamo perciò 
considerarli interni a un dominio ipersferico to interno a 7°, con centro in Q 
e raggio 7, e siccome la funzione 


(57) U(M,P) = f V(U, N) B*x(V (N, P) de’ 


-~è continua in Q insieme alle sue derivate du/dv, du/0A, 9°U/0v0A, basterà 
dimostrare che risulta 


A 3 C IV(M, N) pg = À a 
(58) = Í aa. (V (N, P) jär = O( ae Tat da). 


Poniamo ora 8=2Z(M,P)4 e facciamo il cambiamento di variabili 
ri = Ëi, ys = Òi, Éi = béi. Indicato con R= R/S il punto che corrisponde, 
per la trasformazione effettuata, al punto £, si-ha, 

(59) V (AL, N) — (1/92) {3A (8Ñ) (Ei — Ga) (Ee — Tu) HO 
VE, Ñ, 8) Z(E, Ñ, 8y 02a 


gm-2 ~~ gr-2 


Ne segue, osservando che la normale ñ e la conormale v in M hanno gli 
stessi coseni direttori della normale n e della conormale v in M, 
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aV(M,N) __1 P(A, ¥N,8) 


gure ai du dv 





(60) 


e inoltre, per le (46), (48) e (54), 


tL 

Stat 

x Air(8P) (Axs (8P) (ir — È) (Ys — és) 

dix: (SN) ca ain (OP) 
` Ò 


_ (61) B*y(V(N, P)) =-=; {m(m—2)Z(N, P, 8) ay 


air (8N) — ar (èP) 
ò 
— (m —2)Z (Ñ, P, è)-m2[x 


X Air (èP) + 30*: (8) Au (8P) (Gx — E) 1} 
_ Y0 P, 8) 


pit 


Ora, se g(N’) è una funzione di classe 2 per QN <r, si ha 


ag(8N) __ 0g(N) i 
d g(8N) — g (8P) 
(63) 58 8 


_ (289: (0g (N) bys) — g(N)) — (388: (09(P)/06) — g(P)) 
5° 

_ Cay (0g (N) /8y:) — g(N)) — (Zé: (8g (P) /08) — g(P)) 
o” 


== 3 (Ja — Er) F (029 (T) tdt) = O ( (N + QP) NP). 
essendo T (t, ‘+ tm) un punto del segmento NP. 
Si ha poi, per le (59), (60), (61), 
SODIO. = — (m —2)Z (it, N,8) ZA (8M) (Se — da) 
y 
X (8M) cos (ñ) 
== 0 (MN), 


(64) 


(65)  y(Ñ,P,8) =—0(NP-m»), 
Inoltre, se A è un intero positivo, risulta, per le (62), (63), (64), 


az (Ñ, P, 8)? 
03 


= 0(GP/NP*) = 0(OP + GN/NP*), 


(66) = — (h/2)Z(N, P, 8)-?/)3 (0A ix (BP) /08) (Gi — Ei) (Dr — 
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0V(H,N,d) m(m—2) FM N S\-(m+2/2) PAi (SN) 
(67) = = - Z ( iit, N, 8) una TE 
| x (ži gooi Ui) (dx — Yr) Ars (SN) (Ër — Ur) Get (SM )cos(f.) 
— (m—2)Z (it, Ñ, 8)-"/?3 (a, — Gx) 008 (A) 
DI _ _ l 7 
x PALIN) an (30) + Aali Ñ) das: (8M ) 
a8 08 
- 0 ON 4-0 i 
une 
ou(N,P,8) (ON 4 GP 
(68) | as ~~ o( Ņpm-1 ) li 


Per la trasformazione effettuata, al dominio ipersferico 7o, di raggio r 
e centro Q, viene a corrispondere, in Sn, un dominio ipersferico Fo, di raggio 
F= 7/8 e centro G. Supponiamo inoltre che M e P abbiano da Q distanza 
= 1/2; perciò sarà anche OM < 7/2, OP < #/2. 

Si ha poi, per le (60), (61), 


2. (IVM, N) pa afi CÑ, S) ,- s) 
ar f: ay v(V(N, P)dro = i Gaz {3 w(N, P, 8) dz 


a ai N, è) 


ae i gm- ap y(N, P, 5) aro 


da cui, osservando che, per il cambiamento di variabili effettuato, la distanza 
MP soddisfa a una limitazione del tipo 


0<hZMPZk< , 


si ricava, per le (64), (65), 
OV (M,N,8 -5 i 
ao SEE N, Ba) are 


w 00 
= 0(f dj,--- f M N20 N P-G-V gg) = 0 (1). 
-00 -00 


Detta poi ©, lipersfera che delimita Fo, si ha 


8 C90V(M,N,8) oy 
(71) SL eee 8 (PAID ven, ayo 


= 
av (it, Ñ, 8) 
-5S T 


ar y(Ñ, P, 8) de, 
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e, per le (64), (65), (67), (68), risulta, ricordando che su So 
PN = F/2, 


PERD a a N 
(yf a E aa) 


x To Z 
= 0(1/8 fa dij, * f N-D 7 P-(m-1) dim) = 0 (1/8), 


(be 
SÌ 
bh, 
IV 
< 
D 


Vv < 
(73) 5) e ! A =) yw, P, 8) diy = O (1/8 f PF) = O (=). 
Dalle (69), (70), (71), (72), (73) si ricava perciò 


(74) a ee E*n (V (N, P))ah = 0 (377 ra). 


Ora si ha 
& = ZA m (P) (zi — i) (tr — &) 


e quindi, per la (26), 


(75) 23 © = ieee want’) (x; 


— fi) (ar ér) + AZA aP) nae m(Q) 
— luna (2) = 0(8° + A) 
come segue dalle (27), (28), (29), (31). 
Dalle (55), (56), (57), (74), (75), segue allora la terza delle (45). 


c) Dimostriamo ora, valendoci delle (22) e (45), le analoghe limita- 
zioni per la soluzione fondamentale della (4). 
Come è noto, E. E. Levi*® ha posto tale funzione nella forma 


(76) P(N, P) = V(N,P) + È V(N,7)6(T,P)d! +4(N, P) 


con $, y funzioni opportune. Per determinarle si impone alla F(N, P) di 
soddisfare, come funzione di N, all’equazione (4). 

Detta om la misura ipersuperficiale dell’ipersfera di raggio 1 in Sm, si 
ricava l'equazione integrale di Fredholm 


(17) omd(N, P) = f _E*x(V (N, T))$(T, Pde 
+ E*x(V(N,P)) + E*x(y(N, P)). 


10 G. Ascoli, loc. cit.*, p. 72. 
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Se il determinante della (77) è 40, si prende y(N, P)==0; in caso 
contrario, per fare in modo che la (77) abbia soluzione, il Levi pone 


W(N,P) = 3u (N )m(P) 


dove le u:(N) sono opportune funzioni di classe 2 in 7° e le y¿(P) risultano 


combinazioni lineari delle autofunzioni ¥i(P),:--,¥%(P) del nucleo asso- 
ciato (1/0m)E*r(V(T,N)): 
(78) Wi(P) =1/0m | E*5(V(T,P))y(T)dr 


Ciò premesso, osserviamo che dalla (#7), posto 
K(N, T) = (1/0m)E*x(V(N,T)),  x(N, P) = (1/0m)E*x(y(N,P)), 
segue | 
(19) $(7,P) —E(N,P) — È E(N,T)(0(T,P) —E(T,P))dr. 
+ K2(N, P) + x(N, P) 
essendo K(N, P) il primo nucleo iterato di K(N,P). 
Detto H(N, T) il nucleo risolvente della (79), risulta allora 


(80) $(N,P) =K(N,P) + K.(N, P) + x(N,P) 
4 J aw, T) (K:(T, P) +x(T, P))dr. 


Ora, ragionando come in b}, si ricava 


K(T, P) = O(TP-)), 


(81) 

E, P) O(TP-(m-1)) 
ed è inoltre 
(82) H(N,T) == O(NT--)), 


Siccome poi, per la (78), le funzioni yi(P) soddisfano anche all’equazione 


yi(P) na Í. Kma(T, P)yi(T)dr 


e risultano perciò di classe 1 (essendo il nucleo iterato Kma (T, P) dotato 
di derivate parziali rispetto alle coordinate di P continue per P = 7, limitate 
in 7’) anche la funzione yx(N, P) è di classe 1, come funzione di P. 
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La tesi !! segue allora dalle (22), (45) e dalle (79), (80), (81), (82). 


2. In: quel che segue faremo le seguenti ipotesi, largamente verificate 
nel casi pratici, sulla natura del dominio limitato r e delle funzioni A, B 
che compaiono nelle (15), (16). 

Supporremo che il contorno o abbia misura ipersuperficiale finita e 
risulta di classe 2 in ogni suo punto, esclusi al più i punti di un insieme 
chiuso x di misura ipersuperficiale nulla. Ammetteremo inoltre che valga 
in 7 la formula di Green per ogni coppia u, w di funzioni di classe 2. Si 
noti che, nelle ipotesi poste, la ‘connessione ipersuperficiale di + può anche 
essere infinita. 

Ciò premesso, diremo che o, A, B appartengono all’insieme (a) se © 
soddisfa alle condizioni ora indicate e se A, B sono sommabili su o. 

Converrà inoltre studiare un altro caso, più comune nelle applicazioni, 
considerando un secondo insieme, (8), contenuto in (a). 

Anzitutto, supporremo A4(4/) continua in tutti i punti di o, B(M) 
continua in tutti i punti di o—y e tale che l'integrale 


TAN) = f | B(M)| MN--%do, per m > 2, 
(83) = 
ini f | B(M) log MN | do, per m= ?, 


considerato per N variable su tutto o, sia ivi funzione continua. 
Supporremo inoltre che gli integrali 


J.(R) = f MRO de, Js(R) = f |2 MR-®-2) | do, 


(84) per m > 2, 
Ja(R) = f | log MR | do, J,(R) = f m log MR | do, 
g ` Odi 
per m = 2, 


si mantengano limitati al variare del punto R in tutto lo spazio Sm. 


Il significato geometrico della limitatezza degli integrali J,;(R) è evi- 


u E. E. Levi, “ Sulle equazioni lineari’ totalmente ellittiche alle derivate parziali,” 
Rendiconti del circolo Matematico di Palermo, vol. 24 (1907), pp. 275-317. Vedasi anche, 
dello stesso Autore, “I problemi dei valori al contorno per le equazioni lineari. total- 
mente ellittiche alle derivate parziali,” Memorie Societa Italiana dei XL, vol. 16 (1910), 
pp. 3-111. La funzione V(M,P) data dalle (20), (21) è quella ora generalmente con- 
siderata (G. Ascoli, lec. cit.2, p. 72) e risulta leggermente diversa da quella introdotta 
dal Levi. 


? 
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dente quando si ricordi che, detto dwx,r angolo secondo il quale è visto dal 
punto È l’elemento do relativo al punto M, risulta, come è noto, 


Js(R) = f | down | . 


Ciò premesso, indicheremo con Ta la totalità degli integrali della (1) 
soddisfacenti alle seguenti condizioni: 


a) wu(P) è dato nell’interno di r dalla formula (16) dove o, A, B 
appartengono all'insieme a e le funzioni A, B soddisfano all equazione (15); 
b) risulta, in quasi tutti è punti M di o, 
lim «u(P)= A(M 
am u(P) (af), 


(85) 
lim mu(P) 


Polit y 





= B(M), 


dove P— M lungo la conormale v a o, condotta dal punto M stesso. 

Indicheremo poi con Tg la totalità degli integrali della (1) che st otten- 
gono da Ta imponendo, come ulteriori condizioni, che o, A, B, appartengano 
all'insieme (B), che la prima delle (85) valga in tutti 1 punti di o, comunque 
P —> M, e, infine, che la seconda delle (85) valga in tutti i punti di o — x per 
Po M lungo la conormale vy. 


8. Dimostriamo ora il seguente teorema fondamentale. 

I. Se le funzioni A(M), B(M) soddisfano all'equazione (15) in tulli 
i punto Q del domimo t esterni a r, la funzione u(P) definita entro t dalla 
(16) appartiene all'insieme Ta 0 Tg a seconda che o, A, B appartengano 
all'insieme (a) o (B). 


Dimostrazione. Supporremo m > 2, la dimostrazione per m = 2 essendo 
del tutto analoga. 

Siccome la funzione f è di classe H in r, la u(P) definita dalla (16) 
soddisfa all’equazione (1), qualunque siano le funzioni A (M), B(M) somma- 
bili su o. 


a) Ammettiamo dapprima che o, A, B appartengano all’insieme (#8). 
Sia Mo un punto qualsiasi di o. Siccome risulta, per le (13), (14), 


La f (HELT L LMF (M, P)}do — J c(t) F(a, Pyar, 
o= f {EE ANEM, Q) do f oA) F(A, Q)ar, 


4 
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si ricava dalle (15), (16) 


(86) kn (u(P) —A(Mo)) = f(D) — A (ate) ) [SG , P) 2EM, g) 


— L(M)(F(M, P) — F (M, Q0))] — B(M) (P (M, P) — F (M, Q))}do 
= f (F(21) — A (Mo)c(M)) (FAL, P) — P (M, Q) )dr 
e, per essere F(M, N) = O (MN-0-2), risulta 
(87) lim, J. (f (AL) —A(Mo)c(M))(F(M, P) — F(A, Q))dr = 0. 
Dimostriamo ora che si ha 
(88) lim fi _B(M) (F(A, P) —F (M, Q) )do =0. 


(P,Q) -> Mo 


Sia K una costante positiva tale che risulti 
(89) | FAL R)| < KMR» 


qualunque siani i punti M, R di r. 

Prefissato e > 0 sì determini poi, in corrispondenza, è > 0 in modo che, 
detta os la parte di o contenuta nell’ipersfera (Mo, è), di centro Mo e raggio è, 
risulti 


(90) f | B(M)| MM"? dos £ /K. 
o 


Si ha poi, se M, è un punto di os, per la continuità dell’integrale Jı (N) 
definito dalla (83), 
lim -f | B(M)| MIr dos — f | B(M)| MM- dog 
MiMe os 
e quindi si può determinare 7 = è in modo che, per MoM: = q, risulti, per 
le (89), (90), 


f | B(M)| MM- doy < 2/ E 
Uli) 


e, a maggior ragione, 


(91) | B(M)| MM don < 2e/K. 


af OY} 
Sia ora R un punto qualsiasi di 7’, Mr un punto di oy situato alla 
minima distanza da Æ. Siccome è 


MMr S MR + RMR S Rate 
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risulta, per le (89), (91), 
(92) f | B(M)F(M, R) | don £ K f | B(M) | MR- -2 day 
s7 OF s on 


< gm- K f. | BOD | MM gO) don < 216. 
Si ha poi 


J BOD (POL P) — F(t, Q))do| = f | B(M)|(| FOL, P)| 
+ | F(M, Q) |) don i 
sa JS Bao (F(M, P) —F(M, Q)) de | 


e il terzo integrale a secondo membro è infinitesimo per (P,Q) — Mo. 
Dalla (92) segue allora la (88). 


Proviamo ora che risulta 


me) Pe „J, (A(M) — A(Mo)) [He Q) a Q) 


— L(M) (F (M, P) —F (M, Q))]do =0. 


Posto p == MR e indicate con (&1,' ' *,m) le coordinate del punto R, 
si ha, per la (24), 


(94) OF ae) = — (m—2)Z(M, R)-”/?3 (2; —&,) cos (ner) + o (M, R) 
con 
(95) o(M, R) = O (MR), 

Siccome è 


% (Ta — Ex) cos (nes) = p(dp/0n), 
si ricava perciò dalle (92), (95), 


0F(M, F) p (m2) 
Oy 


(96) = 0(| Po | + pom) 


e quindi, per la limitatezza degli nu Jo( Rh), J3(E) definiti dalla (84) 
e per le (89), (96), 


(97) fe (EGLI | LGOFGLE)|)de<H 


con H costante positiva. 
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Prefissato e > 0 si determini ora, in corrispondenza y > 0 in modo che, 
per MoM 5 y, risulti | A(M) — A(M6)|< </H. 
Ne segue, per la (97), 


(8) | f cana) (EG) — EY) 
— L(M) (F (M, P) — P (M, Q))]do 
<I f (4G) —4 (hy (ERO a 
— L(M) (F (M, P) —F(M, Q)) ]do | + 2e 


e quindi, essendo l’integrale a secondo membro infinitesimo per (P,Q) > Mo, 
la (93) è dimostrata. 
Dalle (87), (88), (93) risulta poi 


(99) lim u(P) = A (M). 
P»Mo 


Proviamo ora che, se M, è un punto di o — x, detta A la conormale in 
Moy a o, si ha 
(100) lim ——o == B(Mo), 

P->Mo dA 
dove P —> M, lungo la conormale in Mo. 

Portiamo, con un cambiamento di coordinate, in M, Vorigine Q delle 
coordinate e assumiamo come asse €m la normale ao in Mo orientata verso 
l’interno di 7. 

Si ha allora, per la (26), applicando le formule (13), (14) alla funzione 
Ln/dmm (Mo) e supposto P sulla conormale in Mo, 


knA = f (Sep (PCE) ranra p) ten) F(M, P)}do 


amn (MN av Grim (Mo) 
i Í, A A ) (AL, P) de 
om f A (FAO ranra DES Spy FOL )}do 
— fen date 


Ne segue 
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km(u(P) — A (Mo) —AB(Mo)) = f j (4an — A(Mo) 


tmB(Mo) \T9F(M, P) | F(A, Q) 
Amm { Mo) )L x dv 


—L(M) (F (M, P) +F (3L Q)) | 


(Ban — #0) cr car, P) + FOL Q)) } do 


m(M) + zme (M) ) B(M. 
— f (rar — c(M)A (Mo) — COD act B 


(F(M, P) + F(M, Q))dr 
e quindi, assunto come punto Q il simmetrico di P rispetto a Mo, 
du(P) 5 mB (Mo) 
(101) ka( 801) = f } (Aan —4Gh) — 8G 
pa) eF (M,Q) 





ION ĝvôA 
-ra (T + AG) | (Ban S) 
— f (7a0 — e(M)A(Mo) A) 


Osserviamo ora che risulta, uniformemente, al variare di JZ in un insieme 
chiuso non contenente Mo, 


i PEULE) P) i Q) 0°F(M, ae 0°F(M,@) 
(102) lim (POLE) + TEO) ri Sa m (POLO) dvr dvOr ECO o, 


Per il lemma I si possono determinare due numeri positivi h, k in modo 
che, per MoM 5 h, 0 <A S h, risulti 


| CF(M, P) , PEQ) 


aF(M,P) , 6F(M,Q) 
— do TT dd (+ 0+|500]) a TO | 


A 1 
<< lotti e PE 
= ( CETOL a) 
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e quindi 


(108) Si | PPP) CFM, P) | PPLQ) 


di we) + (1+|L00]) 
9F(M,P) . @F(M,Q) 
| a TaN | co 


se fm (soot d<r, f ds + l) 

ò (s? + A?) 0/2 gum? 0 g? + DE 
=k(7/2+h)=W 

con k’, k” costanti positive. 


Prefissato e > 0, si determini in corrispondenza 8, con 0 <8 h, in 
modo che per MaM = È risulti 


~ 


| A (At) —A (ta) ZE |< oye 


(104) 
Gam (Af) 
amm(Mo) | 


Dalle (101), (103), (104) segue allora 
(105) | km (@u(P) /8\ — B(My))| Se 
+| J (400 o)  Gmm(Mo) 2 o ZE OLII avin rN 
o-o§ 
éF(M, Q) mm (M)B( Mo) 
-ran ta )] — (200) Gn (Mo) ) 


(Ae È fa 2) l do 


; ae f (Fao — c(M)A(Mo) — (Pai) + ene (RIDI (DI) 


0F(M,P) , aF(M,Q) 
oe ne Lal 


| B(M) — B(Mo) | < Jk". 


OF (M, P) 


Per la (102) e per le limitazioni, valide in tutti i punti M di r, 
| oF (M, P) 
I 9 





< KMP-(m-1), 
| PEL Q) | < KMQ--9, 


(dove K è una costante positiva) gli integrali a secondo membro della (105) 
sono infinitesimo con A e quindi dalla (105) segue la (100). 
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b) Supponiamo ora che o, A, B appartengano all'insieme (a). In tal 
caso ricordiamo che risulta quasi ovunque su o—y e quindi su o, per la 
sommabilità di A, B, 


(106) lim (1/80 ft A (A) — A(Mo)|.+ | B(M) — B (Mo) |}dos = 0. 


Sia Meo un punto di o —x in cui vale la (106). Sarà perciò anche, 
in Mo, 


TaB (Mo) 
(107) lm fd | A(M) — A(Mo) anal) 


AL Amm (M) B (Mo 


) 
B(M) — TUR | | deso. 





Prefissato « > 0 e posto 
v(t) = f (ACM) — A)| + | BOL — BU) |} dor, 
si determini y, con 0 << ye, in modo che, per 0S ¢ Sy, risulti 
0= y(t) Set", 
Si ricava allora, per il lin I, indicata con k, una costante positiva 


indipendente da e e supposti P e Q sulla conormale in Mo (sicchè risulterà 
| F(A, P)| + | P(t, Q)| =0(F™)), 


(108) if (A (20) — A(Mp)) | ULT) _ P, g) 


— L(M)aF(M, P) —F (M, Q)) 


~ 


n À 1 , 
<hl f (ane tpa) Y(t | dt +n | B(Mo)|] 


hl) (qapa tpa) + SrO (Geyer + eR) a 
+4 | B(Mo) II <a] tt [ae 4+ m—2) dé 
+ | B(Mo)| | <bi(1 +a + ma/2) + (m—2)q + | B(M)|). 
Dalla (108) segue poi, per la (86), 
lim u(P) = A (io), 


dove P —> Me lungo la conormale A. 
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Poniamo ora 


“o= f, { | 400 ac za] 
B(M) _ anza l do; 








e determiniamo £ > 0 in modo che, per 0 Sł S4, risulti, per la (107), 
0 S (ft) S et, 
Si ricava allora, per il lemma I, indicata con h, una costante positiva 


indipendente da e e supposti P, Q sulla conormale in Me ed equidistanti da 
tale punto, 


| Í, j ( A(M) — ACL) — sia) [PPGLP) | erao) 


rÂ 0v0A 
_ LOL) (sea , P) 
9F (M, Q) (mm (M)B(Mo) 
+ dA )] (Ban p Amm (Mo) ) 
0F(M,P) 0F(M,Q)\}l,; 
| mt ) doel 


af À 
4 e di iii A AAAA e $ [ 
= hy Í, j (t? + LIE arri fm st w (t)dt 


e quindi, ragionando come precedentemente, si deduce 


; i 
lim ou) == B(Ao) 


P AL, 0 


dove P —> M. lungo la sonormale A in tale punto. 


4. Dal teorema I ‘segue che Vequazione (15) caratterizza tutte le 
coppie A, B di funzioni coincidenti rispettivamente con i valori assunti su © 
da un integrale u della (1), appartenente all’insieme Ta o Tg, e dalla sua 
derivata conormale du/0v. 

Essa può inoltre essere utilizzata per risolvere non solo i problemi di 
Dirichlet e di Neumann ma anche il problema misto (che li comprende come 
casi particolari) ed il problema di Cauchy (in grande). 

Supponiamo infatti assegnata su o una combinazione lineare delle fun- 
zioni u e du/dv: 


(109) hu + k(0u/0v) = C 
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con h, k, C funzioni assegnate, le prime due non contemporaneamente nulle, 
escluso al più un insieme y di misura ipersuperficiale nulla. Ammettiamo 
inoltre che e — y si possa dividere in due insiemi, 0, e oz, in modo che, in 01, 
la funzione h/k sia limitata e la C/k sommabile, in cə sia limitata la funzione 
l/h e la C/h sommabile. 

Poniamo poi nella (109) A, B in luogo di u, du/dv e supponiamo che la 
funzione «(P) appartenga all’insieme Ta (in modo simile si può studiare 
il caso in cui «(P) appartiene all’insieme Tg). 

Sarà, su o4, 


(110) B = — (h/k) A + C/k 
e, SU Og, 
(111) A = — (k/h) B + C/h. 


Introdotta la successione {rr} data dalla (17), risulta, per le (18), 
(110), (111) 


(112) f A{(9v:/0v) — vr (L — (h/k)}}do; ` 
-f z j 2 a + vr (1 — L(k/h)) dos 


= Í (C/k)vdo, — f (C/h) ((8v/9v) — Lvrdos + f fv;dr. 


Se definiamo perciò un vettore G di componenti A in 01, B in e. e una 
successione di vettori {@,}, di componenti {(2v,/0v) — vw(L— (h/k))} in 


dig = È di + or(1 — L{k/h))} in c} e indichiamo con cr il secondo 
membro della (112), ricaviamo il sistema di Fischer-Riesz 
(113) (G, d,) == Cr 


cioè risultano noti coefficienti di Fourier dell’incognito vettore G rispetto 
alla successione {©},}. 

Viceversa, sia G una soluzione del sistema (113). Si conoscono allora 
le funzioni A su o;, B su 02; definite poi, su 0, e c rispettivamente, le B, A 
mediante le (110) e (111), dalla (112), eliminando € con le (110), (111), 
segue che la coppia A, B soddisfa al sistema (18) e quindi all’equivalente 
equazione (15). Per il teorema I la funzione «(P) data dalla (16) è un 
integrale della (1) tale che risulti, su o, u = A, 0u/0r= B. Per le (110), 
(111) è allora verificata su o la (109). 
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Inoltre, se per il problema considerato vale, nell’insieme Ta, il teorema 
di unicità, la sucessione {@,} risulta chiusa rispetto alla totalità dei vettori G 
di componenti sommabili; se tale teorema non vale, le autosoluzioni sono 
caratterizzate dall'essere i corrispondenti vettori G ortogonali su e alla 
successione {W}. 

Infine, se il problema non ammette soluzione, nemmeno il sistema (113) 
ammette soluzione. 

Dedotta poi dalla successione {©,} una equivalente successione {6r} 
ortogonale e normale, il sistema (113) equivale al sistema 


(114) (G, 6.) = d; 


dove le d, sono costanti note. Perciò condizione necessaria e sufficiente affinchè 
sl problema ammetta soluzione, il vettore G risultando di norma integrale 
finita, è che converga la serie Zd*,. 

In modo analogo si ragiona per il problema di Cauchy, nel quale 
supporremo assegnati su una parte, ci, di e i valori di u, e @u/dv. Posto 
o == g — o, €, al solito, su o, u = A, 0u/0v= B, si ricava dal sistema (18) 
il sistema 


(115) f orio — Le) — Bor}dox 


Lu f {A ( (v;/9v). — Lv) — Bvr}do, + f furdr = cr, 


con cr costanti note. Considerate poi le A, B, in o, come componenti di un 
vettore G, le ((0u,/0v) — Lv), tr come componenti di un vettore ,, 
il sistema (115) diventa 


{G, Od} ssaa e 


e si possono ripetere le considerazioni svolte a proposito dei sistemi (113), 
(114). 


II. Secondo procedimento di integrazione. 


‘1. Dimostriamo due lemmi dei quali faremo uso in seguito. 


Lemma II. Sia U(M, R) una funzione definita nel dominio t con- 
tenente + nel suo interno, la quale soddisfi, uniformemente al variare di M, 
R in 7’, alle limitazioni 
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U(M,R)=0(MR-(n-2)), 


IU(M, R) SELE O(MR FAREI), 
Ox; 
CULE) presi 
Fei = O(MR™). 
dove (£ı,' ` *, tm) sono le coordinate di M. 


Indicato con d il diametro del dominio t e posto, per r intero posilivo, 
AL, N (y` i Ym) an T, 


pr (N, M) = 1/4” (n/a) {1 — ( (21 —y1)?/8)) > > 
X (1 — ( (2m — ya)?/d?)) P, 
‘al polinomio di Stielijes relativo alla U (M, E}: 


U, (M, R) = f O(N, R)g(N, M) de’ 


soddisfa, uniformemente rispetto a r e al variare di M, R nel dominio 7 
interno a 7", alle limitazioni 


U,(1{, R) = O(MR-m-2), 


OU, (H, R) opm) 
dx; = 0 (ME i ); 
@PUr(M,R) _ ubi 
rr io O(MER™). 
Dimostrazione. a) Poniamo 
(116) ô= MR, p = NR, t == MN 


e sia rr il dominio ipersferico di centro E e raggio 8/2, o'p Vipersfera 
(R, 8/2), contorno di 7'r. 

Si ricava allora, indicata con K una opportuna costante positiva e con on 
la misura dell’ipersfera unitaria in Sm, 


117) | U-(M,R)| kme ò ZTP ay ei Be a 
( ) r( ? ) | = me dr = Ki) m-2 dr R 
o£ à Tr P : 





dr’ 


m-l 





et (P/F) i 
+ gim{2 Í, E dr} < K (pre (82/402) Í 
tet’, P T'r P 


= 00 * ae 
AL rm/2 (2 /§) m-2 f en? (Cart) */#) dy, RA J gr (am—ym)2/2) dy n} 
- 00 200 


nr /2 
o dr! 


=K 1 ida Bees gn a pao), 


r 
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uniformemente rispetto a r e al variare di M, R in r. 


b) Siccome è | U | S K8-'"-), con K costante positiva, risulta, supposto 
che 7’ abbia contorno o” di classe 1, 
0U-(M,R) — 0p(N,M) ,, 
Gis). = f TLR) = È 
=f rave) EMI ay 


UW, R) 


=- Í, g (U R) (N, M) ar si $ (N, M) de’ 


= f U(N, RB) dr(N, M) cos (n’ys) do’ + f won $e(N, Mydr 
g’ 7 4 
dove n° è la normale in N a o”, orientata verso l’interno di 7’. 


Indicata con 4 > 0 la distanza del dominio 7r da do”, con K’ une costante 
positiva e con w la misura di o”, si ha poi, essendo M ed R punti di r, 





(119) if. U(N, B)or(N, I) cos(n’y;) do’ es pg (08/0) OL); 


ro 





(120) if 3U (N, R) br(N, M) dr’ | < K' (re Pet (08/42) f drz 
T’ Oy, ` tn m-i 


00 00 
+ pl? (2/8) m4 f et (21-11) 2/0) dy soa f et (am-ym) 20/2) Jy, a O (8 (m1) ), 
-0 -00 


Dalle (118), (119), (120) segue allora 


dU (Al, E) 


(121) dr, 


= O(MR-(1)), 


uniformemente rispetto a r e al variare di M, E n+ 


c) Risulta, per la (118); se n'r è la normale a o'r orientata verso 
l’esterno di T'R, 


(122) aoa | U(N, R) oe cos (n’y) do” 


LEk 
f dU (N, i 0pr(N, M) dr 
~ Jve, hi OYx 


BU(N,R) O6-(N,M) ,, 
+f a cn ; Aa S) = der 


eran eos (n’y) do” 


ni ar de(N, M) ) de 


= È UN, R) 
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+f PEED g,(N,20)d + f OU(N,R) 062(N,M) IA 
qler’ R Oy Oy Tr d : 


OX; 
=f, {U (N, R) Sian cos(n’yi) 
+ wom br (N, M)cos(n'yx)}do° 


"E J, i “na pr (N, M)cos (n rys) do’ 


Li So , SUN, E) (N, Mae! 


Oy dY 
SU(N, RY) Obo(N, M ; 
+f ZEB) D 


e si ha, indicata con K” una costante positiva, 


(123) | f, {U(N, R) —— + I “ cos (n'y) - 


dU (N, ? , 
+ 0.8 $e(N, M) cos (w'y) }do | 
< Kw { (1 Sh) pmt?/2g-7 (08/02) -+ (1 / him?) gnl2e-t 0/8) = 0 (1), 

(124) | ana br(N,M) cos (n'ry:(do' a | K” (1/2/87) er CAE) gm- 

a’ p t 

ae O (8-7), 

(125) | ELi pr (N, Mydr |< Kr? (2/8)™ 

T-T’ p ydy Yk 
(126) dU (N, B) E) Agr (N, M) dr R | << R'!p(m+2/2) 

ve bya ty 


f (| te — yr | /p™*) er dr’p 
T'R 
< K?p(0m+2/2) grr (08/42) 3 [287 om sÉ:0 ( dm) ; 


Dalle (122), (128), (124), (125), (126) segue allora, uniformamente 
rispetto ad 7 e al variare di M, R in 7, 


PUM, R) ap. l 
(127) ihe O (ME): 


Osservazione. Dalla dimostrazione data in a) si deduce che se risulta, 
uniformemente, al variare di M, Rin 7’, 
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U(M, R) = O(ME*), 

con k <m, si ha anche, uniformemente rispetto a r e al variare di M, R in +, 
U.(M,R)=0(MR*). 


Lemma III. Se la funzione u(M) è sommabile in +, lo è anche la 
funzione u(M) MP, con k < m, esclusi al più, in r, i punti P di un insieme 
di misura nulla. 


Li 


Dimostrazione. Se tp è il dominio ipersferico limitato dall’ipersfera 
(P,p), si ha quasi ovunque in 7, porto p = PM, 


(128) lim 1/p* f | u(Mf) — u(P)| drp 0. 
p->0 Tp , 
Sia P un punto in cui vale la (128). Posto allora 
#0) = f 1u(M) —u(P)| dro, 
Tp 


si determini è > 0 in modo che, per 0 Sp 6, risulti 0 S y(p) S p”. 
Si ricava allora, essendo om la misura dell’ipersfera unitaria in Sw, 


f Auld UP) f dr f (u) — (2) dra 
Tô TÖ TË 
=| u(P)| on (t/m — E) + S Cdo 


8 
= | u(P)| om(8"*/m — k) + y (8)/¥ + k f, (w(p)/p**) dp 
<|u(P)|om(8"%/m — k) + 804 &(3"™-k/m — k) 


da cui la tesi. 


2. Indichiamo ora, con il seguente teorema, una notevole proprietà 
delle funzioni dell’insieme Ta. 


II. Se w è una funzione di classe 2 nel dominio T e u è una funzione 
dell'insieme Ta, vale la formula di Green 


ee Í uE*(w)dr = f {A(0w/0v— Lw) — Bw}do — f fwdr. 


Dimostrazione. La funzione w è in 7’ un integrale di classe 2 dell’equa- 
zione E*(v) = E* (w). Possiamo inoltre supporre che il dominio 7° con- 
tenente r nel suo interno abbia contorno di classe 1 e sia interno a un dominio 
T” nel quale è definita la soluzione fondamentale. 
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Si ricava allora, per È interno a 7’, 
nat (R) = f {w (N) ((9P(R,N)/0/) + L(N)F(R,N)) 
g’ 
— (dw (N) /dv’) F (R, N) ydo’ 
= fi E*(w(N))F(R,N)dr, 


dove v è la conormale a o”, orientata verso l’interno di 7’, e N è il punto, 
di o’ o di 7°, rispetto alle cui coordinate si effettuano le integrazioni. 

Ne segue, per le (15), (16) e oservando che i contorni o e o’ hanno tra 
loro distanza positiva, 


J {4D (010 (20) fi») — (BAL) + Lal) A (AL) w (21) }do 
se f FM) m(M) dr 
= f 400 [Ff oO) (FUL) /or) + LN) FUL, N) 
— (dw(N) /a’) F (AL, N)) do" 


19. i 
— > AE (w(N)) F(M, Ww) ar’ | 


— (B(M) + L (Mf) A(M)) [1/kn f CO(N) ( (F(A, N)/04) 
+ L(N)F(M,N)) — (dw(N)/0W)F(M,N))do 
a f  B*(0(N))P(M, N) de }}do 
— fF T1/bm F (0(8) ( (OF (AL, W) fi) + LON) OL, 
(aw (W) /dv’) FAL, N)) do’ 
— 1n f E*(w(N)F(M, N)dr]dr 


Di f (w (N) (0/0 [1/lm f (A (M) ((0F (M, N)/0) 
— L(M)F(M, N) — B(M) F (M, N) )do 
— 1/km J fan Prot, Nyd] 
— ((Q0(N)/04) — ENJU (N) [i/u f (4) (OPL N)/0) 
— L(M)P(M, N) — B(M) F (M, N))do 
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la f f (ML) FAL, N) dr]} do’ 
29 f B*(w(N)) [1/m f (A (ML) ( (OF (AL, N)/0) 
— L(M)F(M,N) — B(M) F (M, N))do 


ais f f(20)F(1I, N)dr]art = — f uE*(w)dr 


ciò che prova la tesi. 


3. Consideriamo in r la successione di funzioni 
(129) Wr == V1 > Cm i (gi = 0,1, > -). 


Applicando formalmente la formula di Green alle funzioni u, wr e posto, 
al solito, su o, u = A, du/0v= B, ricaviamo il sistema di infinite equazioni 
di Fischer-Riesz E 


(130) -=Í ul* (w,) dr =f {A ((dw./av) — Lwr) — Bws}do — f fwrdr 


per le quali vale il seguente teorema. 


III. Condizione necessaria ‘© sufficiente perchè le funzioni u, A, B’ 
sommabili, la prima su r, le rimanenti su o, soddisfino al sistema (130) è 
che la stesse funzioni, alterando al più il valore della u in un insieme di 
misura nulla, soddisfino alle (15), (16). 


Dimostrazione. Che la condizione sia sufficiente segue dal Teorema II. 

Dimostriamo che la condizione è necessaria. Per questo cominciamo con 
l’osservare che, se u, A, B soddisfano al sistema (130), soddisfano anche 
all’equazione i 


(131) — f uE*(F,) dr = f {A((9P,/0v) — LF.) — BF;}do — f fF „dr 


essendo F, un qualsiasi polinomio nelle variabili (#1,° © *,@m). 
Assumiano, in particolare, come polinomio F, il polinomio di Stieltjes 
relativo alla soluzione fondamentale F(M, BR), definito dall’eguaglianza 


12 Se la F(M, P) data dalla (76) non soddisfa, come funzione di P, alla E(u) = 0, 
si può sostituirla con la funzione di Green @(2f, P) relativa a un problema al contorno 
per la (4) in un dominio 7” contenente r al sua interno (M, Gevrey, “ Détermination et 
‘ emploi des fonctions de Green dans les problèmes aux limites relatifs aux équations 
linéaires du type elliptique,” Journal des Mathématiques, vol. 9 (1930), p. 11). 
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F,(M, R) =f F(N, B)¢-(N, M) dr’, 
7? 


essendo ¢-(N, M) il polinomio considerato nel Lemma II. 


Per noti teoremi di T'onelli,!* il polinomio F,(4/, R) converge uniforme- 
mente, per r—> œ, alla F(A, È) in ogni dominio interno a 7’ ma con con- 
tenente Æ. In tale dominio anche le derivate 0/°,/02x,, 0°F./0x:0xx, convergono 
uniformemente a 0f/0a;, OF /0x,02,. 


Sla ora & esterno a 7, poniamo cioè R = Q. 


Risulta allora uniformemente, al variare di M in 7, 


lim E*(F.(M,Q)) = E*(F (IM, Q)) =0 
7900 
e quindi dalla (181) si deduce, facendo divergere 7, 


o= f {A (IL) (OFL Q)/0v) — L(M) F (M, Q)) — B(M) F (M, Q) }do 
— {MF (at, Q) ar 


cioè le funzioni A, B soddisfano alla (15). 


Sia ora £ interno a 7; cioè si ponga È = P. Per ipotesi, la funzione 
u(M) è sommabile in 7; per il Lemma III, lo è anche la funzione u( M) MPE, 
con k < m, per tutti i punti P di + in cui è verificata la (128), e cioè quasi 
ovunque in T. 


Sia P uno di tali punti. Risulta, per la (2), 


ZA °F, (M, P) 
(132) E*(F;(M, P)) = 30a (M) ET) 
+ 30% (AL) ee + ¢*(M)F,(M, P) 
E F, (AL, P) 
= DAL (P) Badr 
P, (M. P) 
-+ S(ail( M) = ain(P)) dada 


Eeun a P) 


e osserviamo che, essendo 


+ c* (M) F, (M, P) 


18 L, Tonelli, “ Sulla rappresentazione analitica della funzioni di più variabili reali,” 
Rendiconti del Circolo Matematico di Palermo, vol. 29 (1910), p. 14 e pp. 20-24. 


i 
O 
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F(M,P)=0(MP-@-2), 


OP(M,P)__o(yp-w), 
dx, 

eF(M,P) ina 
x. = O(MP-™), 


uniformemente al variare di M, P in 7, per il lemma II le stesse limitazioni 
valgono per Fr, Of /021, 0°P,/00;0%,, uniformemente rispetto a r ed al variare - 
di M, P mr. 


Dalla. (132), indicato con Fo Voperatore differenziale (a coefficienti 


indipendenti da 2,° + `, 2m) Zax(P)(0°/0x,0x,), segue perciò 
(133) E*(F,(M, P)) = Eo(F-(M, P)) + x:(M, P) 

e sì ha 

(134) | x- (M, P)| < KMP- 0) 


con K costante positiva indipendente da r, M, P. 


Siccome u( M) MP- -3 è sommabile in 7, si ricava allora dalla (134), 
per il teorema di Lebesgue sull’integrazione per serie, 


ek (M, P` 


(135) lim f u(M)xr(M, P) de — f u(M){3(on(M) — aul P)) 
+ (M) HOL 4 c*(M)P (M, P)}dr 
=e f u(M) E (F (M, P)) dr, 
essendo F(M, P) un integrale della (4). 
Si ha poi, per M =4 P e indicato con E” Voperatore Bais (P) (0°/0710%x), 
(136) E.(F.(M, P)) = 3a (P) (0°/00:0%) fF, P)é,(N, M) de’ 
— f P(N, P)E(9(N,M))dr' 
Sia rr un dominio ipersferico col centro in P e raggio e < MP, o'p 


Pipersfera (P, e). y'o la direzione conormale, relativa all'operatore E°, orientata 
p a 3 9 2 
verso l'interno di + — rp. 


Si ha, per la formula di Green, 
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(137) — f KEN, P)Ho($r(N, M)) — $: (N, M) B'E (N, P))}dr 


(N,M) P(N, P re 
= for) EE A) 4, (, M) do 
r ig j F N, f 
+S rap) Pi) II) p, (N, M) do'r 
g p 8 8 
e risulta 
(138) lim a (P(N, P) SOLE PIT). gr (N, M) }do'p 
0 


= lem®r(P, M). 


Siccome è | E" (F(N, P))| = K'NP-Y, con K’ costante positiva, segue 
allora dalle (136), (137), (138) 


(139) Eo(F,(M, P)) =— km; (P, M) 


+f oe(, at) PILE PN, Py} 


rs f p (N, M) E(P (N, P)) dr’. 
Ora, in virtù della (128) ed essendo $(P, M) = (M, P), risulta 
(140) lim f u(M)¢r(P, M)dr = u(P). 
Si ha poi, essendo r interno a 7’, | 
Ivo 


(141) lim mf u(i) T fi (aN i) o F(N, P)}do]dr=0 


e infine, per l’osservazione relativa al Lemma II, essendo F’,)(F(M, P)) 
== O(M Pe), 


(142) lim f. “(M [ Í, $. (N, M) E’ (F(N, P))d]dr 
= f u( I) E (F (M, P)) dr. 
Dalle (133), (134), (135), (139), (140), (141), (142), segue allora 
lim f u(M)E*(F,(M, P) dr = —kyu(P) 


e quindi, per la (131), facendo divergere r e tenendo presente il lemma II, 
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lnu(P) = f {A (M) ( (OF (M, P)/0v) — L(M)F(M, PY) 
— B(M) F (M, P)}do — f #(M)F(M, P) dr 


cioè le funzioni u, A, B soddisfano alla (16). 


COROLLARIO. La successione {E*(wr)} è chiusa rispetto alla totalità 
delle funzioni sommabili in r. 


Infatti se risulta, per ogni r, 


f uli (wy) dr = 0 

T 

si soddisfa al sistema (130) ponendo A == B = f= 0. Ne segue, per la (16), 
u(P) = 0 quasi ovunque in 7° 


Osservazione. In luogo delle funzioni wr date dalle (129) si possono 
porre nella (130) le funzioni di una qualsiasi successione {w+} tali che wr 
e le sue derivate parziali prime e seconde si possano approssimare uniforme- 
mente in +, contorno o incluso, rispettivamente mediante combinazioni 
lineari della w’ e mediante le derivate parziali prime e seconde di queste 
combinazioni. ci 

Di tale proprietà gode una larga classe di successioni {w’,} chiuse rispetto 
alla totalità delle funzioni sommabili in un dominio r’ contente r nel suo 
interno. Ad esempio, si può porre 


wr —_ e?mizan,r(ar/Tr) | (akr = 0, 1, sh +) 


essendo Tx > è, massimo valore della differenza | 2— 2’, | al variare dei 
punti M (21° ° +, am), Meu: 8m) nr. 


4, Con le stesse notazioni adoperate nel 4 del I, considerando il problema 
misto, si ottiene dal sistema (130) il sistema 


(143) f uE* (w,) de + f {4 ((0wr/ðv) — w(L— (h/k)) Yao, 
-fz j = Ter + wr(1— L(k/h)) l dos 
= f (C/k) w do, — f (0/7.((0w,/8v) — Dwr) doa 


+ f fords == Cp 


dove le costanti cr sono note. 
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Definito allora un vettore G di componenti u in r, A in o;, Bino: e una 
successione di vettori {@,} di componenti E*(wr} in 7, {(0w,/0v) — w: (L 


— (h/k))} ino, — G Di 


(144) (Go) = cr 





-+ w, (1 — L(k/h))} in 0», si ricava, per la (143), 


cioè sono noti i coefficienti di Fourier dell’incognito vettore G rispetto alla 
successione {@,}. Viceversa, sia G una soluzione del sistema (144). Si 
conoscono allora le funzioni u in 7, A su oi, B su o e, per le (110), (111) 
le B, A possono definirsi su tutto o; si trova poi, eliminando C dalle (148) 
mediante le (110), (111), che u, A, B soddisfano al sistema (130) e quindi 
per il teorema III alle (15), (16). Per il teorema I e per le (110), (111) 
risulta perciò soddisfatta su o la (109). 

Inoltre, se vale, nell’insieme Ta, il teorema di unicità per il problema 
considerato, la successione {@,} è chiusa rispetto alla totalità dei vettori G 
di componenti sommabili; se tale teorema non vale, le autosoluzioni sono 
caratlerizzate dall’essere i corrispondenti vettori G ortogonali alla successione 
{©,}. Infine, se il problema non ammette soluzione, nemmeno il sistema 
(144) ammette soluzione. 

Dedotta poi dalla successione {@,} una equivalente successione {5+} 
ortogonale e normale, il sistema (144) equivale al sistema 


(G, €) = dy 


dove le costanti d» risultano note. Perciò condizione necessaria e sufficiente 
perchè il problema ammetta soluzione, il vettore G risultando di norma 
integrale finita, è che converga la serie Zd°,. 

Considerazioni del tutto analoghe si possono svolgere per il problema di 
Cauchy, nel quale il vettore incognito G ha componenti u in 7, A in o» B in o 
e il vettore ©, ha componenti E* (wr) in 7, (0v,/0v) — Lor in o2, — vr in op. 

VIA POLESINE, 20, l 
ROME, ITALY, 


SUR UNE SUITE DE QUADRIQUES ASSOCIEE A UNE 
CONGRUENCE W.* 


par LUCIEN GODEAUX. 


Dans une note récente, M. Chenkuo Pa * a cherché à donner une nouvelle 
définition de la suite de quadriques que nous avons attachée à tout point non 
parabolique d’une surface;? il a ensuite indiqué que Von pouvait de même 
attacher une suite de quadriques à toute droite d’une congruence W. C'est 
ce que nous avons fait voici déjà quelques années * et nous voudrions indiquer 


brièvement les résultats auxquels nous sommes parvenus. 


1. Soit (x) une surface rapportée à ses asymptotiques u,v. Désignons 
par Q Phyperquadrique de Klein, appartenant à un espace linéaire S;, à cinq 
dimensions, qui représente les droites de l’espace, par U, V les points de Q 
qui représentent respectivement les tangentes en un point œ de (x) à la 
ligne u (sur laquelle « varie) et à la ligne v passant par ce point. Tzitzeica * 
et M. Bompiani? ont montré que les points U, V sont les transformés de 
Laplace Pun de Pautre. Ils appartiennent donc à une suite de Laplace 


(1) a 2 SR UU V Va S Pang ee 


chaque point étant le transformé du précédent dans le sens des u. Cette 
suite este autopolaire par rapport à Q; le point Un, par exemple, est le pôle de 
l’hyperplan Vn-oVn-1VnVns Vni Il en résulte que les plans UnUnuU nse et 
VaV n1 Vasa sont conjugués par rapport à Q ; ils coupent cette hyperquadrique 
suivant deux coniques qui représentent les deux séries réglées d’une quadrique 
dn. Pour n == 0,1,2,- ++, on obtient la suite de quadriques que nous avons 


* Received April 21, 1947. 

1 A new definition of the Godeaux sequence of quadrics,” American Journal of 
Mathematics, vol. 69 (1947), pp. 117-120. 

2“ Sur les lignes asymptotiques d’une surface et l’espace réglé,” Bulletin de 
VAcadémie royale de Belgique (1927), pp. 812-826; (1928), pp. 31-41; “La théorie des 
surfaces et l’espace réglé,” Actualités scientifiques et industrielles, Paris (1934). 

3“ Sur quelques familles de quadriques associées aux points d'une surface,” 
Annales de la Société Polonaise de Mathématique (1928), pp. 213-226; “La théorie des 
surfaces ...,” loc. cit., pp. 21-24. 

4 Géométrie projective différentielle des réseaux, Paris, (1924), 

5% Sull’equazione di Laplace,” Rendiconti del Circolo Matematico di Palermo, vol. 
34 (1912), pp. 383-407. 
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attachée au point x de la surface, la premiére quadrique étant la quadrique 
de Lie. Deux quadriques consécutives de la suite se touchent en quatre 
points qui sont caractéristiques pour les deux quadriques. 

La section de Q par Vhyperplan VueVunaVaVaaVme représente un 
complexe linéaire et les coordonnées du pôle Un de l’hyperplan par rapport 
à Q sont les coefficients de l’équation de ce complexe en coordonnées de droites. 
On obtient done une suite de complexes linéaires qui se succèdent dans une 
suite de Laplace. On peut facilement, au moyen de cette suite de complexes, 
définir la suite de quadriques ®, ,, ®:,: + +, sans passer par l’espace Ss. 


2. Soient 7 une droite engendrant une congruence :(}) ct (x), (è) 
les surfaces focales de cette congruence. Les asymptotiques u, v se corre- 
spondent sur les surfaces (x), (©) et nous attacherons 4 la surface (x) la 
suite le Laplace (1), à la surface (#) la suite de Laplace analogue 


(2) ixar Ums PG. Ve Fortes Vy 


Les droites UV, UV se coupent en un point J, représentant sur Q la 
droite j de (j) et on sait (Darboux) que le point J décrit un réseau conjugué 
aux congruences de droites UV, UV. Le point J appartient done à une 
suite de Laplace 


(3) TE ETE ee eee eee 
inserite dans les suites (1) et (2). Dune manière précise, le point Jn, par 
exemple, est le point d’intersection des droites Un1Un et Un+Un. 

Les droites UU, VV se coupent en un point P qui est le pôle par 
rapport à Q de Phyperplan JodiJJ_1J_2.. Le point P appartient à une suite 
de Laplace 
(4) «e, Pay Py P, Pay? e, Pane, 


polaire de la suite (3) par rapport è Q. La suite (4) est circonscrite aux 
sultes (1) et (2). Dans les suites (3) et (4), chaque point est le trans- 
formé du précédent dans le sens des u et le point P, est le pôle de Vhyperplan 
Janso, J -ni1 Tn Toni J-n-2- 

Les plans J-n-y) nd -n41 et Pn- nPn sont conjugués par rapport à Q et 
coupent cette hyperquadrique suivant deux coniques qui représentent les 
génératrices des deux modes d’une quadrique Fa. Lorsque n prend toutes les 
valeurs entiéres, positives, nulle ou négatives, on obtient une suite de qua- 
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driques associées à la génératrice 7 de la congruence (j). Pour n=0, la 
quadrique Y, dégénère en deux plans qui sont les plans focaux de droite j. 
Deux quadriques consécutives de la suite 


(5) i PR Wy Way Yay oy Ba 


se touchent en quatre points qui sont des points caractéristiques de ces 
quadriques. 

En remarquant que les coordonnées du point Pa sont les coefficients de 
Véquation d’un complexe linéaire, on obtient une suite de complexes linéaires 
se succédant dans une suite de Laplace; cette suite comprend le complexe 
linéaire osculateur à la congruence (7) le long de la droite 7. On pourra 
en déduire la définition de la suite de quadriques (5) sans passer par 
Vespace Ss. 

Nous renvoyons à nos notes citées plus haut pour d’autres propriétés.® 


UNIVERSITÀ DE Lita. 


© Voir aussi: Rozet,“ Recherches sur les congruences W,” Mémoires de la Société 
des Sciences de Liége (1935), pp. 1-31. 


SKEW SETS.* 


By R. H. Brxe.- 


A skew set 1s one which is not topologically equivalent to any subset 
of the surface of a sphere. Kuratowski proved [1] that a compact skew 
continuous curve which contains only a finite number of simple closed curves 
eontains one of the two following types of curves: 


Type 1. A skew curve 8, is of type 1 provided there exist six distinct 
points Pi, Pa, Ps, Qis, Qe, Qa such that 8, is the sum of nine ares P;01, P:Q2, 
- + +,P3Q3 with end points as indicated and with the common part of two 
of these arcs that intersect each other being an end point of each. 


Type 2. A skew curve S2 is of type 2 provided there exist five distinct 

points Pi, Pa, Ps, Ps, Ps such that Se is the sum of ten arcs P,P2, Pi Ps 

"+, PaP; with end points as indicated and with the common part of two 
of these arcs that intersect each other being an end point of each. 


Claytor showed [2] that a compact cyclic continuous curve is skew only 
if it contains one of these two types of curves. It would be interesting to 
get a simple characterization of a general planar set. The study of skew 
sets may lead in that direction. 

In this paper we shall consider the following two types of skew sets 
which are generalizations of the types of skew curves studied by Kuratowski: 


Skew set of type 1. The set S, is a skew set of type 1 provided there 
exist six distinct points Pi, Ps, Pas Qis Qe, Gs such that S, is the sum of nine 
connected sets M (P,Q), 0 (P1Q2),: + +, M(P.0:) where M(P;0;) contains 
Pi + Q; and contains a limit point of M(P,0s) only if P: + Q; intersects 
Pr + Qs. 


Skew set of type 2. The set S: is a skew set of type 2 provided there 
exist five points Pa, Pe, Ps, Ps, Ps such that Sa is the sum of ten connected 
sets M(P,P.),M(P,Ps),: © +, M(PaPs) where M(PiP;) contains P; + Pj 
and contains a limit point of M(P,P;) only if Pa + P; intersects Pr + Ps. 


* Received July 16, 1946; Presented to the American Mathematical Society, August 
22, 1946. 
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The justification for calling these skew sets follows from Theorems 3 
and 4. 

Because of their lengths, the proofs of the following two theorems are 
omitted. 


THEOREM 1. Suppose that Pi, Po, Ps, Qus Qo, Qs are six distinct points 
and that P,Q:,PiQs,°-°+,P:Qs are nine ares wilh end points as indicated 
and such that two of these arcs intersect each other only if they have an end 
point in common. Then the sum of these arcs is not homeomorphic to any 
plane set. 


THEOREM 2. Suppose that Pi, Po, Ps, Pas Ps are five distinct points 
such that P,Ps, P,Ps,: © «,PaPs are ten arcs with end points as indicated 
and such that two of these arcs intersect each other only if they have an end 
poni in common. Then the sum of these arcs is not homeomorphic to any 
plane set. 


The space S considered in the next two theorems has the property that 
any pair of points of a component of an open set in S can be joined by an arc 
lying in that open set. 


THEOREM 3. If S contains a skew sel of type 1, it contains a skew curve 
of type 1. 


Proof. Let M(P:Q1), 2 (P:Q2),: <-;M(P303) be sets in S satisfying 
the conditions mentioned in the definition of a skew set of type 1. Let 
D(P,Q:) be an open set containing 4/(P,01) but no point of Af(P2Q.) 
+ M(P:0) + M(P30:) and let P-Q, be an are from P, to Q, in D(P;0:). 
If we replace 1/(P10:) by the arc P,Q; in the sequence A (P:Q:), M(P,0.), 
- + +, Al(P3Q3), the sum of the resulting sequence is a skew set of type 1. 
Similarly, we may replace M (PQ) by an arc PiQe, M(P:0:) by an are 
P103,0 + +, and M(P3Qs) by an are PQs in such a way that two of the arcs 
P,Q1, PiQ2,' + ©, PQ intersect each other only if they have an end point 
in common. 

We shall now show that P19, + PQ +- -+ PQ contains nine ares 
P,01101, P1012Q0,° © +, POQ with end points as indicated such that two 
of these arcs intersect each other only if they have an end point in common 
and the common part of two of these arcs that intersect each other has only 
a finite number of components. 
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Let P,Q, be P:0u.Q:. We shall determine P,O,.Q.2 as follows. Since 
P,01:Q1° PiQz2 is a closed and compact set, it can be covered by a finite set of 
components of P1011 — P1011: (P2Q1 + P3Q1). Let P1401202 be an arc 
from P, to Qə in P,Q. plus the sum of these components such that 
P,01:91° P1012Q2 has only a finite number of components. 

Now P:0::Q1° P103 can be covered by a finite set Tı of components of 
P0491: — P1011: (P-Q + PsQ@1) and P1012Q2' P1Q; can be covered by a 
finite set T of components of P;0::0: — P1012Q2: (P2Q2 + P:0:). Let 
P,0:303 be an arc from P, to Qs in P.Q; plus the sum of the elements of 
Tı + T, such that each of the sets P 101101 ` Pi012Q; and P:012Q2° P101303 
has only a finite number of components. 

This process is continued. To get P3033Qs, we let Ti; be a finite collec- 
tion of components of Piu; — P;0i;Qi : (P101191 + P1012Q2 + P2040 
+ P2022) covering Pi0i;9; > PsQs and let PsOssQs be an arc from Ps to Qs 
in PQs plus the sum of the elements of Tis + 223 + Tı + Tae such that the 
common part of P303303 and each of the sets P101303, P2023Q3, Pa0310, 
P303.Q2 has only a finite number of components. Denote the collection of 
ares P1011Qi P1012027 > +, Ps0a3Q03 by G and the sum of the elements of G 
by G*. We note that two elements of G intersect each other only if they have 
an end point in common and the common part of two intersecting elements 
of G has only a finite number of components. 

Some subset of G* is irreducible with respect to containing six distinct 
points P’,, Pa, Pa, Q's, Q'a, Q'a and nine arcs P’,Q’1, Pag 2 - >, Pa0 such 
that two of these arcs intersect each other only if they have an end point in 
common. For convenience, suppose that G* is such a subset of itself. 

No point of G* is a point of order five or more. If there were such a 
point P’, it would belong to some three elements of G and the point P” could 
be used instead of the common end point of the three arcs of G containing P’. 
Then G* would not be irreducible in the sense supposed. Likewise, we find 
that G* contains no point of order four that belongs to three elements of G. 

Since the common part of no two elements of G has infinitely many 
romponents, G* does not contain infinitely many simple closed curves. We 
know by Theorem 1 that G* is a skew set and by the previously mentioned 
theorem of Kuratowski that it contains either a skew curve of type 1 or a 
skew curve of type 2. 

Assume that G* contains a skew curve of type 2. Let Ai, Aa, °°. A; 
be five distinct points and AAs, A1A3,° © +, duds be ten ares in G* such that 
the common part of two of these arcs that intersect each other is an end point 
of each. If some component of G*— (A, + Aa +: - +4») has three of 
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the five points A,, A2,: + +, Ás as limit points, a careful examination of G* 
shows that it contains a skew set of type 1.0 Compare this notion with a 
theorem by Hall [3]. Assume that no such component contains three of 
these points as limit points. 

Let X be a component of G— (A, + Az +` - -+ As) that contains Pi 
and has A; and A; as limit points. If BA; and CA; are ares in Y+ A; 
each of which is a subset of an element of G, then BA; and CA; do not belong 
to different elements of. G or else A; is a point of order four or more belonging 
to three elements of G. 


There are arcs from P, to Q, in each of the sets P,01101, PiOi12Qe 
+ P020 + P2091, and P1013: + P0339: + P30101 but no two of 
these sets contains an arc lying in. X + A; and containing Az; also no two 
of these sets contains an are lying in X + A; and containing A;. Therefore 
Qı is a point of A. Likewise, we find that each of the six points Pi, Ps, Ps, 
Qis Qe, Ys is a point of X. But G* — X is not a subset of one arc. Hence, 
G* contains a skew curve of type 1. l 


The following theorem may be established in a like manner. 


THEOREM 4. If S contains a skew set of type 2, it contains either a skew 
curve of type 1 or a skew curve of type 2. 


Example. That we cannot conclude under the hypotheses of Theorem 4° 
that S contains a skew curve of type 2 may be seen from the following example 
showing that a skew curve of type 1 contains a skew set of type 2. Consider 
the skew curve which is the sum of nine arcs P,Q,, P:Q2,° > +, PsQs satisfying 
conditions given in the definition of a skew curve of type 1. Let P,@: be 
the sum of the two ares P,B and RQ, The sum of the arcs BQ, + P2Qi, 
RQ: “a Ps, Pik = PQ, Pik aa PQs; PQs T P31; P2Qo, P2Qs; PQ, 
PQs, and PiQz + PiQs is a skew set of type 2. However, it contains no skew 
curve of type 2. 


THEOREM 5. Suppose that o1,%2,°°*,%n are arcs in the plane such 
that two of these arcs intersect only if they have an end point in common. 
There exists a collection of arcs Bi, B2,:**,Bu in the plane such that 
Bi (i=1,2,---,n) has the same end points a and contains no non end 


point of Bi (71). 


Proof. Let yi (i = 1,2,° - -,n) be an are (not necessarily in the plane) 
having the same end points as «; and such that y: contains no non end point 
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of y; (j=£). We shall show that yı + y2 +: + ya is topologically equi- 
valent to a plane set. The truth of Theorem 5 will follow as a consequence. 
Tf yi + yo +-+ ye is not homeomorphic with a plane set, it contains 
1 skew curve of either type 1 or type 2.° Assume that it contains nine arcs 
Pa, P1Q2,° © +, PQ satisfying conditions given in the definition of a skew 
curve of type i. Then P;0; is the sum of a subcollection of the arcs 
Yi» Ya, © *, yn; suppose that it is the sum of yn’, and ys. Let M(P:Q;) 
be the sum of the ares @,,- > -,and xs. Then the sum of A/(P1Q:), M(P:Q2), 
-+,and M(P3Q3) is a skew set of type 1. But the plane contains no skew 
set of type 1. Also, the assumption that yı + ye +-+ ya contains a skew 
curve of type 2 leads to the contradiction that a, + # +: + --+ % contains 
a skew set of type 2. 


Question. It would be interesting to know if the following statement is 
true: If @,, &2,: ©, æa are ares two of which intersect only if they have an 
end point in common, then there exist ares Bı, 8.,° >‘, Ba such that two of 
these ares intersect only if they have an end point in common, the common 
part of two of these arcs that intersect is connected, and Bi (i = 1,2,- + -,7) 
is an arc in @ + 004° ‘+, having the same end points as gi. 


THEOREM 6. No plane set G contains a collection of five mutually 
separated pois seis such that the closure of the sum of any pair of these 
five sets is the closure of a connected subset of G which is open in Q. 


Proof. Assume that the theorem is false. Let Sì, Sa, Sa, Ss, Ss be five 
mutually separated sets in the plane set G such that the closure of the sum 
of any pair of these five sets is the closure of a connected subset of G which 
is open in G. Denote a point of S; (t= 1,2,3,4,5) by Py Let Tij 
(i == 1,2,3, 4,5; 7 =1,2,3,4,5) be a connected subset of G which is open 
in @ and such that the closure of Ta; is the closure of Si + S;. If M/(P;P;) 
is the sum of Pi, Pj, and Tij, the sum of the sequence M(P,P.), M(PiPs), 
‘+ «,M(P4P;) is a skew set of type 2. But the plane contains no skew set 
of type 2 because it contains no skew curve of either type 1 or type 2. 


Problem. The following problem could be posed to a person not 
acquainted with terms in topology. Consider a nation composed of more 
than four states. Suppose that there are five political parties, that each 
state favors some one of these parties, and that each party is favored by 
some state. Would it be possible for each pair of the parties to hold a joint 
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convention at some place so that each of the states favoring these two parties 
could send a delegate to the convention so that this delegate could remain 
in the states but not cross the boundary of any “unfriendly” state, that is 
one favoring a party other than one of the two holding the joint convention. 

We see by Theorem 6 that the answer is in the negative. We let the 
sum of the states be G and the sum of the interiors of the states favoring a 
particular party be one of the five sets. 


THE UNIVERSITY OF TEXAS. 
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FREE LOOPS AND NETS AND THEIR GENERALIZATIONS.* 


By Grace E. Bates.** 


INTRODUCTION. 


It is the object of this investigation to develop a chapter of loop theory * 
that is parallel to the theory of free Abelian groups and direct sums of 
Abelian groups, and to the theory of free groups and free products of groups. 
Like these theories, our study is concerned with two problems: the existence 
of free loops and of free sums of loops (with and without amalgamated sub- 
loops), and the structure of their subloops. In this we succeed fairly com- 
pletely in so far as we are able to prove the existence of the desired loops in a 
very comprehensive fashion (even more so than in group theory), and in so 
far as we are able to prove the theorems analogous to the subgroup theorems 
of Schreier, Kurosch, and others. 

In Section 1, we develop an independent study of free nets (and their 
generalizations), and this theory, in a somewhat restricted form, is applied 
in later sections to obtain the basic loop theorems. The greater generality 
of the net theory seems to indicate the possibility of a wider application oî 
this theory than we have used in this paper. In the study of isotopy, for 
example, it has been shown * that loops are isotopic (similar) if and only if 
their associated nets are isomorphic, which suggests that the net approach 
would be preferable in this study. 

In Section 2 we generalize the theorems of Baer and Bol* to show the 
equivalence of our theory of half-nets and half-loops. In particular, we prove 
that this equivalence applies also to homomorphisms in the two theories. 

We are able to state in 3, then, as almost immediate consequences of 
preceding net theorems, the basic theorems on free loops and their generaliza- 


* Received June 15, 1946; Presented to the American Mathematical Society, April 
26, 1946. 

** The author wishes to acknowledge her appreciation of the privilege she had in 
working on this paper under Professor Reinhold Baer, who suggested the topic and 
directed its preparation. 

t For references on loop theory, see Albert (1), (2); Baer (4); Bruck (1), (2); 
Smiley (1). i : 

The numbers in parentheses refer to the Bibliography at the end of this paper. 

2 See Baer (3); the term “isotopy ” is due to Albert, see Albert (1), (2). 

*See Baer (3) and Bol (1). 
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tions. In particular, we have the theorem that any half-loop is embeddable 
in one and essentially only one loop which is freely generated by it. The 
fundamental theorem of this section is the Subloop Theorem, which has as a 
corollary the loop analogue to Schreier’s theorem. We are able to generalize 
this theorem to free sums of loops and to obtain a refinement theorem on the 
decomposition of a loop into free summands. 

Throughout Section 3 references are made to corresponding theorems 
from group theory—a procedure which is later justified in the Appendix. 
Several interesting contrasts between the two theories are noted.. For example, 
every free loop (except the loop of order one) contains a free subloop of- 
countably infinite rank, whereas a like statement about groups is obviously 
false for free cyclic groups. Again, although not every semi-group can be 
embedded in a group, it is true that every semi-loop can be embedded in a loop. 
Indeed, for any semi-loop which is not itself a loop, the containing loop 
(generated by the semi-loop) is not at all uniquely determined as is the case ` 
for Abelian semi-groups. It is also noteworthy that in many of the loop 
theorems which have their analogues in group theory, the statements for loops 
are sharper than those possible for groups—as, for example the theorem on 
subloops of a free sum of loops and the Generalized Subloop Theorem. 

The Appendix contains a general formulation of the concept of “ free- 
ness” which comprehends the classical definitions of free group and free 
Abelian group, etc., as well as the definitions used in this paper for loops. 


Notations. If J and K are subsets of the loop L, we denote by Ju K ; 
the set-theoretical sum of J and K; by J+ K, the subloop generated by 
'J and K; and by Ja K, the cross-cut of J and K. 

If x is an element of the loop L, and if o is a homomorphism of L, the 
image of x under e is denoted by se; similarly, we denote by Jo the image 
of the subset J of L. We use the notation L~ Kr is isomorphic to K. 

We apply similar notations to nets. 


1. NETS AND HALF-NETS. 


1.1. Basic concepts and definitions. A half-net consists of four differ- 
ent kinds of elements: points, r-lines, s-lines, and #-lines, with the following — 
incidence relations: 


(i) Through every point there passes at most one line of each pencil. 
(By a pencil is meant the set of all lines of any one of the three types, as, 
for example, the set of all r-lines.) 
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(ii) Two lines meet in at most one point. 
It is a consequence of (i) that lines in the ‘same pencil do not meet. 


In general, we shall use capitals for points and lower case letters for 
lines; we write P < h for “P lies on A.” 
A net is a half-net which satisfies the additional requirements: 


(1°) Through every point there passes at least one line of each pencil. 
(1°) Two lines of different pencils meet in at least one point. 


It is clear that any subset of a net, under the same incidence relations 
as those prevailing in the net, constitutes a sub-half-net of the net. 

The above definitions of half-nets and nets permit a set of lines, all of 
the same pencil, to be considered a half-net (or a net). We exclude, how- 
ever, these “ degenerate nets” from all our considerations. 


Definition. If H is a sub-half-net of the half-net K, then H is closed 
in K if the following conditions are satisfied: 


(a) If the point P is in H, and if P lies on A in K, then h is in F. 


(b) If the lines h£ are in H, and if h,h’, carry Q in K, then Q 
is in H. i 


Clearly, any subnet of a net N is closed in N. 
A half-net K is generated by its sub-half-net H, if K is the only sub- 
half-net of K which contains H and is closed in K. 


A homomorphism $ of a half-net M is a single-valued mapping of the 
elements of M upon the elements of a half-net K, such that points are mapped 
on points, z-lnes are mapped on «-lines, and P on A implies that Po is on h¢. 
It is easily verified that the homomorphic image of a net is a net. 

A homomorphism ¢ of a half-net M upon the half-net K is an isomor- 
phism if @ is 1—1 and if $* is a homomorphism of K upon M. One-to- 
oneness is enough to insure that a homomorphism of.a net upon another 
net is an isomorphism, but that this is not the case for proper half-nets is 
illustrated by the following example: Let M be the half-net consisting of the 
r-line, A, and the point P not on h, and let K be the half-net consisting of 
the 7-line, k, and the point Q on k. Then M may be mapped 1— 1 and 
homomorphically upon K, but the inverse map is clearly not a homomorphism 
of K upon M. 


THEOREM 1.1. If pand o are homomorphisms of the half-nel M, (into 


6 


502 GRACE E. BATES. 


a half-net K), if M is generated by its sub-half-net J, and if jp = je, for. 
every jin J, then p =o. 


Proof. Let T be the sub-half-net of M consisting of those elements, x, 
of M for which zp = ge. Clearly, T contains J. Furthermore, 7° is closed 
in M, for: Suppose that P is in T, and P < hin M; then in K, Pp < ho and 
Po < ho. But Pp= Po, and in K there is at most one line of the same 
pencil as & on the point Pp = Po. Hence hp ho, and h is in T. Similarly, 
if hh’ are in T, and if h,h’, carry Q in M, then we have hp = ho and 
hp =l’o on Qp and on Qo in K, thus implying that Qp = Qo, and hence 
Q isin T. Since M is generated by J, and J C T, then M = T ; that is, p =c. 


1.2, Extension chains. A half-net M is an L-egtension of its sub-half- 
net J, if: l 


(1) Every point of M is in d. 
(2) Any line of M which is not in J lies on at least one point of J. 


If M satisfies the additional requirement that every point of M carries 
at least one line of each pencil, then M is a complete L-extension of J. 
A half-net K is a P-extension of its sub-half-net J, if: 


(1) Every line of K is in J. 
(2) Any point of K which is not in J lies on at least two lines of J. 


If K satisfies the additional requirement that every pair of lines of 
different pencils in K meet in at least one point, then K is a complete P- 
extension of J. 

The chain J =J,C J, © + + Co Tan C Sansa C Jona C+ + +, where Jons 
is an L-extension of Jan, and Jens: is a P-extension of Jan, will be called an 
extension chain of J: If the J; are complete extensions, we call the chain a 
maximal extension chain of J. We use this notation throughout. 

It is almost obvious that any sub-half-net J of a net N has a maximal 
extension chain within N. For, if Jen is constructed in N, then Jens. may be 
constructed in N by virtue of the fact that every point of Jan © N has one 
and only one line of each pencil in N; and if Jsny is constructed in N, then 
Jonse may be constructed in N, since every pair of lines of different pencils in 
Joni: C N meet in one and only one point in N. Hence, by induction, N 
contains J ==J,C J,C:+--C J, C- -. Furthermore, it is clear that this 
maximal extension chain of J within N is uniquely determined by N. 
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Note that our definition of an extension chain does not require that the 
Ji be contained in a net, although it will be shown later that, as a consequence 
of the definition, this is the case. 

We denote by U J; = J, the set-theoretical join of the Ji, where the J; 
are terms in an extension chain cf J = Jo, and we define incidence in M as 
follows: If P, h, are in M, then P < h in M if there exists an © such that P, 
h, are in Ja with P < hin Jy. (Note that P < h in J; implies that P < h 
-M Jim) It is clear that, under these incidence relations, M = (J J; is a half- 
net. Furthermore, if the J; form a maximal extension chain, then M satisfies 
the additional requirements for a net, since any element œ in Æ is in some 
Ji and consequently in all succeeding J;. Thus, P in M is in some Joks 
in which every point has at least one line of each pencil, and h, h’, of different 
pencils in M, are both in some Jep.2 in Which every pair of lines of different 
pencils meet in at least one point. 


Definition. When M, a half-net, can be written in the form: M = (U Ji, 
for some J = Jo contained in M, and with Jı an L or P-extension of J; for 
every 2, then we say that J and M are connected by the chain of Jrs. 


LEMMA 1.1. K ts a half-net generated by the half-net J, of and only if, 
J and K are connected by an extension chain of J. 


Proof. If J and & are connected by an extension chain of J, then 
K = |] Ji, and K is a half-net. We have only to show that K is generated 
by J == Jo Suppose that there exists a sub-half-net F of K such that 
JC TC K, and that T is closed in K. Assume that it has already been 
proved that J; CT. I Jin == Ji, then Jia = J; CT; hence suppose that 
Jiu ES: We distinguish two cases: 


(1) 1=2n. Let h be a line in Jana which is not in Jon. Then h is 
on at least one point P of Jon, But P is in T, and T is closed in K; hence 
hisin 7, 


(2) ¢=—2n-+1. Let P bea point in Jense which is not in Jean. Then 
P is on at least two lines k, 47, of Jana. Since k, kh’, are in T, and T is closed 
in K, then P is in T. 


By induction, we have LJ J: =K CTC K, and hence T= K. That 
is, K is generated by J. 

Conversely, suppose that K is a half-net generated by J; then we may 
construct in K an extension chain whose first term is /, as follows: 

Let Jz; contain J; together with all those lines of K which are on 
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| points of Joi, and let Joi. contain Ja together with all those points of K 
which are intersections of two or more lines of Joi. That is, we might call 
Sis: a K-complete extension of J; Then it is easily verified that the union 
of the J; is closed in K, so that we have K = (J Ji. 


COROLLARY. N is a net generated by the half-net J, if and only if, N 
and J may be connected by a maximal extension chain. 


Definition. A null net is a net consisting of one point and the three 
lines, one of each pencil, through this point. A null half-net is a half-net 
consisting of one of the following combinations of elements: (1) one point 
and no lines; (2) one line and one point on this line; (3) two lines of 
different pencils and no points; (4) two lines of different pencils and one 
point which is on these two lines; (5) a null net. 

It is easily verified that in any net not a null net, there are at least 
two lines of each pencil, and every line carries at least two points. 


Definition. M, an L-extenion of J, is open if it satisfies the additional 
requirement: 


(2") Any line of M which is not in J lies on at most one point of J. 
This requirement, together with condition (2) for an L-extension, implies 
that any line of M which is not in J, lies on one and only one point of J. 

K, a P-extension of J is open if it satisfies the additional requirement: 


(2°) Any point of K which is not in J lies on at most two lines of J. 
This requirement, together with condition (2) for a P-extension, implies 
that any point of K which is not in J, lies on two and only two lines of J. 

The chain, J=—J CJM C. o <C JOm C yen) C pene Mees, 
where J‘?"*") is an open L-extension of J"), and J**?) is an open P-extension 
of J (n+), will be called an open extension chain of J. If the J are complete 
extensions, we call the above chain a maximal open extension chain. We shall 
follow this notation throughout. 

Given a half-net J, we may construct a maximal open extension chain 
of which J is the first member, in the following way #: If P in J lacks an 
x-line, we adjoin to J one and only one z-line, «(P), in such a way that s (P) 
carries P and no other point of J. This we do for every point P in J, and 
for x =r,s,t. It is obvious from the nature of this construction that J), 


‘See Hall (1), p. 236. Our construction is similar to Hall’s construction for 
completing a partial projective plane. However, it will be apparent later that our 
construction has the advantage of uniqueness in regard to net homomorphisms. 
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ihe set of elements in J, together with the lines just adjoined, is a half-net 
under the incidence relations of J together with those incurred by the method 
of adding new lines. Furthermore, since no new points are adjoined in J", 
Dut every point of J has in J"? one line of each pencil, it is clear that J"! 
is a complete L-extension. We then form J from J™ by adjoining to each 
pair of lines 4, R’, not meeting in J“, one and only one point Q, requiring 
Q to lie on h and #7, but on no other line of J™. Again it is clear that J? 
is a half-net, and that J@ constitutes a complete P-extension of J9. This 
process may he carried out a denumerable number of times, with each step 
producing a bona-fide half-net. Thus J@**) is formed by adjoining to J!) 
lines A on points P of J“) in the manner indicated above, so that in 712%! 
every point has one (and only one) line of each pencil; and Jl%# is formed 
from JÐ by adjoining points of intersection Q to lines h,h’, of SED, 
in the manner indicated above, so that in /# every pair of lines of 
different pencils meet in one and only one point. 

Then by the Corollary to Lemma 1.1, if we form U J™, we are assured 
of a net V =U J), which is generated by J. That is, any half-nel muy be 
embedded, in al least one way, in a net. 

For future reference, we state below several properties of maximal open 
extension chains. We exelude the null-net and null-half-nets from these 
considerations. 

Let JO CJC. + CJH C: - -þe a maximal open extension chain, 
and let N= UJ; then V is a net generated by J, from the above dis- 
cussion. We enumerate the following properties for this chain: 


(1°) If PQ are in 7°, for some 7, and if P and Q lie on the same 
line A in X, then P and Q lie on di in J; and if h, W, R”, all of different 
pencils, are in some JO, and A, A’, 47, lie on a point P in N, then they lie 
on Pin JP. 

This property of the chain is obvious from the nature of our construction, 
and is also valid for partial open extension chains. 


(29) SID = JM) for some i > 0, if and only if, J® == V. 


If J) = N, it is obvious that J‘? == J for all 1, so that we need only 
to justify the statement in one direction. Suppose that 70 = JID. for 
some 1 > 0. Then we have JP == JO) or JCD — JEF, for some ht > 0. 
But in J©) every point carries one and only one line of each pencil, and 
in J?) ht > 0, every pair of lines of different pencils meet in one and 
only one point. Hence J) == J) is a net, closed in N, and since 
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J C JO CN, with N generated by J, we must have J‘) = N. Without 
loss in generality, suppose that t==2k. Then JO’) — JCH == N; for, if 
there were a point in J@*), but not in JC, then this point would lie on 
two and only two lines in J‘**) == N, which is impossible, since in a net 
every point carries three lines. But then J(*-*) == J- — N; for, if there 
were a line 2 in J"), but not in J(@-*), then x would lie on one and only 
one point in JO) = N, which is impossible, since in a non-null net every 
line carries at least two points. Since k is a positive integer, we must even- 
tually reach the stage in which J© == J“) = N, proving our statement. 

As an immediate consequence of property (2°), note that if J® 4 N, 
then N has an infinite number of lines and points. 


(3°) For i sufficiently large, and J 4 N, in JCH) and J‘) lines 
of each of the three pencils are added. 

Since every non-null net has at least two lines of each pencil, then, for 
some è > 0, JC? has at least two lines of each pencil. Since JC) JON, 
there is at least one line adjoined in J°**), Suppose, for definiteness, that 
this is an r-line, 7’; then in J?) there must be at least one s-line, say s’, 
and at least one #-line, say #, which do not meet 7’. In J°?, then, the 
points P’ =s, and Q/=Y are adjoined, so that in J) the t-line, 
t(P’), and the s-line, s(Q’) are adjoined. 


(4°) If J N, and if p is any positive integer, then there is an 
integer j, such that the number of points adjoined in J) is greater than p, 
and the number of lines adjoined in JCH} is greater than p. 

For è sufficiently great, 7‘! contains at least two lines of each pencil. 
Suppose that in JCH, there are k points adjoined; (by (2°), & is necessarily 
greater than 0). Then in Jt), % lines are adjoined, one on each of the k 
new points of JC®?, In J@#), for each of these k lines there must be at 
least two lines, one of each of the remaining two pencils, which do not meet 
the line just adjoined. Hence in JCH?) , there must be adjoined at least 2% 
points, and in JCH, at least 2% lines. That is, for è sufficiently large, the 
number of points adjoined in the P-extensions is unbounded, as is the number 
of lines adjoined in the L-extensions. 


(5°) For i sufficiently large, and 70% = N, there are points P, Q, with 
P+ Q, such that P and Q are in J@4, but not in JC», satisfying in JC? 
the following conditions: (1) Both P and Q lack an «-line (x, being any 
given one of the three pencils); (2) P and @ have no common line. 

By (4°), for j sufficiently great, there are four different points, R, 8, T, U, 
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which are in JCP, but not in J@-), Each of these points is on two and 
only two lines in JC, and hence to each of these points there corresponds 
one and only one pencil x (= r,s, t), such that this point is not on any 
x-line. Since there exist but three pencils, then at least two points among 
these four, say R, S, are on lines of the same pencils. We assume, without 
loss in generality, that neither R nor S is on an r-line. If È and § have 
no common line, then we have found two points satisfying the requirements 
of our statement. If R and S lie on the same s-line, then in J"/**), the 
points P==r(f)-¢t(S) and Q =t(R)-r(8) are adjoined, and clearly, both 
P and Q lack an s-line, and have no line in common. Similarly, if & and 8 
have, instead, a common é-line, then P’ =7r(R)-s(S) and Q’=s(R)-7(8) 
in J (4+) satisfy the requirements of our statement. 


1.3. Existence of free extensions. We make the following definition: 


Definition. A half-net K is free over its sub-half-net J, if every homo- 
morphism of / into a net N may be extended to a homomorphism of K into 
N. If a half-net K is free over and generated by its sub-half-net J, we shall 
say that K is freely generated by J. 


Lemma 1.2. Gwen a half-net J, then there is essentially at most one 
net which is freely generated by J. 


Proof. Suppose that N, M, are nets which are free over and generated 
by J. Then we may extend the identity homomorphism of J C N upon J C M 
to a homomorphism ¢ of N upon Né CM. Since M is generated by J 
then Nọ = M. But we may also extend the identity map of JC M upon 
J CN to a homomorphism y of M upon My CN, and again we have 
My == N. Then Néy=N, and jo) = (6) = jy = 4, for all 7 in 4. 
By Theorem 1.1, then $y#= 1. Similarly, we have yẹ = 1. That is, $ and 
y are reciprocal isomorphisms of N and M, and we have N ~ M. 


LEMMA 1.3. If the half-net R is freely generated by its sub-half-net 8S, 
and if the sub-half-net T of R contains S and is generated by S, then: (1) E 
is freely generated by T, and (2) T is free over S. ) 


Proof. (1) Given a homomorphism y of T, then y induces a homo- 
morphism ys of S. Since R is free over S, ys may be extended to a homo- 
morphism ¢ of È, and ¢ induces $r in T. But we have, then, sọr == sd = sys 
= sy, for every sin 8. Hence (Theorem 1.1), ġr = yŅ and ¢ is an extension 
of y to a homomorphism of R; that is, & is free over T. Clearly, È is 
generated by T, since R is generated by SC 7. 
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(2) Let o be a homomorphism of S; then o may be extended to a 
homomorphism p of R, and p induces pr in T. We have so = spr, for every 
s in S, and hence pr is an extension of o to a homomorphism of T. That is, 
T is free over 8. 

The next two lemmas are preparatory to the proof of the existence of a 
net which is freely generated by a half-net. 


_ LEMMA 1,4. (a). K, an L-extension of the half-net J, is free over J, if 
and only if, K is an open L-extension. 


Proof. We assume, first, that K is an open L-extension. 


Given 7, a homomorphism of J into a net N, we define a mapping ¢ 
of K into N as follows: Let ¢ act on elements of J in the same manner as 7. 
Consider an element x which is in K, but not in J; then v is a line in K, 
lying on one and only one point P of J, since X is an open extension. In N, 
Pd == Py has one and only one line A of the same pencil as x; we define 
xp =h. That ¢, as so defined, is single-valued is a consequence of the fact 
that « lies on P and on no other point in K. Clearly, then, ¢ is a homo- 
morphism of K into N, and $ is an extension of n. Hence K is free over J. 


Now assume that K is free over J. 


Suppose that K is not an open extension of J. Then there must be at 
least one line A in K, but not in J, such that k lies on P,Q, of J, with 
P0. But now consider the net N == LJ J, where J =J, and where - 
J= is a complete open extension (L or P), of J‘). Take the identity map 
of JC K-upon J CN. Since K is free over J, this map may be extended 
to a homomorphism y of K into N, In N, hy carries Py == P, and Qy = Q. 
But, since P and Q are both in J, PQ, then hy is in J on P and Q 
(Property (1°) for maximal open extension chains). Hence P (and Q) in J 
had already one line hy of the same pencil as h. Then h = hy, and h is in d, 
which is a contradiction to our hypothesis. Hence X is open. 


Lemma 1.4. (b). M, a P-extension of J, is free over J, if and only if, 
M is an open P-extension of J. | 


Proof. Assume that M is an open P-extension of J. 


Given y, a homomorphism of J into a net N, we define a mapping ¢ 
of M into N as follows: Let é act on elements of J in the same manner as y. 
Consider an element x which is in M, but not in J; then x is a point of M, 
lying on two and only two lines, h,h’, of different pencils in J. The lines 
hp = hy and h’ = ky in N have one and only one point of intersection, Q. 
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~ 


Define a = Q. That $ as so defined is single-valued, follows from the fact 
that z lies on h, h’, and on no other line in M. Then, clearly, $ is a homo- 
morphism of M into N, and ¢ coincides with y in J; hence M is free over J. 

Now assume that M is free over J. 

Suppose that M is not an open P-extension. Then there must be at 
least one point P in M, but not in J, which lies on three different lines, 
hh’, h”, of J. Consider the net N = |J J, where J == J, and where 
J+ is a complete open (L or P) extension of J™. The identity map of 
JC M upon JC N may be extended to a homomorphism y of M into N, 
since M is free over J. In N, Py lies on hy, ky, Ky; —that is, on h,W, kb; 
since A, W’, h”, are all in J, then Py is in J (Property (1°) for maximal open 
extension chains). Hence h,h’,h”, intersect already in one point Py of 
JCM. Then Py = P, and P is in J, which is a contradiction to our hypo- 
thesis. Hence M is open. 


LEMMA 1.5. N isa half-net which is freely generated by the half-net J, 
if and only if, N may be represented in the form: N = U I™, where J =J, 
and where J‘*) is an open (L or P) extension of J™, 


Proof. Assume, first, that we have N = J) J“ ; by previous arguments, 
then N is a half-net which is generated by J == J". Hence, we have only 
to show that N is free over J. 

Given 7, a homomorphism of J into a net M, suppose that 7 has already 
been extended to a homomorphism yen of J") into M. By Lemma 1.4 (a), 
then yon may be extended to a homomorphism vena of J?"*) into M, and by 
Lemma 1.4. (b), gens, may be extended to a homomorphism yeni of Jt2#+9) 
into M. Hence, by induction, there exists, for every i, a homomorphism ni 
of J, such that 7; and yix coincide in J‘, We define a mapping $ of N 
into M as follows: If æ is in N, then æ is in J“) for some i, and we define 
ap = gyi. Then ¢ is single-valued, since for x in J and in JO), i< 4, 
we have ang = ty; = «td. Furthermore, $ is a homomorphism of N, since 
P<hin N implies that P < h in some J‘), and hence Py; = Pd lies on 
hn; = hp. Hence, since y has been extended to a homomorphism of N, 
N is free over J. 

Conversely, suppose that there is given a half-net N which is freely 
generated by its sub-half-net J. By Lemma 1.1, then N may be represented 
in the form N = | Ji, with J == Jo and where Jin is an L or P-extension 
of Ji. We wish to show that these are open extensions. 

For any J; in the chain, we have J C J; C N, and by hypothesis N is 
free over J. Since J; is generated by J, J; is free over J (Lemma 1. 3,(2)). 
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But then, for every i, we have JCJ; C Ji, where Jin is free over Jj 
(Lemma 1.3,(1)). By Lemmas 1.4,(a) and (b), then, the J; are open 
extensions; that is, in our notation, we have Ji =J and N=|JJO9, 


COROLLARY. N is a net which is freely generated by the half-net J, if 
and only if, N may be represented in the form: N = U) J® , where J =J, 
and J“ is a complete open (L or P) extension of J®. 


This corollary is an immediate consequence of Lemma 1.5 and the 
corollary to Lemma 1. 1. 


THEOREM 1.2, Any half-net J may be embedded in one and essentially 
only one net N which is freely generated by J. 


We have already noted that any half-net J may be embedded in a net N, 
where N may be represented in the form: N == |} J™ (see the construction 
following the Corollary to Lemma 1.1). Then Theorem 1.2 is an immediate 
consequence of the corollary to Lemma 1.5 and Lemma 1. 2. 


THEOREM 1.3. Given a half-net J which is not a net and not a null- 
half-net, then there eaists an extension of J to a net M which is generated by 
J, but not free over J (Thus, there exist non-equivalent extensions of (proper) 
half-nets to nets). 


Proof. Form the maximal open extension chain of J: 
Jaa FOC JOE « nC 


thus obtaining the net N = U J, which is freely generated by J. Since 
J = N, by property (5°) for maximal open extension chains there exist, for i 
sufficiently large, points P = Q, such that P and Q are in JCH, but not in 
J@i-1) where P, Q, satisfy conditions: (1) Both P and Q lack an s-line, (2) 
P and @ have no common line. For convenience, suppose that P and @ lack 
an r-line. 

Then we may form the half-net J*, which is obtained from J‘ by 
adjoining one r-line connecting P and Q. Clearly, J* is not free over JC”? 
(Lemma 1. 4,(b)), and, if we extend J* to the net M which is freely generated 
by J*, then M is generated by J, but is not free over J (Corollary to 
Lemma 1.5). 


1.4. Free nets and free sums of nets. If the net N is freely generated 
by its sub-half-net J, and if J contains lines, but no points, then we define 
J as a free set of generators of N. A free net, then, is a net having a free 
set of generators. 
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From Theorem 1. 2, it is clear that, given any set of lines J (not all of 
the same pencil), there is one and essentially only one net N for which J 
is a free set of generators. We note also, since there are no incidence relations 
in a free set of generators J of a net N, that any single-valued mapping 
(which, of course, maps x-lines on x-lines), of J into a net may be extended 
to a homomorphism of N into that same net. 


THEOREM 1.4. Any net is the homomorphic image of a free net. 


Proof. Consider any net M; let s be any line in M, belonging, say, 
to the pencil of s-lines. Then 2, together with the set of all points of JM 
which lie on x, form a sub-half-net K of M which generates M. For, every 
point of Af not on x is connected by lines from different pencils with points 
on ©. 

Let J be the set consisting of the line x, and all the r-lines through 
points of æ (i. e. J is the set of all r-lines in M, together with the s-line x). 
Extend J to the free net S having J as a free set of generators. If JC S 
is mapped by the identity map upon J C M, this map may be extended to a 
homomorphism $ of S into M, and since J generates M, then M = Sọ. 


Definition. A net N is the free sum of its subnets N (i), finite or infinite 
in number, if the following conditions are satisfied : 


(1) N is generated by U N (i). 


(2) If, for every i there is a homomorphism (i) of N (i) into the 
net Af, then there exists a homomorphism ¢ of N into M, which coincides with 


$(i) in NG). 


We use the notation N = 5N (è) to represent the free sum of the N (i). 
We write N(1) * N (2) to designate the free sum of N(1) and N (2), and 
similarly for any finite number of free summands. 

An immediate consequence of this definition is that N (i)e N(7) is 
vacuous for all 1547, where the N (i) are free summands. For, if N (i) and 
N(j) have a common point, then we map every point P in N (i) upon one 
and the same point Po(t) in M, and all the æs-lines in N (t) upon the z-lines 
through P(t) in M; and at the same time, we map every point Q in N (f), 
for all 754%, upon one and the same point Q¢(/) & Pẹ(i), and all the 
x-lines in these NV(j) upon the z-lines on Qg@(7) in M. It is obvious that 
p(t) and the (J) cannot be extended simultaneously to a homomorphism 


of N= > N(i), 
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Remark. If N= M(i), then N—N(i) #M, where M is the net 
generated by U N(7), (Theorem 1.1). 
FAA 


If a net M is the free sum of nets M (i), where each M(i) is a free net, 
then M is a free net. For, each M(i) has a free set of generators, J (i), and 
it is easily verified that J = |} J(2) is a free set of generators of M. 


1.5. Structure of subnets of free nets. We are able to determine, 
(essentially), completely the structure of subnets of free nets (and their 
generalizations) by means of the following theorem: 


THEOREM 1, 5. N the net N is freely generated by its sub-half-net J, 
and if S is a subnet of N, then S is the free sum of the nets F and H, where: 


i. H is freely generated by Sod. 


ii. F is a free net with a free set of generators: 
00 . ” 
Fa = U {(Sao JCD) — (Sa JCD Yz}, where 
450 


SaS) CJM C.: -C Jeon C Jey CT Few C-+ + is the maximal 
(open) extension chain of J in N. 


The proof requires several lemmas. Throughout these discussions we use 
the subscript, “ L,” to denote a complete L-extension within N of a sub-half- 
net of N, and the subscript, “ P,” to denote a complete P-extension. 


Lemma (a). If Jo. CTC: CJC- is a marimal extension 


OO 
chain of Jo, and if S is a subnet of the net N = |] di, then: 
j=0 
(1) (S Jon), 8 9 Jan 


(E) (Coma) CE (for all n). 
Vong) PH P d ange 


Proof. (1) Clearly SaJan C So Joni. Consider an element x, which 
is in (S°Jen)z, but not in Soden; then æ is a line in Jana on at least one 
point P of SoJan. Since P is in 8, a subnet of N, then v is also in 8; 
hence v is in S % Joni, proving (1). 


(2) Clearly S89 Jany C SA Jons Consider an element y in (8 ° Jens) p, 
but not in 89 Jeny; then y is a point in J2n+s on at least two lines h, h’, of 
So Joan. Since h, h’, are both in the subnet S, then y is in 8S. Hence y is 
in SO Jen, and we have (S%Janu)pPC Sa Jona If x is an element in 
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So Jans, then, if x is also in Janu, £ is in Sony, C (8S dan) ps hence, 
suppose that z is not in Jen. Then x is a point in Jens on at least two lines 
hh’, of Janu. But, since æ is in the subnet S, h and h’ are in S, so that we 
have A, W, in Soden. Then æ is in (8 %dan4,)p and thus SAJsma 
C (5 n Jansi) Ps Tlence, (S n Jan) p= Sa H inp 


COROLLARY. Under the hypotheses of the Lemma, if Jans. ig an open 
L-exlension of Jon, then (SAJm)r is an open L-extension of So Jan; and 
if Janse 18 an open P-extension of Jans, then S Janis is an open P-erlension 
OF SO Song. 

This is an Immediate consequence of the fact that an element in 
(Sa7an)z, but not in Sen, is in Jona but not in Jzn; and an element 
In Nadia but not in 8^ Jany 18 in Janya but not iù Jon. 

If K and M are sub-half-nets of a net V, such that K C M, then we 
denote by JM — K, the half-net consisting of elements which are in V but not 
in A, with incidence relations for these elements as prescribed by V. 

We say that two sub-half-nets J, K, of a net N are totally disconnected 
If Ja A is vacuous, and if we have: 


+ 


(1) If Pisind,hin K,thenPth (in N). 
Gi) Ifkisin J, Qin K, then kb Q (in N). 


Hence, if we have a set of half-nets J (n), which are pairwise totally dis- 
connected in V, then //(n) is a sub-half-net of N, which has the property 
that P< h in U J(n), if and only if, P< A in J(n), for some n. 


Lemma (b). If JoJ CCJC- + + is a maximal extension 
chain generating the net N = |] Ji, and if S is a subnet of N, then 


KG) = {08 9 Jan) — (8^ Jait}, t= 0,1,2,- °° 
has the following properties: 
(1) K(i) ts a set of lines from S, and contains no points. 
(2) K(1)*°K(4) ts vacuous for i s£]. 
(3) (S*Jen)z and OEY) are lotally disconnected. 
Proof. (1) By Lemma (a), (SaJa), C 8° Jat, so that the ex- 
pressions for K(i) have meaning. Clearly, K(i) CS. If e is in K(i) then 


zisin oa Jam, but not in (S° dJar. But then v is in Jai and not in dai, 
so that a is a line, 
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(2) Since K(t) C Jai — dai, it is obvious that K(i) n K(j) must be 
vacuous for i=4j. 


(8) The set (SJen)z is excluded from K(n); since we have 
(SAJan)e C SAI, it is also excluded from all the K(i), for i> n. 
Hence (S %Jon)i U K (2) is vacuous. Now consider a point P in (8 9 Jan)1; 


since (Ka Jon)r is a ‘complete L-extension of SJ,» then r(P), s(P), t(P), 
are all in (SJon)z, and hence not in Y K(i). That is, for P in (S^ Jan)r, 


there is no 4 in U. K(i), such that P <h. Since LU K(i) contains no 
points, there is do D in U K(i), such that Q < k, ie k in (eJm) 


Hence we have proved (3). 

LEMMA (c). If, CHIC CH C--- is a mazimal extension 
chain generating the net N = |j Ji; and if S is a subnet of N, then S is 
generated by 

M = (SaJ)“ Ut (Sa Jota) — (E° Jaah 

Proof. Define: 


M (3n) = (504) e U K(i); | M(2n+1) = (Se Jan) a U K(i), 
where, as in tame "(b), K(i) = {(8 a Join) — (80 Poy Thus 
= M(0). 

S may be represented in the form: S4-U(SaJ)—for, clearly 
U (Sn7J) CS, and S is also contained in U (SoJi), since € in 
SCN == U J; is, for some n, in SoJ,C LJ (SoJ;). 

Now consider (J M (i); since each M(t) is a sub-half-net of S, we have 
UM(G) C8. But, since S= |] (Sa7;), then SC Uj M(4), and we have 
S also represented in the form: § = M(t). 

Suppose that there is a net R, such that M C RC 8 == U M(t). Assume 
that it has already been shown that M (n) is contained in È; we distinguish 
two cases: 


(1) n=2%. M(2k) = (Sedu) a UKG) CR 
. izk 
M (2k +1) = (89 Joma) n i) K (4) 
4=7hk+1 


=k+1 
= (SaJsy)zu U K(1). 


Then M(2k 4-1) contains, in addition to elements of 1(2%), only lines 
which are on at least one point of (SaJa) C M(2k) C R. Since Risa 
subnet of N, clearly these lines must be in Æ. That is, M(2X +1) CR. 


+ 
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(2) n= 2k 1. M241) = (Sedona) » U K(i) CR. 


iZ2iA+1 


M(2k +2) = (89 Jase) v U K(i), 


Since (Sa Jar) = (SoJen1)p (by Lemma (a)), (2k + 2) contains, 
in addition to elements of .1/(24% + 1), only points which are on at least two 
lines of (Sa Jan) C (2h +1) CR. Since R is a subnet of N, clearly 
ihese points must be in R. That is, M(2k +2) CR. 

By induction, we have U M (i) =SCRCS, and hence R =S; that 
18, © is generated by M, iù 

Note that in the chain of J/(2)’s, J/(2n + 2) is not a complete P-exten- 
sion of (20 + 1), since the only points added in 43/(2n +2) are those 
lying on two or more lines of SJ2.4:, which is only a part of V(2n-+ 1); 
that is, in 4/(2#-+ 2), not every two lines of different pencils may meet. 
lTowever, from the Corollary to Lemma 1.1, we have that a net is generated 
by its sub-half-net, if and only if, it is the join of half-nets in a maximal 
extension chain of which the sub-half-net is the first member. Jlence S may 
be written in the form: S = UY Mi, where Mo = N, and where Min is a 


complete (E or P) extension of Mi. 

We are now ready to prove Theorem 1. 5. 

Since N is freely generated by its sub-half-net J, then V may be repre- 
sented as US, where J = J, and, as is our usual notation, J@*) is a 
complete open (L or P) extension of J (Corollary to Lemma 1.5.). By 
Lemma (e), the subnet S of N is generated by 


= (SoJ) yl K(i), where K(i) = {(8 0 JC) — (Su T29)z}. 
io 


To show that S is free over M, we consider again the chain of M(iYs, where, 
as before, 


M(2n) = (S9 J) v U K(i); Men +1) = (807842) v U K(i). 


in i2n+1 
By the Corollary to Lemma (a), we have that (Sn 72), is an open Z-exten- 
sion of (SaJ@”), Since (Sn/l2), and U K (i) are totally disconnected 


in 


(Lemma (b)), it is easily verified then, that 


M(Qn +1) = (Sod?) uU K(1) 


ix an open L-extension of J/(2n). 
Similarly, we consider 


M(2n +1) = (SaJem a |] K(i), 


i2n+1 
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and 
M(2n + 2) = (Sa JO) y U K(i). 
i2n+1 
By the Corollary to Lemma (a), then (8 a J») is an open P-extension of 
(SaJ(41)) and, since (So JC) is contained in (So 742), we know 
that (Say) and U K(i) are totally disconnected (Lemma (b)). 


Znu+1 


Hence, as is easily verified, M (2n + 2) is an open P-extension of M(2n + 1). 
Then, in the chain of M(iY’s, each M(i+ 1) is an open extension of 
A (1), and hence S == Y M (1) is free over M (Lemma 1.5). 
Now let JI be the diodi of S which is generated by Mo = 5° J, and let 
F be the subnet of S which is generated by Fo, where 


o 


P, = U {SaJEH) — (ga JEDY}. 
4=0 


Let o be a homomorphism of H, and r a homomorphism of P into the 
same net A. Then e induces a homomorphism oo of I, and r induces a 
homomorphism ro of Fe into R. Since He and Fy are totally disconnected 
(Lemma (b)), co and ro define a homomorphism ġo of Mo v Fo into R, such 
that o and oo coincide on Mo, and o and ro coincide on Fo. 

But S is free over and generated by Me v Fo = M, and hence fo may “da 
extended to a homomorphism ¢ of S into Æ. Then ¢ induces a homomorphism 
pa of I ; since dy and o coincide on elements of Ho, and H is generated by Mo, 
then ġn =o (Theorem 1.1). Similarly, ¢ induces a homomorphism ¢r 
of F, and ¢e =r. Hence ¢ is an extension of e and r. Furthermore, since 
Hu FoC Hu F CS, and 8 is generated by Iovu Fo, clearly S is generated 
by Hof. Hence we have shown that S = H * F. 

We have then only to verify that M is free over MHo == SJ and that F 
is a free net having a free set of generators Fo. Let oo be any homomorphism 
of He into a net Æ. Then there exists at least one homomorphism ro of Fe 
into the same net & (for example, the homomorphism which maps Fe into a 
null-net of R). Since S is freely generated by Hv Fo = M, then the 
homomorphisms oy and To may be extended simultaneously to a homomorphism 
¢ of S into R. But $ induces a homomorphism $y of H into R and clearly 
pr is an extension of oo, which proves that / is free over He. The above 
argument is symmetric with respect to F and H, so that F is free over Fo. 
Then F is clearly a free net, since it has a free set of generators Fe (by 
Lemma (b) F consists of lines only). 


COROLLARY. A subnet of a free net is free. 
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For, if .V is a free net, then N has a free set of gencrators J, and by the 
Theorem, a subnet S is of the form S == H * F, where F is a free net, and 
where JF is free over and generated by Sod. Since J is a set of lines, then 
^J consists entirely of lines, and hence JI is a free net. But the free sum 
of free nets is free, so that S is a free net. 


THEOREM 1.6. N ts a free net, if and only if, for every nel M and 
homomorphism + such that Mp= N, there is a subnet R of M, such that % 
induces an isomorphism of R upon N. 


Proof. Suppose that N is a free net: then X has a [ree set of generators 
J, consisting of lines only. l 

Let M be a net, $ a homomorphism, such that Me = N. Consider any 
line v in J; then there is at least one line y in M, such that «= yd. For 
eich z in dJ, select one and only one y in M, with y@==a2. Let Re be the 
sub-half-net of M consisting of these lines y. 

Then, clearly, @ induces a homomorphism «e of My upon / which is 
1—1. Since J has no incidence relations, ¢9* is a homomorphism of J 
upon Ay, and hence ġo is an isomorphism of Ko upon dJ. 

Since NV is free over J, do! may be extended to a homomorphism a of .V 
upon Na C AL; let Nu= R. But ¢ induces a homomorphism y of R upon 
Rv, and we have Roy =J C Ry CN; since J generates N, then Ry = N. 

Hence Nuy = N, and jay = (jp) = (jb!) bY = jbo? do = j, for every 
fedi. Then py—1 (Theorem 1.1). But, since every y in R= Np is of 
the form ru for some x in X, we have that, for all y in R, gya= (ca)vea 
= (rap)u= xa = 7, and hence yu= 1. 

That is, y and # are reciprocal isomorphisms of R and N, and we have 
Re A, 

Conversely, if N is a net having the property of the theorem, then, since 
A is the homomorphie image of a free net F (Theorem 1.4), we have V 
isomorphic to a subnet of F. But a subnet of a free net is free (Corollary to 
Theorem 1.8); hence N is a free net. 





1.6. Existence of subnets on a countably infinite free set of 
generators. The following Lemma is needed in the proof of the next theorem: 

Lemma C, II CIJI Ci COC: + + is a maximal open 
extension chain generating the net N == U J), and if the sub-half-net IL 
of N is closed in JCP (for some i), ne IT generales a subnel K of N, 
having the following properties: 


Y 
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I KaJD=HaJD, jZY+1 
II (KaJ@)), = KaJein, jbi 


Proof. Lt H{=H, CH, CC: CHjC- << be the maximal exten- 
sion chain of Hin N. Then K = Y H, is the subnet of N which is generated 
220 


by H (Corollary to Lemma 1.1). p 
We now prove, by complete induction with respect to f, the validity of 
the following propositions: i 


(A) If is in Hyu, but not in Hy, then a is in JCH”, but not in 
JUD, for all 7 = 0. 


(B) Hin is closed in JO"), for all 7 = 0. 


(B) is needed only for the inductive proof of (A). 

Since H is closed in J@#), every point of H carries one line of each 
pencil in H, and hence H = H,. Then for 7 = 0, proposition (A) is vacuously 
true, and, since H = H, is closed in JCH), proposition (B) is valid. 

Suppose that (A) and (B) hold for 7 = k; we distinguish two cases: 


Case 1. k=2n ; then Mana is closed in JCD, and clearly, 
Haag CJ CHR), 

If æ is in Hana, but not in Monn, then a is a point on at least two lines 
of Hona C JCD, If x were in J(°%+2#+1) then x would be in Hans, since 
Hon is closed in Jtt), Hence æ is in Jt?) but not in JH?) 
and we have established the validity of (A) for j==%kK+1=?2n+ 1 

Suppose that P is in HMen, and P lies on h in J Ctm, Since J(2%42n+2) 
== (Jin), h is necessarily in J@#?"1), Then if P is also in Hana 
(CJ (2642241) h is in Menm and hence in Hony, by closure condition (a) for 
Hons. If P is not in Hon: then P is on at least two lines h’,h”, of Ham 
But, by property (A) just established, then one of these two lines must be h, 
since J (#242) ig an open extension. Hence h is in Hans. 

If k,k’, are in Hongo, and if k, k, lie on Q in J@#?"**), then Q is in 
Hons, since in Hanzo == (Hany) pC JCH), every pair of lines of different 
pencils meet in a point. 

Hence (B) is established for j} = k + 1 = 2n 4+- 1. 


Case 2, k=2n+1; then Hens. is closed in JC, and clearly 
Hona Ca J Cw), 

If ® is in Hansa, but not in Hens, then x is a line on at least one point 
of Mong C JCH, Th a were in J?) then œ would be in Man, since. 


+ 
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Ian.» is closed in JCE, Tence g is in JCH?) but not in JECHA, 
and we have established the validity of (A) for j == k + 1 =2n 42. 

If P is in Mong, and if P lies on & in FJ. then & is in Menea 
== (Ionio), C JC), JE ALA are in Mons, and if h, k’, meet ina point 
Q in Jf2i2"+8) then, since J (#28) a. (Jien) yz, Q is necessarily in 
Jute, Hence, if both 4,4, are also in Lan, then Q is in Zama, by 
closure condition (©) for Ions Suppose that one of the lines, say f, is not 
in Uag: then by (A), t is in JOH) but not in J!) and hence Q 
must be the one point on h in Lang C TPH), since J? #2"*8) js an open 
extension. ence Mons is closed in JCH), and (B) is valid for j/=% + 1 
== 2n 42. This completes the induction. 

Now Ha JO? js contained in £ 0/74, certainly. Furthermore, if æ is in 
Ke JO, for 7S Ri + 1, then ® is in M; for, if œ were nol in JI, then, for 
some k = 1, would be in Hii, but not in Hr. But then, by proposition (A), 
e would be in JC), but not in JCM), (k = 1), which is impossible since 
Pisin dese Cl Jew), 

Hence KJ) is contained in Ma J) for 7 2 Xu -+ 1, so that we have 
finally, Ka JD = Ha JQ, for 7S 2i -+ 1, proving I of our lemma. 

Furthermore (Ko JCP) C Ka (JC)), = Kasei, since Kr =K. 
Consider an element x in KaJCHD, for 7 > i; we have two possibilities: 


(i) wxisin JCD; then 2 is in Ko JC?) C (Ka Je@n),, 


(ii) x is not in JA; then v is a line on P of JC and on no other 
point in JPO, æ is not in HZ, since HCO JCH), and we have 7 > i. Then 
a: is in Jori, but not in Mer, for some k 2 1, and 2 carries a point Q from Han. 
But then x is in J?) not in JOH. on Q of JE, by proposition (A) 
of this proof. Since x is also in J'/*?, but not in JP, we must have 
2j = (4 2%, and Q =P. Then Q =P isin KoJ°) and aisin (L£ASCN),. 


Hence in both cases we have Ko JOH C(Ka785),. and finally, 
(Ka fOr), == Ka JEHO, for j > +t, proving IT of our lemma. 


THEOREM 1.7. Jf the non-null net N is freely generaled by ils sub- 
half-net J ÆN, then N contains a free net on a countably infinite free set 
of generalors, 


Proof. N may be represented in the form: N = U J™, where JI" = J, 
and Jf © is a complete open (L or P) extension of 7°. 

In Ji, for i > 1 and sufficiently large, there are at least two lines of 
ach pencil and at least two points on each of these lines, since N is not a 
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null-net. Since N ÆJ, we have J@#1) 4 J+), (property (2°) for maximal 
open extension chains). ‘Then there exists a line x in JCH), but not in 
JCD, and a point P from Ji- which does not lie on z. It is no loss of 
generality to assume that a is a #-line, #*, and that r(P) does not meet 
Cia ee), 

We define, then, for the net N, a “ladder,” P—t*, as follows: Let 
Po = t*:r(P); suppose that we have already defined Pa; for j=0: Then 
we define: 
i Saje = 8(P4;) : Pippo = Sijn ` t(P) > 


Tana = 1 (Paje) 3 Pijs = ajag 13, 


Note that Paj < t(P), and Paj < t*, for all j. See Fig. 1. 
r(P) 


s(P) 





FIGURE 1. 


Now we verify the validity of the following statements, for all j= 0: 
Pay le in JOM, but not in Jets) ; 
Saja. 18 in J H4I+0) but not in Jie) 
Pizzo 18 mn JA), but not in SCO) ; 
fas is in JCM) but not in JCA), 


Py=t*-r(P) is in J2, but not in J°* (since t* does not meet r(P) 
in Ji), and Po lacks an s-line. 
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Suppose that Pa; is in JCH, but not in J@#-), and that P4; lacks 
an s-line. 

Then s4;41 = 8(Paj) is in J(2#4541), but not in JCH, and Sajas carries 
P.; and no other point in J(°#451), Since Py; < t*, and, since Paj, not 
being in J@#4-)) is distinct from P, s4;+1 does not meet ¢(P) in JOH, 

Hence Pajpo = Saja t t(P) is in JCH, but not in JC, Clearly, 
P4ji2 lacks an r-line. 

Then rss = (Pane) is in JCS, but not in JH), In JOHS, 
74543 carries Pa;+: and no other point. Since Pu;.s lies on #(P) and hence on 
no other t-line of N, clearly 74;.3 does not meet ¢* in JOH, 

Then Pajea = EF r4j4s is in JCI, but not in JCM), and Pajas lacks 
an s-line. l 

Hence the validity of the foregoing statements has been proven. 

We shall show that the set of lines: 


K = {r (P), (P), Ss Sis, © } =r (P) vs(P}) v y POE 


is a free set of generators of a subnet S of N. 

First, note that r(P) vs(P) =X(0) generates the null-net $(0) on 
P, and that S(0) is free over K(0). Since r(P), s(P), t(P), are in JOEY, 
we have 8(0) C JEH, For definiteness, we assume that S(0) C J® since 
in later applications of this theorem this will be the case. This assumption 
does not constitute a restriction on the theorem, but is merely a matter of 
convenience. 

Let M(1) == 8(0) vss. Then M(1) is closed in Jl##5), since S(0) is 
certainly closed in J45, and the only lines which meet ss in J45) are the 
lines ¢* and 13, neither of which is in S(0). By Lemma C, then M(1) 
generates a subnet S(1) of N, which has the following properties: 

I. SQl)eJY) = M(1)0JD, 7S +5 
II. (S(1) 07E2), == S(1) 0J(#D, 7G > 44-8, 


From Theorem 1. 5, then S(1) is freely generated by 
(S(1) 9) v U {S(1) aT) — (S(1) a J®N)2} 
j=0 
442 s 
= (8(1) 0) v U {S(1) a Te) — (8(1) nJCM)z} v 
j=0 


U {S(1) Fee) — (8(1) Sn]; 
jz i+2 


442 
= (M(1) 9 J®) v U {M(1) ae) — (M1) a TEP) 53, 
j=0 
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by I and II above. 


But M(1) = 8(0) vss, where S(0) C 7° and ss is in J@*), but not 
in JCH, Hence 


M(1) o JD = §(0) 9 JM = §(0), for j < i+ 5, and 
AL (1) 9 JCH = (8 (0) a JCH5)) ys, = §(0) uss. Then 
iti ; 
to) (AL) Se (ML) et Oh} 
j=0 
dtl 
== |] {8(0) n JEI — (S (0) n JEN),} 
j=0 i 2 
is vacuous, but - 
{M (1) 0 Je) — (M(1) n JCH ) 7} = (8(0) uss) — 8 (0) = ss. 


Hence S(1) is freely generated by S(0) v ss. 
Then S(1) is certainly freely generated by 


K(1) =r(P) vs(P) uss. 


Note that, since S(1) a JD —=M(1)9oJ%, jS 2% + 5, then #* is not in 
S(1), since #* is in J@*, but not in Mf(1) = S(0) us. 

Restating the above results in a form more suitable for induction purposes, 
we have that S(1) is a subnet of N which has a free set of generators: 
K(1) =r(P) vs(P) vss, and which enjoys the following properties: 


(1) (8(1) 2709) v U {S(1) a JED — (8(1) a JEP) 1} —8(0) vse 

(2) (S(1) a JEN) = S(1) TOM), j>i+2 

(3) #* is not in S(1). | 

Now assume that there exists a subnet S(k) of N, with a free set of 
generators: K(k) =r(P) us(P) a (k = 1), enjoying the following 
properties: i 


(1) (S(b) aI) u U {8(h) a JED — (8 (hk) a JOA )r} 


k-1 
sam S(0) Y LJ Sejs5e 
‘ j=0 
(2) (S(k) TPN), —S(k) a Ji, j>it4k—2. 
(3) ¢* is not in S(k). 


Suppose that sess is in S(k); then, since Ssk is in JS), it is in 


FREE LOOPS AND THEIR GENERALIZATIONS. 928 


E(k) a J OHSS) e (8 (hk) a JCS ) 7. Furthermore, since sss is not in 
Jeske) it ig not in S(k) e JCH, Hence Sss is on a point Q of 
(k) a JOHS), But sens carries Pera and no other point of Sf, 
Hence Q = Par is in (k); but Pera lies on ¢*, and hence /* is in S(k), 
which is impossible. ILence 84; is not in S(F). 

Moreover, ra43 is not in S(#), by the same line of reasoning as thal used 
above. 

Clearly S(h) a 7(284845) is closed in FEHR), since S(k) is a net. 
Then M(k + 1) = (S(4) a JOH) y S5 is closed in JCH), since the 
only lines which meet ssx in J(2#85) are 7* and #43, neither of which is 
in S(#). 

Then U (k -+ 1) generates a net S(k +1) CV, with properties: 


IL. S(k+ 1) oJ) oe Vk +1)oJ, JS 2+ 8h +5, 
1I. (S(k +1) 97°C)), = S8(k4+1) 07954), j >14+ 4h -+ 2, 
by Lemma C. 
Then, by Theorem 1.5, S(4-+ 1) is freely generated by: 
(S(k+1) 270) nÚ {8 (k +1) 07055 — (8(b +1) aJe),} 
= (S+ 1) 090) u U (S1) AJE — (841) aJ): 


v U {S 41) a JED — (S(b +1) aJ),} 


j` itike 
44442 
= (M(k+1) 9d) U {U(E 41) 0 JED — (MUk 41) a JEP), 
j=0 
by I and II above 


But M(k+ 1) = (S(k) a JOHS) Y Seks, where syws is in Jb), 
but not in JCH% so that 


Wasla WA ca 
M(k ai 1) n J(2i+8445) —_ (S(k) n J (2i+Sk+5) ) ae 
Since (S(#) 0/9), = S(k) a JCI), for j > i+ 4h — 2, we have that 


d4A4k+1 
Ue +1) 978) — (M+ 1) JEP) 2} 
i+ik+1 l 
= U (S(b) 070 — (S(k) Je ),) 


Is vacuons. 
However, 
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{M(k-+1)aJ (2648145) __ (AL (Ik + 1) a JOHS) E 
= { (8 (k) a JOH) u Sors — (O (k) a JOHS ) z) 
= {(S(k) n J (2448645) ) gy Sars — (S(k) a J (24+8k+5) )} = Sus 
Hence (k + 1) is freely generated by 


i+44k-2 
(S(k) AS) 0 U {S(k) n JI) — (S(k) a JOD YE} u Sones 
3=0 


k-1 k 
=S 5 (0) U U Sgj+5 T Sgk = S (0) U U S8j4se 
f= j=0 
Then S(k + 1) is certainly freely generated by 
k 
K(k + 1) =r(P) vs(P) u U $8j450 
j=0 


Hence, we have an ascending chain of subnets: ‘ 


S(O C 8(1) C-- -C8(k) C8(k-+1)C---CN, 


1-1 
such that S(t) is freely generated by K(t) =1r(P) vs(P) vu U 86545 
j=0 


and K(i) C K(¢-+1), for every i. Then it is easily verified that S = |J 8 (îi) 
7=0 


is a subnet of N which is freely generated by 
00 00 
K = |] KG) =r(P) us(P) u L) Ssjas. - 
4=0 j=0 


That is, S is a free subnet of N having a free set of generators, K, countably 
infinite in number. 


1.7. Centered half-nets. We now consider a special class of half-nets 
which will find their direct counterpart in loop theory in the next section. 


Definition. The half-net T is termed P-centered, for P a point in T, 
if the following conditions are satisfied: ` 


(a) If Q is in T, then Q carries r(Q), s(Q), (Q), in T. 
(b) s(P) meets every s-line in T, for z £8. 
r(P) meets every «-line in T, for t £r. 
Note that a net is P-centered for P, any point in the net. 


THEOREM 1.8. Given a net R and a sub-half-net M of R, containing the 
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point P, then there exists a uniquely determined P-centered half-net, 
M* = (M, P), such that M* is generated by M, and no proper sub-half-net 
of M* is a P-centered half-net containing M. 


Proof. There exist P-centered sub-half-nets of the net R; for instance, 
& itself. ‘Consider the cross-cut, M*, of all P-centered sub-half-nets of È 
which contain M. Now it is easily verified that M* is a P-centered sub-half- 
net of E which contains M, and that there does not exist any proper P-centered 
sub-half-net of M* containing M. Suppose that S is'a sub-half-net such that 
MC SC M*, with S closed in M*. Then clearly, S, too, is P-centered, and 
hence S = M*, so that M* is generated by M and thus meets all requirements. 

We shall use throughout the notation, (M, P), to represent the smallest 
P-centered half-net containing the half-net M, and generated by M. 


COROLLARY. If the net È is free over and generated by its sub-half-net J, 
and if J contains the point P, then R is freely generated by (J,P). 


This is an immediate consequence of Theorem 1. 8, and of Lemma 1. 3,(1). 


Definition. If the net N is freely generated by its P-centered sub-half-net, 
(J, P), and if (J, P) has the following property: 


(P;) TEQ isin (J, P), then Q is on r(P) or on s(P), 


then we define (J, P) as a P-centered free set of generators of N. A P- 
centered free net, then, is a net having a P-centered free set of generators. 


TirgorEM 1.9. A net N has a P-centered free set of generators (for 
some point Pin N) if, and only if, N has a free set of generators. 


Proof. If N has a P-centered free set of generators (J, P), then it is 
obvious that the sub-half-net K, consisting of all the r-lines in (J,P), 
together with the s-line, s(P), constitutes a free set of generators of N. 

Suppose that N has a free set of generators, Jf. Since M consists 
entirely of lines, in the maximal open extension chain of M, we have 
M=M®, but MW 4 Ml), Let P be any one of the points adjoined in - 
M° ; then P lies on two and only two lines, say h, h’, from M. Let M* be 
the sub-half-net of N which is formed from M by deleting the lines È, h’, 
and substituting, instead, the point P == h:h’ in N. It is clear that N is 
freely generated by M7, since M(® is free over and generated by M*. Then 
N is freely generated by (M*, P), the P-centered sub-half-net of N which 
is determined by M*, (Corollary to Theorem 1.8). Furthermore, (3/*, P) 
is a P-centered free set of generators of N, since if there were a point @ in 
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(1/*, P}, such that Q did not lie on #(P) nor on s(P), then Q would have 
three lines, one of each pencil, in (M*, P). At most two of these lines would 
be lines of JM, since M contains no points, and N is free over M. Then it is 
almost obvious, from the properties of P-centered half-nets, that there would 
be a P-centered half-net containing J/ and having but two of these lines, 
hence being properly contained in (4/*, P), which is impossible. 


Definition. A net N containing the point P, is the P-centered free sum 
of its P-centered subnets, (M (v), P), if the following conditions are satisfied : 


(i) N is generated by |J (M(x), P). 


(ii) If $(v) are homomorphisms of (M (v), P) into a net R, with 
Po(v) = Pé(w), for all v, w, then there exists a homomorphism ¢ of N, 
which coincides with ¢(v) on (M (v), P), for each v. 


One verifies that if N is the P-centered free sum of its subnets, (A/(v), P), 
then (V(v), P) 9 (Al(w), P) consists of the null-net on P, for all v s£ w. 


Note. If N is the P-centered free sum of its subnets, (M (v), P), then 
N is the P-centered free sum of (4M(v), P) and the net pencrated by 


WY, (M(w), P). 


THEOREM 1.10. Jf the net N containing the point P, is the free sum 
of its subnets, (K, P) and 8, where (K,P) is generated by (Ko, P), and 8 
is generated by So, then N is the P-centered free sum of the nets (K, P) and 
(T, P), where (T, P) is generated by (To, P), and where T 18 the half-net 
which is obtained from So by adjoining the point P. 


Proof. Let o and + be homomorphisms of (K, P) and (T, P), respec- 
tively, such that Po= Pr; clearly, 7 induces a homomorphism p in 8. 
There exists one and only one homomorphism $ of N which induces o in 
(K,P) and p in S, since N = (K,P)*8. Thus ¢ coincides with the homo- 
morphism r of (T, P) in the point P and in S. But (T, P) is generated by 
Ty) =SwP (since (To, P) is generated by To, and (T,P) is generated by 
(To, P)), implying that ¢ coincides with r everywhere in (T, P), (Theorem 
1.1), as was to be shown. 


2, HALF-LOOPS AND CENTERED HALF-NETS. 


2.1. Representation of half-loops by centered half-nets. A half-loop 
H is a set of elements with one composition, called addition, a + b, subject 
to the following rules: 


FREE LOOPS AND THEIR GENERALIZATIONS. 527 


(i) If a+b =c, and a+ b= d, then c=d. 
(i) IE a+ d=a-+ f, then d= f; if b-+a=—c-+a, then b =c. 
(iii) There exists a null element, 0, satisfying 
a -- 0 = 0 -+a =a, for every ain H. 


? which 


The term, “half-loop,” is not to be confused with “ semi-loop, 
is defined as follows: A semi-loop, Ñ, is a aeli loap which satisfies the addi- 


tional condition: 


(i). If a,b, are in S, then there is at least one element c in S, such 
that a + b =c¢. 
A loop, L, is a semi-loop which satisfies the further condition: 


(iY). If a,b, are in L, then there is at least one æ, and at least one y 
in L, such that a + z == b, and y + a =b. 


This definition is equivalent to the usual definition of a loop. 

With every half-loop T we associate an O-centered half-net, (M, 0), as 
follows: 

Let the points of (Af,O) be ordered pairs of elements, (a,b), from T, 
subject to the following condition: 


(P). (a,b) is a point in (M,0), if and only if, there is at least one 
element c in T, such that a + b == c. 

Thus (0,0) is in (4,0), and we let O = (0,0). 

With every element b in T, we associate one and only one r-line, r(b); 
one and only one s-line, s(b); and one and only one #-line, t(b). The point 
(x,y) in (15,0) is on r(b), if and only if z = b; it is on s(0), if and only 
if, y == b; and (x,y) of (M, O) is on t(b), if and only if a +- y = b. 

In particular, if T is the null loop—1. e., if T consists of the null element 
alone, then (M, O) is the null net on 0. 


LEMMA 2.1. (M, 0), as defined above, is an O-centered half-net. 


Proof. We verify immediately, as direct consequences of the properties 
of the half-loop T and condition (P), that (M,0) is a half-net in which 
every point has one and only one line of each pencil. Also, r(a) meets s(0) 
in (4,0); s(a) meets r(0) in (0,a); and ż(a) meets r(O) and s(0) in 
(o,a) and (a, 0), respectively, so that (M, O) satisfies the further conditions 
for an O-centered half-net. 


* 


5 See Baer (4). 
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We denote the dependence of (M, 0) upon the half-loop T, by writing 
(M, 0) = N(T), where the letter “ N” is used in the generic sense to signify 
half-net or net. In using this notation, we understand that the associated 
half-net is centered on the point O == (0,0), and we reserve the letter “O” 
from now on for this role. 

Now one verifies similarly, the 


COROLLARY. If T is a loop, then N(T) is a net. 
This is a well-known theorem, of which our lemma is a generalization.® 


LEMMA 2.2. Given an O-centered half-net, (4,0), then there is a 
representation of (M,0) as N(T), where T is a half-loop. 


Proof. To each point on the line, s(0), we assign a symbol, letting 
“o” be the symbol for the point O. We wish to show that this set of symbols, 
T, forms a half-loop under addition as defined below: 


r(0) m (0) 





FIGURE 2. FIGURE 3. 


Let A and B be points on s(0) with symbols a and b, respectively. 
Then #(5) and r(A) are in (2,0), and t(B) meets *(0) in a point P. 
Furthermore, s(P) is in (M, 0). We proceed as follows: 


(1) I£fr(A) and s(P) do not meet in (M, O), then we say there is no 
symbol in T representing a-+ b, or, simply that a + è is not defined in T. 
(See Fig. 2.) 

(ii) If r(A4) and s(P) meet in Q, then #(@) is in (M,0), and (Q) 
meets s(0) in a point C. Let the symbol for C be c. Then we define c 
to be a + b. (See Fig. 3.) i 


That the addition of symbols in T, as defined above, is single-valued, 


r 


8 See Bol (I). 
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follows from the fact that each of the points and lines used to define a+ b 
is well-determined by the properties of (M,0). Hence, for elements of T, 
a+ b == c, and a+ b= d, imply that c—d. Clearly, the symbol “o” is 
the null element in this addition, and the two cancellation laws for T are 
easily verified. Hence T is a half-loop. 

Returning to Fig. 3, if we assign to the point Q, the “ coordinates ” 
(a,b), we can show that the points of M may be mapped in a 1—1 way 
upon the ordered pairs of symbols in 7°. Then points on the same r-line 
will have the same first coordinate, points on the same s-line will have their 
second coordinates the same, and points on the same #-line will be such that 
the sum of their two coordinates is the same for.all points on the line. 
A point P will be in (M, 0) and will have coordinates, (a, b), if and only if, 
a + b is defined by the net addition described above. Hence we have (M, 0) 
represented as N(T), where T is a half-loop whose structure is completely 
determined by (M, 0). We denote the dependence of the half-loop T upon 
the O-centered half-net, (M, O}, by writing T = L(M, 0O), where the letter 
“ L” is used in the generic sense to indicate loop or half-loop. 

One verifies, similarly, the following: 


COROLLARY. If (44,0) is a net, then L(M,0) is a loop. 


This is a well-known theorem, of which our lemma is a generalization.’ 
The following relationships between half-loops and centered half-nets are 
` easily verified, and are here given without proof, numbered for future 
reference. 


1°, If K is a proper sub-half-loop of the half-loop L, then N(K) is a 
proper sub-half-net of the half-net N(L). 


2°. If (45,0) is a proper sub-half-net of the half-net, (R,0), then 
L(M, 0) is a proper sub-half-loop of the half-loop, L(£, 0). 


3°, If K and T are sub-half-loops of the half-loop L, then N(K ^T) 
= N(K)0N(T)CN(L). 
2.2 Homomorphisms of half-loops and their associated half-nets. 


Definition. A homomorphism n of a half-loop K, (into a half-loop, T), 
is a single-valued mapping of K which preserves sums—that is, if a + b is 
defined in K, then so is an + bn, and (a+ b)y = ay + by. 


Lemma 2.3. (a) Given a homomorphism x of the half-loop K into the 


“See Bol (1). 
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half-loop T, then mapping (x,y) in N (K) = (M, 0) upon (z, y)p = (ay, yn) 
in N(T) = (F, 0"), constitutes a homomorphism of N(K) into N(T) with 
O = O¢. 


(b) Given a homomorphism œ of (M, O) into (R, 0’), such that O’ = O04, 
then $ is induced by a homomorphism y al K = L(M,0) into T = DR, 0’) 
in the manner indicated in (a). 


Proof. (a) IL (x,y) is in N(K), then there is a z in K, such that 
v -+ y=z. Then wy, yy, are in T, with æn + yn = (£ + y)y = zq in T. 
Hence (zy, yn) is a point in N (T), and the mapping ¢ is a single-valued 
mapping of points of N(K) upon points of N(7). We have O = (0,0) 
mapped under $ on (07, 07) = (0°, 0’) = O”, where o’ is the null element in T. 

Now (a,y) and (a,z) in N(K) are mapped by $ upon (ay, yy) and 
(an, 2n), respectively. Hence points on the same r-line in N (K) are mapped 
on points on the same 7-line in N(7). Similarly, (7,6) and (y,8) on the 
same s-line in N(£) are mapped upon (en, by) and (yy, 67) on the same 
s-line in N(T). Consider points (%,y) and (#-+-y,0) on the same t-line 
in N(K). (æ,y)ẹ= (amm), and (e+y,0)6—[(e@+y)n0']. But 
(£ + y)7 = £) + yy, and hence, (x + y, 0)¢ = (ay + yy, 0°). That is, points 
on the same #-line in N(I) are mapped on points on the same #-line in N(T). 

Then ¢ is a homomorphism of N (K) into N(T), and we have proved (a). 


(b) (25,0) determines K == L(M, 0), and hence we may write 
(M,O) = N(K); similarly, (£, 0’) determines T = L(R, 0’), and we have 
(R0)=N(T). 

We define a single-valued mapping n as follows: (z,0)¢ = (27,0). 
Now (0,e) and (0,0) are on the same r-line in (4,0); then (0,x)$ and 
(0,0)¢ = (0,0) must be on the same r-line in (2,0%. Hence (0,2)¢ 
== (0°,y), for some y in T. 

(2,0) and (0,%) are on the same t-line in (M, 0); then (æ, 0)6 = (a7, 0’) 
and (0,2)f = (0, y) are on the same t-line in (R,0°). Then sq -+ 0 
== 0 + y, or y == xy. Hence (o, s) = (0, cn). 

Finally, we have (zx, y) = (n, yn), since (a, y)¢ = (w,z) and (2,0)$ 
== (xy, 0") on the same r-line in (R, 0’) impliés that w = ty, and (2,y)¢ 
and (0,¥)¢ = (0, yņ) on the same s-line, implies that z = yy. 

Now consider (x,y) and (x + y,0) on the same t-line in (47,0); then 
(x, y) = (07,97), and (c+y.0)p=[(x + y)y, 0°] must be on the same 
t-line in (R, 0"). Hence («+ yìn = 2 + yy; that is, y is a homomorphism 
of K= L(M, 0) into T—L(R,0’). 


- 
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2.3. Concepts of freeness for half-loops and their associated half-nets. 


A half-loop L is free over its sub-half-loop K if every homomorphism of K 
may be extended to a homomorphism of L. 


Definition. The sub-half-loop JI is closed in the half-loop K, if HGK, 
and if, given any two of the elements a, b,c, m JZ witha+b=c in A, then 
the third element is in ZI. 

The half-loop K is generaled by its sub-half-loop S, if there is no proper 
sub-half-loop H of K which contains & and is closed in K. 

It is easily verified that the half-loop K is generated by its sub-half-loop 
S, if and only if, (I) is generated by N(S). 

If the half-loop K is free over and generated by its sub-half-loop S, we 
shall sav that K is freely generated by S. 


LEMMA 2.4. The half-loop T is freely generated by its sub-half-loop N, 
if and only if, N(T) is freely generated by N(S). 


Proof. Given a homomorphism $ of N(£) into a net R, then £ is 
Og-centered; let O’ = Od, and let H = L(R, 0). Now JI is a loop and 
there is a homomorphism 7 of K into J, which induces $ by Lemma 2.3 (b). 
Since the half-loop T is free over K, 7 may be extended to a homomorphism p 
of T into I. By Lemma 2.3, (a), then p induces a homomorphism y of 
N(T) into N(Z) =F, and y induces $ in N(K). Ilence V(T) is free 
over V(t). Since T is generated by K, then N(7) is generated by V(X), 
proving the Lemma in one direction. 

Conversely, if N (F) is freely generated by N(K), by similar arguments 
we show that any homomorphism of X into a loop S may be extended to a 
homomorphism of T into 8, so that T is free over K ; and T is generated by A, 
since N (T) is generated by V(r). 

Although, for the most part, we shall not be interested in an explicit 
representation for the elements of a loop in terms of its generators, some 
such representation is needed in the next section for our formulation of the 
Subloop Theorem. Accordingly, we define the following chain of half-loops: 


Definition. If the loop R is generated by its sub-half-loop T, then Æ 
contains the following generating chain of half-loops: 


PoP. Tee, C: aCe eC 


where Tin 1s the set of all elements 2, %,y, in #, such that: z= «a -+ b, 
t-u =b, «+ y == b, for a,b, in Ti Furthermore, it is easily verified that 


OO 
R= |} Ty. 
i-o 
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Note. A direct development of the loop theory of Section 3 may be 
effected by a study of these generating chains and properly defined free 
generating chains for half-loops. In such a development, it is true, however, 
that some of the loop constructions analogous to our net constructions seem 
relatively more complicated. | 

The following lemma serves to make more specific the relationship 
between the elements in the generating chain of a loop Æ which is freely 
generated by its half-loop T, and our free net construction: 


LEMMA 2.5. If Ris a loop which is freely generated by ds half-loop T, 
and if TCT,CT,C. CTC. CR is the generating chain of T 
in R, then the following conditions are satisfied, for every i = 0: 


(L). For every z in Tin, not in Ta, such that z—a-+b for a,b, 
elements in 7;, there exists an integer 7 = 0, such that r(a), s(b), are in 
N(T)@#), but the point (a,b) is not in N(T)(9. 


(Ly). For every x in Tun but not in Ti, such that e -+ a == b, for a, b, 
in T;, there exists an integer k = 0 such that s(a), ¢(b), are in N(T)C™9, 
but the point (z,a) is not in N (T) #4), 


(Ly). For every y in Tia, but not in Ti, such that a + y = b, for a,b, 
in T, there exists an integer 1 = 0, such that r(a), ¢(b), are in N(T)C), 
but the point (a, y) is not in N(T)C#, 


Proof. Since R is freely generated by T, then N(R) = Ù N(T) A ig 


freely generated by N(7T), and hence V(T)%*? is an open L or P extension 
of N(T)®. 
The conditions (Zz), (Le), (Ly), are clearly satisfied for i = 0. 
Assume that these conditions hold for all i: M. We prove, first, before 
proceeding with the induction, the validity of the following statement: 


(K). Under the induction hypothesis, if ¢ is any element in Ti, but 
not in Tx, (i M), then the following possibilities are exhaustive for the 
lines #(c), s(c), and t(c) in N(B): 


I. There exists an integer m = 1, such that r(c) is in M(T)°", 
but not in N(7')), and such that there exists one and only one point in 
N(T)@?) on r(c), namely (c u), with usc, and u, c+ u, in Tin. 


II. There exists an integer n 2 1, such that s(c) is in N(L)@", 
but not in N(T)2, and such that there exists one and only one point in 
N(T)@41 on s(c), namely (v, c), with v = c, and v, v + cin Tia 
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III. There exists an integer p = 1, such'that {(c) is in N(T)@™, 
but not in N(7°)‘2), and such that there exists one and only one point in 
N(T)fF2!) on t(c), namely (w,w’), with w,w’, =c, and ww, w+ w 
in Tia: 


Proof of statement (I). Since c is in Tis, but not in 7, there are 
three possibilities for c: (1) c==w+tw’; ww, in Ti; (2) c+u=%w; 
u, vu, in Ti; (3) v+c=v;v,v,in Ti. It is necessary to consider each of 
these possibilities separately : 


Case (1). c==w-+w’; since c is not in Ti, then w,w’s£c. By the 
induction hypothesis, there exists an integer j, such that 


r(w),s{w’),eN(L) PHY, but (w, w) RN(T) OY). 


Then: (w, w) = r(w)-s(w’) is in N(T) °C, but not in N(T) 7), and 
r(w), s(w’), are the only lines on (w, w) in N(T) @4*), 


i(c) =t(w,w’) is in N(T)l9, but not in N(T)%), and (w, w’) 
is the only point in N(T)5 on i(c), exhibiting the possibility III of 
statement (K). 

Since (w, w) Æ (c,0) and (w, w) s£ (0,c), we have 


(c,0) =t(c) -s(0) 
(0, c) = t (c) -r(o) 
Then r(c) =r(c,0) is in N(T)@#), but not in N(T)C®9, and (c,0) is 
the only point on'r(e) in N(T)(5—that is, we have the situation in I of 
statement (K). 
Also, s(c) =s(0,c) is in N(T) C#5, but not in N(T)°**), and (o, C) 
is the only point on s(c) in N(T)@#*), (see II, under (K)). 


in N(T) 3), but not in N (T), 


Case (2). c- u= u; since c is not in Ti, then w, w, =£ c. 


By the induction hypothesis, there exists an integer k, such that s(u), 
i(u’), are in N(T) =), but the point (c, u) is not in N (T). 

Then (c, u) =s(u)-t(u’) is in N(T)@*), but not in N(7T)°*, and 
s(u), t(u’), are the only lines on (c, u) in N(T) C=». 

r(c) =r(c,u) isin N(T) @**), but not in N(T) =, and (c, u) is the 
only point in N(T)(% on r(c). (See I under. (K)). (cu) ~ (¢,0), 
since w 54 c implies that uo. 

Then (c,0) =r(c)-s(o) is in N(T)°***), but not in N(T)°**, and 
r(c), s(0), are the only lines on (c, 0) in N(7)(29, 


8 
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t(c) is in M(T)°**), but not in N(7)(*9, and (c,0) is the only 
point in N(7)(45 on #(c). (See III under (K)). Since c40, then 
(0,c) Æ (c,0), and we have: (0,c) =t#(c) *r(0) in N(T) 9 but not in 
N(T)(25), such that ¢(¢), r(0), are the only lines in N(T) (49 on (0, c). 


s(c) =s(0,c) is in N(T)f#", but not in N(7’) €=), and (0,c) is the 
only point on s(c) in N(T) #3. (See II under (K)). 


Case (3). v+ c= v ; since c is not in Ta, then v, v s€e. 


By the induction hypothesis, there exists an integer l, such that r(v), 
L(v’), are in N(T)©@4), but the point (v,c) is not in N(T)C), 

Then (v, c) =r (v): t(x) is in N(T)@), but not in N(T)C#, and 
r(v), (v), are the only lines in V(7') #2 on (w, e). 


` s(¢) =s(v,c) is in N (T) C9, but not in N(T)©C), and (v,c) is the 
only point in N(7)©@#*) on s(c). (See II under (K)). 


(v,c) # (0,c), since v s£ c implies that v + 0. 


Then (0,¢) =s(c)-r(o) is in N(T)@**), but not in N(T)@), and 
s(c), r(0), are the only lines in V(T)©** on (0,c). 


t(c) =t(0,c) is in N(T) CH5, but not in N(7)l4#9, and (0,c) is the 
only point of N(7) "5 which is on ¢(c). (See IIT, (K)). 
Since c s£ 0, then (0,c) = (c, 0), and we have 


(c,0) =t(c) -s(0) in N(T)C%®, but not in N(T) ©), such that t(c), 
s(o), are the only lines in N(T)49 on (c, 0). 


r(c) =r(c,0) is in N(T) °C), but not in N(T)l49, and (c, 0) is the 
only point in N(T)CH on r(e). (See I under (K)). 


This completes the verification of statement (K), and we are ready 
to proceed with the inductive proof of the Lemma. 

By the induction hypothesis, conditions (L=), (Lz), (Ly), hold for 
alle = M. We now show that they hold for 1 = M + 1, which will complete 
the proof of the Lemma. We consider, first, condition (Lz): Given z, an 
element in Tas, but not in Tar, which is of the form z = a + b, where a, b, 
are elements of Tw, then we wish to show the existence of an integer 7, such 
that r(a), s(b) are in N(T)@#*), but the point (a,b) is not in N(T)CF™. 
Since z is not in Tar, then a,b, s£ z, and a,b, #0. Not both a,b, are in T, 
since then z == a+ b is in Ty = Tua 

First, suppose that both a and b are not in T; then 
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(1) aisin Tin, but not in Ti, for some += M, and by statement (K), 
there exists an integer m, such that r(a) is in N(T)(®#), but not in 
N(T)#), and such that there exists one and only one point in N(T) on 
(a), namely (a, u), with u s£ a, and u, a + u in Tin. Now (a,u) # (a,b), 
since if (a,u) = (a,b), then z =a + b =a + u is in Tin C Tara, which 
is impossible. Hence r(a) is in N(T)?"™, but not in N(T)®, and 
P = (a,b) is the only point on r(a) in N(T)C”+) ; that is, (a, b) is not in 
N(T) {(2m+1} 


(2) bis in Ty, but not in 7;, for some j = M, and by statement (K), 
there exists an integer n, such that s(b) is in N(T) C9, but not in N(T)C™, 
and such that there exists one and only one point in N(T) on s(b), 
namely (v, b), with v £b, and v, v +b, in Tja. Now (v,b) = (a,b), 
since if (v, b) = (a,b), then z =a + b =v +b would be in Tjan C Tans. 
Hence s(0) is in N(T)C™»®, but not in N(T)C™, and Q s4 (a, b) is the only 
point on s(b) in N(T) 44) ; that is, (a, b) is not in N(T) (284), 

— Let J = max (m,n); then r(a) and s(b) are in N(T)(4), but the 
point (a, d) is not in N(7)f/), and our induction carries through in the 
case both a and b are not in T. 

Suppose that a is in 7, but b is not in T. Then, clearly, r(a) is in 
N(T) C N(T) ©), so that both r(a), s(b) are in a but (a,b) 
is not in N(T) (224, 

Finally, if b is in T, but a is not in T, then s(b) isin N(T) C N(T) C=} 
so that both r(a) and s(6) are in N(T) +). but (a, b) is notin N(T) E». 

Thus we have carried through the induction in showing that condition 
(Lz) also holds for +: = M +1. The induction in proving the conditions 
(Le) and(Ly), for i = M + 1 goes through by similar arguments, and this 
concludes the proof of Lemma 2.5. 


Definition. The loop L is the free sum of its subloops L(v), (we write 
L=XL(v)), if the following conditions are satisfied: 

(1) JZ is generated by J L(v). 

(2) If n(v) are homomorphisms of the L(v) into a loop K, then there 


is a homomorphism 7 of L into K which coincides with y(v) in L(v). 


The following statement of the relationship between free sums of loops 
and free centered sums of nets is easily verified by means of preceding 
lemmas : 


4°, The loop T is the free sum of its subloops, T (v), if and only if, 
A(T} is the O-centered free sum of its (O-centered) subnets, N(T(v)). 
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Definition. If the loop T is freely generated by its sub-half-loop K, and 
if K has the following property: 


(f) If a, db, are in K, then a+ b exists in K, if and only if, at least 
one of the elements a, b, is o, then K is defined as a free set of generators of T. 
A free loop, then, is a loop which has a free set of generators. 


Remark. This definition differs from the usual one (in group theory), 
in so far as we include o in the free set of generators, whereas o is usually 
excluded. This has technical advantages, but does not make any real difference. 


Note that if T= 3 T(v), and if the 7'(v) are free loops, then T is free. 
The following statement is easily demonstrated: 


5°. If the loop T has a free set of generators, K, then N(T) has an 
O-centered free set of generators, N(K), and conversely. 


8. LOOPS. 


We are now able to “translate” directly into loop theory the findings 
of preceding sections. At the same time, it will be of interest to note 
comparisons with classical results from the theory of free groups and free 
Abelian groups. That our definitions of free loop, free sums of loops, ete., 
may be formulated to embrace the usual definitions of free group, free 
Abelian group, free products of groups, and direct sums of Abelian groups, 
is exhibited in the Appendix. Hence we do have a basis for comparison of 
the two theories. - 


3.1, Theorems on free loops and their generalizations. We have the 
following general existence theorem: l 


THEOREM 3.1. (General Existence Theorem). A half-loop H is con- 
tained in one, and essentially only one, loop T which is freely generated by H. 


Proof. By Theorem 1.2, N(H) may be embedded in one and essentially 
only one net M, which is freely generated by N(H). Clearly, M = (M, 0}. 
Let T = L(M,0). Then T is a loop which is freely generated by H, 
(Lemma 2. 4). Furthermore, T is essentially uniquely determined, since the 
net construction is essentially unique. 

The statement of Theorem 3.1 is totally false for half-groups or Abelian 
half-groups,® since it is not true that every half-group (Abelian half-group) 


8 An (Abelian) half-group is a half-loop which is associative (and commutative). 
A semi-group is an associative semi-loop. 
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may be embedded in a group (Abelian group). This is seen in the following 
discussion. 

Malcev ° showed that, while a commutative semi-group * is always em- 
beddable in a group, there exist non-commutative semi-groups which can not 
be embedded in a group. We use Malcev’s necessary condition for the 
embedding of a semi-group in a group to exhibit an example of an Abelian 
half-group which is not embeddable in a group: 


Erample. The following condition is easily verified to be necessary for 
the embedding of an Abelian half-group into an Abelian semi-group: 


(A) If a,b,c,d, £, Y,2, w, are any eight elements of an Abelian half- 
group satisfying the relations: 


ater=r+a=b+y=y+5; c+tax=x+c=d+y=y+d; 
at+-z=2z+ta=b+btw=w+ b; 
then, neci Cremgtoedtuw=—wt+td. 

Consider, then, the Abelian half-group H consisting of the fourteen 
distinct elements: o,a, b, c, d, £, Y, 2, W, p,q,7,8,t, with the following sums 
defined : 

0 +- e = e +- o = e, for every e in H; 

atea=c+a=b+y=y+b=p; c+te=0+c=d+y=y+d=g 

at+-2z=4+ba=bk+w=w+b=r;c+2z=24+c=s; 
dtw=w+d=t, 


Then Æ does not satisfy condition (A) and, ne cannot be embedded in 
an Abelian semi-group (or group). 


COROLLARY. The half-loop K is a loop, if and only if, K has the 
following property: 


(I) If 7, FR, are loops generated by K, then there exists an isomorphism 
of T upon E which leaves every element of K fixed. 


Proof. If K is a loop, then K enjoys property (I) trivially. 

Suppose that K is a half-loop, but not a loop. Then K may be embedded 
in one and essentially only one loop 7, which is freely generated by K 
(Theorem 3.1). By Theorem 1.3, N(K) may be embedded in a net M, 
which is generated by N(X), but not free over N(K). Let R= L(M,0O); 


°? See Malcev (1). 
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then Æ is a loop which is generated by K, but not free over K (Lemma 2. 4). 
Now if there were an isomorphism between T and £, leaving every element 
of K fixed, then both T and £ would be free over K, which is impossible. 
. Hence K does not have property (I). 


Note. This Corollary is false in the associative case, since Abelian semi- 
groups may be embedded in one and essentially only one smallest group, which 
is necessarily Abelian. 

Theorem 8.1 proves the existence of free loops, so that we have imme- 
diately the following theorem, which is true also for groups *° and for Abelian 
groups.” 


THEOREM 3.2. Every loop is the homomorphic image of a free loop. 


This theorem follows from the net theorem, Theorem 1.4, or may be 
verified directly. 


Definition. The subloop L’ of the loop L is the commutator-associator ** 
subloop of L, if it is generated by all the elements x in L which satisfy at 
least one of the following conditions: 


G) (@+b)+2~b+a (iv) [a+ (b+c)]+2—=(a+0)4 
(ii) s+ (a+b) —b+a (v) e+ [(a+b) +o] —a+ (b+. 
(iii) [(@-+b) +c] +e=a+ (b+c) (vi) c+ [a+ (0+0)]= (a+b) 4 
for a,b,c, elements of L. | 


Lemma 3.1. If 8, T, are two free sets of generators of the free loop L, 
and if n,m, are cardinal numbers representing the number of elements in 
S, T, respectwely, then n =m. 


Note. We define, then, the rank of a free loop as the number of non-zero 
elements in a free set of generators of the loop. 


Proof. Form the free Abelian group A on the generators S, and the 
free Abelian group B on the generators T. 

Then the identity map of SC L upon SCA may be extended to a 
homomorphism 7 of L upon Im = A, since L is free over S. X(n), the 
kernel of 7, is the commutator-associator subloop L’ of L. Hence L/L’ ~ A. 


10 See Kurosch (1). 

11 See Lefschetz (1), p. 50. 

12 The subloop L’ has been introduced by Bruck ((2), pp. 267, 273) under the name 
of “the centrally derived loop of L.” 
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Similarly, the identity map of T C L may be extended to a homomorphism 
B of L upon LA = B, and K(8) =, so that L/L’ ~B. Hence A ~B; 
but isomorphic free Abelian groups have the same rank,!* and therefore, n = m. 


CoroLLary. Jf L, II, are free loops of rank n,m, respectively, then 
L~ H, if and only if n =m. 
This is an immediate consequence of the Lemma. 


THEOREM 3.3. If the loop T is freely generated by its sub-half-loop 
K ÆT, then T contains a free subloop of infinite rank. 


Proof. N(T) is free over and generated by its sub-half-net N(K), 
and N(K) #N(T) (Lemma 2.4, and property 1°, 2). By Theorem 1.7 
N(T) contains a free subnet S on a countably infinite free set of generators 
K. It is clear from the proof of Theorem 1.7 that we may require the point 
O to be in K. Then S has an O-centered free set of generators (K,0), and 
L(K,0)= R is therefore a free subloop of T having a countably infinite 
free set of generators, L(K,0). 


COROLLARY. A free loop L#0 contains a free subloop of countably 
infinite rank. 


Note that, if L is a free loop of finite rank, it is clear that the set L is 
countable, since a finite number of elements is introduced at each of the 
countable number of stages in the construction of L. Therefore the state- 
ment that L contains a free subloop of countable rank is a “best possible 
result.” 


Remark. By a “ladder ” construction similar to the one used in Theorem 
1.7, we obtain the following set of elements G which constitute a free set of 
generators for a subloop of infinite rank of the free loop on one generator, a: 


G = {a + a, a+ [a + (a + a)], a+ (a + {a+ [a+ (a+ a) ]}),° f se 


Corresponding to the above Corollary, we have the following theorems 
for groups and Abelian groups: 

If H is a free group of rank greater than or equal to 2, then H contains 
a free subgroup of infinite rank.!* If A is a free Abelian group, and if Bisa 
subgroup of A, then the rank of B cannot exceed the rank of A. 


Lemma 3.2. If L=—J*K, and if M is the cross-cut of all normal 
subloops *® of L containing K, then J ~ L/M. 


13 See Lefschetz (1), p. 50. 15 See Lefschetz (1), p. 50. 
14 See Levi (1). 18 See Baer (4). 
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Proof. Let @ be the homomorphism of J into L such that 7¢ =}, for 
every j in J, and let y be the homomorphism of K into L, such that Ky=0. 
Since L==J * K, then $ and y may be extended simultaneously to a homo- 
morphism 7 of L into L, i.e., to an endomorphism of L. Then J = In, and 
yy = 3, Tor every 7 in J. l 

We verify that the kernel of is M, as follows: Suppose that p is any 
homomorphism of ZL such that Xp ==0; then Lp is generated by Jp, and 
hence Lp = Jp. Then Lp = Jp = Imp, and p = np, since (4) np = (jn) p = jp, 
for every 7 in J, (see Appendix, Theorem 4.1). This implies that the kernel 
of y is a part of the kernel of p. That is, the kernel of y is M. Hence we 
have J ~~ L/M. 


THEOREM 3.4. (Subloop Theorem). If the loop È is freely generated 
by its half-loop T, and if H is a subloop of R, then II is the free sum of loops 
G and F, where 


i. Gis freely generated by HoT. 


ii. F is a free loop with a free set of generators 


CO 
Fo == U {(H ° Tin) — (Ha Tihb 
i=0 
where TCT,C---CT,C---CR, is the generating chain of T in R. 


Proof. N(&) is freely generated by N(7°) (Lemma 2. 4). By Theorem 
1.5, the subnet N(H) of N (E) is the free sum of nets S and W, where S is a 
free net with a free set of generators 


Sì = Ù (LW (I) a N(1) 1] — [N (T) a (LT) ENT), 


and JW is the subnet of N (IE) which is freely generated by 
N(H)aN(T)=N(Ho9T). 


Now N(H), N(T), N(IaT), are all O-centered; then N (JZ) is the 
O-centered free sum of the nets W and S*, where 8* is generated by (So, 0), 
the smallest O-centered half-net containing So and the point O (Theorem 
1.10). 

Since W = (IV, 0) is freely generated by N (H n T), then G== L(W, 0) 
is freely generated by HeT (Lemma 2.4). 

S* is a free net with an O-centered free set of generators (So, 0) 
(Theorem 1.9), and hence F= L(8*,0) is a free loop with a free set of 
generators, L(8,, 0) (Property 5°, 2). 
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Hence H = F * G, and we have only to show that Py = D(8o, O): 

Consider any element which is in Fə, and ‘hence is in the half-loop, 
(HaTi) —(HnT;),, for some integer è; there are three possibilities to 
consider: 


(1) zin (HoT.a)—(HnT;); (and hence z in Ta, but not in Ti), 
such that z =a + bd; a,b, in Ti. 

By Lemma 2.5, there is an integer 7=0, such that r(a) and s(0) 
are in N(T)/*), and such that (a,b) is not in N(T)°*), Then 
(a,b) =r(a)-s(b) isin N(T)l2#2, but not in N(T) °F, and r(a), s(b), 
are the only lines on (a,b) in N(7)l#2. Hence t(z) = t(a,b) is in 
N(T)59, but not in N(7)#, and ¢(z) carries (a, b) and no other point 
in N(T')(2549), 

Since zis in (H° Tin) —HT,),, then z is in H, but neither a nor 
b is in M (for, if both a, b, were in H, then z == a +- b-would be in (H°T;),, 
which is impossible; and if one of the elements a, è were in A, then the other 
would also be in H, since z is in H). 

Then r(a) is not in N(H), since, if it were, the point (4,0) on r(a) 
and s(0) would be in N(ZZ) and a would be in H. Similarly, the line s(b) 
is not in N(H). Consequently, the point (a, db) is not in N(H)}. However, 
the line #(z) = ¢(z,0) is in N(#), since z is in H. 

Thus we have that #(2) is in 


[N(H) 0 N(T) #9] — [N (H) 0 N(L) CF], 


and therefore, in So Then (2,0) =t(z) -s(0) is in (4,0), and 2 is in 
L(So, 0). 


(2) wisin (HTi,,) — (1°T;):, such that s + a =b; a,b, in Ty. 


By Lemma 2. 5, there exists an integer k = 0,-such that s(a) and t(b) 
are both in N(T)©*), and such that the point (x,a) is not in N(T) CH, 
Then (x,a) =s(a) -t(0) is in N(T)@**), but not in N (T) Y, and s(a), 
t(b), are the only lines on (2, a) in N(T)***), Hence r(e, a) =r(x) is in 
N(T)(2+5, but not in N(T)(2, and the'only point on r(x) in N(T) C= 
is (2, a). 

Since v is in (H Tin) — (H9T;)1, then v is in H, but neither @ nor 
b is in H. Then neither s(a) nor t(b) isin N (HE), although r(x) is in NC). 
That is, r(z) is in [N(H) 0 N(T) #9] — [N(H) a N(T) CHD], C So. 
Hence (2,0) =?(x)-s(0) is in (So O) and æ is in D(S8o, 0). 


(3) yin (Hra Tin)— (H° Ti), such that a+ y =, for a,b, in Ti. 


By Lemma 2. 5, there exists an integer 7 = 0, such that r(a) and ¢(6) 
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are in N(7T)©@", and such that the point (a, y) is not in N(T7) EP. Then 
(a,y) = (a) <t(6) is in N(T) C4), but not in N(T)C#), and r(a), ((b), 
are the only lines on (a,y) in N(T)(l52. Hence s(y) =s(a,y) is in 
N(T)(43, but not in N(T)C®», and (a,y) is the only point on s(y) 
in V(T yee. 

Since y isin (429 Tia) — (479 7;),, then y is in M, but neither a nor 
bisin ZZ, Then neither r(a) nor ¢(b) is in N (I), although s(y) isin N(ZZ). 
That is, s(y) is in [N(Il) °N(T)C%)]— [N(A) a N(T)C],C So. 
Then (0, y) =s(y)-1(o) is in (So,O) and y is in L(S, O). 

This completes our proof showing that Fo C L(Sp, O). 

We verify, next, that H is generated by 


(HoT) v Fo = (Ha T) o U {(E ° Tin) — (H ° Ti)i). 


Oo OO 
For, we may represent I in the form: H == U (H ^ Ti), since HC R= T; 
i=0 


i=0 


(6.0) 
But if we let K(n) = (Ha Ta) v U {((E ° Tin) — (Ha T:)i}, then it is 


easily checked that JZ may also be represented in the form: H =U K(s), 
i=0 


and that H is generated by K (0) = (H^ T) vu Fo 

There exists one and only one endomorphism e of H which leaves 
invariant every element in (Ha T) v Fo, and which annihilates every element 
in (LE(S, O) — Fo) (since L is freely generated by (HT) and L(So O); 
and Fo is a subset of the free set of generators, U(So,O)). But e= 1, since 
H is generated by (Ha T)u Foe Hence (L(So,0) — Fo) is vacuous; i. e., 
L(So, 0) = Fo. 

We incorporate the general results of Theorem 3,4, together with some 
obvious inferences of this theorem into the following theorem for later 
convenience: 


General Subloop Theorem. If the loop R is freely generated by its half- 
loop T, if H is a subloop of R, and if G is the subloop of H which is (freely) 
generated by HaT, then H =F * G, where: 


i. F is a free loop whose rank is uniquely determined by H and T. 
ii. F posseses a free basis Fo, such that the following property is true: 


(a) If a is an automorphism of R such that Ha == H and Ta =T, 
then Fa = F and a effects a permutation of the elements of Fo. 
Property i. of F is an immediate consequence of Lemma 3.2, and 
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property ii. is obviously true of the particular choice of the free loop F and 
basis Fo in Theorem 3.4. 


COROLLARY. A subloop of a free loop is free. 


Proof. If the loop # is free, then È has a free set of generators, J. If 
II is a subloop of £, then, by the theorem above, H = F * G, where F is a 
free loop and where G is the subloop of H that is freely generated by H n /. 
Since J is a free set of generators, then it is obvious that H ^ J forms a free 
set of generators of G, and hence that G is a free loop. But the free sum of 
free loops is free; hence # is a free loop. - 

The corresponding statements to the Corollary for groups,” and for 
Abelian groups *® are true. 


THEOREM 3.5. K is a free loop, if and only if, for every loop H and 
homomorphism » such that Hp = K, there exists a (free) subloop S of H, 
such that p induces an isomorphism of S upon K. 


This theorem may be deduced readily from Theorem 1.6 by the cus- 
tomary arguments involving net representations or may be verified directly 
by a proof similar to the one of Theorem 1. 6. 

Theorem 3.5 is true also for groups! and for Abelian groups.*° 


3.2. Theorems on free sums and generalized free sums of loops. 
We prove first the following lemma: 


Lemma 3.3. Given {L(v)}, a set of loops having the same o-element, 
then S== |] L(v) is a half-loop, if S has the property: 


(A) If two of the elements a,b,c, are in L(v) n L(w), then a + b =c 
in L(v), if and only if a +b =c in L(w). 


Proof. The expression a + b =c, for a,b,c, in S, has meaning only 
if a,b,c, are all in some L(v), with addition as defined in that L(v). 
Hence if a +b==c, and a +b=d, in S, then c=4d, by (A); and if 
a+f=a+g in S, then f=g; or if ha +a=%k+a in S, then h= k. 
Hence S is a half-loop. 

We now generalize the concept of “free sum” in the following way: 


27 See Schreier (1). 

18 See Lefschetz (1), p. 50. 

18 See Baer (5). 

2° See Filenberg-MacLane (1). 
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Definition. The loop L is the generalized free sum of its subloops L(v), 
if the following conditions are satisfied: 


(a) L is generated by S= |]J L(v). 
(b) If a@(v) are homomorphisms of the L(v), with the property: 
(*) If x is in L(v) 9° L(w), then va(v) = va(w), 
then there exists a homomorphism « of L, which induces a(v) in L(v). 


Note. lf x in L(v) a L(w), vw, implies that z = 0, then L is simply 
the free sum of its subloops L(v). 


Remark. Tf the half-loop H is the join of its sub-half-loops, H(v), 
then every homomorphism « of H induces well-determined homomorphisms 
a(v) of H(v) with the property 


(*) If v is in H(v) n H(w), then ca(v) = za (w). 


If, conversely, there is given for every v, a homomorphism a(v) of H(v), 
such that (*) is valid, then there exists one and only one homomorphism « 
of H inducing «(v) in H(v). (Note that this last statement is no longer 
true if we have, instead, that H is generated by the H(v), since the existence 
of the homomorphism of H would imply freeness.) 

By. virtue of the statements in the above remark, we may give the 
equivalent definition : ) 


` Definition. The loop L is the generalized free sum of its subloops L(v), 
if and only if, L is freely generated by the join of the L(v). 


Note. If.L is the (generalized) free sum of its subloops L(v), then L 
is the (generalized) free sum of Z(w) and T, where T is the (generalized) 
free sum of the loops L(v), for vw. 

If {Z(v)} is a set of loops, having the same o-element, and satisfying 
condition (A) of Lemma 3.3, then it is clear that L, the generalized free 
sum of the L(v) exists. For, § = |] L(v) is a half-loop and consequently 
may be embedded in a loop L which is freely generated by S (Theorem 3.1). 

Suppose that there is given a set of loops {L(v)}, and that there is given 
for every pair of indices v  w an isomorphic correspondence «(v, w) mapping 
a certain subloop L(v; w) of L(v) upon a subloop L(y; w)a(v, w) of L(w); 
these isomorphisms are subject to the following requirements: 


(a) afv, w) —a(w,v)*, so that L(v;w)a(v,w) = L(w;v). 


(b) If wis an element in L(v; w), and if ea(v,w) belongs to L(w;z), 


Dei 
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(so that za(v,w) is in L(w;v) 0 L(w;2)), then ® is in L(v;z) and 
valv, z) == za(v, w)a(w, z). 

Then it is possible to construct a half-loop H which is the join of the 
L(v) with the element v in L(v;w) identified with the element 2a(v, w) 
in L(w;v), because now condition (A) of Lemma 3. 3 is satisfied. The loop 
L which is freely generated by this half-loop H is called the free sum of the 
L(v) with amalgamated subloops. 

We use the terms “ generalized free sum” and “free sum with amal- 
gamated subloops” interchangeably—it being understood that the identifi- 
cation of corresponding elements has already been effected. 

The existence of the generalized free sum (product) of groups, in the 
sense of our definition, seems to be an open question. Schreier ** has proved 
the existence of the free sum of groups G(v) with amalgamated subgroups 
H (v), for the special case in which each H (v) is isomorphic to a given group 
II, The existence of direct sums of Abelian groups with amalgamated sub- 
_groups also appears to be not a trivial question. 


We shall use the notation: L= Š L(o) to denote the generalized free 
sum of the L(v). 


THEOREM 3.6. (Subloop Theorem for Subloops of a (Generalized) Free 
Sum) If L =>; L(v) and if H is a subloop of L, then H =F * X [H * L(o)]. 
where F is a free loop such that: 


(i) The rank of F is uniquely determined by the L(v) and H. 


(ii) There exists a free basis Fo of F such that if œ is an automorphism 
of L with L(v)a=L(v), for every v, and Ha= H, then Fa=F and a 
effects a permutation of the elements in Fo. 


Proof. Since L is the generalized free sum of its subloops L(v), then 
L is freely generated by its sub-half-loop S= |]J L(v) (where suitable identi- 
fication of elements in the Z(v) have been made). By the General Subloop 
Theorem, then M is the free sum of loops F and G, where G is the subloop 
of H which is freely generated by HS, and where / is a free loop with the 
following properties: 


(i) The rank of F is uniquely determined by H and $, and therefore, 
by H and the L(v). 


(ii) There exists a free basis Fy of F, such that if @ is an automorphism 
of L with Ha = H and Sa = §, then Fa = F, and «@ effects a permutation of 


21 See Schreier (1). 
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the elements of Fo. Now if L(v)a = L(v), then certainly Sa = S = (J L(v), 
so that we have property (ii) as stated in this theorem. 

Since Ho S = H a |J L(v) =| [Ha L(v)] and G is freely generated 
by HS, then Gis the generalized free sum of the H ^ L(v), which concludes 
the proof. 


Coronary, If L=YL(v), and if H is a subloop of D, then 
H=F* > [HoL(v)]. 

The corresponding theorem for subgroups of a free product of groups is 
as follows: ?° 

If the group G is the free product of its subgroups G(v), and if U isa 


subgroup of G, then U = F * II U (i, v), where 


i. F is a free group, and U(t,v) = Un uG (v)ur*, with v= v(i) and 
ui in G. 

ii. There is one and only one U(j,v) in U which is conjugate to. 
UawG(v)w1=£ 1, for arbitrary v, w. | 


That our Corollary is not true for groups is exhibited in the following 
example: 


Example. Consider G = G, * Ge, where G, is a cyclic group generated 
by a, and G» is a finite cyclic group generated by b. Then H, the subgroup 
of G which is generated by a-!ba, does not have the structure required in the 
Corollary, since M is not free, although its crosseuts with G, and Ga are zero. 

There is no corresponding statement to the Corollary which can be made 
for subgroups of a direct sum of Abelian groups. For example, there exist — 
Abelian groups without elements of finite order (except o), which are not 
direct sums of groups of rank 1.” Such a group, however, is a subgroup of 
an Abelian group which is the direct sum of groups, each of rank 1. 


THEOREM 3.7. If b= iia SG are two decompositions of the 


loop L into a freé sum of loops, then there exist free loops Fi, Gj, such that 


L= F*Y (Lia Ki); KE;=eG*S(LnE;), 
and j t 


L= DF ed (LaK) =X GÈ (Lie Ky), 
by) J 


where >, F; and X G; are isomorphic free loops. 


°° See Baer and Levi (1) and Takahasi (1). 
23 See Baer (2) 
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Proof. This theorem is an immediate consequence of Theorem 3.4 and 
Lemma 3. 2. 
The corresponding theorem for the decomposition of groups into free 
products is the following: ** 


If G = Il Ay = II Bw are two decompositions of the group G into a free 
product of groups, then there are free groups Fe and Ge, such that 


$ DA 
Ay = II Ark a Fi and Be == II Bwi » Gw, and 
k 2 4 


ade 
tati 


* sie sà 
G = II Aw * I Py = Bai * TI Gu, 
vk 4 


W, 
* sk 
where Aw and Bw; are pairwise conjugate and II Fe, II Gw are isomorphic 
free groups. : 
There is no corresponding theorem for direct sums of Abelian groups.” 


APPENDIX. 
We consider a class & of half-loops meeting the following requirements: 
(I) If & is a sub-half-loop of the half-loop H in Ñ, then S is in &. 


(II) If the half-loop J is the homomorphic image of the half-loop H 
in &, then J is in &. 


It is clear that the following three classes meet requirements (1) and 
(II) for a class È: the class E of all half-loops; the class © of all associative 
half-loops (i.e. half-groups); and the class X of all associative and commu- 
tative half-loops, (i.e. Abelian half-groups). While these three classes by 
no means exhaust the possibilities, they are the only ones with which we 
shall here be concerned. 


Definition. The loop L in ® is generated by its sub-half-loop J if no 
` proper subloop of Z contains J. 


TIrEOREM 4.1. If the loop L in & as generated by its sub-half-loop J, 
and if p, o, are homomorphisms of L into the loop S in È, such that jp = jo, 
for every jin J, then p= 0. 


Proof. Let T be the set of elements t in L, such that tp = fo, for every 





*4 See Baer and Levi (1) and Takahasi (1). 
25 See Baer (1). 
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tin T. Clearly 7 contains J, and, since T is a sub-half-loop of L, T is in &. 
But then it is easily verified that T is, moreover, a subloop of L, and hence, 
since L is generated by J, we have T— L. That is p =p. 


Definition. The half-loop L in & is &-free over ils sub-half-loop J if it 
meets the following requirement: 


(F) If o is a homomorphism of J into the loop S in &, then there 
exists a homomorphism r of L into the same loop S, which coincides with o 
in J. (Note that Jo and Lr are necessarily in &.) 


THEOREM 4.2. Given a half-loop J in &, then there ts essentially at 
most one loop L in &, which is R-freely generated by d. 


Proof. Suppose that L and K are loops in &, each of which is &-freely 
generated by J. Since L is R-free over J, the identity map of JC L upon 
JC K may be extended -to a homomorphism y of L into K; since K is 
generated by J, 7 is a homomorphism of L upon K, and we have Ln = K. 
But we may extend, similarly, the identity map of JC K upon JC L to a 
homomorphism r of K upon L, obtaining, then Kr = L. Hence lyr = L, 
and fyr ==}, for every 7 in J. By Theorem 4.1, then r= 1. Similarly, 
rg = 1. Hence y and r are reciprocal isomorphisms of L and K, and we 
have L~ K. o ; 

Of particular interest are the A-free loops and the &-free sums of loops, 
which we define now: 


Definition. If the loop L in & is R-free over and generated by its sub- 
half-loop J, and if s + y =z in J if and only if x or y is o, then we define J 
to be a A-free set of generators of L. A loop L in & is R-free if it possesses 
a A-free set of generators. 

Note that if J is a ®-free set of generators of the &-free loop L, then 
every single-valued mapping 7 of J into the loop M in &, which maps the 
null element of J upon the null element of M, may be extended to a homo- 
morphism of L into M. 


Definition. The loop L in ÑQ is the generalized &-free sum of its sub- 
loops L(+), if it meets the following requirements: 


(i) L is generated by U L(t). 


(ii) If there is given, for every 1, a homomorphism a(i) of L(t) 
(into the loop S in A), such that ca (i) = za(j), for every æ in L(t) a L(j), 
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then there exists a homomorphism « of L into S which coincides with a(i) 
in L(t). 


Note. Conditions (i) and (ii) are equivalent to requiring that L be 
St-freely generated by the set-theoretical sum of its subloops L(?), which sum 
is a sub-half-loop of L. 

If L(1) n L(J) = 0, for every i£ j, and if L meets (i) and (ii) above, 
then L is termed the -free sum of its subloops L(1). 

Note, in particular, that a A-free loop is the 9-free sum of S-free eyelic 
loops. 

Now it is easy to verify that an %-free loop is a free Abelian group, 
a -free loop is a free group, an M-free sum of loops is a direct sum of 
Abelian groups, and a @-free sum is a free sum of groups. For example, 
suppose that L is an A-free loop; then L has an %-free set of generators J. 
Construct the free Abelian group L* on the set of generators J. Then every 
element in £* has a unique representation in terms of the elements of J, 
and hence, given a single-valued map p of J into an Abelian group 7, p may 
be extended to a homomorphism o of L* into F in the usual manner (i. e., for 
x in D*, then c== Saji, where jeJ, and the n; are integers; define 
ro=Sni(ji)p). Hence L* is an N-free loop with J as an M-free set of 
generators. But then L* — L, since a &-free set of generators essentially 
uniquely determines a -free loop (Theorem 4.2). 


UNIVERSITY OF ILLINOIS, 
URBANA, ILLINOIS. 
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ON THE CONVERGENCE AND DIVERGENCE OF CONTINUED 
FRACTIONS.* 


By W. T. Scorr and H. S. Watt. 


1. Introduction. A sequence 2,2%2,%3,- °° of complex numbers is 
said to satisfy condition (H) if at least one of the following statements holds, 


(a). The series X | top.1 | diverges. 
(b) The series $ | Zop (T2 4 ty ++ + ++ 220)? | diverges. 
(c) Lim | ay - ag +-+ atop | = œ. 

p=00 


This condition was first used in connection with continued fractions by 
Hamburger [2]. In this paper we show that a necessary condition for the 


(a t 
continued fraction K (1/bp) to converge is that the sequence {bp} of its 
p=1 


partial denominators satisfy condition (H). In particular, the continued 
fraction diverges if the series X | bp | converges (Stern [6], von Koch [4]), 
or, more generally, if the two series Xbəp and Zbop:1 converge, at least one 
absolutely. We show further that if Bop; = hep1Zp, Dep == hep, by > 0, 
lion = 0, R(ka) 20, R(zp) Z 8, | zp | SM, p=1,2,3,- - +, where è and 
M are positive constants, then the continued fraction converges if and only 
if. the sequence {kp} satisfies condition (H). This result includes and 
correlates convergence theorems of Stieltjes [7], Van Vleck [10], Hamburger 
[2], and Mall [5]. 


2. Necessity of condition (H). We shall now prove the following 


theorem. 
CO 
THEOREM A, A necessary condition for the continued fraction K (1/bp) 
pel 


to converge is that the sequence {bp} of its partial denominators satisfy 
condition (H). 


Proof. We suppose that the sequence {bp} does not satisfy condition (ZI), 
i. e., that the series 


(2. 1) 2 | Donia | 3 > | Dope (da + bg +> = + Bop)” 
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converge, and that the sequence sp = ba + b4 + << + bop, p == 1,2,3,°--, 
has at least one finite limit-point. Then the series X | b2p+1Sp | converges, and 
there exists an index n such that | Depusy | < 1 for p > n, so that the infinite 


oO 
product II (1 + bensepsiSnup) converges and is not zero. 
p=1 


Let Ap and Bp denote the p-th numerator and denominator of the con- 
tinued fraction. Then 


# 


(2. 2) Apu zi bp Ap -F Ap-1 Boa = bp Bp ae Bp-i, | Uday 6, 
where A: = 1, B_1==0, Ap=0, Bo== 1. Put 


p 
To == 1, Tp 3 II (1 + DonsersiSner) p m= I; Rs 3, TOT Tag 
` r=1 i 
Uso a Aon+0p+1/ Wp, Van — Bonsoper/ Fps 
(2. 3) U ons e (Aons2p+2 oe SneprrA 2n+2p41 ) Tps 


Vans sua (Bonsapes oe Snap. Ben+2p11 ) Tp; 


n 
Cop = Danz2p+1/ Rp- Tps Copy 3 = Don+op:18 n+pTp-17p. 


One may then readily verify that 
(2. 4) | Up = coUn1 + Up-2, Vp = Cp V p- + Vo-o; mn 2, 8, 4, °° 


Inasmuch as the series (2.1) are convergent and lim zp=p exists and is 
p=00 


finite and not zero, it follows that the series % | cp | is convergent. Hence 
we conclude by a known argument (cf., for instance, Hellinger and Wall [3], 
p. 113) that the sequences {Uap}, {Vop}, {Uspua}, {Vep} have finite limits 
Xo, Yo, X1, Y1, respectively. Therefore, by (2.3), ` 


lim Aoapsi = pio; lim (Aap a SpA op-1) "= X1/p, 
(2. 5) o ii 
lim Bons nai pYo, lim (Bop =e SpBop-1) Local Y,/p. 
p=00 p=00 


Inasmuch as Asp-1( Bap — 8pBop-1) — Bop-1( Aap — SpAzp-1) = 1, it follows that 
(2. 6) XAofi— X: Y= 1. 


Let s be a finite limit-point of the sequence {sp}, and suppose that 
Sp->s as p—> œ over a sequence P of indices. We then conclude from 
(2.5) that 


lim Aap = spXo + Zi/p SZ F(s), 


(2.7) lim Bop = spYo + Y1/p = G(s), 
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an 
Ci 
os 


as p-> co over P, Moreover, by (2. 6), 


XoG(s) sta YoF(s) == J; 
and 


F(s)G(t) — F (t)G (s) =s — t. 


If condition (H) is not satisfied by the sequence {bp}, we now conclude 
immediately that the sequence of approximants of the continued fraction 
has distinct limit-points Xo/Yo, F(s)/G(s), where the range of s is the set 
of finite limit-points of the sequence {sp}. Hence condition (H) is necessary 
for the convergence of the continued fraction. 


On applying the preceding considerations to the continued fraction 


K (1/bp), we conclude that K (1/0) diverges if the series 3 | bope | and 
p=2 p=1 


S| bapo (bs + bs +-+ dopu)" | converge and the sequence da + bs + è - 
+ dana, P= 1,2, 3,; ©, has a finite limit-point. In particular, we have 
the following extension of a theorem of von Koch [4]. 








DO 
TuroremM B. The continued fraction K (1/bp) diverges if the series 
p=1 


bop and Zbop converge, at least one of them absolutely. When the condition 


is satisfied, the sequences {Aap}, {Bap}, {Apr}, {Bep} of even and odd 
numerators and denominators have finite limits Fo, Go, Fi, Gi, respectively, 
where FG — BOG == 1, 


3. The question of sufficiency of condition (H). The sequence bp = i, 
p==1,2,83,- - +, satisfies condition (H) although the continued fraction 
co 
K (1/bp) diverges in this case. Hence condition (H) is not, in general, 
p=l 


sufficient for the convergence of the continued fraction. This is shown also 
by the fact that the continued fraction diverges if all its odd partial 
denominators bəp-ı are zero. In this case, the series (2.1) are both con- 
vergent, and condition (H) therefore reduces to the condition 


(3.1) lim | ba + ba +-+ Dap | c0. 
p=00 


The following theorem covers a class of convergent continued fractions for 
which condition (H) takes this form. 


TurorEM C. If R(b,) > 0, R(bp) 20, p= 2,3,4,- °°, and if the 


00 
series (2,1) are both convergent, then the continued fraction K (1/05) 
pat 


converges if and only if (3.1) holds. 
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Proof. The fact that (3.1) is necessary for convergence of the continued 
fraction is contained in Theorem A. Moreover, from (2.5) we see that 
when (3.1) holds, then 

_ A X 
lim =F > i>. 
po Bp Y, 
The finite numbers Xo and FY, are not both zero, by virtue of (2.6). Since 
E(b,) = 0, the linear transformation t == t)(w) = 1/(bp- w) of the w- 
plane into the t-plane maps R(w) =0 into R(t) 20; since R(bi) > 0, 
= t,(w) maps R(w) = 0 upon the circular region 





(e _i 
| 2R(b1) | © 2R(b)" 
Tt follows that the transformation t = tte: - -tp(w) maps R(w) = 0 into 
this circular region. Therefore, since #2: + - t5(0) = Ap/Bp, we conclude 
that 
An << A e 
(3.2) B, SOEs R(b, 3 p = 1, 2, 3, 








Consequently, Yo Æ 0, so that the continued fraction converges to the value 
Xo/ Yo. 


Remark. It is easy to see that the conclusion in Theorem C holds if 
1== bg =` <= Dom = 0, R(boma) > 0, R(bp) 20 for p>2m +1, the 
series (2.1) are both convergent, and lim sp = o. 

If at least one of the series (2.1) is divergent, we can establish con- 


7 0,8) 
vergence of the continued fraction K (1/b,) under somewhat more restrictive 
p=1 
hypotheses upon the 0, than were used in Theorem C. 
THEOREM D. Let Bap = hep-12p, Oop = kop, p == 1,2,3,° °°, where 


(3. 3) kı >90, kapi => 0, ER (kp) = 0, R(zp) = ò, | “np | = M, p =o ds 25 3, at 


00 
è and M being positive constants. The continued fraction K (1/bp) con- 
pal 
verges if and only if the sequence {kp} satisfies condition (H). 
co 
Remark. The continued fraction K (1/bp) is equivalent to the continued 
p=1 


co 
fraction adi (1/0'5), where DB’ ap-1 === tbep-4, dop nia — bap, p= i, 2, 35 Pe 
prt 


The sequence {bp} evidently satisfies condition (H) if and only if the 
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sequence {bp} satisfies condition (H). We may therefore replace the 
conditions (3.3) by the conditions 


(3.4) dA >O, ba 20,1) 5 0, I (2p) Z 8, IL pe 18,85, 
Proof of Theorem D. By Theorem A, it is necessary for the conver- 


gence of the continued fraction that the sequence {kp} satisfy condition (H). 
In case the series 


(3. 5) Shape, Skap | ka + hig -} ia: + hap | a 

converge and 

(3. 6) lim | ka + by +--+ + + + kop | = 00, 
p=% 


then the continued fraction converges by Theorem C. Hence there-is to be 

considered here the case where at least one of the series (3.5) is divergent. 
The inequality (3.2) is now 

Ar 

Bp 

so that Bp=40, p = 1,2,3, °°. 


(3. 7) 





We have to consider two cases (A) and (B) according as kp s40 for all 
values of p, or kp == 0 for one or more values of p. 


(A) Suppose that ‘Ip 0 for p=1,2,3,---. Put 
(3. 8) Co == 0, Cp = 1/kplcpss, p = 1, Ms 3,’ a 


Cila 
w 


CopCop-1 
T'p(w) = Cop-1 + Cono + Zp — aan Ss p == 2, 3, 4,° 


(3.9)  To(w)=1/kxw,  T,(w) =a +4 — 





3 


One may then verify.that the approximants of K (1/6,) are given by the 
pri 


formulas 
Tol's* + + Dp (Spar + Cop + Copa) = Aspie/Bupre, 
3,10 = (0,1,2,-°° 
( ToT: + * Tp (Zpir + Cop) = Aspir/ Boa, 
Under the hypothesis that (3.4) holds, we have 
I (ep) = Yp = 9, p = 0,1,2, °°. 


Let 
p = Y2p-2 F Y2p-1) 
1 if Y2p+1 == 0, 
no gf Lpd 
Jo Jp Y2p/ (yep + Yapı) if Y2p+1 > 0, 
Gp = I[(C29-1629) #1, 


p= 1,2,3,4. 


556 W. T. SCOTT AND H, S, WALL. 


Then we find that 0 5 gpi S1 and ap == Yop-1Y2p = BoBpa (1 — 9p-1) Gp» . 
p = 1,2,8,:-:. Thus the continued fraction generated by the sequence 
of transformations (3.9) is a positive definite continued fraction, (cf. [1] 
p. 265). Accordingly, we may construct a nest of circular regions 
Ko K, D Ka > Kı», where Kp is the image of the half-plane 
I(w) = Bongo = yop = I (1/Fkopk2p1) under the transformation t== ToT: 
- - -Tolw). Inasmuch as I (Zp. + Cop + Copa) > Yop, Z(201 + Cop) > yop, 
we conclude by (3.10) that A2p.2/Bop+ and Aspu/Bepir have their values in 


Kp To prove that the continued fraction K (1/bp) converges, it therefore 
suffices to prove that the radius 7p of K p ne the limit zero for p = œ. 
Let uo=1, Up= (Cop-102p)f, Up = Cop-2 + Copag P= 1,2,8 °°; 
Yo(z) =0, Yi(2) = 1, 
— tpaYo-1(2) + (Up + zp) Po (2) — pV pn (2) = 0,  p=1,2,3, ++. 
Then the radius rp of Kp satisfies the inequality 
1 1 


< 


<'—__m_—_—_—_—_—_—_———tcm@e_’e "IERI - 
2 > I(2)|Yr(A)}® 28X | Y-(2)| * 


Tp = 
This can be established by means of an easy extension of formula (3.12) of 
{1]- Hence lim Tə = 0 provided the infinite series > | Yr(2)|® is divergent. 
laica n 

— Up1Tp-1(2) + (Up + 20) Xp(2) — UpY pn (2) = 0, p=1,2, 3, n. 
Then, as in formula (3.4) of [1], we have 


Xp(2) 
Yp(2) 


deg 
KW" 8 








00 i Om 
It follows that the series X | Y,(z)|* diverges if the series $ | X-(z)| * 
` rol r=1 


diverges. Thus lim rp == 0, provided at least one of the series 
Lo co 7? CO 
(8.11) EO) ZF]? 


is divergent. Now one may prove by mathematical induction that when 
Zp = 0, p = 1,2,3,- >+, the series (3.11) are precisely the series (3.5). 
Hence the proof of Theorem D in the case under consideration may he 
immediately completed by means of the following theorem of invariability. 
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THEOREM 3.1. Lel uo==1, W, Uo, Ug + * be constants different from 


zero, and let V1, va, va, °° be constants. Del @p == Np(2), tp == Yo(2) de 
solulions of the equations — Up-1t%p-1 + (Up + 20) &p — Upp = 0, p = 1, 2, 3, 

- + such that Xo(z) = — 1, X1(z) =0, Yo(2) == 0, Yı (z) =1. If the two 
series £|Xy(2){® and Z| Fp(2)|? converge for zp = hp, p= 1,2,3,° °°, 
then these series converge uniformly for | zp—hp| < M, p==1,2,3,- °°, 


where M is any positive constant. 


This is a generalization of a theorem of Hellinger and Wall [3]. and 
may be established by the method used in [8]. 


(B) Suppose thal kp==0 for one or more values of p. Let 
lap(w) = 1/ (hap F w), fap (0) = 1/ (heap rtp + w), p= 1,2,3, °°. 


The n-th approximant of the continued fraction is given by An/Ba= hile 
+“ #0); Rd Rd 
We suppose first that there exists an index m such that 
lesi -1 > 0, kam + lia + Peg Rei + Moman FE 0 implies that siasi == 0, 


n= 0,1,2.0 °°. 
Then, for all n sufficiently large, 


1 
—— = fibo’ * + tome VERE IMI SEE E ee ETRE, a 
Bn Kksnatn + Komer2mer TL al L Ramsar Smaret +t Un 
where, if (3.4) holds, (wn) = 0, and where 7-—> © as n-> œ. Since 


m-i 


Di Roper | ke + ka + + kap | T= 2 Hoopes | lea +hytoec: + Kap | i 
pl p= 
+ | ks +- ka + e komo | di > kops 
p=m 


it follows that the first of the series (3.5) is divergent. We therefore 
conclude immediately that 








whieh is finite by (3.7). The continued fraction is thus convergent in case 
such an idex m exists. 

If there is no index m with the specified property, then there is a con- 
tinued fraction 


Ww 
(3. 12) K (1/0), D sge = I alee ns ban = Maps 
pet 


\ 
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where k’op.1, k'op, 2’p are of the form 


r=8 
; r=B A ray j 2 KoreiSret 
(3. 13) Me ope, == DI korn > 0, kop = D Farga < 0, Zp = e; 
r=@ r=f Ke op-1 


whose sequence of approximants, {4’n/B’n}, is a subsequence of the sequence 
{An/Bn}. By (3.4) and (3.13), [(k’op) S 0, (2p) =è. Also, at least one 
of the series Sk’spa or Sapia | Rat Rit: +B ey | ° is divergent. Hence, 
by (A), the continued fraction (3.12) converges to a value L, the radii rp 
of the circles K’, associated with (3.12) have the limit 0 for p== œ, and 
their centers have the limit L for p= œ. Those approximants in the 
sequence {An/Bn} falling between A’sp/B’op and A’op.o/B'opi2 are all of the 
form dita: + tep(1/u), Calw) =1/(b'n + w), where I(u) 20. Since 
Citat + *t'ap(1/u) is the 2p-th approximant of (3.12) in which b's» has 
been replaced by b's» + (1/u), it is given by the expression 


1 1 
3. va =m 2 ERORE E EU 1. (bl L TAN? 
(3.14) T'ps($), s=%9+ k 2p-2%"2p-1 T lc op-1 (k2p + 1/0) ° 


where T”p-ı is the transformation defined in (3.9), formed for the continued 
fraction (3.12). Inasmuch as F(s) = I(1/k’sp-ch’op-1+), we conclude imme- 


diately that the value of (3.14) is in the circle K’,1. It therefore follows 
that lim (A»/Bx) = L, so that the continued fraction is convergent. 


u=OO 

This completes the proof of Theorem. D. 

Remark. The condition “k: > 0, kamı Z 0, p= 1, 2, 3,- > +” In 
Theorem D may be replaced by “ hap. = 0, p = 1, 2,3,:- +, with inequality 
for at least one p.” If, however, kop1—=—0, p —1, 2,3,---, then the con- 


tinued fraction is divergent. 

As in the proof of Theorem C, we see that under the hypothesis of 
Theorem D, all the approximants of the continued fraction have their values 
in the circle 


1 1 
(3. 15) | w — | = 24,3 ° 





Therefore, by Theorem D and a well known theorem on uniformly bounded 
sequences of analytic functions, we have the following theorem. 


THeorem E. If ky > 0, kap 20, R(kop) Z0, p= 1,2, 3,- "+, and 
the sequence {kp} satisfies condition (H), then the continued fraction 


00o 
K (1/bp), Bop. == Kop-12, bop = kap, converges uniformly over every bounded 
p=1 ‘ 


closed region in the right half-plane R(z) > 0, and its value is an analytic 
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function of z in this half-plane, which, for R(z) 28> 0, has its values in 
the circle (3.15). 


4. Older theorems derived from Theorem D. We shall now obtain 
four older convergence theorems as easy copsequences of Theorem D. 


THEOREM 4.1. (Stieltjes [7]) Let us suppose that kı > 0, kp = 0, 
p==1,2,9,---. If the series Sk, dwerges, then the continued fraction 


co 
K (1/bp), Bop. = Eop-12, bop = kop, converges uniformly over every bounded 
p=1 


closed region G of the z-plane whose distance from the negative half of the 
real axis is positive. If the series Skp converges, then the continued fraction 
diverges for every value of z. 


Proof. The sequence {kp} satisfies condition (H) if and only if the 
series =, diverges, and therefore, by Theorem A, the divergence of this 
series is necessary for the convergence of the continued fraction. Let the 
distance of G from the negative half of the real axis be 8, and let 
G = G: -+ G: + Ga, where G, is in R(z) 28, G is in I(z) 4, and G3 
is in T(z) = ——d. If {kp} satisfies condition (H), the continued fraction 
converges uniformly over Gi by Theorem E. Since 


00 
— 1 K (1/0), D'op-r == feop-1 (— iz), b’ sp sE ihop, 
OO p=1 
peal 


00 


4 : K (1/05), Daga = lcop-i (12), Dsp SAE meme than, 
p=1 
the same conclusion holds for Gs and Gs, and therefore for G. 


THEOREM 4.2. (Van Vleck [10]) Jf R(b1) > 0, | [(bp)| S cR (bp), 


p= 1,2,3,- <, where c is a positive constant, then the continued fraction 
aS 


(1/bp) converges if and only if the infinite series X | bp | is divergent. 

Proof. In Theorem D, take ‘kop = bop, Kap-1 = | bop-i |, Kon-12p = dopa, 
where zp = 1 if bəpı = 0. Then R(kop) =| I(bep)|/c = 0, kı = | b, | > 0, 
kopi = | bop | Z 0, | zp | = 1 < M, R(zp) = 1/(1 + c) # = 8. If the series 
3 | bp | diverges, then either X%sp,1 diverges, or else X | da, | diverges, in which 
case lim | ka + ky- + > keap S (1 + 0?) #R(bp). 
We then conclude from Theorem D that the continued fraction converges if 
the series X |b, | diverges. If this series converges, then the continued frac- 
tion diverges by Theorem A. 








== co inasmuch as | bsp 
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Remark. Theorem 4.1 can be derived from Theorem 4.2, as Van Vleck 
showed. 


If in Theorem 4. 2 we require that | I(bp)| = cR (bp) only for edd values 
of p, we obtain the following theorem. 


THEOREM 4.3. (Mall [5]) If R(b:) >0, | (bepa)| Sc (bz), 
E (bz) = 0, p=1,2,3,- - +, where c is a positive constant, then the con- 


00 
tinued fraction K (1/bp) converges if and only if the sequence {bp} satisfies 
p=l 


condition (H). 


Proof. Choose the kp and zp as in the proof of Theorem 4. 2, and apply 
Theorem D. 


THEOREM 4.4. (Hamburger [2]) If the kp are real, ki > 0, kopa = 0, 
p=1,2,3,---, then the continued fraction of Theorem 4.1 converges for 
all nonreal z if and only if the sequence {kp} satisfies condition (H). When 
the condition is satisfied, the continued fraction converges uniformly over 
every closed bounded region whose distance from the real axis is positive. 


Proof. Use the transformations employed in the proof of Theorem 4. 1, 
and apply Theorem E. 


Remark, Theorems 4.1, 4.3 and 4.4 are somewhat,more general than 
are to be found in the papers of Stieltjes, Mall and Hamburger, respectively. 
The results found in this paper serve again to emphasize the importance 
of the theory of positive definite continued fractions. This theory overlaps 
or contains the greater part of the existing analytic theory of continued 
fractions. In this connection, we mention the following theorem of Thron [8]. 


THEOREM 4.5. Let a and b be real numbers of which a> 0, and 
“suppose that I(bp) =b, |I(ap)| Sa/2, p—1,2,38,:--. If there exists a 
constant M such that |ap| <M, p==1,2,3,---, then the J-fraction 


OO 
K (— a°-:/(bp + 2)), a = — 1, converges uniformly over every bounded 
p=1 
closed region in the half-plane I(2) >a-—b. 
As indicated (without proof) by Thron ([8], p. 413; cf. also [9], p. 779), 
this theorem is contained in the general theory of positive definite continued 


fractions. It is only necessary to put z = (a— b)i + 2, Bp = I (bp) +a — b, 
ap = I (ap), and we see that Bp = 0, a°» < Bobon ¥(1—4), p==1,2,8,---, 
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so that the J-fraction of Thron is a particular positive definite J-fraction in 
the variable 2’. It therefore converges for /(2°) > 0, i.e. for I(z) >a— b, 
inasmuch as the series X(1/ | ap |) diverges when | ap | < M, p = 1,2,38, © +. 
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LEFT ASSOCIATED MATRICES WITH ELEMENTS IN AN 
ALGEBRAIC DOMAIN.* 


By B. M. STEWART. 


I. A Necessary and Sufficient Condition. 


1. Introduction. For the set M of all n-by-n matrices, with elements 
in an algebraic field F of order k over the rational field Ra, all the usual 
definitions and properties of matrices with elements in an infinite field will 
hold. But for that subset [M] .of matrices whose elements are in the 
corresponding algebraic domain [F] some of these properties have a special 
character. For example, every non-singular matrix P of M with determinant 
d(P) #0 has an inverse matrix P~ in M such that PP-+= P+P = I, where 
I is the identity matrix of M; but a matrix P of [M], if it has an inverse 
matrix P~ in [W], must be not only non-singular, but also unimodular, i. e., 
the determinant d(P) must be a unit of [F]. 

As a further example, there is in the set M the notion of rank, but in 
the set [M], the special notion of an irreducible basis. A matrix A of M is 
said to be of rank r if n — r is the maximum number of zero rows to be found 
in any matrix PA where P is non-singular in M; a matrix A of [M] is said 
to have an irreducible basis of b rows if n— b is the maximum number of 
zero rows to be found in any matrix PA where P is unimodular in [M]. As 
will be described in 7, if the domain [F] is a principal ideal ring, then 6 is 
always equal to 7; but if [F] is not a principal ideal ring, then there are 
matrices for which b =r + 1. This anomaly is of importance in the present 
problem. | 

Two matrices A and B of [M]'"are said to be left associates in [M] 
if there exists a unimodular matrix P of [M] such that PA=B. This 
notion is an equals relation dividing the matrices of [M] into mutually 
exclusive classes of left associated matrices. Our fundamental problem is to 
determine necessary and sufficient conditions for this class division. 

If the domain under consideration is a principal ideal ring, a necessary 
and sufficient condition that A and B be left associates is that A and B have 





* Received August 7, 1946; Presented to the Society, in part, April 12, 1941, as.a 
portion of a thesis written at the University of Wisconsin. The partial results 
announced earlier are herein completely extended. 
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the same Hermite triangular canonical form (zeros above the main diagonal ; 
if a diagonal element is zero, then its row is zero; elements below the diagonal 
in a prescribed set of residues modulo the diagonal element above). How- 
ever, this test is a practical one only if there is an algorithm for determining 
a greatest common divisor, such as the Euclidean algorithm for the rational 
domain [Ra]; and for domains whose class number is greater than one, the 
presence of non-principal ideals prevents the direct solution of the problem 
by an Hermite form. 

However, if each element of a matrix A of [M] is replaced by its k-by-k 
second matric representation, there is produced an enlarged matrix AF, of 
order kn-by-kn, to be sure, but with elements in the rational domain! Hence 
for A” the Hermite form is well-defined and easily found. In this paper we 
prove that a necessary and sufficient condition that matrices A and B of [M] 
be left associates in [AZ] is that the corresponding enlarged matrices AF and 
BE be left associates, i. e., that the enlarged matrices have the same Hermite 
form. Although the proof and the actual construction of a unimodular trans- 
forming matrix P (whose construction we defer to Part II) depend upon 
other considerations, the test itself involves only the rational domain and 
affords a practical criterion for the division of the matrices of [M] into 
classes of left associated matrices. 

The proof is accomplished by considering the more primitive concept of 
mutual left divisibility: two matrices A and B of [M] are called mutually 
left divisible if there exist matrices P and Q of [M] such that PA = B and 
QB = Á. We adapt from the literature the proof that mutual left divisibility 
of A and Bin [M] is equivalent to left associativity of A and Bin [M]. We 
prove that mutual left divisibility of A and B in [M] is equivalent to the 
left associativity of A” and BF. Hence our principal result follows. 

Our problem is related to the papers ‘of Steinitz, Krull,’ and Franz 4 
who have solved the problems of finding for matrices of [M] the necessary 
and sufficient conditions for divisibility: PAQ = B; for mutual divisibility: 
PAQ =B and SBT = A; and for equivalence: PAQ = B, with P and Q 


1C., C, MacDuffee, “ Matrices with elements in a principal ideal ring,” Bulletin of 
the American Mathematical Society, vol. 39 (1933), pp. 564-584. 

? E. Steinitz, Recteckige Systeme und Moduln in algebraischen Zahlkérpern,” Mathe- 
matische Annalen, vol. 71 (1911), pp. 328-354, and vol. 72 (1912), pp. 297-345. 

SW. Krull, “ Matrizen, Moduln und verallgemeinerte Abelsche Gruppen in Bereich 
der ganzen algebraischen Zahlen,” Siteungberichte Heidelberg Akademie der Wissen- 
schaften, 2 Abhandlung (1932), pp. 13-18. 

4 W. Franz, “ Elementarteilertheorie in algebraischen Zahlkérpern,” Journal fiir die 
reine und angewandte Mathematik, vol. 171 (1934), pp. 149-161. 
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both unimodular. Obviously left associativity is a special type of equivalence. 
With these authors, we have no hesitation in using a canonical form enlarged 
beyond that used when the domain is a principal ideal ring. The new feature 
is that our canonical form has elements not in the original domain [F], but 
in the rational domain [Ra]. 


2. Second matric representation. If the algebraic field F is of order k, 
then a set of k elements, e, = 1, 62,: - -, ex, in the domain [F], can be found 
to serve as a basis for the field in the sense that for every element a of F there 
is a unique set of k numbers a; in the rational field Ra such that 


(1) Q == Aye) F aele F ` + are; 


further, a is in [F], if and only if each a; of A is in the rational domain 
[Ra]. | 


Each product e:e; is in [F], and hence can be written in the form 


k 
(2) eij == DI Cijmlm, (1,7 = 1," ° csk 


mel 
where the $? constants of mulliplication cijm are in [Ra]. 


If we define S; to be the k-by- matrix 8; = (cris), then the correspon- 
dence 


a<>S(a) = aS + a8. + +--+ axSa, 


where the a are the same as in (1), defines the so-called second matric 
representation of F, for it is well-known that the system of k-by- matrices 
S(a) with matrice addition and multiplication as operations is isomorphic 
with the field F. 

Since e, == 1, the first row of S; has cris = dis where dis = 0 if 1=£8 
and dij = 1. Thus the first row of S(a) is exactly (a, 0a, <<. 0). In 
other words, the matrix S(a) is completely determined by its first row. In 
particular, S(a) represents a number of [F] if and only if all the elements of 
S(a) are in [Ra]. These facts provide the basis for our fundamental lemma. 


Lemma. If P is a k-by-kn matrix with clements in [Ra] such that 


5 For example, sce E. Landau, Einführung in die elementare und analytische Theorie 
der algebraischen Zahlen und der Ideale, Part I, Teubner (1918). 
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S(a) 


S (an) 


where Gy. 03,0 <<, @n, D are in [F], then there exist n numbers pi, pas © +5 Pu 
in [F] such that 
S(a) 


(S(p): ‘S(pa)) ` = f (b). 


K (an) 


Separate the first row of P into n bloeks each 1-bv-k, say pip’ o. puai 
Par ty Pers t t iPas’ Puri and define pi = Puei ++ + + Piker, 
i= 1.2,-+°+,n. Evidently p; is in [F], for each pa; is in [Ra]. The 
first row of ihe matrix (S(p) > © -8 (Ppa}) is the same as the first row of the 
matrix P; hence, by the hypothesis concerning the given matric product, the 
new matric product agrees in its first row with the first row of S(b). But 
the new product considered in terms of k-by-k blocks is the sum and product 
of S-matrices and is therefore, by the isomorphism explained above, an S- 
matrix. Finally, since an S-matrix is completely determined by its first row, 
the new product must be exactly S(b). 


3. Enlarged matrices. If cach element of a matrix A of M is replaced 
by its second matric representation there is produced an enlarged matrix AË 
which is kn-by-kn with elements in Re. Conversely, to a matrix AË which 
is kn-by-kn with elements in fa and each of whose k-by-h blocks is in S-form 
there corresponds an n-bv-n matrix A of M. 

If A, B, € are matrices of M such that AB = C, then .L? BY = CE: and 
conversely. This follows from the possibility of block-multiplication of 
matrices, 

If A is non-singular in M, then AF is non-singular. For 4 == J 
implies AF(A-)F = IF, hence (A”)-? = (A7)4, 

If .{ is of rank r in M, then AË is of rank kr. For there exist non- 
singular matrices P and Q of U such that 


I, 0 I,” 07 
PAQ = ( i ) + “ben PPD = (Ss a : 
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But PË and QF are non-singular, hence rank-preserving. Therefore the rank 
of A is the same as the rank of ZE. 

If A is in [M], then all the elements of AË are in [Ra]; and conversely. 
For if A = (drs), then all the elements of S(a,s) are in [Ra] if and only 
if ax is in [F]. 

If P is unimodular in [M], then PF is unimodular in [Ra]; and con- 
versely. For if P> is in [M], then (P)? = (PP) has all elements in 
[Ra]; and conversely. 


4, Steinitz: On mutual left divisibility. From the work of Steinitz 
we borrow the following theorem : i 


If A,B, U, V are matrices of [M] such that UA = B and VB = A, then 
there exists a unimodular matrix P in [M] such that PA =B. 


The converse is evident. Therefore, using the terms of 1, we may state 
that the matrices A and B of [M] are left associates in [M] if and only if 
they are mutually left divisible in [M]. 


5. Left associated enlarged matrices. We are now in a position to 
establish the following theorem : 


A necessary and sufficient condition that the matrices A and B of [M] 
be mutually left divisible in [x] is that the enlarged matrices AP and BP be 
left associates in [Ra]. 


If A and B are mutually left divisible in [3/7], then there exist matrices 
U and V of [M] such that VA = B and VB = A. Then by 4, there exists 
a unimodular matrix P of [M] such that PA =— B. Hence by 3 we have 
PEA == BE with PE unimodular in [Ra]. Therefore AF and BE are left 
associates in [Ra]. 

Conversely, if A and BE are left associates in [Ra], then they have the 
same Hermite form M and there exist matrices X and Y, kn-by-kn and uni- 
modular in [Ra], such that XA? = H = YBE, Then U=YX and 
F’ = XY are unimodular in [Ra] and such that U’A? = BË and VB = AF. 
However, the matrices U’ and V’ do not, in general, have their k-by-k blocks 
in S-form. Therefore by repeated applications of the fundamental lemma 
in 2, we construct new transforming matrices that will be in S-form. We 
separate the matrices U’ and V’ into k-by-kn row blocks. To each of these 
we apply the lemma, i.e., using only the first rows of these row blocks, we 
define the rows of two matrices of [47] which we shall designate as U and F. 
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By the lemma, these new matrices are such that TEAF = BE and VF BP = A", 
Therefore U and T are such that VA = B and FB =A. Hence 1 and B 
are mutually left divisible in [W]. 

Although U’ and V’ are unimodular in [Ra], it does not follow, in 
general, that the matrices UF and VE, derived from U’ and V’ in the manner 
of the lemma, enjoy the same property. Therefore we cannot at once con- 
clude that 4 and B are left associates. But by combining this theorem with 
the theorem of 4. we have proved the following: 


THEOREM I. A necessary and sufficient condition thal the matrices .1 
and B of [M] be left associates in [M] is that the enlarged matrices AF and 
BE huve the same Ilermite form. 


Having applied this test to a pair of matrices Al and B of [V] and 

having discovered that .14 and BË have the same Hermite form M. so that 
the existence of a matrix P, unimodular in [V] and such that PA = B, is 
known. we may demand an explicit construction of the transforming matrix P. 
Toward this end we must distinguish various cases according to the rank 
ofi and B. The rank of A and B can be immediately determined from the 
rank of JZ, for as we have noted in 8 the rank of the enlarged matrices is 
k-fold that of the original matrices. More than this can be said, for in the 
process of finding JI we work on the columns of A from right to left; if we 
pause after each set of k columns, we must find that either & or no indepen- 
dent columns have been added to H, as will be evidenced by a set of e non- 
zero or a set of X zero entries, respectively, in the principal diagonal of M. 
3y reference to H we can’ determine the independent columns of l and B. 
considered from right to left and occurring in the same positions for both 
A and B. Then, in particular, we may suppose, for subsequent convenience 
of notation, that the corresponding columns of A and B are rearranged so 
that. if the common rank is r, there are » independent columns of l and B 
at the extreme right of the matrices. Matrices A and B, thus arranged, will 
he said to be in preferred form. A matrix AA can be recognized to he in 
preferred form if the Hermite form M of AF has ‘all the non-zero elements 
of the principal diagonal in the Xr places at the extreme right. so that 


n-(° 2) 
= NTS. U 


where M, is kr-bv-kr, triangular, and of rank kr. 


n 
DI 
~—— 
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II. Construction of the Transforming Matrix. 


6. The non-singular case. If the matrices A and B of [M] are non- 
singular, we can give a direct proof, independent of the Steinitz theory, that 
the matrices A and B are left associates in [M] if and only if the enlarged 
matrices have the same Hermite form. At the same time we find an explicit 
construction within [Ra] for the transforming unimodular matrix P of [M] 
such that PA = B. 


Suppose AF and BE have the same Hermite form H so that there exist 
matrices X and Y, kn-by-kn, unimodular in [Ra], such that XA? = H == YB", 
Then P’ == YX is unimodular in [Ra] and P’A¥ = B®, Since A is non- 
singular in M, AF is non-singular (see 3) and (A7)-1= (A>). Therefore 
P! == BE( A") == B#(A-*)”, and we see that P’ has its k-by-k blocks in S- 
form and hence can be written P’ == PE. Since P’ has all its elements in 
[Ra], P is in [M]. Furthermore, P’ is unimodular in [Ra], hence P is 
unimodular in [M] (see 3). From PAF = PFAF = BE it follows that 
PA == B. Therefore A and B are left associates in [Af]. 

l Conversely, if A and B are left associates in [M] so that PA = B with 
P unimodular in [M], then PFAF = BE with PF unimodular in [Ra], so A? 
and BZ are left associates in [Ra] and must have the same Hermite form. 


THEOREM II. If A and B are non-singular matrices of [M] such that 
XAE == H == YB" has rank kn, then the matrix P, unimodular in [M], such 
that PA = B, is given by both PE = YX and P® = BE (AF)>. 


7. The singular case with principal column class. If the matrices 4 
and B of [M] are singular, the fact that AF and BZ have the same Hermite 
form guarantees the existence of a matrix P, unimodular in [M], such that 
PA = B, but a direct construction of the transforming matrix P seems to be 
attended with a number of difficulties, as forewarned in 1. 

Using the notion of the division of the ideals of [F] into classes of 
equivalent ideals, we can, after a few preliminary definitions, state Steinitz’ 
elegant theorem, exactly descriptive of the situation. 


Let A‘ indicate the m-th adjugate of A, i. e., the matrix of order z) 


formed by arranging all the determinants of order m that can be formed 
from A in lexicographie order as to rows and columns. If A is of rank r, 
then A is of rank 1; hence the columns of A‘ are proportional; hence 
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the ideals determined by the different columns of A‘) belong to the same 
class of ideals, described as the column class of A. 

If A is in [M] and if n— b is the maximum number of zero rows to be 
found in any matrix QA, where Q is unimodular in [M], then the matrix 
A is said to possess an irreducible basis of b rows. 

The principal class is the class of ideals of [F] consisting of all the 
principal ideals of [F]. 

In terms of these definitions the theorem of Steinitz is as follows: 


If the matrix A of [M] is of rank r, then A has an irreducible basis of 
b= r or b =r -+ 1 rows, according as the column class of A is or is not the 
principal class. 


Only an outline of the proof will be presented here. A row q of n 
elements of [F] is said to belong to the left null-space of A if qA == 0. Ifthe 
‘rank r of A is such that r Æ n— 2 so that the left null-space of A has at 
least two independent rows, then it can be proved that the left null-space of 
A contains a row of relatively prime numbers of [F]; it can be proved that 
this latter row can be augmented to a matrix Q unimodular in [M] and such 
that QA has at least one zero row. Continuing in this manner, we have the 
result that in all cases the irreducible basis has either b ==r or b=r+ 1 
rows, the proof being obvious in the omitted cases r = n and r==n—1. The 
proof is concluded by identifying the case b = with a matrix A whose 
column class is the principal class. 

In some of these operations the method of enlarged matrices is helpful. 
For example, in considering the left null-space of A, we can use XAF = H; 
for from any one of the £(n —r) rows of X with elements in [Ra] which 
produce a zero row of H, using the lemma of 2, we can immediately derive 
a row with elements in [F] belonging to the left null-space of A. It does 
not follow, however, that two distinct rows of AX which are, of course, 
independent in Ra, will have derived rows independent in F. 

We can also give a method based on enlarged matrices for deciding 
whether the elements of a row are relatively prime; for we can give an 
explicit construction for the canonical minimal basis of any ideal of [F]. 
Consider, for example, the ideal (t1,:°*,@). If the Hermite form of the 
kn-by-k column vector formed from S(a,),---, (San) has in its last 
k-by- block the elements ha, with ha; =0 if 7 >1, then hy = hibs 
ha == Nor: + Neots, > +, he = Rarer + + hrer form the unique canonical 


© For example, see Franz, toc. cit., Hilfsatz 3, Satz 5, Satz 6. 
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minimal basis for the ideal.” In particular, if (@:,- * *,@n) = (1), then the 
last &-by-k block of the Hermite form must be S(1)=/x. Furthermore, 
there is a direct construction for the numbers p1,: © -, pn of [F] such that 
Pia +» + pun == 1. For if P is the matrix unimodular in [Re] such 
that 


S(a.) 0 
P = 
0 
S(an) |< LI 


then from the k(n— 1) + 1-st row of P we may derive, in the manner of 
the lemma of 2, the values of pi,: °°, pn. 

Unfortunately the Steinitz process of augmenting a row of relatively 
prime numbers of [F] to a unimodular matrix of [M] is more complicated 
for the general algebraic domain [F] than it is for the well-known case of 
the rational domain [Ra], and it does not seem that the method of enlarged 
matrices is particularly helpful in this fundamental step. 

As a corollary to this Steinitz theorem we observe that if the domain 
[F] is a principal ideal ring, then the column class of each matrix A must 
be the principal class and hence for each A we find b= r, the familiar 
situation in [Ra]. . 

By the method of enlarged matrices we have noted how to construct 

_for any ideal a minimal basis of k elements, i. e., a basis with respect to [Ra]. 
As a further corollary to the Steinitz theorem we note that an ideal can be 
written as a column vector of rank 1, and therefore has an irreducible basis, 
i. e., a basis with respect to [F], of one or two elements, according as the ideal 
is principal or non-principal. 

In conclusion to this section we have the following result: 


TaeoreM III If A and B are singular matrices of [M] of rank r whose 
enlarged matrices have the same Hermite form, whose column class is the 
principal class, and which are in preferred form, then the matrix P unimodular 
in [M] such that PA == B is given by P = R-P'Q. The matrices Q and R 
are unimodular in [M] such that the last r rows of QA =A’ and RB = B’ 
are the only non-zero rows. The matrix P’ unimodular in [M] is determined 
by (P')E = YON where X(A")F=—H=Y(B")F with matrices as follows: 


7 MacDuffee, loc. cit. in 7. 
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? bp f E — ca 
(-1 ) La ded (B) o D H da si 


I 0 CON: cor Ji. 0 
SS f D y—(( A Go -(; PEJ? 
where PE, is giren by boih PE, = Y^, X, and PE, = B®,(A*,)-1. 


8. The singular case with a non-principal column class. If the matrices 
.L and B of [M] are singular of rank r with a non-principal column class, 
then there exist unimodular matrices Q and A of [U] such that the last 
r+ l| rows of QA==A and RB = D are the only non-zero rows. If 
A’ (A)? = H = J’ (BE, then we suceced, as described in 5, in constructing 
matrices D and F of [U] such that C.U = B and VB’ =A’. The theorem 
of Steinitz, given in 4, then guarantees the existence of a matrix Z’, wni- 
modular in [W]. such that PA = B’. In the cases of matrices that are 
non-singular or are singular with a principal column class the discussions 
of 6 and 7 provide a construction for /°. But in the case here under dis- 
cussion a very different attack seems to be required; we shall outline Steinitz’ 
proof and indicate a number of steps in which the use of enlarged matrices 
is helpful. Waving found P’, we can construct P = RP"Q unimodular in 
[V] and such that PA = B. 

If A and B are in preferred form, then 


0 0 , {0 0 
e-(22) (88). 


where A, and B, are r + 1-by-r + 1 and of rank r. Therefore 


I 0 I 0 
WI ___ ii 
da Lì si (; Li 


where V, and Y, are X(r+4+1)-by-#4(r+ 1) and unimodular in [Ra]. 
Matrices U, and V, can therefore be derived from YX, and AY, 
respectively, as explained in 5, so that 


I 0 I 0 
dla Fo 
i # Li i $ si: 


The essential problem reduces to being given matrices A; and B, of order 
r+ 1 and of rank r with elements in [F] and mutually left divisible. since 
Ut; = Bi and VB, = A, and being asked to prove that A, and B, are 
left associated, i. e., that there exists a matrix P, of order r+ 1 and wni- 
modular in [F] such that Pidi = B,. For having found P, we may take 


572 B. M. STEWART. 


, (10 
P 


Since A, is of order'r + 1 and rank r, the left null-space of Ai has a 
basis of one row Wi = Wi’ ©, Wire Since the first k rows of X, A? = Hi 
are zero rows, It is easy to derive, as in the lemma of 2, a row with elements 
in [F] to serve as w,. Let T, indicate the ideal determined by the elements 
of wi. Any other row W= We1,' * `, Were, in the left null-space of A, and 
with elements in [F] determines an ideal 7’, in the same ideal class as 7; 
because the row w is proportional to the row w. Since in every ideal class 
there exist ideals relatively prime to any given ideal," the row we can be 
determined with elements in [F] so that (Ti, 7.) = (1). It is then possible 
to express any other row 43 = Ws,’ * *, Ws,rs1 Of the left null-space of A, 
with elements in [F] in the form ws = MW; + mew, where m, and mz are 
in [F]. For in terms of ideal factors we have wi; == TiWi, woe = Ta Wi, 
(y1,Wer) = (TiWi, Toi) = (Tas Te) Wi = Wi; hence wai = T's Wi which is 
in the ideal IWW; can be written 203; == MWii + 23202; where m, and me are in 
[F]. The same coefficients m, and my, serve for t==1,°-+-,7-+ 1 because 
the rows wi, We, Ws are proportional. 

Consider any row w with elements in [F], but not necessarily in the 
left null-space of A,. From wA;=wV,B,;=wV,0,A, it follows that the 
row w — wV,U, is in the left null-space of A, and can be written w — wV U, 
= MW + MWe. Hence w is a linear combination with coefficients in [F] 
of the rows w, and w, and the rows of U,. If this result is applied, 
successively, to the rows of the identity matrix Z of order r+ 1, we see that 
there exists a matrix Z which is r -+ 1-by-r + 8 with elements in [F] such 
that 

U, 
I[==Z |W |. 
W» 
In terms of the r+ 1-st adjugates we find 


U, {r+1) 
T = [0 ce AO | Wi ‘ 


so that (1) is the greatest common ideal divisor of the determinants of the 
U, 


r + 1-st order that can be formed from | %: |. Since w, and we are pro- 
We 


8 Steinitz, loc. cit., Part J, 1. 
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portional many of these 7 -+ 1-st order determinants are zero, and the result 
may be written 


(4) (1) = (d(U;), d(M), ° `, d(Mra), d(Ni),: ; "s (Nr) ), 


where M; is the matrix formed by replacing the i-th row of U, by wi, and 

N; is the matrix formed by replacing the i-th row. of U, by we. If U, == (uu), 

let Us; denote the cofactor of uij, so that d(M:) = wU:; and d(N;) 
j 


== >) wxjUi;. Using these formulas and well-known properties of the cofactors, 
j 
we can easily establish the following results: 
> A (AM; ) wet = wid (U,), 
i 


5 t = 1, tT 1. 
( ) > A( Ns) uur = wed (U), hi 


Suppose that d(W/,),-- +, dI), d(N;),: <<, d(Nu) have a common 
ideal divisor T. From (4) it follows that either T = (1) or that T does not 
divide d(U,). In the latter case it follows from (5) that 7 divides wii 
and Wei for i= 1, *.,rb10 But (wait © +, Wurms Wan’ © t, Wara) 
== (T1, T2) = (1); hence again T = (1). Therefore 


(1) = (4(2M), © +, A(Mra), (N), © ts (Nra) ). 


Using the method of enlarged matrices, described in 7, for determining 
a minimal basis of an ideal, we have an explicit method for determining the 
numbers a^i, © +, Wray da, dra of [F] such that 


(6) a’,d (MT, ) -+ a ee A- U ry A (M41) | b'.d(N;) | ela -H bradh Nra) mns 1. 
Let us define a; = (1 — d(U.))a, bi = (1— d(U,) ) Van t= 1,-- +r +1; 
and 

MANA biWo 
(7) Pı =U, + ` + 

Arw Drs1Wo l 


Well-known properties of determinants enable us to expand 


d(P.)=d(U;) + 2 ud (Mi) + z bid (Ni); 


by virtue of (6) we conclude that d(P?,) = 1; hence P, is a matrix unimodular 
in [F]. Furthermore, since wA1=0= wA, we find P,A, = U,A, = By. 
Hence A, and B, are left associates as was to be proved. | 
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Those steps of the above proof which would be essential in the con- 
: ME: | i 
struction of the transforming matrix can be summarized, as follows: 


THEOREM IV. If A and B are singular matrices of [M] of rank r 
whose enlarged matrices have the same Hermite form, whose column class 
is not the principal class, and which are in preferred form, then the matrix P 
unimodular in [M] such thai PA =B is given by P= RP'Q. The matrices 
Q and R are unimodular in [M] such that the last r+ 1 rows of QA =A’ 
and RB = B’ are the only non-zero rows. From X’(A’)® = H == Y’(B’)# 
determine X, and Y.. From Y,1X, derive U, such that U,A,== B, From 
one of the first k rows of X, derive a row w, such that wA, = 0. Determine 
a row We such that wå, = 0 and (Ta, To) = (1), where Ti = (Win, Wiry) 
Compute d(M.),- © <,d(Nr), where M; and N; are the matrices obtained 
from U, by replacing the i-th row byw, and we, respectively. Using enlarged 
matrices, from 


S(d(M,)) 
N | = S(1) 
S(A(Nrs)) 
derive the numbers a's, °°, b'ru satisfying (6). Construct P, as in (7) 


and take 
, {if 0 
P=(0 al 
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EXTENSIONS OF HARMONIC TRANSFORMATIONS.” 


By Epwarp Kasxer and Joms De Cicco. 


* 


1. Harmonic transformations. We shall study the transformation 
theory of differential elements of third order, all of which pass through a 
fixed point, which is induced by the infinite set of harmonie transformations.* 
Also we shall consider the transformation theory of third order differential 
elements under the group of arbitrary point transformations. From this 
work. a comparison of the two theories may be deduced. 

We shall term a correspondence T of the (x, y)-plane a harmonic trans- 
formation if it is defined by the equations 


(1) Xx=$(2,3), T=4(r,9). 
where the jacobian 
(2) J = bry — $c FF 0, 


such that the components $ and y obey the Laplace equation 
(3) der + by = 9, Yrs + Yu = 0, 


hut otherwise are not interrelated in any way whatsoever. 

Harmonie transformations should not be confused with conformal 
correspondences. Conformal maps are those for which the components è 
and y obey the direct or reverse Cauchy-Riemann equations 


* 


(t) Pr = E Yy, $y = E Yr 


The components $ and y of a harmonic transformation do not satisfy any 
differential conditions of first order in general, and therefore a harmonic 
transformation is not usually conformal. Thus the conformal group is a 
proper subset of the infinite set of harmonic transformations. 

The group of arbitrary point transformations induces the general pro- 
jective group of three parameters between the pencils of lineal elements 
whose vertices are at the points corresponding under a transformation 7. 
The infinite set (IZ) of harmonie transformations induces the same three- 


* Received December 28, 1946; Presented to the American Mathematical Society, 
1946. 

1Kasner and De Cicco, “ Theory of harmonic transformations,” Proceedings of the 
National Academy of Sciences, vol. 33 (1947), pp. 20-23. 
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parameter projective group. The conformal group induces a one-parameter 
group, namely, the group of rotations. 

By the group of arbitrary point transformations, there corresponds an 
eight-parameter group Gs between the bundles of differential elements of 
second order whose vertices are at the points corresponding under the 
transformation T. Kasner has presented a complete study of this group,’ 
obtaining all the possible invariants and also classifying all the differential 
equations of second order which are algebraic in the derivatives by means 
of this group Gs. By the infinite set (H) of harmonic transformations, 
there corresponds the same eight-parameter group Gs between the bundles of 
second order differential elements. By the conformal group, there corresponds 
a four-parameter group G4. 


The group of arbitrary point transformations induces on the differential 
element of third order a fifteen-parameter group Gis. This group Gis is 
equivalent to projective geometry on a three-dimensional manifold Ms of 
fifth degree embedded in projective space È, of eleven dimensions. By 
means of this fifteen-parameter group Gis, we obtain a classification of 
differential equations of third order which are algebraic in the derivatives. 


The infinite set of harmonic transformations induces on the differential 
elements of third order a twelve-parameter set Šio of transformations. This 
set Siz is not a group. Thus the first essential difference in the extensions 
of the group of arbitrary point transformations and those of the infinite set 
of harmonic transformations is in the third order of differentiation. 

It is noted that by the conformal group, there corresponds a six-para- 
meter group Gs of transformations of third order differential elements, which 
we have studied elsewhere.?. 


2. Transformation theory of differential elements of second order. 
In order to simplify our work, we shall use the minimal coordinates u= x + ty 


° Kasner, “ The geometry of differential elements of the second order with respect 
to the group of all point transformations,” American Journal of Mathematics, vol. 28 
(1906), pp. 203-219. 

3 Kasner and De Cicco, “ Conformal geometry of third order differential elements,” 
Revista de la Universidad Nacional de Tucuman (Argentina), vol. 2 (1941), pp. 51-58. 
Also De Cicco, “Equilong geometry of third order differential elements,” National 
Mathematics Magazine, vol. 19 (1945). Kasner, “Conformal geometry,’ Proceedings 
of the Fifth International Congress of Mathematicians, Cambridge, vol. 2 (1912), pp. 
81-90. See De Cicco, “ Differential geometry in the Kasner plane,” American Mathe- 
matical Monthly, vol. 53, pp. 305-313, where an extensive bibliography on the Conformal 
geometry of the horn angle is given. 
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and e= r— iy. An arbitrary point transformation T may be written in 
the form 
(5) U = U(u,t), F = F (u v), 


where the jacobian is 
(6) J = ViVo Aa Ubi F 0, 


The transformation T as defined by (5) is harmonic if and only if each 
of the components U(u,v) and V(u,v) obey the modified Laplace equation 


(3) Uii TR 0, Vout = 0. 
The transformation T is conformal if and only if U.,=Vy==0, or 
Uu EA È == 0, 


For convenience, we introduce the letters (p,9,7) to denote the first 
three total derivatives of v with respect to u. That is, let p=dr/du, 
g=r/de, r == d*v/du?. Thus (u,v,p) denotes a differential element of 
first order, (u,v, p,q) indicates a second order differential element. and 
(u, t, p, qr) represents a differential element of third order. 

The first extension of the transformation 7 as defined by (3) is 


dai Bo + bip 


8 = 

(8) dy + Up” 

where 

(9) do ce Un, fl; = Ue; Do ed Vs b, a Ve 
d zi lodi aaa l Do = LoVe Test Ut ze O. 


Thus the group of arbitrary point transformations induces the general pro- 
jective group of three-parameters between the pencils of lineal elements 
whose vertices are at the points corresponding under the transformation 7. 
This statement is valid even for the infinite set of harmonic transformations. 
Of course under the conformal group, equation (8) defines a one-parameter 
group G,, namely, the group of rotations. 

The second extension of the transformation T is 


Co + cip + Cop? + esp? + dq 


( ) Q (ao -|- asp)? 
where 
(1 1) Co =" Cu Van ae Par ais == = J + 3 ( UuV ue Bali FuU ur), 


Co == Jy + 9 ( UnVuv me VoUur), C3 = UoVer “ni VU wy. 


The group of arbitrary point transformations induces a group Gs of eight 
parameters defined by equations (8) and (10) between the bundles of differ- 
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ential elements of second order whose vertices are at the points corresponding 
under the transformation T. It is observed by (11) that the infinite set 
of harmonic transformations induces the same eight-parameter group Gs 
between the bundles of second order differential elements. Under the con- 
formal group, equations (8) and (10). define merely a four-parameter 
group Ga 

Kasner has presented a complete study of this eight-parameter group G's. 
We shall consider briefly some of his results of which extensions are given 
in the next section. 

A differential element of second order (which passes through a fixed 
point) is defined by the ordered number pair (p,q) and can be represented 
as a point in four-dimensional projective space R, with homogeneous co- 
ordinates 
(12) -> Co 1 Uys Cal Cal trala pa ps ping. 


The œ? points in E, representing the co? differential elements of second 
order constitute the manifold defined by 


e 


(13) Vokes m 2," ui 0, Tota ca Lita =— 0, Tita — Lo" n 0. 


This is a cubic cone S; with its vertex at the point (0,0,0,0,1). Its section 
in the space 24 = 0 is a twisted cubic. 


The geometry of a bundle of differential elements of second order in the 
plane with respect to the group of arbitrary point transfermaition is equi- 
valent to projective geometry on a cubic cone Sa in a space Ry.of four 
dimensions. 


The above principle establishes a classification of differential equations 
of second order which are algebraic in the derivatives. Kasner defined the 
rank n of such a differential equation of second order to be the degree n 
of the corresponding algebraic manifold in Æ.. This rank n is invariant 
under the group of arbitrary point transformations. 

In particular, any second order differential equation of the first rank is 


(14) o” = Av”? + Bu? + Ov’ + D, 


where the coefficients (A,B,C, D) are arbitrary functions of (u,v). This 
is the cubic type that has been studied extensively by Lie, R. Liouville, Tresse, 
Kasner, Wilczynski, and Douglas. , 

The second order differential equations of the second rank are 
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(15) Ae’? + (Bo + Bye’ + Bu’? + Bev’) 0" 

+ (Co + Cue! + Carl + Cg + Cayo + Cyr + Coe’) = 0, 
where the coefficients are arbitrary functions of (w, v). 


Equality of rank is necessary but of course not sufficient for the equi- 
ralence of second order differential equations under the group of arbitrary 
point transformations. 


8. Transformation theory of differential elements of third order 
under the group of arbitrary point transformations. The third extension 
of the transformation 7 defined by the general equations (5) is 


(16) (ao + ap)? 
I (Qo t ap)’ 3 
where 


do = U uCou — 3U nulos 

dy = Uu (Cor + Ciu) + Dron — 3U uut — 6UurCo, 

do == Cul Cir + Cou) + Celf Cov + Ciu) — 8U uuto —6U re, — BU rro, 

dg = Uy (Car + Cau) + Uef tie + Con) — BU nls — 6U urta BU ety. 
(17) dy = U utar + Ue (Oar + Csu) — GU rts — BU era, 

ds == Uy tyr — 80 wl, 

ho == Cult, + Tu) — 37 U uu — IcoTe, 

hy = Cy (dy + Reo) + Up (Ju Rea) — 60 ur, 

hey == 3U yes + Ue (dy — t2) — BU eed. 


Upon writing the formulas for the partial derivatives Con. Cins Car Can We 
find that the resulting equations can be solved for Cuun, Temo Corr Vos 
This demonstrates that cor, Ciuy Cor; Car ate independent expressions. By the 
first. second, fifth, and sixth of equations (17), we find 


Coy = (1/9) (do + Slol uu), Cor = (1/4,) (d; + BCU er), 
(IS) cont Ciu = dy /y — (1/8) [tido + 3 (tito — 4001) lun — SttotoU ur], 
Cup +- Cau = d/t DIES (1/4?) I tod; | 3 CRZ cassa dC») [ssa i Gara ur]. 


Substituting these into the third and fourth of equations (17) and then 
Ciminating Cys, Cer Vue, Vor, by means of equations (11), we obtain 
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J (dz — oldı + a,°do) 
— 3(do°co08 + AoC, Cx — 271 CoCz — 00 t101? + Baot: CoC — 41°C") 
(19) = o? [ d (Cou + Civ) + 6 (a161 — doz) Vu» — 6 (b16, — doc) Uno], : 
J (a ds — 000,44 + lo ds) 
— B(ao?C3? — 2as%4,0203 + Aoli C? + lolt C13 — A130102 — 44°C 963) 
= až [J (Cou + c10) + 6 (16, — 0062) Vuv — 6 (b161 — docs) Uuw]. 


From these equations, we deduce the result 


J | Go ds — do Ads F aa°dz — Qot: da + asd, — ay®do] 


(20) 
= 3[40%c3 — G7 C2 + Aotty2C, — 136 |. 


Upon eliminating Uuu, Uw, Vax, Vox by means of equations (11) from 
the last three of equations (17), we find 
ho == — 64:00 na BGC, — Bio (doVuv = boU ux), 
(21) hy == 3 (aots — 161) — 3 (tod, — dibo) U uv, 
lie =a GAC — 3410» A 3a, (aV ww pei biU ww) A 


From these, we may. eliminate the derivatives Uy» and Fus. Thus we get 
the relation 





(22) Qo ha + olihi + ai7hy == O[ 40 C3 — p71 C2 + Aoli hi — lico]. 


THEOREM. The group of arbitrary point transformation induces on the 
diferential elements of third order the group of transformations 


P Gan 20 O i E 
i (ao + ap)” i 


Pins do + dip + dap? + dap? + dip* + dsp? 
(do + ap)” 


je e e ee 
(do + aip)" ? 


where the seventeen parameters satisfy the two relationships 


(23) 


J | ao ds ass Go*tids + Ao t: de nen lo aida + doh, fd n dido] 
(24) == 3 [aots — Qo li Ca + Golly, — A Coa 


do ho + dodihy + ai ho = 6| 003 — AoA Co + Aoli C1 — a10]. 


This induced group is therefore of fifteen essential parameters. 


pe 
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A differential element of third order (which passes through a fixed 
point) may be denoted by the ordered number triplet (p, q,r), and can be 
depicted as a point in eleven-dimensional projective space KÆ with homo- 
geneous coordinates 


(25) Sg Fey yi ast eli Bot Uri Tsi Wo fioi tu 

=]: p: p’: p?: ptip: q: pg: gs es pr. 
The co? points in Ay, representing the co? differential elements of third 
order form the manifold defined by the system of eight independent equations 


(26) Love SS br la 0, Tita = Wa = 0, Tolg =_= ve" == 0, Latz venenat a a 0, 


Caly —— Tilg == 0, Vets — a” = 0, Totg -— La cos 0, Ugly, e EUn =" 0. 
This is a three-dimensional algebraic manifold Ms of the fifth degree. 


The geometry of a bundle of «% differential elements of third order we 
the plane with respect to the group of arbitrary point transformations to 
equivalent to projective geometry on a three-dimensional algebraic manifold 
Ms of the fifth degree in a space By, of eleven dimensions. 


By this principle, we may now define the rank n of a differential equation 
of third order which is algebraic in the derivatives (v’,v’,v”’) to be the 
degree n of the corresponding algebraic variety in Ru. This rank n is 
invariant under the group of arbitrary point transformations of the plane 
of minimal coordinates (u,v). | 

In particular, any third order differential equation of the first rank is 


(22) (Ao + div)” + Boo”? + (Co + Cw’ + Cov) 0” 
de (Do + Div +. Dev" + Dv"? + Dv + Dv” = (), 


where the twelve coefficients are arbitrary functions of (u,v). This type 
includes the differential equation of the o* Minding geodesic circles of any 
surface = when X is represented on the plane in any arbitrary point-to-point 
fashion,* and also the differential equation ot the o*% dynamical trajectories 
of any positional field of force.” 


$t Kasner and De Cicco, “Families of curves conformally equivalent to circles,” 
Transactions of the American Mathematical Society, vol. 49 (1941), pp. 378-391. Also 
De Cicco, “ Equilong maps, of the œ° circles,” Transactions of the American Mathe- 
matical Society, vol. 59 (1946), pp. 42-53. 

5Kasner, “ Differential-geometric aspects of dynamics,” American Mathematical 
Society Colloquium Publications, vol. 3, 1913, 1934. Also see a series of papers in 
Transactions of the American Mathematical Society, vols. 7-11 (1906-1910). 

Finally see Terracini, “Sobre la equacion diferencial y” =@(a,y,y’)y” 
+H (a, y, yy”? Revista de Matematicas de la Universidad de Tucuman (Argentina), 
vol. 2 (1941), pp. 245-329. 
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4, ‘Transformation theory of differential elements of third order 
under the infinite set (H) of harmonic transformations. Finally we con- 
sider the case of the infinite set (H) of harmonic transformations T. For 
any such correspondence T, we have Uny==0 and Vuy=0. It follows that 
Cou + Cw = 0. Thus by studying equations (19) and (21), we discover the 
following fundamental proposition. 


THEOREM. The infinite set (H) of harmonic transformations induces 
on the differential elements of third order the set of transformations (23) 
where the seventeen parameters satisfy the five relationships 


J (o da — dott: d, + 0,°d0) 
== B (Ao CoC + dofcica — RAO A1 CoCo — Uo lit? + Bolts? Coti — 41860), 

(28) J (ai2ds — aotids + aod) 
== 8(00°c8° — RA Calg + Aol Ca? + Raol CC — 420,02 — M Cots), 


ho == — 60,60 + Baty, hy = 80002 — 30101, he == 604003 — 80,62. 
This induced set Kıs involves twelve essential parameters. 


It is remarked that under the group of conformal transformations, the 
induced transformations (28) form a six-parameter group Gs as we have 
shown in the first article of footnote 3. 

Thus the infinite set (H) of harmonic transformations induces between 
the bundles of differential elements of first, second, and third orders 
respectively, the following sets of transformations: 


(1). The three-parameter projective group Ga. 
(2). The eight-parameter group Gs. 
(3). The twelve-parameter set Sie. 


In the case of differential elements of the first and second orders, the 
induced sets are identical with those induced by the larger group of arbitrary 
point transformations. However, in the theory of differential elements of 
third order, the infinite set (H) of harmonic transformations induces a set 
Sie of twelve-parameters, which is a proper subset of the fifteen-parameter 
group Gis induced by the group of all point transformations. 
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ON CONVERGENCE OF THE PRODUCT OF BASIC SETS OF 
POLYNOMIALS.” 


By M. N. GHABBOUR. 


The subject of basic sets of polynomials has been studied principally by 
J. M. Whittaker and B. Cannon.* For such a set {pn(z)} any polynomial, 
and in particular the polynomial 2”, admits a unique finite representation 


of the form 


(1) 2" === ruoPo (2) + maipi(4) + mrepe(z) + °°, 


Thus any set {pn(z)} of polynomials, where p,(z) is of degree n, is basic 
and is said to be simple. Generally if the number N, of nonzero coefficients 
in (1) is such that NV," tends to 1 as n tends to infinity the set {pn(z)} is 
called a Cannon set. Associated with any function f(z), regular about the 
origin, there is a basic series ZIInf(0)pn(z), where the operators (II) are 
given by 


oe ee + (1/2!) men (d/d) +e (n=0,1,2,° °°). 


This series is said to represent f(z) in |z| R, where the function is 
regular, if it converges uniformly to f(z) in |z| R. The basic series of 
the set {pn(z)} is said to be effective in | z | < R, if it represents, in | z | S R, 
every function which is regular there. This is equivalent to the simpler 
statement that the set {pn(2)} is effective in |z| 5 R. Let 


(2) (E) = È | mni | 4: (B), 


where An(R) is the maximum modulus of pa(z) in |z| 5E. Cannon (1) 
has ? shewn that a necessary and sufficient condition for a Cannon set {pun(z)} 
to be effective in | z| 5 R, is that 


(3) (R) = lim {3,(R)}/*= R, 
nO 
for any value of R > 0. Suppose that pa(z) = Pro + put + pn” p$: 


* Received November 21, 1946. 

1 See the list of references at the end. 

2 The numbers beside the authors refer to the order of their references as given 
in the list. 
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The matrix P = (p:;) is called the matrix of coefficients of the set 
{pn(z)}. If Pı and Ps are the matrices of coefficients of the respective basic 
sets {pn(z)} and {qx(z)}, then it has been shewn by Whittaker (4) that the 
matrix Pı: Pa will be the matrix of coefficients of the basic set {un(z)} 
given by . 

(4) Un (2) = Pnodo(2) + Pula (2) + Pnege(2) +0 °°. 


The set {u.(z)} is defined to be the product of the sets {p,(z)} and 
{qn(z)} in the given order. It was proposed by Professor Whittaker to study 
the convergence of the product set, or more precisely, to find out when the 
product set {un(z)} is effective. In this note the problem is considered for 
the case where {px(z)} is a Cannon set and {qx(z)} is a set for which 
lim D,/n is finite, where D, is defined by Whittaker (4) to be the degree of 


NICO 


the polynomial of highest degree in (1). 

Let {pn(z)} and {qn(z)} be basic sets of polynomials; then the poly- 
nomial pa(z) can be uniquely expressed as a finite linear combination of the 
polynomials {gn(z)} in the form i 


(5) Pa (2) = È öniqi (2). 

Suppose that f(z) is any function that can be represented by the basic 

OO 
series of {p (z) } in some circle about the origin, in the form f(z) = © anpnlz). 
n=0 
Associated with such a function there is, therefore, a series $; ¢ngn(z), wheré 
(6) Cn = Aotion + liðin + Gabon 4! * *. 

This series represents f(z) in |z| = R, if it converges uniformly to 
f(z) in |z| SR. The number N, of nonzero coefficients in (5) is assumed 
to be such that 
(7) Np” > 1,asn—-> œ. | 

Write a(R) = X | ön | Bi(R), where Bn(R) is the maximum modulus 
of gn(z) in |z| 5 R. I shall prove the following 

Lemma. Let {pa(z)} be a basic set of polynomials and suppose that 
the basic set {qu(z)} satisfies (7), and that for any value of R >O, 
lim {n(R)/An(R)}“" > 1; then there is a function f(z), which is represented 
1300 
by the basic series of {pn(z)} in |z| = R, and yet the series $, cugn(2) does 
not represent it in |z| SRS 


® The proof of the lemma is similar to the proof of the above theorem of Cannon (1). 


ct 
2O 
Zt 


CONVERGENCE OF THE PRODUCT OF SETS OF POLYNOMIALS. 


For, let 
(8) lim {$u(R)/An(R)}" 2a > 


Applying Hadamard’s three circles theorem we can easily construct 
the sequence of numbers (Ra) such that 


(9) 1/0, S {An(R)/An(En)}}/® = 1/02, when 1 < 8 <a, < a. 
Combining (8) and (9) we obtain 
(10) Tim {$n(B)/An (Bn) }/™ > 1, 


It follows that the series X | ns | /An( Rn) may 


(a) either diverge for at least one value of s, sı say, and in this case 


SO 
the required function will be the function f(z) = X pn(z)e*n3/An(Rn), 
nad 
where Bns, = ATE Öns, OF 
(b) converge for all values of s. Here applying (7) and (10) we 


construct an infinite sequence of pairs of meee (mr, gdr) such that 
Mrsi > Mr, Qra > Q and 


(11) ` | Sma: | Bar(R) > Am,(Rm,). 
Now by the convergence of the series X | dng | /An(Rn) and the con- 


struction of the matrix (0;;) we construct, in a successive manner, a sequence 
of integers (Ax) and a subsequence (õa) out of the a (Gm.q,) such 
that pd, == Omg by `> Me-15 Ond,, = 0 for n << bx, and > le wnd; | [Ån (En) 


$| Soya, | /Av, (Ev). The required function in eee au will be the 
ai f(z) = D anp.(z), for which a, = 1/An(R,) when n = bi, da, bs," ©», 
and an= 0 otherwise. 

We now consider the main problem and set 


(12) gh a p> \nidi(2) Pa 
Then from (1) and (12) and the definition of the product set it can be 
easily shewn that 


(13) g” = 2 ulz) ` AnrTrdy 


and * 


‘The relation (14) attributes an interesting meaning to the concept of product sets. 
Let f(z) = 2a,2" be represented in a series of polynomials of the form 2e,p,(z); then 
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(14) Gn (2) = 2 nnti (2). 


(15) ‘ Wa ( 2) TT p> | Tne | Mi (R), 


where Ma (R) is the maximum modulus of a(z) in |2|  R. For the sake 
of uniformity we shall write 6,“ (R) for è.(£) and 8‘”(R) for 8(R) as 
given by (2) and (3) and è, (R) and è‘°°(R) and A,(£) and A(R) for 
the corresponding expressions for the sets {qn(z)} and {un(z)}, respectively. 
We first prove the following 


THEOREM I. Let {pn(z)} be a Cannon set and let the set {qn(z)} be 
subject to the condition that lim n Dafn 18 finite and suppose that {qn(z)} ts 
effective in |z| SR. Then "the necessary and sufficient condition for the 
product set {un(z)} to be effective in |z| 5R is that 


(16) lim {n(R)/Bn(R) }/" = 1. 


The necessity follows from the above lemma, noting that when {pn(z)} 
is a Cannon set then ‘the expression in (14) will satisfy (7). Also if both 
the sets {un(z)} and {qn(z)} are effective in |z | = R, then the basic series 
of {un(z)} will represent, in |z| S R, every function represented by the 
basic series of {qn(z)} in |z| SR. Applying the above lemma, (16) 


follows at once. 
To prove the sufficiency of (16), a positive number Æ is chosen for the 


set {gn(z)} such that 
(17) D,/n < K, for all values of n > no, say. 
Now from (13) we obtain 
An (B) < S | dar | | are | M(B) < 8x (R)ye(R)/Ba (B), 
where w:,(£)/B:,(È) = max pr (ft) /B,(B) = 1. If t, remains finite then 
(18) A(R) = lim (Ax (R) y/n < 80 (R). | | 


If, on the other hand, ¢, tends to infinity with n, then in view of (17) 
we have, for n > no, 


according to (14) a representation of Z@a,g,(2) will be Zoytt, (2) and it is seen that 
the last two series are derived from the former two series by putting in each q, (2) 
instead of 2". The question of product sets is therefore equivalent to that of finding 
the conditions governing the series Zc,,2, (2) associated with the function Ze, 2" in order 
that the series Zc,u,,(2) should represent the function Za,g, (2). 
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{An (E) Pæ < {Bu (BR) PM {pia (RB) /Br, (BR) }, 


and applying (16), (18) follows also. Since the set {qn(2)} is effective in 
|z| S R, then according to (3), 8 (R) = R, which ensures that the set 
{un(z)} is also effective in |z| = R, as required. 
Now suppose that lim {B,(#)/R"}!/ exists and is finite. In fact let 
NICO . 


(19) lim {Ba (R)/R" p =a < o. 
i00 
The following theorem defines completely the region where the product 


set {ttn(z)} is effective. 


THEOREM II. Let {pn(z)} be a Cannon set and let the set {qn(2)} 
be such that lim n Du/n is finite, and suppose that {qn(z)} is effective in 


|z| SR, where it ‘satisfies (19), and 8 (aR) is continuous. Then the 
product set {un(z)} will be effective in |z| = R, if, and only if, {pu(z)} is 
effective in |z| SaR. 


For let p= aR and choose the numbers Ri, Ae, Re and R, such that 
(20) Rı < Ra < p < ks < Ra 
Then according to (19) there exists a positive integer no such that 
(21) Ro" < Ba(E) < R”, 
for n > no Hence from (4), (20) and (21) we get 
(22) Ma(R)< {2+ =H Pur | Br(R) 
< (no + 1) Be (B) An(R4)/B° + An(Rs) > (R3/Rs)" 
< An(R4)-S(R, Bs, Ra), 
where Bs(R)/Ry = max B.(R)/Ry, so that S(R, Ra E4) is finite. In a 
similar manner it can T shown, by the aid of (20) and (21), that 
(23) An( Ry) < Mn(Bh)/T (R, Ri, Be), 


where T(R, Rı, R2) is positive and finite. Combining (22) and (23) together 
we get, in view of (15) and (21), | 


T(R, By, Bz) © 8a (Ry) / Rs" < fn(P)/Ba(P) <8, (By) SCR, Rs, R.)/Rr. 


Since R, and A; can be taken as near to p as we please and since 8 (p) 
is continuous, then, making n tend to infinity, we conclude that 


(24) lim {yn(R)/Ba(R)}/*= 30) (p)/p. 
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The required result now follows by appealing to the above theorem of 
Cannon and to Theorem I. 

The following corollaries are direct applications of Theorem II for some 
important special cases: 


COROLLARY I. Let {pa(z)} be a Cannon set and let the set {qn(z)} be 
such that lim D,/n is finite. Suppose that the set {qn(z)} ts effective in 


RiP OO 
|z| SR, where lim {B,(R)/R"}4/" = 1, and 8 (R) is continuous. Then 
md 


Te? OO 
the product set {un(2)} is effective in |z| SR, if and only if, {pn(z)} is 
effective in |z| = R.’ 


COROLLARY II. Let {pa(2)} be a Cannon set and let {qu(z)} be a 
simple set in which the coefficient of 2" in qu(4) is unity. Suppose that 
{qn(z)} is effective in |z| SR, where 8“ (R) is continuous. Then the 
product set {un , if, and only tf, {pa(z)} is effective 
in |z| ER. 





The result follows from Corollary I, if we note that for such a simple 
set {(qa(2)}, lim {Ba (B)/B"P/ ma 1. 


a III. Let {pa(z)} be a set DE which lim D,/n = 1, and let 


RCO 


the set {qn(z)} be such that lim D,/n is finite and suppose that {qn(2)} i$ 
effective in |z| = R, where lim {B,(R)/R 4" => 1. Then the product set 


{un(z)} is effective in | 2 | < B if {pn(z)} is effective in |z| SR. 

For, according to Whittaker (4), 89 (R)/R <8 (r)/r, for r< R. 
Combining this with (24) the required result is obtained. 

It will be observed that Theorem II gives us instances for the case in 
which only the ‘inner’ set {qn(z)} is effective and yet the product set is 
effective in the same circle. It also affords us with instances for the case 
where both the sets {pa(2)} and {qn(z)} are effective in |z| = R, and yet 
the product set is not effective in |z| = A. These instances are illustrated 
in the following example: 


Example I. Consider the basic sets {pn(z)} and {qn(z)} given by 
Pulz) = 1 4- 2" + 2°"/4", when n is odd, and pn(z) =" when n is even, 
and gn(2) == 2" + 2"2""? when n is odd, and gn(z) = 2"2"> + 2” when n > 0 
is even and go(2) = 1. 


[e 


5 The condition that lim {B, (RB) [Run = 1 has been obtained as a sufficient 
eondition for the effectiveness of {ita (2) } if both {Pa (2) } and {4a (2) } are effective. 
i i 


` 
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It is easily seen that {pn(2)} is effective in |z| = R for the values of 
R for which 1< R<4, and that {qn(z)} is effective in the whole plane. 
Also it is noted that lim {B,(2)/E"}}/"=?. Forming the product set 


noo 
{un(z)} of the sets {pn(z)} and {qu(z)} we get 
Un(2) = 1 at + Igt gent Le 22/4», when n is odd, and 
Un(2) = 2"! + 2", when n > 0 is even, and vo(2) = 1 


It can be easily shown that lim {yn(2)/Bx(R)}/"=1 when 3 SRS? 
0o 


and thus, by Theorem I, the Bét {un(z)} is effective in |z| 5R for the 
values of R for which $= RS 2, as is expected from Theorem II. Also 
we note that in the interval 4 S R <1, the set {q.(z)} is effective in 
|z| =, while the set {pn(z)} is not effective and yet the product set 
{un(z)} is effective. Also in the interval 2 < k= 4, both the sets {pa(z)} 
and {gn(z)} are effective in |z| = R, and yet the product set {un(z)} is 
not effective. 

Now the condition that lim {B,(E)/E"}/" exists and is finite, is 


hep 


necessary for the truth of Theorem II in the sense that if this condition 
is not satisfied then the theorem is no longer true. In the first place if 
lim {B,(2£)/R"}?/ is infinite, then instances can be found in which both 


the sets {px(z)} and {qn(z)} are effective in the whole plane while the 
product set {un(z)} is nowhere effective.® 


Moreover, if 
(25)  0<a=lim{B,(R)/E*}< lim {Bn (R)/R"}" =b S o, 
N->00 Ped OD) 
then Theorem II no longer holds, as is seen from the following 


° Thus consider, for example, the basic sets {p,(2)} and {q,,(z)} given by 
p, (e) = en + e2n/nn, when n is odd, and p,(£) = an, 
when » is even, and 
q, (2) = zn + nngn+1, when a is odd, and g,, (2) = (n-—1)2(n-1)gn-1 + gn 
when 7 > 0 is even, and q (2 EAR 
Accordingly the product set {w,(2)} will be given by, 
u (z) =1, and «, (2) = (n-— 1) 20e1)zn-1 + an, 
when » > 0 is even, and 
u, (2) = gn + nngntr | (2n — 1) 2(2n-1)22n-1/nn 4 22n/nn, 
when » is odd. 
It is easily seen that {B,,(R)/R»}1/n tends to infinity with #, that both {p, (z)} 
and {aa (2) } are effective in the whole plane, and finally that lim {Ya R) /B A(R) yun 
= 09 for all values of R > 0. 
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Turorem III. Let {qu(z)} be a basic set for which lim Dn/n is finite 


and suppose that {qn(z)} is effective in |z| SR, where i satisfies (25). 
Then there exists a Cannon set {pn(z)} which is effective in |2| 5r, for all 
positive values of r = bR, such that the product set {u,(z)} is not effective 
in |z| SR. 


For, write aR == p, then, given any number K, > p, there exists an 
infinite sequence of positive integers (l-} such that 


(26) B, (B) < Ry" (r= 1,2,8,- ++). 
Writing {B,(R)/R"}Y/"= ba, then there exists another finite sequence 


of positive integers (m,), having no common members with (1,) such that 
(27) Um, > b, ASTA œ, 
We form the infinite sequence of triads of integers (Aj, pvi) for 


i=1,2,8,- >+, where 


(28) (Ai) belongs to (J,) and (#i) belongs to (m,), and 


Ài < Mi and r = py — di. 
The required Cannon set {pn(z)} is given by 
(29) py, (2) =a + (2/ (bu, RY) and pa(z) = 2", otherwise. 


It can be easily seen, using (27), (28) and (29), that the set {pn(z)} 
is either effective in the whole plane if lim (ui/^i) = 1, or else is effective 


in |z] <r, for all positive values of r <1 BR. Now the product set {wn(2z)} 


is given by 
uy, (2) = gn, (2) + qu (2)/ (Opn, R)”, and un(2) = 2", otherwise, 
Hence in view of (26) and (28) we have 


(BR) Mx (R) + (1/ (bu BY") Mu, (B) > (2a db 
By, (R) By (B) 


Allowing è to tend to infinity we conclude, according to (27), that 
lim {Yn(B)/By (R) }* = lim {pn (R)/Bxa (R) y} = bR/R, > 1, 
NO 430 


since we can take È, as near to p as we please. Hence by Theorem I the set 
{un(z)} is not effective in |z| = R, as required. 
‘I append the following illustrative example: 


Example II. Consider the basic set {gu(z)} given by 
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gn (z) = 2% | Ran? when n= 3%, and 
Qn(2) > Arent 4 gh -p Raga when n= 3h + 1, and 
Gn(Z) = 2" when n= 3h + 2, 


for h ==0,1,2,-- +. It can be easily shewn that {qn(z)} is effective in the 
whole plane, and 
1= lim {Bx,(R)/R"}!/" < lim i (Ba (2) / e. == 9, 


n> 


Forming the product set {un(z)} of the sets {pa(z)} as given in Example I 
and {gr(z)} as given above, we get 


Un (4) == 2% + Qugnt, for n == 6h, 

Un(2) = 1+ 24 Ang + gn + Quanti 4 220 /4n: for n= 6h + 1, 
Un(2) = 2"; for n == 6h + 2, 
Un(2) = 1+ 2 e" + Brant 4. gem yAn 1 gant. for n == 6h + 3, 
Un (Z) > Qgn1 A git 4 Qugne for n == 6h + 4, 
Un(2) == 1 z 4 at + 291 gta /4n 4 Aner; for n == 6h + 5, 


h==0,1,2,---. It is easily seen that lim n {¥n(B)/Ba(B) pv — 1 only 


when R == 1 and is otherwise greater that n uo that the set {wn(z)} is only 
effective in |z| <1. 
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ELIMINANTS.* 


By JOSEPH MILLER THOMAS. 


From the theory of functional dependence is known the existence of 
polynomials £'(z,y) which vanish identically in ¢ when the indeterminates 
x, y are replaced by given polynomials in the single indeterminate t. A specific 
polynomial £(,y) of this sort is defined in the present paper (1) as the 
eliminant of two given polynomials. This polynomial has been employed by 
Perron [1; p. 223]. Taking the complex numbers for coefficient field (the 
extension to fields of characteristic zero is immediate), here we develop certain 
properties of this eliminant. Firstly, the eliminant is the k-th power of an 
irreducible polynomial f. Secondly, the eliminant is reducible (that is, 
1< k) if and only if the two polynomials g(t), y(t) are also polynomials in 
a second indeterminate « which itself is a polynomial of degree k& in the 
original indeterminate ¢. Thirdly, whereas elimination of ¢ by the eliminant 
gives Aff, where A is a non-zero complex number, elimination by the usual 
division process gives hf, where h is an extraneous factor, whose nature is 
precisely stated, namely, A is the product of non-negative integral powers of 
the initials appearing in the division sequence and 4 may involve æ and y. 
Fourthly, the eliminant is used to give algebraic conditions that a single 
polynomial y(t) be a polynomial in a second indeterminate u whose degree 
satisfies 1 < deg: u < deg: y. An elegant solution of the last problem (for 
a single polynomial and a parameter of any degree) from group-theoretic and 
function-theoretic considerations has previously been given by Ritt [2]. 


1. The eliminant. The parametric equations 
(1.1) T == dot” + - f "| äm, y = dot" +» i ‘+ Dn, obo E 0 


define a curve which is the locus of the point (x,y). Let the resultant of 
the two polynomials be denoted by (am, bn), a notation which puts in 
evidence its dependence on the constant terms of the polynomials. Put 


(1. 2) E(x, y) = R(am— zT, bn — y). 
* Received July 26, 1946; presented to the American Mathematical Society, 
November 2, 1946. 
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The equation 
(1.3) E(z, y) =0 


is a necessary and sufficient condition that for a given (z, y) there exist a ¢ 
satisfying (1.1). Hence (1.3) is the equation of the curve. Its left 
member will be called the eliminant of the two polynomials. If the values 
(1.1) are introduced into #, then 


(1.4) (x,y) = 0 
in t. The eliminant satisfies : 
(1.5) degs y E = max (m, n), degs E =n,  degy E =m; 


all of these relations are independent of the values given (2, y). 


2. Reducibility. Let the factorization of # into irreducible factors be 
E(z,y) =f(2,y)g(e,y): <<. 


Under the substitution (1.1) at least one of the factors, say f(x, y), becomes 
identically zero. If (æ, y) is a root of g(a, y), there exists a t satisfying (1.1). 
Hence (x,y) is also a root of f(x, y), f and g are associates and 


(2.1) E(x, y) me Aft, 


where A is a non-zero complex number, f is an irreducible polynomial in ©, 
y and È is a positive integer. The curve is got by imagining the points of 
the unicursal curve f(e, y) = 0 traced k times. From (2.1) we have 


(2.2) m = k deg, f, n = k degs f. 


Suppose that v, y are also polynomials in a parameter u, which itself is 
a polynomial in t: 


(2.3) U = Col? + 6,181 +--+ o + + Cp, Co 0. 
Denote by Æ (<, y; u) the E formed with respect to u, and by E(,y;%) that 
previously considered. Since the point set constituting the solution of 


E(x,y) == 0 is the same for both parameters, f can be taken the same for u 
as for ¢t. Hence E(z, y; u) = Bf’, and 


(2. 4) E(x,y;t) = C[E(2,4;u)]}?, k = pl. 
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The parameter ¢ will be called reducible or irreducible according as there does 
or does not exist for 1 < p a polynomial u in terms of which x and y can be 
simultaneously expressed. From (2.4) it follows that if the parameter t is 
reducible, so also is the eliminant Æ (æ, y; t). The converse of this proposition 
is also true as will be seen in 4. 


3. Highest common factor. -Generalizing (1.2) put 


E(w, y) = Bi (am — 8, bn — y), 


where Æ; is the i-th subresultant and Fo = E. Let a positive integer 7 be 
defined by 


(3.1) E(x, y) = 0, ' "Eia (2, y) =0, Ei (x,y) #0, 


the sign == being read “ equals identically in ¢.” The curves Fo == 0, Fr = 0 
intersect in a finite number of points, which are singular on f == 0. For an 
ordinary (x,y) the highest common factor of 


(3.2) Po == Aot” A - ° +amnT%; vi = dot" +> ‘bb —y 
has degree l and is given by 
(3.3) Ea, y)tt + <>, 


where the unwritten terms are easily specified polynomials in (x,y). The 
locus of points at which the discriminant of (3.3) vanishes intersects 
E(x, y) = 0 in a finite number of points. Except at these and singular 
points, (3.8) has exactly J distinct roots t,,---,¢: all of which give the 
same point (x,y) on f==0. That the roots of (3.3) may not all be distinct 
at an ordinary point is shown by z =}, y = ?*, E(x, y) =— («#—y)?. 

It is now convenient to suppose the notation chosen so that n = m and 
consequently degs E == m. By avoiding a finite number of points, it Is 
possible to choose a point (x,y) such that £:(x,y) £0 and such that the 
line X == meets the curve f = 0 in m/k distinct points. The m parameter 
values of these points fall into m/k sets of l each. Hence X==! and the 
positive integer k in (2.1) can be determined by 


(3.4) Eo(x,y) == 0, © +, Exa (£, y) =0, Ex (a, y) 0. 
4, The fundamental theorem. If ¢ and s are indeterminates, the poly- 


nomial x(t) — x(s) is divisible by t —s. If it is written as the product of 
two factors, the factorization can be given the form 
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(4. 1) a(t) — g(s) = (i -4 vinca — st) (Ag + TE + aos"), 


the first factor being divisible by t —s. The highest common factor of 
w(t) —2(s) and y(t) — y(s) can therefore be assumed in the form 


u(t,8) = E ++ + -—s*, 


Let the polynomials u(t,s,) and w(t:,s) have the roots si,---,8, and 
lit © +, respectively. The parameter values sı, > *,5, all give the same 
point, say (x,y) and the ¢,,: - -,t the same point, say (To; yo). Write 


(4, 2) u(t,s) = t + a,(s) H << + a(s), 


where @,,° * -, x, are polynomials of degree at most k—-1 and a, is of 
degree k. Consider an ordinary point si. Since (4. 2) is an associate of (3.3) 
its coefficients depend only on (x,y) and 


aj (81) =" + == Qj (Sk) (j= 1,2,-°°,k). 
The equations : 
a; (s) —aj(s:) = 0 (ehe) 


accordingly are identities. Moreover the polynomial ax(s) — (s:) has the 
roots s:,- ‘+, s, and therefore is —w(s,s:). Writing u(t) for w(t,s,) we 
therefore have ; ` 


(4.3) u(t,s) = u(t) — u(s). 


Let u(t) be fixed by assigning an s, corresponding to an ordinary point. 
The 4 parameter values belonging to each point (x,y) on H(z, y) =0 also 
belong to some point (x,y) on the curve 


(4,4) t = (1), jei 


The eliminant of (4.4) is therefore the k-th power of an irreducible poly- 
nomial of degree 1 in x. Hence x is a polynomial in w. A similar argument 
applies to y and we have a 


THEOREM 4,1, The eliminant is reducible if and only if the parameter 
as reducible. 


The reducibility of the eliminant is equivalent to the reducibility of 
the resultant in which the two coefficients am, ba (and only those) are 
indeterminates. 
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Once it has been established that there are & parameter values giving 
each point, Liiroth’s theorem shows that z, y are rational functions (nob | 
polynomials) in a reduced parameter and that the reduced parameter is a 
rational function of x, y. That the second result cannot be strengthened in 
the present case is shown by the example: 


g = {8 


» y= t, E(z, y) aiii (=a) u(t) = sl = (s/y) i (20/90). 
If u were a polynomial in (x,y), we should have identically 
s — yg (x, y) = h(a, y) ( — 3°), 


where g, h are polynomials, Evaluation for y = 0 gives the contradiction 
== gh (x, 0). 


5. Connection with division process. Still under the assumption 
n =m, let r ke the remainder when do", is divided by r, for indeter- 
minate x, y (see (3.2) for the definition of 7%,7,). In this way form a 
division sequence 


(5. 1) for Ty fas * *;f 


whose last term ~ is not zero and does not contain {. The polynomials in 
(5.1) are equal to the corresponding polynomials in the division sequence 
formed for the irreducible parameter, the only possible change being in the 
parameter. ‘The degree differences for the original parameter will be & times 
those for the irreducible parameter. 

By reference to [3; $ 6] it is seen that £;(«,y) vanishes identically in 
x,y if j is not divisible by k. This can be used to modify (3.4). 

It can be shown [8; (4. 8)] that 


(5.2) + g(x, y) Ro(Gu — x, ba — y) = I, 


where g(z,y) is the. product of non-negative integral powers of initials of 
polynomials which precede r(x, y) in the sequence (5.1), where I is the initial 
of r(x, y) and where d is the last degree difference. Since in this case r does 
not involve #, the initial of r(x,y) is *(x,y) itself. Hence (5.2) becomes 


(5.3) + Ag(x,y) [f(@, y)}* = [r (2, y) I. 


It is clear from this relation that f divides r and that d (which is a multiple 
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of k) can exceed & only if f divides an initial of a polynomial preceding r. 
Hence we have 
(5. 4) h(s: y) f(y) =7(2,9), 
where f is the irreducible factor of the eliminant and A is a non-zero constant 
times the product of non-negative integral powers of initials of polynomials 
preceding r in the division sequence. 

An important consequence is that eliminating by the division process 
may iniroduce an extraneous factor h(a,y), whereas eliminating by the 
eliminant never does. An example follows. 


al — t+ 2, y== 1 + 1? + 2, 
E (x,y) = f(x, y) = 116 — 54r — 186y + 4r? + 672y + 126y? + 23 
— br’y — 2tay? — 48Y° + 5ry° + 10y* — x’, 


h(z,y) =— (38 — y)". 


In the reducible case, the division process may yield the irreducible 
factor of H(z, y), for example, 


c=t +i+1, y= P4+t4+2, —a+y—l=r. 


6. Polynomials in an unknown polynomial. Let us consider the re- 
ducibility of the parameter in the case of a single polynomial x. Since we 
may always write «== u, where « is of degree m, the parameter is always 
reducible, if the definition for reducibility is carried over directly from the 
case of two polynomials. Accordingly, we make the following definition: 
the parameter ¢ in x(t) is reducible if and only if x can be expressed as a 
polynomial in uw, where u is a polynomial in ¢ and 1 < deg: u < degs. A 
parameter reducible for a pair of polynomials is then reducible for a poly- 
nomial z of the pair if and only if the irreducible factor of the eliminant is 
not linear in the other polynomial y of the pair. A single polynomial with 
parameter reducible in the sense just given is what Ritt [2] has called a 
composite polynomial. 

In (1.1) let y be the polynomial with given complex coefficients. Let 
m be a fixed divisor of n satisfying 1< m <n. Let the coefficients of x be 
unknowns. The conditions that £(x,y) be a perfect n/m power together 
with the inequation @,5£0 constitute an algebraic system which we shall 
denote by Sn(y). 


12 
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THEOREM 6.1. The parameler in y is reducible if and only if Sn(y) 
is consistent for some m satisfying 


mi|dexry, 1<m< deg y. 


Thus by discussing certain systems of algebraic equations it can be 
decided whether a reduced parameter exists and any reduced parameter can 
be determined. 
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TAUBER’S THEOREM AND ABSOLUTE CONSTANTS.* 


By PHILIP HARTMAN. 


Let 4, @2,: © - be a sequence of real numbers. The theorem of Tauber 
[2] which states that an Abel summable series Xan is convergent when 
Ay + 20. +: + nan = O(n), > 0, 


has recently been refined by Wintner [3] to a theorem involving an absolute 


constant as follows: There exists an absolute constant r having the property 
that 


fee) -1/log r 

(1) limsup |È amr” — © an|Srlimsup|]a + 2a +° - -+ nan | /n 
r->1l-0 nil n=l R-POO 
for all sequences @,d@2,°* +. This implies the existence of another absolute 
constant 7* such that 
` , 00 -1/log r : 

(2) lim sup | x UT — > Um | = 7* lim sup | Vla | 

7731-0 mai mzi NP 
for all sequences a&i, a2, + +: The existence of this absolute constant implies 


the weaker theorem of Tauber that Abel summability and 
Nin == 0(1), N > Dy, 


assure convergence. Hadwiger [1] had refined this last quoted theorem of 
Tauber in terms of an absolute constant p, which he defines in a somewhat 
different manner. However, it is clear from his proof for the existence of p 
that p==7*. Hadwiger has obtained the following estimates for the best 
value of p = 7", 

0.4858- --S7°S C+ 2B —1.01598-- -, 


where C == 0.57721- © - is the Euler-Mascheroni constant and 
00 
B= f ue-"du= 0.21938 - - - , 
f i 
so that i 
I 3 0o 
C+B -Í ut(1—- e )du== > (—1)"7*/n-n!t. 
0 n=l 


Wintner has shown that 


* 


* Received November 23, 1946. 
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0.57721-- >= 0C£#*1r 


‘and his proof for the existence of 7 gives the following estimate for the best 


value of r: 
15S rS 3 + B= 8.21988°: -. 


The object of this paper is to obtain the best values for r* and r. 
In particular, it will be shown that Hadwiger’s upper bound for the best 
value of 7* is actually the best value; so that (2) holds with 


(3) 7 == C + 2B = 1.01598: - > 


for all sequences 41, 42, * > and the sign of equality holds for some sequences. 
On the other hand, the best value for 7 is 


(4) r= C+ 2B + 2/e = 1.75174: +: ; 


so that (4) satisfies (1) for all sequences a1, 42,: © © and the sign of equality 
holds for some sequences. 

The proofs of (3) and (4) will be based on several simple lemmas 
dealing with the geometric series and the power series for — log (1— r). 
In what follows, k, h, r are functions of n and all of the symbols 0(1) refer 
to nt o. | 


LEMMA 1. If ki, ka,- + + is an increasing sequence of integers such that 
(5) k = kn = 0 (7), 
and if ris a function of n satisfying 
(6) 0<r <1 and —nlogr—l, n= ©, 
then, as n—> œ, 
k 
(7) Š (11) /m = o(1), 
and 
. „ke 
(8) (1— r) 21” = o(1). 


To prove (7), use will be made of the inequality 
1-—1r” < m(1—r), (0<r<1), 


a consequence of the mean value theorem of differential calculus. This 
inequality implies that the sum on the left of (7) is majorized by 


d(1-mn)=k1—7), 
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which is 0(1) in virtue of (5), since (6) is equivalent to 
(9) 1 —r = 1/n + 0(1/n). 
To prove (8), it is sufficient to note that 
k 
(1— r) Xr” = 1 —r < (k +1)(1—r). 
m=0 
Hence (8) follows from (9) and (5). 


LEMMA 2. If ris a function of n satisfying (6), then 


(10) S (1—")/m= C+B+0(1), 
and = 
(11) (1-1) Sr" = 1 —1/e + o(1). 


The sum on the left of (11) is, up to a factor 7, 
1—1” = 1 — (1—1/n + o(1/n))* 
by (9). Hence (11) follows at once. 
The sum on the left of (10) can be written as 


dI /m — $" m -+ 5 mm/m. 


m=ntl 


Since the first term of this expression is logn + C+ 0(1), and the second 
is log (1—r) =—logn + 0(1), it is sufficient to prove the following: 


Lemma 3. If r 1s a function of n satisfying (6), then, as n-> œ, 


(12) ` > 1"/m = B+ 0(1), 
and ui 
(13) (1-7) Ss r™ == 1/e + 0(1). 


First, (13) is an immediate consequence of (11) since 


OO 
(1—r) Sr™—1. 
. G 


ma 


Next, the sum on the left of (12) can be written as the integral 


r 00 
f (1 — t) dt = f n (en —1)e-du, 
0 


~nlogr 
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where the last integral is obtained by an obvious change of variable. Since 
n({e/"—1)—>u, n— œ, uniformly on any bounded w-interval, since the 
integrand of the last integral is majorized by e*/u for all values of u > 0 
and, finally, since (6) holds, the relation (12) is a consequence of the last 
formula and the definition of B. 


LEMMA 4. If hy, ho, + + is a sequence of increasing positive integers 
such that 


(14) n= 0(h), where A = hn, 


and if ris a function of n satisfying (6), then, as n= œ, 


(15) | S1"/m = 0(1), 
mah 

and | 

(16) (1—r) $ = 0(1). 


Rah 


The sum occurring in (15) can be written as an integral and appraised 


as follows 
r co 
f Hapu < f ute“du. 
0 


-hiogr 
Since (6) and (14) imply that 
(17) —hlogr— «, nb 00, 


(15) follows. As to the statement (16), it is sufficient to observe that the 
sum on the left of (16) is #*— o(1) by (17). 
The proof of (3) will now be given. It will first be shown that 


(18) T* = C +25. 
The difference 
OO n 
(19) > dnt” — x Am 
m=1 m=1 


ean be written in the form 
k n h 00 
Mim (1% —1)/m + £ man(r™—1)/m + E manr™/m + X manr®/m, 
m=i. mak+1 m=n+1 mzh+1 
where k and À are integers such that 1<k<n< h. Let 0 = ko, ky, kat’ 
be an increasing sequence of integers such that 
(20) king = o (fn), n nard 0, 


and let the sequence of numbers 41, @,° - - be defined by placing 
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(21) Mam = (— 1) if ky < mS kjn (j =0, Lo). 


The corresponding difference (19), with n== k; and.r a function of n 
satisfying (6), can be written in the form following (19), with k == kj-ı and 
h = kj. Then (21), (20) and Lemma 1 imply that 


A 
(22) >) May, (7 — 1) /m == 0(1); 
m=i 


while (21) and Lemma 1 give 


> Mam (e™ —1)/m = (— 1)? ` (i — pm) fp 
mi=k+1 maki 
m=i 


Hence, by Lemma 2, 

(23) 5 Mam (7 — 1)/m = (— 1) (0 + B) + 0(1). 
m=K+1 

Similarly, Lemma 4 implies that 


DO 


(24) Mam” /m == 0(1), 
m=h+1 
and that 


h 00 
> Mayr” /m = (— 1) X 1”/m + 0(1). 
Senti 


m=n+1 


Hence, by Lemma 3, 
h i 
(25) D> mant"/m = (—1)IB + 0(1). 
ment 
The relations (22), (23), (24) and (25) show that if n == k; and if risa 
function of n satisfying (6), then the difference (19) is 
(— 1) (0 +2B)+0(1), n= œ. 


Hence, (18) follows from (2). and (21). 
Accordingly, to complete the proof of (8), it is sufficient to show that 


7 < 0 +25. 


But this inequality follows from Hadwiger’s upper estimate for r*, 
In order to verify (4), first 


(26) ~ rESC+2B+2/e 
will be proved. 
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Let a,, aa, + + be an arbitrary sequence of real numbers, and put 


n 
(27) tn = X, Man/N, | n=1,2, -> 


mat 


It can be supposed that 
(28) L = lim sup | tn |< œ, 


n> 


since otherwise (1) is trivial. Let 


(29) n = fin sup | tm | ; 
mon 

so that 

(30) Lr > L, n -> 0, 


By Abel’s identity, 
00 CO OO ì 
È, Ant" = $, Mmant"/m = $, mtn(1"/m—-r""/(m4+1)). 
m=1 mal mad 
This can be simplified to 
00 SO 
> yt? = > Li (rm (1 Res r) -+ m+ (m + 1) ) i 


m=i m=1 
Also, by (27) and Abel’s identity, 


n 


$ On = 2 Man/m = > tm/ (m + 1) + ntn/(n ue 1). 


mi mel = 


Hence, the difference (19) can be written as the sum of the following five 


expressions: 

(31,) È tn” (1—1) + (e —1)/(m +1)), 
(812) È tahr) + 0" —1)/(m +1), 
(313) (= r) È tu, 

(814) È tar / (m + 1), 

(315) — ntn/(n4 1), 


where % is an integer such that 1<k< n. 
Let k = kn be a function of n satisfying (5) and 


(32) ki > o, n —> ©, 
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and let r be a function of n satisfying (6). Then (28) and Lemma 1 imply 
that the sum (31,) is o(1) as n—> œ. 

To treat the sum in (31), it is important to notice that, since 0 < r < 1, 
| 7" (1 — r) + (PPL — 1)/(m + 1)| ciù (1-4) /(m + 1) — 1 (1 — 1), 
in view of 

Edo) ape et) 1 

= (1—r)((m +1) — È ri) /(m +1) <0. 
j=0 


Hence, the sura (31.) is majorized by 


L;( S (1— m) /m — (1 —r) = fuse | 


Mmak+1 


In virtue of (5), (6) and Lemma 1, the factor of Lx is 


 (1—-r)/m- (11) Dir + 0(1), 


mat 


which, by Lemma 2, is 
(332) C+ B—1+1/e+o(1). 


In virtue of (29) and Lemma 3, the absolute values of the sums (313) 
and (31,) can be appraised by 


OO 
(333) La(1—r) >» gM = Ty, (1/e + 0(1)) 
me=n+1 
and 
00 
(334) Ln X, r"/m== In( B+ 0(1)), 
m=n+1 

respectively. 

Finally, the absolute value of (31;) does not exceed 
(33;) Ln(1 + 0(1)). 


Collecting the sit (33) - SS ), it is seen that the difference (19) 
js majorized by 
POL Bae) BRA) 


In view of (29), (80) and (32), it follows that (1) holds for all sequences. 
Gi, Mz,’ * * when r is defined by (4). This proves (26). 
In order to complete the proof of (4), it remains to be shown that 


(34) r=C+2B+2/e. 
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To this end let 0 = ko, ki, kot + > be an increasing sequence of integers 


satisfying (20). Define a sequence @,d@2,:*- in terms of the numbers 
ti, t2,: by placing 
(35) im = (— 1)/ if le; < m= kia (7 = 0, ke; VA, È 2? 


The detailed computations may be omitted. In» fact, it is clear from the 
above construction that the difference (19), with n == k; and with r as a 
function of n satisfying (6), is 


(—1)4(C + 2B + 2/e) +0(1). 


This implies (34) in virtue of (1) and (35). 

The proof for the existence of 7 given by Wintner treated the Laplace 
transform analogue of (1) rather than (1) itself. Actually, the above 
considerations are easily transcribed to this more general situation. Let 
a(x) be defined for all x =1 and of bounded variation on any bounded 
a-interval. Define B(x) by 


B(x) = f tda(i) fezi. 
1 
Then 
oo 1/8 
lim sup | esta (t) -f da(t) | = r lim sup | B(2) /z | 
1 1 Lee OOD 


8-23+0 


holds if 7 is the number (4). 
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PROJECTIVE THEORY OF SURFACES AND CONJUGATE NETS 
IN FOUR-DIMENSIONAL SPACE.* 


By Cuuan-Cuin HsIuxa. 


Introduction. It is known that every non-developable surface immersed 
in a linear space S, of four dimensions has on it either a conjugate net, or 
else a unique one-parameter family of asymptotic curves. The purpose of 
this paper is to establish a purely geometric theory of the projective differen- 
tial geometry of the surfaces sustaining a conjugate net.’ 


In 1 a completely integrable system of linear homogeneous partial 
differential equations, together with its canonical form by a geometric deter- 
mination, is introduced which defines a conjugate net in space S, except for 
a projective transformation. 


In 2 we study the effect on the differential equations of 1 of a group 
of transformations which leave invariant the parametric conjugate net N, 
on an integral surface S of these equations. Some invariants and covariants 
of this system under the group of transformations are also obtained and listed. 


In 3 we calculate for the surface S local power series expansions, which 
express two local non-homogeneous projective coordinates of a point on the 
surface S as two power series in the other two coordinates and represent the 
surface S in the neighborhood of an ordinary point on it. 


4 is devoted to the derivation of a certain cubic hypercone associated 
with a point of the surface S. 


In 5, making use of the hyperquadrics having third order contact with 
the surface S at a point x, we define a reciprocal correspondence between 
certain lines in the tangent plane of the surface § at the point æ and certain 
planes passing through the point v, and call these lines the canonical lines 


* Received December 10, 1946; Presented to the American Mathematical Society, 
August 22, 1946. 

2 A projective theory of conjugate nets in ordinary three-dimensional space has been 
established in a similar way. See E. P. Lane, A Treatise on Projective Differential 
Geometry, The University of Chicago Press, 1942, Chap. VIII. 
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and these planes the canonical planes of the conjugate net N, at the point v. 
All canonical lines pass through a point called the canonical point, and all 
canonical planes lie on a quadric hypercone passing through the canonical 
point called the canonical quadric hypercone. The tangent hyperplane of 
the canonical quadric hypercone at the canonical point is called the canonical 
hyperplane. 


6 contains the local power series expansions for the u-, v-curves of the 
parametric conjugate net N, on the surface 8. These expansions express three 
local non-homogeneous projective coordinates of a point on each curve as 
power series in the other coordinate, and represent the curve in the neighbor- 
hood of an ordinary point on it. Among the hyperquadrics having third 
order contact with the surface S at a point x we may determine a pencil of 
- hyperquadrics such that they have fourth order contact with the v-curve and 
fifth order contact with the u-curve at the point « The equations of this 
pencil of hyperquadrics are included at the end of the section. 


It is known that as u, v vary the Laplace transformed points #1, x: 
of an ordinary point x of the surface S with respect to the v-, u-curves of 
the conjugate net Ns generate two surfaces $_,, S:, on which the parametric 
curves also form two conjugate nets N_;, N. In the last section geometric 
characterizations of some special classes of conjugate nets are obtained by 
studying the pencil of hyperquadrics which have third order contact with 
the surface $_1(9:) at the point 2_1(x1) and first order contact with the 
surface 9,(S8_.) at the point 2,(%1). 


1. Differential equations and integrability conditions. Let us con- 
sider in a linear space S, of four dimensions a non-developable surface S 
sustaining a conjugate net N, with the parametric vector equation,, referred 
to the net Nz, 


(1.1) r= g(u, v). 


The osculating space S of the parametric curve «(v) and the osculating 
plane of the parametric curve v(v) at an ordinary point x of the surface S 
intersect in a line 4 (l2). Let us select on the lines 7, and J, respectively two 
points y and z, distinct from the point x, and suppose that the coordinates 
y and z of the points y and z are functions of u, v. Then it can be shown 
that the coordinates x, y and z of corresponding points æ, y and z satisfy a 
system of linear homogeneous partial differential equations of the form 


PROJECTIVE THEORY OF SURFACES AND CONJUGATE NETS. 609 


Luu = PI + «Cu + Lz, 
Euv = CE + Uu + dae, 


(1. 2) Cor = qT + $a, + Ny, 
Tuuu = TE + Mtu + py + Bz, 
Co = SL + ne + yy + 02 (poLN# 0), 


in which subscripts indicate partial differentiation and the coefficients are 
scalar functions of u, v. The second of these equations is merely the Laplace 
equation for the parametric conjugate net Nz. 

It is easy to express the derivatives yx, yo as linear combinations of 
T, Lu, Lv, Y, Z by using equations (1.2) and 


(Luv) = (Lev) ws (Lev) v == Pow, 
the result is 
Yu = et + Ray + Ea, + Ay, 


1.3 
si Yv = gx + Pay + By + (0/N)z, 


in which the coefficients are defined by the following equations: 


eN = cr + ac 4 bg — cò — Qu, gN = s — qÈ — Qr, 

RN = ay + a? — a8 — q, | PN =n—q—8&— 8, 

EN = by + ab + ¢— du, BN = y — ôN — Nz, 
A = b — (log N)x. 


(1.4). 


Analogous expressions for Zu, Zy can be written by making the substitution 


(1.5) bing ea Aba pe 
vr zbeoengs8yoNfhKDCFQ 8S) 


We now proceed to choose for the points y and z two particular covariant 
points on the lines lı and J. respectively. To this end we observe that the 
point X defined by | 

X =y + kx 


where & is a scalar function of u, v, is on the line l. When the point q 
varies along a curve Cy of the family represented by the differential equation 


(1.6) ‘ dw — àdu = 0, 


à being a function of u, v, on the surface S, the point X generates a curve 
Cx whose tangent at X is determined by X and the point X’ given by 


X’ = Yu + Yor + kh (tu + CA) + k’x (X = dX /du, - si DI 
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Expressing X’ as a linear combination of €, cx, xv, y, z by means of equations . 
(1.3), and equating to zero the coefficients of xx, x» therein, we obtain two 
conditions on the functions k and A which are necessary and sufficient that 
the tangent to the curve Cx at the point X lies in the plane llo, namely, 


k+E=0, E+(P+h)a=0. 


Similarly, we can also determine a unique point on the line lz and a unique 
curve of the family (1.6) connected with the point. If we choose these 
two points respectively for the points y and 2, then 


(1.7) - k=0, S=0, 
and the differential equations of the two curves become 
(1. 8) Pdv + Edu = 0, Fdv + Qdu = 0. 


Hereafter it will be supposed that the differential equations (1.2) are in 
the canomical form for which the conditions (1.7) are satisfied. 

The integrability conditions of equations (1.2) are found by the usual 
method from the equations 


(Yu)v = (Yo) us | (Zu) » = (20) 


and the fact that the points ©, tu, £v, Y, z are linearly independent. These 
conditions are 


1.9) eo + JA + qE = gu + eB+c6P+ ho/N, gtaP+oQ/N=0, 
(1. e+ Er + E + AP = Py + bP+ BE, An + EN = Bu + po/LA 
ou = 0 (b — c), 


and the analogous ones obtainable therefrom by the substitution (1.5). 
Making use of equations (1.4), the fourth of equations (1.9) and. the 
substitution (1.5) we obtain the equation 


(1. 10) (2b + B/L)o = (2a +- y/N)u. 


It follows that there exists a function @ of u, v which is defined, except for 
an arbitrary additive constant, as a solution of the differential equations 


(1.11) 6, = 2b -4- B/L — (log LN), Oy = 2a + y/N — (log LN)». 
Accordingly, the following formula is valid: 


(1. 12) (z, Tus do, Y, z) mam ef, 
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where a determinant is indicated by writing only a typical row within 
parentheses, 


2. Transformations and invariants. Let us consider the group of 
transformations on the coordinates x, y, z and the parameters u, v: 


(2.1) == AT; yY = py, 2 = PZ (Aw 54 0), 
(2.2) a=U(u), t= V(r) (UV £0), 


where A, m, v are scalar functions of u, v and the accent denotes differentiation 
with respect to the appropriate variable. 

The effect of the transformation (2.1) on the system of equations (1. 2) 
is to produce another system of equations of the same form whose coellicients, 
indicated by dashes, are given bv the following formulas and the analogous 
ONS? 

D = (1/A) (pA + An du); FH 4—2 (M/A) L= (W/a)L, 
(2.3) E == (1/A) (cA + aay + DAL — Ame), = — Ax/A, 
Faz + (1/A) (m — 3p)Au + 8 (Au/A*) (Auu — An)  Aunu/A, 
im == m — (3/A) (Au + Ann) + GATA), P= (4/4)p, 
B = (v/d*) (BA — 8Làu). 


The effect of the transformation (2.2) on the system of equations (1. 2) 
is fo produce another system of equations of the same form whose coellicients, 
indicated by stars, are given by the following formulas and the analogous 
ones: 

pe = (1/0) p, oF = (1/0) (eo —O0°/U"), Le = (1/0) 0, 
che (1/UW)c, a* = (1/1 Ja, 
(2.4) = (1/U°)[r —3(U%/0°)p], 
m* = (1/07) | m — (1/0) (8007 + U7 + 3(U"”/0°)?], 
p# = (1/0%)p, B* = (1/U°) [8 — 8 (U"/0') L]. 


From equations (2.3). (2.4) and the substitution (1.5) we may obtain, 
atter some calculation, the following functions which are absolute invariants, 
under the transformation (2.1), and relative invariants, under the trans- 
formation (2.2), of the system of equations (1.2): 


Th =e + ab — tty, © = 3(b — a) + B/L, 
__ I=- L/o, M == 4b — 2a + da, GON, 
(2.5) ao. 3 : f= 3(2 r 
e = } A bin i b i 30by bri Da Mf — 3 (20 sei a) at. [log (p/A ) Jw 
B = -— 3m + 3 (6L? — 10ba + 5a?) + 6b, + (B/L) (8b — Ta) 
+ B°/L° + (B/L)u, 


where ¢ = log /. 
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The effect of the transformation (2.2) on each of these invariants is 
given, with self-explanatory notation, by the following formulas: 


H* = (1/U’V’)H, $* = (1/0')§, 
(2.6) I* = (V¥"/U")I, PM = (1/0) M, S*= (1/U'V’)G, 
3" = (1/0"*)%, A*= (1/0) A, BÄ = (1/U"?) B. 


Analogous invariants can be written by using the substitution (1.5) and 


(2.7) Pierro oe a) 
AKI DESK YR E 


Two of the most important covariants of the system of equations (1.2) 
under the total transformation (2.1), (2.2) are the functions z,, a, defined 
by the formulas sa 
(2. 8) Tı = Ly 02, Ca = Ly — dba. 


The points 2,, T~, are called, respectively, the first and minus-first Laplace 
transformed points of the point x with respect to the parametric conjugate 
net N, on the surface S, or the ray-points of the u-, v-curves at the point v. 


3. Power series expansions for a surface. Let us consider an ordinary 
point x with curvilinear coordinates u, v on an integral surface S of equations 
(1.2) with the conditions (1.7). The coordinates X, where 


X = g (u + Au, v + Av), 


of any point X near the point v on the surface S are given by the Taylors 
series 


(3.1) X=rx+a4u+ z4v 
+ $ (Lurdu? | QU ur AUuAv + UyyAv?) + re SES 


in which the increments Aw and Av correspond to displacement on the surface 
S from the point x to the point X. By means of eequations (1.2), (1.3), 
the equations obtained therefrom by differentiation and the substitution (1. 5), 
it is possible to express every derivative of x uniquely as a linear combination 
of ©, tu, Lv, Y Z. 

If the points x, 21, %1, Y, 2 are used as the vertices of the pyramid of 
reference, with unit point suitably chosen, then any point given by an 
expression of the form 


(3. 2) Ex + Et + Ea + Esy + È 
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has local coordinates proportional to &,,* + +, és. Replacing the derivatives 
Tu, ©» in the foregoing formulas by their equivalents as given by equations 
(2.8), we are able easily to express derivatives of x of any required order as 
linear combinations of 2, v1, %, y,2. Then substituting these expressions for 
the derivatives of x in the Taylor’s series (3.1) and making use of equations 
(1.4), (2.5), the substitution (2.7) and the definitions 


(3. 3) == £/&,, n = 3/8,- {= &,/&, T == §5/é:, 


we may obtain the power series expansions for the non-lhomogencous local 
coordinales E, t of the pont X in terms of the other two coordinates È, n: 


E = a Na? + pf + ENR? + (0/24) (A+ $) E 
(3. 4) + EN Key + (1/24) NG + ++ >, 
r= BLE + GLE + gon + (1/24) LBE 
+ aH + (0/24) (D + R) | 


The first of equations (3.4) and r=0 demonstrate that the projection of 
the surface © from the point z into the space Sg waya,y has coincident 
asymptotic tangents at the point x. A similar statement holds for the second 
of equations (3.4) and ¢ = 0. 


4. A certain cubic hypercone. In this section we shall derive a cer- 
tain cubic hypercone by considering a general curve Cy represented by the 
differential equation (1.6). The first three derivatives of x with respect 

to the independent variable w along the curve Cy are found to be 


a! == y+ rd (x == de/du,: © *), 
(4. 1) a” = G + Ber’, 
a == H +3 (Luv + Teed)’ + Bed”, 


where G, I are defined by placing 


G = Cun | Rouen + Ced ®, 


4,2 
( ) H == Cunn F BLunràÀ + ILurk® + Torsi’. 


The space S(2,1) of the surface S in the direction of the curve Cy at 
the point x, which is defined as the space of least dimensionality containing 
the osculating planes at the point x of all curves lying on the surface 9 and 
tangent to the curve Cy at the point a, is a hyperplane determined hy the 
points 
(4.3) itato Ge 


13 
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The differential equation of the two-parameter family of the quasi-asymptotic 
curves of Bompiani? at the point x of the surface S now takes the form 


(4.4)  3LNAN + pL + N(30L—8)a2 + L(y — 3a) — oNN = 0. | 
Since the equation of the space § (2,1) in local coordinates is 
(4.5) Lé, — NNE = 0, 


we may easily verify that every hyperplane through the tangent plane at 
ihe point x of the surface S is the osculating space S; of two of these quasi- 
asymptotic curves at the point x, whose directions separate the u-, v-tangents 
at the point x harmonically.’ 


The tangent line of the curve Cy and the plane of intersection of the two 
osculating spaces S; of the w-, v-curves at the point x determine a hyperplane 
with the equation 


(4. 6) E TAM = 0. z 





As the direction (1.6) varies in the tangent plane of the surface S at the 
point x, the locus of the plane of intersection of the two hyperplanes (4.5), 
(4.6) is a cubic hypercone with vertex at the point x, whose equation is 
found to be 


(4, 7) . Lésé, — NE 2, = 0. 





This cubic hypercone has xx.12, wx1y for its double planes and passes through 
the tangent plane tg. 


5. Canonical configurations for a surface. There is a four-parameter 
family of hyperquadrics having third order contact with the surface S at a 
point z. The equation of a general one of these hyperquadrics is obtained 
by writing the equation of the most general non-singular hyperquadric and 
demanding that the series (3.4) satisfy this equation identically in £, n as 
far as the terms of the third degree. The result can be written in the form 


(5. 1) 4 Leta” + (1/3L) ( pigs + L64453) É7 + Naan 
+ (1/3N) (NRA; -+ oltss ) nf + Ags? + Aart 
+ Mast? — Ags — ast = 0, 

2 E. Bompiani, “Sopra alcune estensioni dei teoremi di Meusnier di Bulero,” Atti 
della Reale Accademia delle Scienze di Torino, vol. 48 (1912), p. 404; or see E. P. Lane, 
loc. cit.*, p. 414. 

° E. Bompiani, loc. cit.? 
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where the coefficients a;; are parameters. The polar hyperplanes of the 
points #1, zı with respect to any hyperquadric of the family (5.1) have 
respectively the equations 


(5.2) : Lassé + (1/3L) (ptss + L64,5)r=0, 
(5.3) Nazsn + (1/3N) (NRaz; + otas) = 0. 
Let us now consider in the tangent plane «217, two directions which 


pass through the point x and separate the u-, v-tangents harmonically. The 
equations of these directions may be written in the form 


(5.4) n — AE = 0, C=0, r=0, 


where A is arbitrary. If the hyperquadric (5.1) cuts the tangent plane 
gtt in the directions (5.4), the polar hyperplanes (5.2), (5.3) become 
respectively f 

(5.5) NAVE + (1/8L) (NSA° — p)r = 0. 


(5.6) Ly + (1/3N) (LR — od?) E = 0. 


As the tangents (5.4) vary about the point x the plane of intersection of the 
two hyperplanes (5.5), (5.6) generates a quadric hypercone with vertex at 
the point x, whose equation is 


(5.7) [É + (/3L)r] In + (9/8N)€] = (po/9L2N") Er. 


It is evident that the polar plane of the tangent plane zz.,2, with respect 
to the hypercone (5.7) is 


(5.8) E+. (§/3L)r=0,  n+(8/3N)£=0, 


If the line yz lies on the hyperquadrics (5.1), then a33 = dg, = Quy = 0 
and therefore we obtain a pencil of hyperquadrics: 


(5.9) aasté — (p/3L)ér — (N/2)n? — (8/3) nf] 
+ dist — (§/3) Er — (L/2)& — (0/3) nf] = 0. 


In this pencil there is a unique pair, one passing through the points £, z 
and the other through the points %1, y, whose equations are respectively 


(5. 10) E (p/3L)ér — (N/2)n? — (8/3) nt = 0, 
(5.11) r — (9/3) & — (L/2)E— (0/3N) yf = 0. 


The polar hyperplanes po, pi of the points zı, -, with respect to the hyper- 
quadrics (5.10), (5.11), respectively, are given by equations (5.8). More- 
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over, the polar hyperplanes of the points y, z with respect to the hyper- 
quadrics (5.10), (5.11), are, respectively, 


(5. 12) 3 — Ry = 0, 3 — HE — 0, 
which intersect the v-, u-tangents respectively in the points 
(5.13) Re + 32, Sz + 32.4. 


Let Ps, Pı be the harmonic conjugate points of the two points (5.13) with 
respect to the points x, x, and x, a_i respectively, then on the lines rz-1, wa, 
we may determine two points Qı, Q- such that the cross ratios 


(5. 14) (22-1; P1Q:1) = 3k, (zx, P2Q2) = 3k, 


where k is an arbitrary constant independent of u, v. The equations of the 
line 910: are of the form 


(5.15) 14 LSE- LR = 0, £=0, r7=0. 


In like manner, we can determine two hyperplanes qı, q2 such that the 
cross ratios 


(5. 16) (LL-181Y, LEYZ, Pr, 91) = Bk, (LEE, LL-sY2, Po, Q2) = 3k. 


The plane of intersection of the two hyperplanes qı, qa is given by the 
equations l i 
(5.17) LE -+ kýr = 0, Nn + kRE—0. 


The line QQ: and the plane q.ig2 will be said to be reciprocal with respect 
to the net Nz. The line QQ: will be called a canonical line and the plane 
qıq: a canonical plane of the net Ns at the point x. All canonical lines pass 
through the point 
(5.18) (0, R, — §, 0, 0), 


which we shall call the canonical point at the point æ of the net Ny. All 
canonical planes lie on the quadric hypercone 


(5.19) | LREE — N Gnr = 0, 


which we shall call the canonical quadric hypercone at the point x of the net Nz. 
The tangent hyperplane of the canonical quadric hypercone at the canonical 
point will be called the canonical hyperplane at the point x of the net Na; 
its equation is 


(5. 20) LRE + NG = 0. 
If the plane of intersection of the two polar hyperplanes (5.2), (5.3) 
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is a general canonical plane (5.17), then the conjugate net Nz is restricted 
by the condition 


(5.21) (3k —1)21J$® = 1. 


Moreover, we may determine two pairs of tangents through the point x such 
that the plane of intersection of the two polar hyperplanes (5.5), (5.6) is a 
general canonical plane (5.17). The equations of these tangents are easily 
found to be 


(5. 22) (1—3k)NGy?— p =0,  £=0, r=0, 
(5. 23) on? — (1 — 3k) LR =0,  £#=0, 7=0. 


6. Curves of a conjugate net. In this section we shall study the -, 
v-curves of the parametric conjugate net Nz on an integral surface S of 
equations (1.2). For this purpose we first consider a point X near a point 
x and on the u-curve through z, whose coordinates are given by the Taylor’s 
series in the increment Au corresponding to displacement along the w-curve 
from the point x to the point X. It is easy to express the non-homogeneous 
local coordinates n, €, 7 of the point X as power series in the other coordinate 
é, namely, | 


n= (S/244)8 fs, 
E= tof + (1/24)p(A + $) 
(6.1) + (1/120) p[Mu — Su + A+ WH — 2G? + 3B 
+ 4$(Y—H)(M—s)IE+---, 
r= SLE + LGE + (1/24) LBE 
+ (1/120) L{ Bu— (10/3) S (Gu + G?) + (13/3) BH + 63 
+ [B — (5/3) $7] (MN — gu} +. 


In like manner; the power series expansions of the v-curve in the neighborhood 
of the point x are 


E= (3/24) + <<, 
E = gNn? + GNA? + (1/24) N Grt 
+ (1/120)V{C, — (10/3) A(A, + 8°) + (13/3) CA + 6G 
(6.2) + [© — (5/3) A] (N — p) j +, 
T = ton? + (1/24)c(D + 8)y 
+ (1/120) [Ds — Ry + D + DK — 2K? + 3C 
+ $(D—R) (R — ye) l] -Hte 


From the expansions (6.1), (6.2) it follows that the conditions that a 
general hyperquadric (5.1) has fourth order contact with both the u-, v-curves 
at the point x are 
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a3, => (1/18N?) [| N(36 — AR?) ss + o(3D =a A) das}, 


(6. 3) ass = (1/18L2) [p (3% — $) ays + L (38 — 48%) ass]. 


This hyperquadric has fifth order contact with the u-curve at the point g 
in case 


(6. 4) asa = (1/10L) 4035 + (1/10p) 40045, 
where we have placed 


A, = Un — Gu + A — (7/8) AG — (8/9) 6 + (4/3) B 
+ a (A — H) (M — da), 

Ay = Bu — (10/3) Gu 1 (10/9) 5° — (2/3) BH + 63 
+ [8 — (5/38) 6] (Mi — gu). 


Thus in the family of hyperquadrics having third order contact with the 
surface S at a point z, we obtain a pencil having fourth order contact with 
the v-curve and fifth order contact with the u-curve at the point æ. In 
particular, a unique hyperquadric in this pencil may be determined to pass 
through the point y or z or to have fifth order contact with the v-curve at 
the point e. 


(6. 5) 


7. Laplace transformed surfaces S_;, Sı. It is known that as u, v 
vary the Laplace transformed points v1, x: of an ordinary point æ of the 
surface S with respect to the v-, u-curves of the conjugate net N, generate 
two surfaces Sı, Sı, on which the parametric curves also form two cor- 
jugate nets N.,, Ni. As usual, we call the surfaces 8.1, S; and the nets N_, 
N, respectively, the minus-first and first Laplace transformed surfaces and 
nets of Ns.. In this section we shall first find the power series expansions 
of the surfaces S_,, S, at the points z-,, x. 

From system (1.2), equations (1.3), (2.8) and the substitution (1.5) 
by differentiation and substitution, any derivative of s, can be expressed 
as a linear combination of €, xy, ©», Y, 2 In particular, one obtains 


Ciuu = (T — buu — bp)x + (m — 20 — ba)ty, + py + (B_bL)z, 
Taruv == (Cu — burs + ap)x + (dy — by + c -+ AA) Cy + aLe, = 
tiv = (Gy — Din + ac)a + (as + a?) ty + Kitr, 
(7.1) Gaunu = (*)e + (*)£u + plite + p(B/L + pu/p— Nu/N)y + (*)2, 
Tanus = (*)& + (*) eu + apy + (*)2, 
tauvo = (*)o + (*)tu + (Ku + BE) + (*)2, 
vi = (#)@-+ (*)ty + [2Ko + K (a -+ 8) Joo + NKy, 


where (+) denotes terms immaterial for our purpose. 
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The coordinates of any point X near the point x, on the surface S_, can 
be represented by the Taylor’s expansion as power series in the increments 
Au, Av corresponding to displacement on Sı from a, to the point X. From 
equations (7.1) we find that the local coordinates é,° © ©, s of the point £ 
are given by the expansions 


é = KAv + 4G Au? + (Eu + 0K) Audv + (Ko + 2aK) Av? +» *, 
o = 1 4 (a—b)Au-+ adv + $(m — 2b, — ba) Au? 
+ (du— by + c + aa) Audv -+ $ (a + @)Av? +: © >, 
és = 4K Av? + ip BAu? + $(Ky + bK)AuAv 
+ [RX + K(a+ 8)]Ave+---, 
É = gpAu® + tp (B/L + pu/p — Nu/N) Au? + dapAwAy 
+ NKA peet, 
és = LAu+ 4 (8 — dL) Aw + aLAuAv 4'r. 


(7.2) 


By means of the series (7.2) it follows that a hyperquadric with the general 
equation 


(738) >, lixik = (air = aki), 


4,4=1 


# 


has second order contact with the surface S_, at the point x; in case 
(7. 4) las = (bos == Ayo = llis = 0, lss = -—— (p/L*) tos, dog = — Kan. 


Similarly, the hyperquadric (7.3) has second order contact with the surface 
S, at the point v, if, and only if, 


(7. 5) Ugg = Qia == agy = flyg = 0, Agg = — (o/N*) dss, Dog mu a Han. 
Thus we reach the following theorem: * 


Conjugate nets with equal and non-zero Laplace-Darboux invariants IH, 
K in space Ss; are characterized by the property that there exists a proper 
hyperquadric (and therefore «* such hyperquadrics) having second order 
contact with both the Laplace transformed surfaces S_,, Sı at the Laplace 
transformed points v4, zı respectively. 


Making use of the conditions (7.4) and the first three of the conditions 
(7.5) and imposing further on equation (7.3) the conditions that it be 
satisfied by the series (7.2) identically im terms of the third degree of Au, 
Av, it is easy to obtain the equations of a pencil of hyperquadrics having 


‘This theorem is not true for conjugate nets in ordinary space. See the author’s 
paper, “New geometrical characterizations of some special conjugate nets,” Duke 
Mathematical Journal, vol. 12 (1945), p. 252. 
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third order contact with the surface Sı at the point x, and first order contact 
with the surface Sı at the point x,, namely, 


(7.6) EP — 2 (8/0) Eds — 2K EE, — (1/N) [RE + K (N — po) Jboks 
— (U/L) [2K + K(D — gu) Esk 
— (1/3LN) { (29 — A) [2K, + K (N — wr) ] — 2KSYEE, 
+ (P/N) [2K y + KR — Wo) JE? + kad? = 0, 


where k, is a parameter. There is also a pencil of hyperquadrics having 
third order contact with the surface S, at the point x, and first order contact 
with the surface Sı at the point æ. The equation of this pencil can be 
obtained in a way similar to the foregoing, or else can be written immediately 
by making the substitutions (1.5), (2.7) and the necessary symmetrical 
interchanges of the subscripts; the result is 


(7.7) &°— (6/0) &é& — 2H éé — (1/N) (2H, + HMR — Ww) Jenks 
— (1/L)[2Hx + H(M — pu) ]É36s 
+ (0/2LN°)[2H y + (M — du) lé + koé? = 0, 


where k; is a parameter. If a unique hyperquadric in the pencil (7.6) or 
(7.7) is desired, we may choose the one that passes through the point y or z. 
For these hyperquadrics we have k, = 0, ks = 0 respectively. 

New geometric characterizations of the conjugate net Ns in some special 
cases may be deduced by studying the hyperquadrics (7.6), (7.7). In the 
first place, it is clear that the tangent plane at the point x of the surface 8 
intersects the pencils (7.6), (7.7) in the conics of Koenigs, which coincide 
in case the conjugate net N, has equal Laplace-Darboux invariants H, K. 
Two hyperquadries (7.6), (7.7) with general Xa, ks determine a pencil, in 
which there is one passing through the point a. The tangent hyperplanes 
of this hyperquadric at the points x, £i, © are respectively 


(7. 8) ayé, — pSé,= 0, 

(7.9) (II — K)é& + (1/N) [Hy — Kr + 4 (H — K) (R — Wo) Es = 0, 
(7.10). (H—K)é& + (1/2) [Lu — Ku +4 (H— K) (Mt — pu) ]és = 0. 
The hyperplane (7.9) or (7.10) is indeterminate if, and only if, H = K. 
Thus we conclude that a necessary and sufficient condition that the hyper- 
quadric passing through the point x in the pencil determined by any two hyper- 


quadries (7.6), (7.7) be a quadric hypercone with a vertex at the point 
£a or xı (and therefore with a line of vertices al tae) is H =K. 
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The tangent hyperplanes of any hyperquadrics (7.6), (7.7) at the 
point xi are respectively 


(7.11) RKÉ + (1/N) RE + E(N — wv) lés = 0, 
(7. 12) 2Hé, + (1/N) [21 + H (R — Wo) és = 0, 
which coincide in‘ case 

(7. 13) H/K =U, 


where U is a function of u alone. Moreover, the hyperplanes (7.11), (7. 12) 
are separated harmonically by the hyperplanes 22.192, 221012 if, and only if, 


(7. 14) (log HK)» + Nt — Ww = 0. 


Similarly, the tangent hyperplanes of any hyperquadrics (7.6), (7.7) 
at the point x; are respectively 


(7.15) RE + (1/L) [RE +PK(M_- pu) lés = 0, 
(7.16) 2HE, + (1/L) 2u + HM — du) ]f65= 0, 
which coincide in case 

(7.17) IT/K =F, 


where V is a function of v alone. Furthermore, the hyperplanes (7.15), 


(7.16) are separated harmonically by the hyperplanes «712, exv.a,y if, and 
only if, 
(7. 18) (log HK )u + Mt — dy = . 


If the conditions (7.13), (7.17) hold simultaneously, then - 
(7.19) H/K == const. 


Moreover, if the conditions (7.14), (7.18) hold simultaneously, then the 
conjugate net Nz belongs to the class restricted by the condition 


(7. 20) (N — Wy) x a (Vi == du) ve 


Finally, we shall observe that in the pencil determined by any two hyper- 
quadries (7.6), (7.7) there is one whose tangent hyperplane at the point 
x.-1(71) passes through the point æ, (sı). The polar hyperplane of the point 
x with respect to this hyperquadric is 


(7. 21) (II — K)é — (HB/p) és + (KG/o) és = 0. 
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POLYNOMIAL MATRICES IN SEVERAL VARIABLES.* 


By ERNST SNAPPER. 


Introduction and Summary. Let P[x.,,: - >,a] denote the ring of 
polynomials in n variables x:,: * +, x whose coefficients belong to the com- 
mutative field P. The purpose of this paper is to develop the theory of an 
s X m matrix A whose elements belong to P[x,,: - -,en]. The theory is a 
generalization of the case n ==1 which was treated in Part I of [1] (square 
brackets refer to the references) and is based on the module theory of Part II 
of [1]. In Part I of the present paper it is shown how a system S of partial, 
homogeneous, linear differential equations with constant coefficients in n 
independent variables and m dependent variables arises from A if the variables 
&1,° * *,%n are replaced by the differential operators @/0t,,° © +,0/dln. The 
exponential solutions of 8 are then investigated by the use of the module 
theory of the row space of A. In Part II of this paper it is shown how the 
theory of the Hilbert characteristic function can be extended to a polynomial 
module M such as the row space or the column space of A. This extension 
gives rise to the notion of the degrees of M. The relationship between these. 
degrees and the associated primes of Jf and the length of the primary com- 
“ponents of M, as defined in [1], is derived. Furthermore, the norm and 
elementary divisor of M, as defined in [2], are studied. It is proved that 
the degrees of the primary factors of the norm of M are equal to the degrees 
of M and that, if the characteristic of P is zero, the multiplicities of the roots 
of the elementary divisor of M are equal to the p-exponents of a Noether 
decomposition of M. It is shown that the exponents which occur in the 
theory of the exponential solutions of S, as developed in Part I of this paper, 
are equal.to the degrees and p-exponents of the row space of A and hence 
that, as in the case n = 1, the norm and the elementary divisor of the row 
space of A determine the algebraic properties of the exponential solutions of S. 
Finally, a system of algebraic, linear equations 


Tit 
(1) x Xili = Yis id 54 


j=l 
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where aj; and y; are given elements of P{e.,: + -, £a], is studied. A criterion 
for the solvability of (1) by elements Z; e P[x1,- - +,2%,] is derived in terms 
of the degrees of the column space of A. The equivalence of this criterion 
with theorems 2.72 of [1] and 5.3 of [2] has been established. 


I. Systems of Partial Differential Equations. 


1.1. The vector space over the algebra of exponential and partial 
differentiation. This section is a generalization of Section 1 of [3] to 
systems of partial differential equations. Let P[t,,:- *,t,] be a polynomial 
ring where P is a field of characteristic zero and where {1,:- -,tx are n 
indeterminates. Let L be the algebra of linear exponentials of P[{,,: © +, ta] 
as defined in Section 1 of [3]. This means that L is the group ring with 
respect to P[t,,- + -, tn] of the group H of linear exponentials. A linear 
exponential is a symbol exp (at, -+` (+ nta) where a, € P and where the 


group H is defined by exp 2 a;t;) exp È Biti) = exp (> (a; + B;)t;). 


Let U be the m-dimensional lai vector space over L as al domain. 
This means that U consists of the column vectors whose m components are 
elements of L. Since exp (w), where w is the zero element of P, is the unit 
element of H, U contains as a submodule the m-dimensional column vector 
space W over P[fi,: - -¢n] as scalar domain. The partial differential operators 


a(D,, a Dy) = Bi. JaY jaja D1” e e Dain 


where yj,...3,€P are defined as in [3] for the elements ée L. Hence, 
a(D,,° © +,Dn)(&) is computed by treating Dı- - - Dat” as the differential 
operator ĝt- +in/9t,Î1- - + dti" of analysis, the elements of P as constants 


and the symbol exp { >| &;t;j) as the exponential e@t+-+@ta of analysis. Since 
j=1 


the operators 7(D,,: -; Da) can be added and multiplied as ordinary poly- 
nomials, these operators form a domain P[D,,} > +, Da] which is isomorphic 
with the polynomial domain P[x,,: *-,xn]. Under this isomorphism, to 
every operator (Dı, <<, Dx) there corresponds a polynomial m (æ, °°, an) 
which is called the auaithary polynomial of (Di, > >, Da). We now consider 
the row vector operators v(D,,---,Dn) which are row vectors whose 
m components are elements of P[Di,:*-+,Duj. If the components of 
u(D,,: °°, Dn) are mi,’ * *, am and if we U has the components é, ><. Én, 


we define v(Di,: © -, Dna) (u) = Zm (D,,: + +, Dn)(&). Hence, the operators 


v(D,,° © >, Dn) transform audi of U in elements of L, they can be added 
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and subtracted as ordinary row vectors with m components, and can be mul- 
tiplied by operators of P[D,,- < >+, Da] in the usual way of scalar multiplica- 
tion. Hence, the operators v(Di,°++, Da) form a vector space V[Di,° ++, Da] 


over P[D,,--+,Dn] as scalar domain which is isomorphic with the m- 
dimensional row vector space V over P[a1,: + *, xx] as scalar domain. Under 
this isomorphism, to every operator vector v(D.,: © +, Da) e V[Da Da] 


there corresponds a vector ve V which is called the auziliary vector of 
v(Di,- - -,Dn). A system S of differential operators of V[Di,- © +, Da] 
which is closed under vector subtraction and scalar multiplication is called 
an operator module. The auxiliary vectors of an operator module clearly 
form a module of V which is called the auxiliary module of S. 

In the remainder of this section, S is a fixed operator module, M is its 
auxiliary module and p is the prime ideal p = (21, +,@n) of Play: ++, a]. 
As in [1], Sections 2.3 and 2.5, the module M (p) is defined as the isolated 
component of M all of whose associated primes are contained in p, and the 
module 1/"(p) as the isolated component of M all of whose associated primes 
are properly contained in p. A vector we W, i.e. a column vector whose m 
components are polynomials of P[f,: * -,¢:], is called a modal column of S 
if o(Da' < ©, Da) (w) =0 for all v(Dy,---,Da)eS. The term modal 
column is taken from the theory of systems of ordinary differential equations. 
(See [4], p. 179.) The theory of systems of partial differential equations 
of the next section is based on the following theory of modal columns. 

Let S,; be the sub-operator module of S whose auxiliary module is 
Ma pty, i.e., Se consists of those operators of S whose components have no 
derivatives of order less than k. (See [1], Section 2.1 for the definition of 
a product such as p*I7.) A column vector we W is called homogeneous of 
degree k or a vector form of degree k if not all of its m components are zero 
and if every non-zero component of w is a homogeneous polynomial of degree 
k of P[t,,- <<, tn]. The degree of an arbitrary vector of IF is of course the 
highest degree among its components. A vector w of degree k can be written 
uniquely as w = Sv; where w; is a vector form of degree 7 or is the zero 
vector and where ui =Æ 0. 


LEMMA 1.11. Let w == 3). w; be the decomposition of the modal column 
j=0 


w of degree k of S in homogeneous vector forms. Then, wy is a modal column 
of Sr. Conversely, if wy is a homogeneous modal column of degree k of Sx, 


we can find vector forms Wrk,’ * *, wo, where wj has degree j or is the zero 
It 

vector, such that > w; is a modal column of 8. 
j=0 
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Proof. Since the vector operators ve(D1,° | `°, Du) € Sa can be con- 
sidered as linear functions on the vector space of vector forms Wa of degree a 
of W as va (Di, + +,Dn) (wa) £P, the above lemma is proved in exactly 
the same way as Lemma 1.1 of [3]. 

Let S(p) be the operator module of V[D.,: - -,D,] whose auxiliary 
module is M (p). 


å 


LEMMA 1.12. The vector w is a modal column of 8 if and only if w is 
a modal column of S(p). 


The proof of this lemma is the same as the proof of the more general 
Lemma 1.21 and hence is omitted here. 

Now consider the sequence (1) M(p) CM(p) : pC M(p): pC». 
where the symbol Œ, as everywhere else in this paper, denotes proper inclusion 
(see [1] Section 2.1 for the definition of quotients such as M(p) : p*). 
Since the ascending chain condition holds in V (see [6], Section 99), the 
last term of this sequence is well defined and is the isolated component of 
M(p) whose associated primes do not contain p (see [5] Theorem 13). It 
follows that, since M (p) = M (p) 10 where Q is a primary component of M 
(see [1] Section 2.2) whose associated prime is p (or M(p) = M’(p) if pis 
not an associated prime of M) and since the associated primes of M’(p) are 
properly contained in p, the last term of sequence (1) is exactly (p). 
Furthermore, if p is the exponent of the fundamental ideal of Q (see [1] 
Section 2.1 for the definition of fundamental ideal), AZ’(p) n pey CM(p). 
The modal exponent è of the operator module S is defined as the smallest 
integer such that W (p) n pîV C AL(p). 

We assert that, for any k, the factor module M’(p) a p*V/M’(p) 9 pty 
has finite P-rank, say ox. - (P-rank means rank with respect to P. See [1] 
Section 1. 1.) The P-rank of the factor module p"V/p*V is clearly finite, 
namely precisely m(n-- k—1)!/k!(n—1)! Consequently, the maximal 
number of vectors of M (p) © p*V which is P-linearly independent mod. p**?V 
is finite and this number is the P-rank of M’(p) 0 V/W (p) 9 pty. In 
the same way, the P-rank of M (p) »p*V/M(p) n piV is finite, say rz. 


Lemma 1.13. Always or = tk and às = on — th is always the P-rank 
of the factor module (M(p), M°(p) 0 DEV)/(M (0), I’ (pb) a py). The 


8-1 

factor module M’(p)/M(p) has finite P-rank A == >) An, where è is the modal 
k=0 

exponent of S. If k Z 8, As = 0 and hence or = Ty. 


Proof. For the notion of sum of modules as (M (p), W (p) 0 pEV), which 
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is the sum of the module M (p) and the module M’(p) © p*V, see [1] Section 


2. 1: From the sequence 


(1) = M°(p) a p°V C W (p) n pV C- - -C M (p) a pY C M’(p) 


and the fact that M’(p) n p°V C M (p), it follows that the maximal number 
of vectors of the module W (p) 2 p*V which are P-linearly independent mod. 
M(p) is finite, i. e., the P-rank of the module M’(p) a p"V/M(p) © p*V is 
finite, say pe. Furthermore (M(p), I? (p) a p'V)/(Al(b), W (p) 9 py) 
is isomorphic to M,/M. where M: = (M(p), M’(b)op"V)/M(b) and 
M, == (M(p), W (p) a p"!7)/M(p). Since M, is isomorphic to M'(p) 
ap V/M (p) a pFV and M, is isomorphic to M’(p) a p**V/M(p) a py, the 
rank A of M/M satisfies Ax = uk — peu. It is seen immediately from the 
sequence (1) and the corresponding sequence for M(p) that the rank of 
M’(p) a pPV/M(p) 9 pV is equal to both pe + re and pra + ox and hence 
that Ax = ox — tx. The sequence M(p) = (M(p), M’(p) a p?) C (A (p), 
A (p) a p?) C- -C (M(p), M’(p) a pV) C M’(p) then shows that the 


P-rank of W (p)/U (p) is finite and equal to NAST Finally, if k = 8, 
N° (p) © pV C M' (p) a pV C M (p) and hence (Mp), M’(p) a PIV) = M(p). 
Consequently, the P-rank of (M (p), I (p) 9 p*V)/(AT(p), AU’ (p) ^ pV) is 
then zero, 1. e., Ax = 0. 

The modal rank A of the operator module S is defined as the P-rank if 
M’(p)/M(p). Let S’(p) be the operator module of V[D,,- > >, Dn] whose 
auxiliary module is M’(p). Since S(p) C 8’(p), the modal columns of S (p) 
are also modal columns of S(p), i.e., of S. A modal column of S which is at 
the same time a modal column of S(p) is called a trivial modal column of S; 
otherwise the modal column is said to be non-trivial. These definitions of 
trivial and non-trivial will be justified by Lemma 1.22 and Remark 1. 21. 

For each k, let Urn’ °°, Uko, be ox vectors of A/’(p) n pFV which are 
P-linearly independent mod. M” (p) 0 p#V and let w,* + +, kr, be rx vectors 
of M(p) a pFV which are P-linearly independent mod. M (p) op**V. Since 
M(p) apy C M’(p) 9 p*V we can find, for each k, a te X ox matrix (aj) 


where «a € P, t= 1, -, 7%, J==1,° + *,0%, such that 
Uki 
Ma Git * ¢ è + X10; 
(1) > Pag» mod M’(p) © pey. 
Ukr, Gra" Oro, 


Uk Ty 


- 
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The a;; depend of course on k but the lower index k will be omitted for the 
ais. Each vector vg; is the auxiliary vector of an operator vei (Di, *, Da) 
e S°(p). Furthermore, the vectors vw; (j==1,: ©, ox) are P-linearly inde- 
rk mod. p**#V since, otherwise, we could find constants BjeP such 


that > Bivx; € M’(p) n py. It follows easily from this and from the fact 


that 0 + +, Dn) has m(n + %k—1)!/k!(n— 1)! derivatives of order k, 
that we can find (m(n + k— 1) YkEl(n—-1)!) — cy == yx P-linearly inde- 
pendent vector forms of degree k, Ski’ °°, Skee where sx; € IV, such that 
vxi(Di ++, Da) (su) =0 for j=1,---,0x and i==1,---,px. Since 
each vector of Al’(p) a pV is P-linearly dependent on Vki’ °°, tro, mod. 
M°(p) 9 pf, the vector forms Sk’ *, Sk, are homogeneous modal columns 
of degree k of S%(b). According to Lemma 1.11 we can find pẹ modal 
columns dx1,° ©‘, Grp, of degree k of S’(p), i. e., trivial modal columns of $, 
where sx; is the vector form of degree k in the decomposition of a; in vector 
forms. Each vector te; is the auxiliary vector of an operator ux; (Di1, * `, Da) 
e S(p) for 7= 1, <,7x. Furthermore, the rows of the matrix (c;) are 
P-linearly independent since otherwise we could find constants B;e P such 


that > Bjux; © M(p) 9 p***V; consequently, Ax (see Lemma 1.12) is the rank 


of the null space of (a,;). It follows easily, from this and from the fact 
that wa,‘ * °, Use, are P-linearly independent mod. p**V, that we can find 
àx P-linearly independent vector forms of degree k, ex,‘ *, 6 where 
ex} € W, such that uxj(Di, 0%, Dn) (eri) = 0 for j == 1, ' >, Th 0==1,0 0, 
and where no eri satisfies all the or operators vxj(Di,: + +, Du) G= 1,0, 0%). 
Since every vector of A/(p) np*V is P-linearly dependent on Urr,’ © ©, Urry 
mod. A/(p) n p***V each ex; is a homogeneous modal column of degree k 
of S(p). According to Lemma’ 1.11 we can find A, modal columns 
fit,’ <> fin of degree k of S(p), where ex; is the vector form of degree k 
which occurs in the decomposition of fr; in vector forms. Since ex; is not a 
modal column of S(p), it follows from Lemma 1.1 that fx; is not a modal 
column of $’(p) and hence that fr; + +, fra, ave Ax non-trivial modal columns 
of S(p) and hence of 8, 


LEMMA 1.14. The above vectors fye W for 0O=kSS—1 and 
1=/i=A are X non-trivial P-linearly independent modal columns of 8, 
where è is the modal exponent of K, A the modal rank of S, and kb is the 
degree of frj An arbitrary modal column we W of K is P-linearly dependent 
on the A columns above and on a trivial modal column. If the degree of -w 
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. 2 . 
is k = 8—1, w is P-linearly dependent on the X Aq modal columns fa; for 


. ” ka q=0 
0=q=k and 1S] S M and on a-trivial modal column. 


Proof. We already know that the fx;’s are non-trivial modal columns 
of S, that k is the degree of fx; and that the number of fi;;7s, mentioned in 


: 6-1 
Lemma 1.14, is YA which is the modal rank A of S. Since ex; is the vector 
k 


form of degree k which occurs In the decomposition of fx; in vector forms, the 
P-linear independence of the ex;’s implies the P-linear independence of the 
Afis of Lemma 1.14. A vector form we W of degree k is a modal column 
of S(p) if and only if uxj(Di,-++,Dn)(we) =0 for 1SjiSnm It 
follows from this fact and equation (1) that an arbitrary homogeneous 
modal column wy of degree k of ca is P-linearly dependent on the above 


Okr’ * "> Cln Skis’ °° 5 Skpy Let w = A w; be the decomposition of an arbi- 


trary modal column w of degree & of 9 and, hence of S(p) in vector forms. 
According to Lemma 1.11, wx is then a homogeneous modal column of degree 
k of Sx(p) and hence 


AK HE 
(2) We = DI djex; + DX Biski 
j=1 j=1 
If k= ð, A;==0 according to Lemma 1,13 and hence, in that case 
EE 
Wg == S Bisk;. Consider then the vector g = f — 2 Bjar; where the ax;’s 
j=1 
have the same meaning as before and where hence x Bia; is a trivial modal 


column of S. Since g has degree at most k— 1, a follows that f is the 
sum of a modal column of degree at most k —1 and a trivial modal column. 
Repetition .of this process with g until the degree has become at most 6— 1 
shows that every modal column of S is the sum of a modal column of degree 
at most 8— 1 and a du modal column. If k = 8— 1, equation (2) holds 


and we consider g= f — > Aifki -f B;axi, where g is a modal column of 8 


of degree at most k — E iee f is then the sum of a modal column of 
degree at most k— 1 of S, a modal column which is P-linearly dependent 
on fii, °°, fk, and a trivial modal column. Repetition of this process 
with g until the degree has become zero shows that f is the sum of a modal 
column h of degree zero, a modal column which is P-linearly dependent on 
fa; for 1Z9<k and S jS Arn and a trivial modal column. Since the 
components of h are all elements of P, h either is the zero vector or is 
homogeneous and of degree zero and consequently P-linearly dependent on 
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C013°* "> Codey Son’ * "> Sor Since pj = foj for 17 Ao, the lemma is 
proved. ; 


1.2. Systems of partial differential equations. This section is an 
extension of Section 2 of [3] to m dependent variables and of Section 1.4 
of [1] to n independent variables. A system of homogeneous, partial, linear 
differential equations with constant coefficients in m dependent variables and 
n independent variables is determined by a system S of operators of 
VID: Da]. (See 1.1.) A solution of S is defined as an element 


ze U such that v(D.,- © +, Da) (2) =0 for all 0(D,,- © **, Da) e8. Here, 
U is the m-dimensional column vector space over M as scalar domain, where 
M is the algebra of linear exponentials of E[{,,:--.,t,] and K is any 


extension field of P (see 1.1). From the isomorphism V[D,,: - -,Di] =, 
where V is the m-dimensional row vector space over P[x1,: + -, £a} as scalar 
domain (see 1.1), it follows that S generates an operator module. Since it 
is clear that this operator module and S have the same solutions, it 1s assumed 
hereafter that SC V[D,, - + <, Dn] is a fixed operator module and M G V 
is its auxiliary module. 

Let w exp (éi), be a vector of U, where (é¢) denotes the linear form 


n 

> ét; é&€K, and where w is a vector of the m-dimensional column 
j=1 5 

vector space W over K[t,,- + <, tn] as scalar domain. If (Di, + -, Da) 


e V[D,,- <<, Da], then v(Di,-++,Dn) (wexp (&)) either is the zero 
element of M or is equal to hexp (é) where 4340 and he P(t, + +, tn]. 
Observe that, if (Dı, © ©, Da) eP[D;,- > >; Dna] and h is a non-zero poly- 
nomial of P[ti,:- + tJ], r(Di,°°*;Dn) hexp (t) cannot he zero unless 
w(&:,° © +, én) == 0, where r(é,° -, ér) is the value of the auxiliary poly- 
nomial re P[a,,--+,a@] of (Dut ©- Dn), for ej = & (1 S] Sn). This 
follows from the fact that 


(Dat + <, Dah exp (6) = r (ént > +, én) h exp (ét) + g exp (€) 


where ge P[{,: + +, tn] is a polynomial whose degree is less than the degree 
of h. 

In order to investigate the relationship of wexp (ét) to S, let 
pC P[a.,- + *,2n] be the prime ideal which consists of the polynomials 
which vanish for s; =, 1Sjn. Again M(p) denotes the isolated 
component of M whose associated primes are contained in p and M’(p) the 
isolated component of Af whose associated primes are properly contained in p. 
S(p) and S’(p) are the operator modules of V[D,,: > +, Da] which have 
respectively M (p) and Al’(p) as auxiliary modules. 


14 
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LEMMA 1.21. The vector w exp (ét), where we W, is a solution of S 
if and only if wexp (ét) is a solution of S(v). 


Proof. Since SC S(p), every solution of S(p) is a solution of 8. 
Suppose that wexp (é) is a solution of S. If M = (19° ah is a 
Noether Decomposition of M and p; is the radical of Q; for 1 < ISh, then 
M(p) = Q10: + a Qn if pj Cp for 1SjSm and p Cp for m<jSh. 
Consequently, if p is the maximum of the exponents of the fundamental ideals 
of Oma,’ © © Qa, then (Hjem p PM (p) CM. Since pj Lp form < jh, 


we can find h—-m polynomials x; e P[a,- - ‘,€%n] such that ajep; and. 


mi (61° sén) 0 form<jSh. The polynomial 7 = (I°;-my7;)? then 
has the properties me (Il;-my1p;)f and z (étt, én) #0. Let (Dat, Da) 
be the operator of V[D.,: - -, Da] whose auxiliary polynomial is m. If 
w exp (t) is not a solution of S(p); there exists an operator v (Dı, <<, Dn) 
e S(p) such that v(D,,- - <-, Dn) w exp (ét) = g exp (&) where ge W and 
g=Æ£0. The auxiliary operator v of v(D.,: >>, Da) is a vector of M (p) 
and hence mv € M which implies 7(Di,- © -,Dn)v(Di,: - +, Da) € 8. However, 
co Co) Pema Dn) VD; Da) (w exp (ét)) = (Di, + +, Da) (g exp (é)) 
is not zero, since g5£0 and 7(&,: - ->,&) 0 and hence w exp (&) would 
not be a solution of S which is against the hypothesis. Hence, w exp (£t) is a 
solution of S(p) and the lemma is proved. 

| Since S(p) C S(p), every solution of S’(p) is a solutron of S(p), 
i.e. of S. 


DEFINITION 1.21., If a solulion w exp (ét) of S, where we W, is also 
a solution of 8’ (p), a solu is said to be a trivial solution of S. Otherwise, 
wexp (ét) is called a non-trivial solution of S. 


Remark 1.21, This notion of triviality is an immediate extension of 
the notion of triviality used in [1], Section 1.41 and 1.61. If a=1, W (p) 
is always the closure of M, since then the non-zero prime ideals are always 
maximal. . 

We know from [1] that, if p is not an associated prime ideal of M, 
M(p) =M (p). Hence then S(p) = 9 (p) and all solutions w exp (ét) 
are trivial. In order to discuss the non-trivial solutions of S, the following 
assumptions are made for the remainder of this section: the ideal 
pC P[a,,: + +,@,] is a fixed, (n-i)-dimensional associated prime ideal of M; 
„°°, is a general point of p where é; corresponds to the restclass of 
x; mod p for 127 = n; the variables x,,: - *, 8n are ordered in such a way 
that £141," °°, é are algebraically independent with respect to P and each £, 
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for 1 ji, is algebraic with respect to the field P = P(&,,: <<, Én); the 
vectors &,,---+,& 7 for 1=jssc¢, where é is an element of the 
algebraic closure of P, are the vectors which are conjugated to é, `>, & 
== é, >,” with respect to P; P** is the field which is obtained 
from P by adjunction to P of all é for 1 SjSc¢,1Ss<it. We want to 
discuss those solutions w** exp (é¢) of S where (é{) is éti + + rtn and 
where the m components of the column vector w** are polynomials of 
P**lt,,- > -,t,]. The solution w** exp (ét) is considered as a vector of the 
m-dimensional column vector space over the algebra of linear exponentials 
of P**[ ći °°, tn] as scalar domain. 


Remark 1.22. It may seem unnatural: to allow only the variables 
ti," °°, in the components of w**, i.e. the variables which correspond 
to the algebraic coordinates of £1, + -°,&. The justification is given by 
Section 3 of [8], where it is shown that, in the case of one dependent variable, 
this restriction of w** arises in a natural way from the consideration of the 
initial conditions which may be imposed on the solutions of S. 

if in each component of a vector ve M (p) we carry out the substitution 
(Z); = éj, j=1+ 1,-- -,n, this vector becomes a vector ve V where 
V is the m-dimensional row vector space over P[x,,: | -,2:] as scalar domain. 
Let M(p) denote the module of 7 which is generated by all vectors of M (p) 
after the substitution (£)-has been carried out. Since P C P**, the vectors 
of M(p) can also be considered as vectors of the m-dimensional row vector 
space V** over P**[2,,- + +, a4] as scalar domain. Let M**(p) denote the 
module of V** which is generated by the vectors of M(p). Each component 
of each vector v** e M**(p) can be expanded with respect to the products 


(ea E) + + (a —&) 4%, i.e, if v** has the components 7**,,- + +, më žm 
where 2*", e P*"[a,,- + e a] for 1S k S m, then 
Milk 4.0. 238% z SE E 
a A Siafi U kjij (zı ra é) 7 (zi dia En 
where a™™kj...3, e P**, If in each such expanded component we carry out 
the substitution (D)(e;— é) =D; j==1,---+,%, we obtain an operator 


module S**x(p) of V**[D,,---,Dz] over P**[D,,--+,Di] as scalar 
domain. Observe that the auxiliary module of S**x(p) is not M**(p) but 
is the module 4/**y(p) which arises from the expanded components of the 
vectors of M** (p) by the substitution (X) z; — $; = X;,7—1,- <-t, where 
Ay," °, X; are 4 determinates. 


Lemma 1.22. The vector w** exp (£t), where, as above, the components 
of w** are polynomials of P**[4,,- > +, ti] and where &,° © ©, Enr is a general 
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point of the (n—i)-dimensional associated prime p of M, is a solution of S 
if and only if w** is a modal column of S**x(p). The solution w** exp (ét) 
is a trivial solution of S if w** is a trivial modal column of S**x(b) and is 
a non-trivial solution tf w** is a non-trivial modal column of S**x(p). 


Proof. Since S and S(p) have the same solutions, let v(D,,-- -, Da) 
e S(p) and let ve M(p) be the auxiliary veetor of v(D,,-+-,Dn). The 
vector v gives rise to an operator v**(D,,: © +, D) € S**x(b), where 
v**(D,,- > +, Di) is obtained from v by the substitution DE (first = and 
then D). These operators v**(D,,: © +, D4) generate S**x(p) and further- 
more v(Di, ‘><, Da)(w#* exp (&)) = exp (ét)v**(D.,: © >, Di) (w*) which 
is proved by direct computation in exactly the same way as Lemma 2. 2 of [3]. 
Since exp (&)v**(D.,---, Di) (w**) = 0 if and only if v**(D,,- +>, Di)(w*) 
= 0, we have proved that w** exp (€) is a solution of S(p), i.e., of S, if and 
only if w** is a modal column of S**x(p). In the same way we show that 
w** exp (Ét) is a solution of S’(p), i.e., a trivial solution of $, if and only if 
w** is a modal column of 8°**x(b), where 8°**r(p) arises from S(p) in the 
same way as S**r(b) from S(p). Since the auxiliary module of S’**x(p) is 
all there remains to be shown is that Af*y(p) is the isolated component of 
M**x() whose associated primes are properly contained in the ideal X == (Xi, 
- « +, Æa). For this purpose, we observe that M(p) = M’(p)* Q where Q is any 
primary component of M whose radical is p (see [1] Section 2.3). This implies 
that M(p) == M’(p) © Q where the bar again indicates the substitution E (see 
[6], Section 97, where the same statement is proved for ideals). Since P** is 
an algebraic extension of P, we conclude that then M** (p) = M’**(p) a Q**. 
The module Q is a primary module which has Ð as radical where D is the zero 
dimensional prime ideal of P[x1,: > <, s] whose general point is é,’ -, i 
(see [6], Section 9%, where the corresponding statement is proved for ideals; 
the proof can be immediately extended to modules). It follows that 
QO** = OF, a- - -aO**, where Q**; is a primary module of V** which has 
pF (E9) ) = (er —& 4): - -, gi — é) as radical for 1 Sj Se (see [7], 
Theorem 25; the proof of that theorem can immediately be extended to 
modules). Furthermore, from the fact that the associated primes of Jf’ (p) 
are properly contained in p, it follows easily that the associated primes of 
M’**(p) are properly contained in p**(é), 176. Consequently, 
AE (p) = M** (p) a Q#*, 0. --nQ** and M’™*(p) is the isolated com- 
ponent of M** (p) whose associated primes are properly contained in p** (£0). 
Since the substitution (4) establishes an isomorphism between the m-dimen- 
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sional row vector space V** over P** Ls, ‘ *,%] and the m-dimensional 
row vector space V**x over P**[X,,- < +, X| which transforms M**(p) in 
M**x(p), W’** (p) in M'**x(p) and p** (E0) in &, M’**x(p) is the isolated 
component of A/**x(p) whose associated primes are properly contained in 

The modal rank A(p) (see 1.1) of S**x(p) is the P**-rank of the factor 
module I/’**x(p)/M**x(p). Because of the isomorphism (X) between 
Vey and V**, A(p) is also the P**-rank of Jl’**(p)/M**(p). The modal 
exponent è(p) (see 1.1) of S**x(p) is the smallest integer such that 
M’**y(p) 0 2 Vey CM *y(p). If we call p**(€) = p**(éE™), the same 
isomorphism (4) shows that è(p) is the smallest integer such that 
M= Cp) n (ph (2) PPR Vy © Mx (p). 


DEFINITION 1.22. Let M be a module of the m-dimensional row vector 
space V over P[x,,- + +,%n| as scalar domain. Let p be an associated prime 
of M with general point £,,: + +, Én where all notations and assumptions are 
as above. Then, the b-modal rank A(p) of M is defined as the P**-rank of 
M°**(p)/M**(p). The p-modal exponent 8(p) of M is defined as the 
smallest integer such that M’**(p) n (p**(£))90) V8" C M** (p). 


Let I" denote the m-dimensional column vector space over 
Pf, -,t;] as scalar domain. The following theorem is a corollary 
of Lemmas 1.14 and 1. 22. 


THEOREM 1.21. There exist A(p), P**-linearly independent, non-trivial 
solutions f**:; exp (é) of S. Here, f**x;e W**, do eee of f*™ nz is k 


where OS kSS8(p) —1, 1S) S (p) and lan = Ma () =(p). An 


arbitrary solution w** exp (£t) of S, where w** e W 5 e P**-linearly depen- 
dent on the A(p) solutions above and on a trivial sari of S. If the degree 
a w** is bk Sè(p)— 1, w** exp (ét) is P**.linearly dependent on the 


Zal) solutions f*"g; exp (ét) for 0=q=k, 157S Mp), and on a 


vial solution of 8. 


Remark 1.23. If m==1, Theorem 1.21 contains Theorem 2.1 of [3] 
as a corollary (in [3], è(b) ‘is called the differential exponent instead of the 
p-modal exponent). If n= 1, Theorem 1.21 becomes Theorem 1. 42 of [1]. 
Hence, the above theory of the exponential solutions of a system of partial 
differential equations and the theory of systems of linear algebraic equations 
of [1], Sections 2. 6 and 2. 7, tell us what exponents of an s X m polynomial 
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matrix A = (a ;), where æ; e P[z' © >, £a], we want to study. Namely, 
for each associated prime p of the row space of A (i. e., the module generated 
by the rows of A), we are interested in A(p) and 8(p) ; and, for each associated 
prime p of the column space of A, we are interested in the p-length /(p) 
(see [1] Section 2.6). The algebraic investigation of these exponents is 
based on the theory of Part II of [1] and on the theory of the Hilbert 
characteristic function of Part II of the present paper. . 


II. Polynomial Modules. 


2.1. Homogeneous modules and their Noether decompositions. The 
theory of homogeneous modules is needed for the theory of the Hilbert 
characteristic functions of modules. Let P be an arbitrary field, not neces- 
sarily of characteristic zero, let V be the m-dimensional row vector space 
over Plz, : -, n] as scalar domain and let F be the m-dimensional row 
vector space over P[%,@1,° | *,@n] as scalar domain. A vector ve F is called 
a vector form or H-vector of degree ô (v), if not all components of v are zero 
and if each of the non-zero components is a homogeneous polynomial, called 
a “form,” of degree 0 of P[xo,%,,::‘,%n]. Elements of P are called 
constants and a constant vector is a vector whose components are elements 
of P. A non-zero constant vector is a vector form of degree zero and the 
zero vector is considered as a vector form of degree — 1. The degree 0(v) 


of an arbitrary vector v is the highest degree of its components and v can be 
3w) 


written as a unique sum of vector forms v = X, w; where w; is a vector form 
j=0 

of degree 7 or the zero vector and where Ww a7 N: The vector forms wj 

are called the homogeneous components of v. 


DEFINITION 2.11. The module H CF is called a homogeneous module 
or H-module if the homogeneous components of any ve H are themselves 
vectors of H. 


Since every module of F has a finite number of generators, a module 
of F is homogeneous if and only if it can be generated by a finite number 
of vector forms. 

We shall now consider the Noether decomposition of an -module. 
Let L and M be two H-modules and c an H-ideal of P[a,a1,- - *, 8n] (see 
[7] Section 3). The sum (L, M), the intersection L n M, the quotients L : M 
and M : c, the product cM, the fundamental ideal f(A) and the radical r(M) 
are all defined in [1] as either modules of F or ideals of P[£o,* > *, n]. It 
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can be shown easily that these modules and ideals are always H-modules and 
H-ideals. The homogeneous kernel My of an arbitrary module M G F is 
defined as the module which is generated by the vector forms of M. Clearly 
Mi is the largest H-module which is contained in Af and, if M is homogeneous, 
M == My. If Land M are.two modules of F, it can be easily shown that 
(Lo M)n= Dg’ My. 


LemMa 2,11. Let M be a module of F. Then, ({(M))n=={(Mua) and 
(r(4))x=r(M)n. If Q is a primary module of F with p as radical, Qu ts 
primary and has Pu as radical. 


Proof. Since My C M, f(Mn) G f(M) and, since we already know that 
f(r) is homogencous, (Ma) C (f(4l))x. Now, let the form 7 of 
P[xo,: * +,2%n] be contained in (f(M))z. Then wef (Jl), which means that 
veje M for 7==1,:°+,m where e; is the vector of F whose only non-zero 
component is the 7-th one which is equal to unity. Since re; is a vector form ‘ 
we conclude that we; e Mag for j= 1,-++,m, Le. re f( Mar). Consequently, 
all generators of (f(M))x are elements of f(My) which proves that 
({((M))a == f(Mua). Furthermore, Mx C M implies, in the same way as 
for f, that r(Ma) C (r(27))y. Let the form m of Pla,-++,an] be an 
element of (r(Jf))z. Then, mer(M} and hence, for some integer p, 
mf ef(M). Since 7° is a form we conclude that 7? e ({(Af)) x and hence that 
mef(A) from which we conclude that #er(Myx). Hence all generators of 
(r(M))x are contained in r(Mx) which proves that (r(M))x=t(Mpn). 
Let Q be a primary module of F with p as radical, then we know from the 
above that px is the radical of Qu. It remains to be shown that, if 
me Plxo,:*,%n], VEF and ave Qn, then either te by or veQn. First 
suppose that + is a form and that Zu, is the decomposition of v in vector 
forms. Then Ss mwj is the decomposition of rv and, since Qy is homogeneous, 


j=0 
we conclude that rw; € Qu for OS jk. Since Qu G Q, either rep and 
hence 7 € Py or each wje Q and hence w; € Qa and the lemma is proved for 
the case that r is a form. If v is a vector form and ~ is an arbitrary polynomial, 
the lemma is proved in the same way. Consequently, we make the induction 
hypothesis that Lemma 2. 11 is proved when either the number of homogeneous 
components of a is less than k or the number of homogeneous components of v 
ie re 
is less than o. Let m = Y ¢; be the decomposition of 7 in forms and v = > wj 
j=0 
the decomposition of v in vector forms, where 7 is the degree of j and of 
wj and where fr #0, wer# 0. Then, ¢xwo is a homogeneous component 
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of wv, namely the one of highest degree, and hence rwo £ Qu. If def du, 


we conclude from the induction hypothesis that woe Qu and hence that 
g—i 


T 2 wie Qu. Since dr # pu implies 7£ pa, it follows from the induction 


—1 


hypothesis that = wj € Qa and hence that v == we + > w; is contained in Qu. 
=0 


j= 
If dee py and OROS we can find an integer p such that d:°ve Qu 
and owg Qu where p may be 1(¢x°v==v). We then conclude that 


k-1 k-1 
(> pi) (pw) e Qu and hence, from the induction hypothesis, that > $; € pa. 
j=0 j=0 


k-i 
This makes 7 = $r + X 4; an element of py and the lemma is proved. 
F=-5 


: LEMMA 2.12. Let M be an H-module of F. Then we can find a Noether ` 
decomposition M == n Q; of M where all Q; for 1S7 S are H-modules. 


Consequently, the TT, primes of an H-module are homogeneous ideals. 


Proof. Let M = A Q; be any Noether decomposition of M. Since M 


:s homogeneous, M = a um, and, since the homogeneous kernel of an 
intersection is always the intersection of the kernels of the components, 


h 
M = K (Q;)n. According to Lemma 2.11, (Q;)x is primary and hence 


from h (Q;) we can obtain a Noether decomposition of M by grouping 


together those (Qj) which have the same radicals and by deleting the super- 
fluous ones. Since every Noether cai: ce of M must have exactly h 
components, it follows that M == ñ (Q;)x itself is a Noether dei ponitioi 
of M. Since (Qj)n is a omiseneoi module whose radical is hence homo- 
geneous, Lemma 2.12 is proved. , 
Let p be a prime ideal of P[a,--+,a,]3; let MCP; and let the 
p-closure J/(p) be defined as in [1] Section 2.8. Then, it is in general not 
true that (M(p))uy= Mu(bpa). For example, let P[ £o - +, £a] == P[ to £1]; 
let the dimension of F be one, i.e., F = P[x,, 1]; let M be the ideal (xo 1); 
and let p be the ideal (zı). Then, M(p) = P[xo, c:] and hence (M(b))m 
= P[xo, ci]. However, Ma = (0); ba = (:); and hence Afy(pi) == (0). 
On the other hand, we assert that it is always true that, if M is p-closed (see 
[1] Section. 2.3), Mx is pa-closed. To say that M is p-closed is equivalent 
to saying that the associated primes of M, say Di, © `, Pa are all contained 
in p. This implies that (p;)a Œ ba for 1=j=. From the proof of 
Lemma 2.12, it follows that the associated primes of Ma are among the 
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(b;)a for 1 S} S h and hence that they are all contained in pa, which proves 
the assertion. If we take for p the zero ideal, Pa is also theezero ideal, and 
hence, if a module M C F is closed (see [1] Section 2.7), then My is closed. 
Furthermore, if M is an H-module, Lemma 2.12 and the uniqueness of the 
isolated components of M (see [1] Section 2.2) imply that ‘isolated com- 
ponents of H-modules are always H-modules. In particular, all ©-closures 
(see [1] Section 2.3) of a homogeneous module are always homogeneous 
modules. 

It is important to notice that in the present section we have considered 
the ZY-module M as imbedded in the complete vector space F. If MC N, 
where N is also an Z-module of F, this section undergoes no change what- 
.soever if M is considered as imbedded in N instead of in F. In [1], the 
Noether decomposition of M as a submodule of any Noetherian vector space. 
not necessarily F, was considered. The definitions, lemmas and proofs of 
this section remain valid when the Noetherian vector space N is considered 


- 


as the imbedding space of M. 


2.2. H-modules of F and modules of V. The notation is the same as 
in the previous section. If ve F, 0 denotes the vector of V which arises from 
v by carrying out the substitution (Xo)co = 1 in all the components of +. 
In the same way, the polynomial 7 e P[x,,::-, €a] arises from we P [zo +, an | 
by carrying out (Xo). Since v, + Vv: =V, + V: and ri = rv, (Xo) trans- 
forms a module M C F in a module M C V and an ideal c C P [£o + +, an] 
in an ideal c C_P[x,,: + -, cn] (see [7] Section 3 or [8] Section 4). As for 
ideals, it follows immediately that, if tı,’ ‘,vs are generators of M, 


U1," © *,7s are generators of M and hence that (M, MW.) = (H, M2) and 
ch =tM. If M is an H-module of F, the substitution (Xo) has to be 
carried out only in the vector forms of M in order to obtain Æ (the proof is 
the same as for ideals, given in [7], p. 506). If ZC V, Lo always denotes 
the H-module of F which is generated by all the vector forms of F which 
are transformed by (Xo) in vectors of L. Lo is called the equivalent JI- 
module of L and is the largest H-module of F which is transformed in L 
by (Xo). 


LEMMA 2.21. Let M be an H-module of F, M the corresponding 
module of V, and Mo the equivalent H-module of M. Then, Mo consists of 
all the vectors v of F for which there exists an integer p= 0 such that av e M. 
Hence, Mo is the isolated component of M whose associated primes contain 
no power Of To. 
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Proof. If vı and ve are vector forms of F where 0(v1) = @(v2), then 
Tı =T: if and.only if vı = ovs where p = 0(v1) — (vz). It is clear that, 
if vy = Tv2, then vı = Tz; hence suppose that 7, = Ve. Since the components 
of vı and vz are forms, it follows: from [7%], p. 507, that there exist non- 
negative integers p1,° © *,pm and o1,° `, om such that 


yY of1 X of? 


VI dr = V 


ho 


Lo" garm 


This implies that o; + 0(v2) = pi + 0(v1) for each 15S i & m and hence 


that 0(v.) + ô (v2) =o; — p; = p. Consequently, vı = Lov. The fact that 
Mo consists of all vectors of F for which xofv e M for some p = 0 can then be 
proved as for ideals (see [7] Theorem 8). In the terminology of [1], 
Section 2.3, this means that M, is the @-closure of M where © is the 
multiplicatively closed subset of P[xo, * <, n] which consists of all powers 
of xo. The rest of Lemma 2.21 is a corollary of Lemma 2. 31 of [1]. 

Let (T) denote a non-singular, linear transformation which transforms 
the variables xo, * +, 2%» in the variables yo == T (£o), © +; Y= T (an). The 
transformation (T) establishes an isomorphism T between the m-dimensional 
row vector space FP over P[xo,: - -, &n] and the m-dimensional row vector 
space T(F) over P[Yo,: © -,4n]. If ve” then T(v) is the vector of T(F) 
which arises from v by carrying out the substitution (T) in the components 
of v. Since T is an isomorphism, a module Af C F is transformed in a module 
T(M)CT(F) and, if $i1,---+,), are the associated primes of M, 
T (p1): © + T (pn) are the associated primes of T(4M). If Pi,’ + +, Pa are 
all different from the ideal (a,: * >, n) and P is infinite, (T) can be chosen 
in such a way that no power 2? is contained in any T (p;) for 1 S4} Sh— 1 
(see [7] p. 507). This proves the following lemma. 


LEMMA 2.22. If P is infinite, after a suitable non-singular linear trans- 
formation the Mo of Lemma 2.21 is the isolated component of the M of 
Lemma 2.21 whose associated primes are different from (a ,° °°, £a). 


In other words, after a suitable linear transformation, either Mo = M, 
or M has a primary. component whose radical is (x0,* * `, n), in which case 
Mao is obtained from a Noether decomposition of M by omitting that primary 
component. 


x 


A 
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In the same way, the remainder of [7], Section 8, and [8], part I, 
can be extended to polynomial modules. We shall use the following lemma 
whose proof, being a direct extension of the proof for the corresponding 
lemma for ideals, is omitted. For any module MC V and prime ideal 
pC- P[z' © + stn | the modules M’(p) and M(p) are defined as in [1], 
Sections 2.3 and 2.5, and the lower index 0 always denotes the equivalent 
H-module. In the same way, if © is any multiplicatively closed subset of 
P[a.,° © *,%»] which does not contain the zero element, I(C) is defined in 
[1] Section 2. 3 and © denotes the multiplicatively closed subset of all forms 
of P[xo,: ©, £a] which are transformed in polynomials of © by the sub- 
stitution (Xo). 


h 
Lemma 2.23. Let M =f) Q; be a Noether decomposition of the module 
j=1 


h 
MCV where p; is the radical of Q;. Then, Mo =] (Qio) is a Noether de- 
A 


composition of Maand b;oîs the radical of Qjo. It follows that, if Q ts a primary 
(or prime) module of V with p as radical, Qo is a primary (or prime) module 
of F with Po as radical. It furthermore follows that always (M’(p))o 
= M'o( Po), (BE(p))o—= Mo(po) and (M (C))o = Ma (6o). 


For any H-module M of F, the reduced dimension d(M) is the largest 
reduced dimension of its non-zero associated primes. If M has only the zero 
ideal of P[xo,: **, n] as associated prime, i.e. if Af is closed (see [1] 
Section 2.7), d(M) is considered as — 1. Since, according to Lemma 2. 12, 
the associated primes of M are H-ideals of P[xo, : © +, an], the above definition 
of d(4/) is complete (see [7] p. 510 for the definition of reduced dimension 
of an H-ideal). 

Again, it is important to observe that in the present section we have used 
as the imbedding Noetherian vector space of an H-module M, the vector 
space F, and of a non-homogeneous module M the vector space V. I fN is 
any homogeneous module of F where N = N, and MCN, all definitions, 
lemmas and proofs of this section remain valid when N is considered as the 
imbedding Noetherian factor space of M and N as the imbedding space of M. 


2.3. The Hilbert characteristic function of a polynomial module. 
In this section it is shown how the work of B. L. v. d. Waerden on the Hilbert 
characteristic function (see [7], Section 4 and [8], part II) can be extended 
to polynomial modules. The motivation for this study is the fact that it 
enables us to investigate the exponents A(p), è(p) and i(p) (see Remark 
1.23). The notation is the same as in the previous sections. P-linear 
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dependence and P-linear independence means linear dependence and indepen- 
dence with respect to P. There exists a one to one correspondence between the 
vector forms of degree p of F and the vectors of the m(n + p—1)!/n!(p — 1) !- 
dimensional row vector space ® over P as scalar domain. Since this correspon- 
dence is an operator isomorphism with respect to P as operator domain, the 
notion of P-linear dependence for vector forms of degree p of F follows the 
rules of P-linear dependence for vectors of ®. If M is an H-module of F, 
p(p; M) denotes the maximum number of vector forms of degree p of M 
which are P-linearly independent. It follows from the above remark that, 
for two H-modules L and M, 


(p; (L,M)) = o(9; L) + elp; WM) — elp; Le M) 


(designated equation I). If MCN are two H-modules of F, x(p; N/M) 
denotes the maximum number of vector forms of degree p of N which are 
P-linearly independent mod. M. As above, we conclude that 


x(p; N/M) = 6(p; N) — 6(p; M) 


(designated equation II). From equations I and II, it follows that, if 
(L,M) CN where L is also an H-module of F, then 


x(p; N/(L, M)) =x(p3 N/L) + x(p; N/M) — x(p3N/Le M) 


(designated equation III see [7] p. 511 for the corresponding proof for 
ideals). 


Lemma 2.31. Let pe P[a,:--,a] be a form of degree y and LCM 
be two H-modules of F. Let y be M-relatwely prime to L, i.e, of wwe L 
where v is a vector form of M then v.e L. Then, 


x(p; M/(L, wT) ) = x(p3 M/L) —x(p—y; M/L). 


Proof. The product yM of a form and a module is defined in [1] 
Section 2.1. If v is a vector form of degree p of yM, then v = ym where 
m is a vector form of degree p — y of M and hence $(p;4M) = ¢({(p—y; M). 
If v is a vector form of degree p of Le yM, then v = ym where m is a vector 
form of degree p — y of M and where, furthermore, ym e L and hence me L. 
It follows that $(p; LM) =¢(p—y;L). Then, from equation III, 
it follows that 


x(p3 M/(L, ¥M)) = x(p3 M/L) + x(o;M/pM) — x(p; M/L 9 wif) 


and, from equation II, it follows that x(o; Z/¥M) = ¢(p; M) — ẹ (p; yM) 
and x(p;M/LoyM) = é(p; M) — $(p;L9yM). Consequently, 
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x(p3 M/ (L, ell) ) = x(p3 M/L) + 6(p—y; L) — o(p —y3 MU) 


anl hence according to equation II, 


x(p3 M/ (Tn wl) ) = x(p3 U/L) —xle —y; M/L). 


As in [1], Section 2.3, let © denote a multiplicatively closed subset of 
P| tut n] which does not contain the zero element w of Pleo: + +52, 
and let (C) denote the G-closure of the /Z-module M of F. Since (€) 
is an isolated component of M or is equal to F, a Noether decomposition of 
J gives rise to a decomposition M = M(E) a Q 9: + <a Qù where the radical 
p of Qs 1I3=]=À, is an H-ideal of Play, + >, 8a] which contains an 
element of @ According to [1], Lemma 2.21, if Q; == W(@)9Q; for 
dx: yp Sh, M= Q* 9-- -9Q*), is a Noether decomposition of M as a sub- 
module of the Noetherian vector space J1/(@) and the radical of Q”; as a 
primary submodule of M (È) is bi. 


LEMMA 2.32. Let M be an U-module of F and let the reduced dimension 
dof M as a submodule of the Noetherian vector space ME) be — 1. Then, 
for large enough p, x(p; M(C)/M) = 0. 


Proof. Let, as above, M = J/(©)9Q,9---9Q,. Since the associated 
primes of M, considered as a submodule of (©), are bi, © +, Da. & is at most 
2 and pi = (Tot teta) and py == (0). However, if Pa = (w). (©) could 
not be isolated or equal to F (see [1] Sections 2.3 and 2.7) and hence h = 1 
and pi = (fott t, Ta). Tt follows that, for large enough p, 


pero U(C) C Qo M(E) = MU 


which means that for large enough p the vector forms of degree p of M(C) 
are contained in M and hence that y(p; U(C)/M) = 0. 


THEOREM 2.31. Let M be an H-module of F whose reduced dimension 
as a submodule of the Noetherian vector space M(C) is d. Then, for 
large enough p, x(p3 U(C)/MU) = (8) + ai(e,) dees tag, where 
Pa ) = p!/(d— j) !(po—d + j)! and where do: <<, Ga are whole numbers 
independent of p. 


Proof. As in the proof of [7], Theorem 17, we observe that, when 
d == — 1, Theorem 2.31 follows from Lemma 2.32. lence, we make the 
induction hypothesis that Theorem 2.31 has been proved for d = — 1,0, 
-- - d— 1 and we assume that ihe MH-module M has reduced dimension d 
as a submodule of U (C). We first consider the case when M is primary as a 
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submodule of M(€), i.e, when M=2/(€) 00 where p is the associated 
prime of Q. Then p cannot be (è) since 7/(€) could then be neither isolated 


nor equal to F. Furthermore, (0° ©; n) Œ p for, since (Zo, |<, tx) is 
a maximal prime ideal, this would imply that p= (xo: <<, en) and hence 
that d = —1. Consequently, there exists a form ye P[xo;: * *, €n] of degree 


one where yep. Since yv e Q implies ve Q we conclude, from Lemma 2. 31, 
that 


x(p; M(C)/(M, YM (€))) = x(p; M(G)/M) — x(p —1; M(G)/H) 


(designated equation IV). We assert that, if D=(M,¥~M(@)), then 
L(E) = M(€) and the reduced’ dimension of L as a submodule of the 
Noetherian vector space M (©) is less than d. Since MCL, M(€) C L(G); 
and, since LC M(E) and M(€) is Eglosed (see [1] Lemma 2.31), 
OCC) C M(C) which proves the first part of the assertion. Consequently we 
can again write L= M(E) a Qa: > -a Qr where Q’; is a primary module 
of F which has p’; as radical, and where, as before, p’1,°° ° , bp’, are the asso- 
ciated primes of L as a submodule of M(©). Since yM(C) C LC Q; and 
M(€) €Q’;, wep’; for 1Sj7Sk. Since M=M(€) 20 and since, for 
large enough p, peM (€) C M(C) a Q, we conclude that, for large enough p, 
peM(C) CLC Q’; and hence pC py for 1 SjSh. Hence, pC (p,4) Cy’; 
for 1=j=% which shows that the reduced dimension of each p’; is less 
than d and the assertion is proved. We then conclude from the induction 
hypothesis that for large enough p 


x(p3 M(C)/(M, YM ())) = ao(0,) + (2) +-+ daal? ) + aa. 


where @,* © <, agn are whole numbers. If this expression is substituted in 
equation IV, we obtain a recursion formula for x(p;4f(€)/M) from which, 
exactly as in [7], p. 513. it follows that 


x(p3M(C)/M) = ao(2) + Ai(2,) + + Ani(2) + da 


where Ai,‘ ©‘, Aa are whole numbers and where a has the same meaning as 
above and hence is non-negative. Hence, Theorem 2.31 is proved for the 
special case when h= 1 in the decomposition M = M(@€)9Q,0- - -a Qu 
We now make the induction hypothesis that Theorem 2.31 has been proved, 
not only for d = — 1,0,- - -,d— 1, but also for A == 1,2, -,h—1. We 
then observe that M = La N where 


L= M(E) a Qin > > a Qran Qran: 9 Qs, and N= M(C) 9 Qr 


and where Q; is any one of the primary components Qı’ <,0 whose 
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reduced dimension is exactly d. From equation III we conclude that (1) 
x(p3 M(©)/M) = x(p; M(G)/L) + xlo; M(G)/N) —x(p; M(C)/(L, N)). 
We then prove as before that L(C) =N (C) = (L,N) (€) = U(E) and that 
the reduced dimension of (L, N) as a submodule of the Noetherian vector 
space JM (©) is less than d. Consequently, according to the induction hypo- 
thesis, Theorem 2.31 is proved for each term of the right hand side of (1) 
and hence the theorem is proved for x(p;3/(€)/M). 


: ' d 
The polynomial x(p;3f(€)/2) = 2 a;( f; ) will be called the charac- 
j=0 


teristic function of M with respect to M(€). The coefficient ao will be called 
the degree of M with respect to M(@). We shall talk about the J/(©)- 
characteristic function, the M(C)-degree and the 1/(€)-reduced dimension 
of M. 


THEOREM 2.32. If, as before, M =M(C)a Qn: : -a Qr and d is the 
M(C)-reduced dimension of the I-module M, then the M(C)-degree of M 
is the sum of the AL(C)-degrees of those components M(E) a Qy where the 
radical Pe of Qu has reduced dimension d. 


Proof. We use the notation of the proof of Theorem 2.31. Since the 
M(@)-reduced dimension of (L, N) is less than d, the A/(€)-degree of M is 
equal to the sum of the M(€)-degrees of L and N, according to equation (1). 
Since N is already of the form M (C) ^ Qr, where Qr has reduced dimension d, 
we have to prove Theorem 2.32 only for L. Since L, considered as a sub- 
module of 1/(C), has only RA —1 components, Theorem 2.32 is proved by 
induction as soon as the theorem is proved for h =1. However, for 4 = 1 
Theorem 2. 32 is trivial. 


THEOREM 2.33. If the M(C)-reduced dimension d of the II-module M 
satisfies d > — 1, the M(G)-degree a of M satisfies ay > 0. 


Proof. If d=0, according to Theorem 2.31 x(p;M(C)/dl) = a. 
Then, @ = 0 would imply that for large enough p all the vector forms of 
degree p of AZ(@) are contained in M, i.e., that pF a M(G) CW where 

= (£o ``, r). We would conclude that peM (€) C M and hence, as in 
the proof of Theorem 2. 31, that p is contained in every associated prime of 
M as a submodule of M (©). It would follow that M = M (C) ^ Q, where p 
is the radical of the primary module Q, and hence that d——1. Hence, 
when d=0, do 0 and, since @ represents a number of vectors, a>) > 0. 
Hence, we assume that Theorem 2.33 has been proved for 1/(C)-reduced 
dimensions 0,1,: - -,@—1 and that the 1/(©)-reduced dimension of M is d. 
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It follows from Theorem 2.32 that Theorem 2.33 has to be proved only for 
the case 4= 1. According to the proof of Theorem 2.31, if A==1, the 
M(E)-degree of W is equal to the coefficient of ( 2,) of the characteristic 
function x(p; M(€)/(M, vA/(€)). Hence, according to the induction hypo- 
thesis, Theorem 2.33 is proved as soon as we have proved that the M(€)- 
reduced dimension of (1/,yM(€)) is exactly d— 1. The proof of this fact 
is an immediate extension of [7], p. 514, to modules. ` 

Let M be any module of the m-dimensional row vector space V over 
P[x,,: + *,%n]| as scalar domain. Let © be a multiplicatively closed subset 
of P[x,,: : -, n] which does not contain the zero element and let M have 
dimension d as a sub-module of the Noetherian vector space M(€). This 
means that, in the representation M = 1/(€) n Q^- - -a Qr where, as before, 
Q; is a primary module of V with p; as radical, the highest dimension of the 
prime ideals bi, © <,pa is d. We know that then Mo == Mo(C) ^ Quon 
-< -n Ono where the lower index zero denotes the equivalent H-modules. Since 
the substitution (X) establishes a one to one correspondence between the 
vector forms of degree p of Ma and the vectors of degree =p of M, the 
following theorem is a corollary of Theorem 2. 31, 2. 32 and 2. 33. 


THEOREM 2.34. Let the arbitrary module M of V have the dimension d 
as a proper submodule of the Noetherian vector space M(E). Then, for p 
sufficiently large, the maximum number of vectors of degree =p of M(G) 
which are I -linearly independent mod. M is given by a polynomial 
do(8) Hala) ++ aa where ao: > <; 0a are whole numbers inde- 
pendent of p and where ao > 0. .The M(€)-degree ay of M is the sum of the 
M(CE)-degrees of the components M (©) ^ Q;, where the Q;’s are those primary 
components of the representation M=M(€) n Qa- > -a Qaru whose radicals 
are d-dimensional. 


If M is zero dimensional as a submodule of the vector space M (€), the 
polynomial of Theorem 2. 34 reduces to ao. This gives the following theorem. 


THEOREM 2.35. If the arbitrary module M C V is zero-dimensional as 
a submodule of the Noetherian vector space M (©), the factor module M(€)/M 
has finite P-rank ao. That is, M(€)/1 is a Noetherian vector space over P - 
as scalar domain which is generated by do elements. This rank do is the sum 
of the finite P-ranks of the factor modules M(€)/M(C)°Q; where the 
M(C) a Q; are the primary components of M is a submodule of M(G). 


If M is a module of V, the 4/(©)-characteristic function and the AM (€)- 
degree of AL denote the J%,(€,)-characteristic function and M,(»)-degree 


t 
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of Mo. Hence, the 4/(€)-characteristic function of a module MCV is, 
for p sufficiently large, the maximum number of vectors of degree Sp of 
(©) which are P-linearly independent mod. M., The same terminology 
will be used for ideals of P[a,,- <.<]! 


2.4. Connection between length and degree. Let M be any module 
of the vector space V and let Af be p-primary as a submodule of the Noetherian 
vector space MM (€). (As in [1], p-primary means primary with p as radical.) 
We know from [1], Theorem 2. 41, that there exists a p-primary composition 
sequence of length 1, MC M,C-+-CM,,C M(C). If p is zero-dimen- 
sional, p is maximal and hence, according to [1], Theorem 2.41, the factor 
module 1/;,:/M; is then operator isomorphic with P[a.,:--,2.]/p with 


respect to P[z,- > -,€,] as operator domain and hence certainly with respect 


to P as operator domain. The factor module P[a,-- -,¢n}/p is an extension 
field of P of finite rank a*,, where this rank is the degree, in the sense of the 
Hilbert characteristic function, of p as a sub-ideal of P[ai,--+,anj. It 
follows immediately that the degree ao of M as a p-primary submodule of 
M(€) where p is 0-dimensional satisfies a, == la”, It is the purpose of this 
section to extend this statement to the case when is d-dimensional (for ideals, 
see [8] Sections 29 through 32). 

Let £ be a new variable and let V(¢) denote the m-dimensional row vector 
space over P(t)[a1,°°+,2,] as scalar domain. If M is a module of V, 
M(t) denotes the module V(t} which is generated by the vectors of M. 


Lexma 2.41. Let M be a p-primary module as a submodule of the 
Noetherian vector space M(€). Let é` ` `, én be a general point of p where 
é, is transcendent with respect to P. Then, M* = (M(t), (a, — t)M(t)(C)) 
is (p(t), zı —t)-primary as a submodule of M*(€). Furthermore, the 
length of M as a submodule of M(€) is equal to the length of M* as a sub- 
module of M*(@). 


Proof. As in [8], Section 30, we assert that Vo M == M. All we have 
to show is that V a Al* C M. However, if ve V a M*, then $(t)v == Zjr;(t)mj; 
+ (21 — t)w where $(#), z(t) and the components of the vector we V(t) 
are polynomials of P[{] and where m;e M. Hence, for t = x; we conclude 
that $(2,)¥ == Syxj(x,)mjeM. Since é is transcendental with respect to P, 
(zı) £ p and hence ve M which proves the assertion. In the same way, the 
remainder of the proof of Lemma 2.41 is an immediate extension of [8], 


. Section 30, to modules. 


For H-modules of F, Lemma 2.41 can be formulated as follows. Let 


Led 


15 
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F(t) denote the m-dimensional row vector space over P(4)[%o,: © °, cn] as > 
scalar domain. If M is an H-module of F, M(t) denotes the H-module of 
F(t) which is generated by the vectors of M. Since M(t) is then generated 
by the vector forms of M, M(t) is certainly homogeneous. 


LEMMA 2.42, Let M be an H-module of F which is p-primary as a sub- 
module of M(G). Let A, &,°- +, AÉ, be a general point of the H-ideal y where 
£, is transcendent with respect to P. Let M* = (M(t), (a. — tao) M(t) (@)) 
and p* = (p(t), £1 — teo). Then, M*, is p*o-primary as a submodule of 
M*,(C). Furthermore, the length of M as a submodule of M() is the 
same as the length of M”. as a submodule of M*)(@). 


Proof. The proof. is an immediate extension of [8], Section 31, to 
modules. 

We need one more lemma to obtain the above stated purpose of this 
section. Let X be an extension field of P. Then Vx denotes the m-dimen- 
sional row vector space over K[2,° <<, €n] as scalar domain and Fx denotes 
the m-dimensional row vector space over KX|[to,: - ‘, x] as scalar domain. 
If MCV, Mx denotes the module of Vg which is generated by the vectors 
of M and the same notation is used for H-modules of F. | 


LeMMA 2,43, Let M be an H-module of F. Then, the M(€)-charac- 
teristic function of M is equal to the Mr(E€)-characteristic function of Mr. 
The same holds if M is a module of V. 


Proof. The proof is an immediate extension of the proof of Theorem 23 
in [7]. 


THEOREM 2.41. Let M be an H-module of F which is p-primary as a sub- ~ 
module of M(€). Let the M(€)-degree of M be ao, the M(C)-length of M 
be l, and the degree of p as an H-ideal of P[2,--++,2nJ|,a%. Then, 
a == la”. The same holds if M is a module of V. 


Proof. The proof is an immediate extension of [8], Section 82, to 
modules. 


2.5. Systems of linear equations. In [1], Definition 2.91, the p- 
elementary divisor e(p), the p-exponent p(p) and the p-length I(p) of a 
module MC V were defined in terms of the modules A/(p) and M’(p). 
We now define the p-degree ao()) in the same way. 


4 


DEFINITION 2.51. Let M be a module of V; let p be a prime ideal of 
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Pt: + +52]; and let M(p) and M'(p) be defined as in [1]. Then, the 
p-degree o(p) of M is the degree of M(p) as a submodule of W (p). 


Since J/(p) is p-primary as a submodule of M’(p) (see [1] Lemma 
2.51), do(p) =I(b)a", where a*, is the degree of p as an ideal of 
Plx,,:-*,tn]. Hence, for polynomial modules, the criterian of lengths (see 
[1], Section 2.6) can be stated as follows. 


THEOREM 2.52. Let M, C Mg be two modules of V. Then, M, = My 
if and only if M, and M, have the same associated primes and, for each asso- 
ciated prime p, the same p-degree. 


The zero module of the vector space V is a prime module and hence 
the developments of [1], Section 2.7, can be used. Since the radical of the 
zero module is the zero ideal of P|x,,: ` >, €], Theorem 2. 71 of [1] becomes 
the following. 


THEOREM 2. 53. Let M, C M, be two modules of V. Then, Mı = Ma 
if and only if M, and M, have the same rank, the same non-zero associated 
primes, and, for each such associated prime p = 0, the same p-degree. 


Let A = (aij) be an mX s matrix, where oje Pla,‘ -.%,] and 
i= 1, -,m and j==1,- - -,s. The columns of A generate a module C, 
called the column space of A, of the m-dimensional column vector space over 
P[w1,° + t, gn] as scalar domain. The associated primes, p-length, p-elemen- 
tary divisor, p-exponent, p-degree and the rank of A are defined as those of C. 
The criterion of solvability and Theorem 2.72 of [1] then become the 
following. 


9 8 
THEOREM 2.54. Let $, «ijz; = yi, where i=], -,m and aij and yi 
=1 


are polynomials of P[x,,: = nı], be a system of m linear equations for the 
s unknowns zji. Then this system has æ solution z; e P[ax,: ©, er] (Jj =—1, 

- +58) of and only if the mX s matrix A= (aij) and the augmented 
mX (s+ 1) matriz B = (j, yi) have the same associated primes and, for 
each associated prime p, the same p-degree. This is equivalent to saying that 
Aand B must have the same rank, the same non-zero associated primes and, 
for each non-zero associated prime p, the same p-degree. 


The notion of the transformed module M? of a module MCV is dis- 
cussed in [2]. The resultant of M° is investigated in Sections 5 and 6 of [2]. 
We shall use the term “norm” instead of “resultant” since this polynomial 
will be shown in Lemma 2.51 to be the complete analogue of the norm for 
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the case n==1 (see [1], Definition 1.13). If we call the norm of M° also 
the norm of M, Theorem 2. 53 of [2] states that the system of linear equations 
can be solved if and only if A and B have the same rank and norm. The 
following lemma shows that this criterion of [2] and the present Theorem 
2. 54 are equivalent. 


LEMMA 2,51. The non-zero associated primes Pi, ++, Pu of a module 
MCV are uniquely determined by the irreducible factors mı - +, of the 
norm A == TIR; == x of M. The polynomial x; is the elementary divisor, 
in the sense of [2] Section 5, of pj. The degree of the primary factor mj™ 
of A is the p-degree ao(p) of M. If the characteristic p of P is zero, the 
degree of mj is the degree a* of p; and the exponent lj is then the pj-length 
1(p)) of M. ` 


Proof. Let j-r ™ be the factorization of the norm A of M. For the 
case of ideals, that is when the dimension of V is one, it was proved in [9], 
Sections 3 and 5, that there exists a one to one correspondence between the 
non-zero associated primes Pı,’ | -, Pa of the ideal and the irreducible factors 
mi’ * *,7n Of A, where 7; is the elementary divisor of p;. These proofs can 
be extended to modules without difficulty. From [9], Theorem XIII, it then 
follows that, if p = 0, the degree of 7; is the degree of the transform of pj 
and hence is equal to the degree a”, of pj. We know that, for any charac- 
teristic p = 0 or p3£0, the p;-degree ao(p;) of M satisfies ao (pj) = a*ol (b;) 
where /(p;) is the p;-length of M. Hence, all that remains to be proved is 
that, for arbitrary characteristic of P, the degree of x; is @0(p;). For this 
purpose, we consider the n + 1 closures Cli- (M°), i = 1,- >- n -+ 1, of the 
transformed module M° which are defined in [2], Section 3. If M is an 
arbitrary module of V, the intersection of the primary components of dimen- 
sions n—1,n—2,---,n—1-+1 of a Noether decomposition of M is an 
isolated component of M which is denoted by Cli-1(47). It can be easily 
shown that then (Cl;1(2/))°= Cli- (M°) where M° is the transform of M 
and (Cl;.1(47))° the transform of Clis+(J/) (see [9 ], Section 5, for the 
proof of the corresponding theorem on ideals which can be immediately 
extended to modules). We assert that, if Q is a b-primary component of M 
where p has dimension n— i, then the p-degree ao(p) of M is equal to the 
degree Wo of Q = Cli, (M) 90 as a submodule of Ch..(Al) (we omrether” 
lower index 7 in pj). Since Q’ is p-primary as a submodule of Cli_1(M), we 
know that «o = U’a*, where V is the length of Q’ as a submodule of Cha (M ) 
and a”, is the degree of p. Hence, all we have to show is that I’ = /(p) 
where /(p) is the length of A/(p) as a submodule of J/’(p). However, 


‘ 
’ 
` . 
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Q == M(p) Qn: -n Qs where Qu’ + -,Qs are those primary components 
of a Noether decomposition of M whose radicals p,,- *, ps have dimensions 
larger than n— and where p: Lp for 1Sz<s. In the same way, 
Cli (M) =W (p) Qina: agQs. Now, let M) Ca, Cc C Mi 
C M (p) be a p-primary composition sequence from M (p) to W (p) of length 
l == (p). Then, if L=Q 0% 0 Qs, U(ppoLCM,obC--- CM_09L 
C Af’ (p) a L can be proved immediately to be a composition sequence from 
Q’ to Cl.1(MZ) which proves the assertion. According to [2], M° arises 
from M by adjunction of new variables and an isomorphism from which we 
conclude that the degree of Cli (3°) a Q° = Q” as a submodule of Cli (M°) 
is also o(p) (the upper index 0 denotes as before the transformed module). 


Let yj == > uni be the transformed variables where 1 n and where 


the n° tjn ee new variables which are adjoined to P (sec [2], Section 2). The 
module Q” is p°-primary as a submodule of Cli-ı (M°) 9 Q° and, if mi: |<; 
is a general point of p°, then nia; °°, 9 are algebraically independent 
with respect to P(w) and each m,’ is algebraic with respect to 
Pa = P(t, nist,’ © ©) (see [9], Section 3). Every module M? gives rise to 
a module My of the m-dimensional row vector space Ty over Pnly:,- > >, ysl 
as scalar domain. Tere, Mn is generated by the vectors of M? after the 
substitution yr =r for 14+1h=n has been carried out. Then, 
(Cla CAL) Yn © Q?) = Qn and Vis p°y-primary as a submodule of (Cly_.(Al°))y 
where p°, is the zero-dimensional prime ideal of Py[y,° - -, 94] whose general 
point is 7:,° °°: (see [6], Section 97, where the proofs are carried out for 
ideals), If Q°C 2?,C---C Hi C Cla (M°) is a p°-primary com- 
position sequence from Q’ to Chai (M°), Qn C (Meija Ce + °C C811) 
C (Ch: (M°) n can easily be shown to be a p°y-primary composition sequence 
from Q°y to (Cli_1(4/°))n and hence the length of Q’°, as a submodule of 
(Cl... (AL°) )y is still 2(p). Since p®% is zero-dimensional, the factor module 
Pali: +, Yelp» has finite Py-rank; and since p° is transformed, this rank 
is equal to the degree of p° (this statement is false for not-transformed ideals). 
Consequently, the degree of Q”, as a submodule of (Clhi-ı (M°) ) is still as(p). 
Since 0” is zero dimensional as a submodule of (Cli, (M/°) )y, we conclude 
that ao(p) is the finite Py-rank of the factor module (Cl;_1(M°))7/0%. 
DI [9], Sections 3 and 5, it was proved for the case of ideals that the degree 
“ofthe primary factor aj” of A is the Py-rank of (Cli, (M°) )9/Q%y, which 
proof caries over to modules. Hence, Lemma 2.51 is proved. 


f 


Repark 2.51. According to Lemma 2.51, t; =i(p;) only if p=0. 
However we know that, if n == 1, always 7r;=/(p;) for any characteristic 


\ 
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(see [1], Definition 1.13). The reason for this is that the dimension n—+ 
of py is zero if n = 1 and hence t = 1. Theorem XIV of [9] implies that, 
if i = 1, Theorem XIII of [9] still holds and hence 7;=/(p;). Conse- 
quently, we can say that, if p; is an (n — 1)-dimensional associated prime 
of M, r; == 1(p;) for any characteristic. 

Let us call the norm of the column space of a matrix the norm of the 
matrix. Then, to say that A and B of Theorem 2. 54 have the same rank and 
norm is the same as saying that A and B have the same rank, non-zero 
associated primes and b-degrees, which shows the equivalence of Theorem 5. 3 
of [2] and the present Theorem 2.54. Therefore, Theorem 5.3 of [2] is 
a consequence of the “criterion of lengths” of [1]. 


2.6. The elementary divisor, the p-exponent and the exponents of 
partial differentiation. The notation is the same as in the proof of Lemma 
2.51. The p-elementary divisor e(p) of M is defined in [1], Section 2. 5. 
The elementary divisor of M (without p) denotes the elementary divisor of 
M° in the sense of Section 5 of [2]. The elementary divisor E of Af has the 
same irreducible factors as the resultant, i.e, Z = Djar (see [2], 
Section 5). 


Lemma 2.61. The primary factor m” of E which corresponds to the 
associated prime p of M is the elementary divisor of the p-elementary divisor 
e(p) of M. If the characteristic of P is zero, ci is the p-exponent p(b) of M. 


Proof. The primary factor 7.9 is the highest common factor of the 
polynomials contained in P(u)[yis- > +, Ya] o (Q° : CL_:(4°)) (see [9], 
Sections 1 and 5, where the proofs are carried out for ideals). However, 
Q” == M°(p) a L° and Cli (M°) = M’(p) n Le and hence Q” : Ch- (AL) 
= (M°(p) a L°) : (M” (p) o L°) = (M (p) : (Up) n L°)) a (L°: (H(p) 9 L°)) 
== MO (p): (I (p) a L°). From the fact that the associated primes of L are 
not contained in p, it follows that M°(p): WM” (p) a L = M° (p): M° (p) 
==¢°(p). Hence, 7% is the highest common factor of the polynomials con- 
tained in P(«)[y:,: - <, yn] e°(p) which is the elementary divisor of œ (p), 
i.e. of e(p) (see [9], Section 1). Since e(p) is p-primary and since p(P) 
is defined as the ordinary exponent of e(b), it follows from Theorem 7. 1 
of [3] that o; = p(p) in case P has characteristic zero. 

The p-modal rank A(p) of M and the p-modal exponent 8(p) of M are 
essential for the theory of partial differential equations (see Part I). 


Lemma 2. 62. If the characteristic p of P is zero, the b-modal exponent 
8(p) is the smallest integer such that M’(p)op?MV CM (p) and, if 
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furthermore p is an isolated associated prime of M, 8(p) =p(p). The 
p-modal rank A(p) of M is, after a suitable linear transformation and for any 
characteristic p==0 or 40, equal to the p-degree as(p) of M. 


Proof. Using the notation of 1.2, the ideals p**(é),- © +, p** (60) 
are conjugated ideals with respect to the relative automorphisms of P**: 


under these relative automorphisms, è(p) could also have been defined in 
Definition 1.22 as the smallest integer such that 


MCH) n ( fi) pt (£07) ) (p) ee (e A (p). 
j= 
Since the ideals p**(£)) are relatively prime, 
t Ia nt, . te n, 
O pre (6) — He P(E) 
=i 


and, since p= 0, II%.,.p**(é/)) = p** (see [7], Theorem 25). Hence, 
8(p) is the smallest integer such that M** (p) a (p+ ytt C M** (p). 
Since the asterisks denote an algebraic extension of P, it can easily be proved 
that they may be omitted for the definition of è(p). If p is an isolated 
associated prime of M, 3/"(p) == V and hence 8(p) is the smallest integer 
such that p°Al’(p) C M(p), which means that 6(p) is then the ordinary 
exponent of e(p), i. e. 8(p) = p(p). The p-modal rank A(p) is the P**-rank 
of AY’**(p)/M**(p) and hence, according to Lemma 2.48, the P-rank of 
M'(p)/M(p). This rank is, according to Theorem 2.41, equal to lao, 
where J is the length of M(b) as a submodule of M’(p) and ao is the P-rank 
of P[x,,- - -,:]/9. Since 1=1(p) and since, after a suitable linear trans- 
formation, @ is the degree of p, A(p) —ao(b) after a suitable linear trans- 
formation, which completes the proof. 








2.7. General remarks. In the foregoing theory we have investigated 
those properties of a matrix A = (a,;), where ajje P[x,,: - + ©], which 
are determined by the associated primes, the 4/(p), W (p), e(p), 1(p), p(b) 
and 4o(p), of the row space and column space of A. We shall refer to these 
ideals and integers as the invariants of A. If #=1, these invariants 
can be computed from the sub-determinants of A (see [1]) and hence must 
be the same for the column space and the row space. The following example 
shows that the column space and row space of A may already have different 
associated primes when n= 2 and hence that the sub-determinants of A can 
not be used to compute the invariants of A. 


~ 
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Example 2.71. Consider the 2 X 2 matrix A = (aij), where 2;; e P[x, y] 
and where @11 == ©, @2 == 0, G21 == Y, Goo = 0, The column space is generated 
by the one column vector (z, y) and hence is a closed module which has only 
one associated prime, namely the zero ideal (w) of P[x,y]. The row space M 
is generated by the row vectors (z,0) and (y,0). Hence Cl(Jf) is generated 
by the row vector (1,0) and it can be easily shown that M has two associated 
primes, namely pı == (w) and Pa = (x, y). 

It can be easily shown that, if A = (0;;) is an mX s matrix, 
Aij € P[x:,:- - <,%»], the invariants of A are invariant under similarity 
transformations PAQ where P and Q are square, invertible polynomial 
matrices, If n==1, a Noether decomposition of the row space (or column 
space) of A gives rise to invariants, namely the classical elementary divisors 
of different rank, which determine A completely to within similarity trans- . 
formation. Whether this is still the case for n > 1 is an unsolved problem. 
Equally unsolved, for n > 1, is the question whether invariants which arise 
from a Noether decomposition of a module M CV determine the factor 
module V/M to within an isomorphism. 
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PROJECTIVITIES OF FINITE PROJECTIVE PLANES.* 


By REINHOLD BAER. 


The group of projectivities of a finite projective plane II has been inves- 
tigated fairly thoroughly under the hypothesis that IL is the projective plane 
over some Galois Field. But once this hypothesis is dropped, the machinery 
of analytic geometry is not available any more; and comparatively little? 
is known concerning the projectivities of II. 

In the present investigation we undertake to study projectivities of finite 
projective planes II without any further hypotheses on the nature of II. 
Consequently we shall not be able to make use of such devices as Galois 
Fields and their automorphisms, the calculus of matrices and so on. In their 
stead we shall utilize the configuration of the fixed elements of a projectivity 
and the arithmetical properties of the invariant n of 1—this number n» is 
determined by the fact that every line in Il carries 1 -+ n points and every 
point is on 1 + n lines; it seems to play the same rôle in the theory of finite 
projective planes as is played by the order in the theory of finite groups. 

The system of the fixed elements of a projectivity is closed under the 
operations of joining and intersecting; and it contains as many points as it 
contains lines. This last fact is not at all trivial, since its analogue for groups 
of projectivities fails to be true. The structural properties of the system of 
fixed elements provide us with a useful principle for classifying projectivities 
(Section 1). 

Every projectivity effects a permutation in the set of all the points of I 
and at the same time in the set of all the points of any given line which it 
leaves invariant. ‘This makes it possible to apply, in a variety of ways, 
certain congruences relating orders and characters of permutations. ‘These— 
together with some applications—we have collected in Section 2. 

With these tools we are able to evolve (in Section 3) a fairly complete 


* Received January 7, 1946; Revised March 25, 1946. Presented to the American 
Mathematical Society. 

1 See, for instance, Carmichael (1), Chapter XII. 

? Some such material may be found in Baer (2). The work of Steck (1) is 
narrower in its scope than ours, since he tacitly presupposes the validity of the Theorem 
of Desargues, though he neither states nor uses this hypothesis, even in the proofs of 
some theorems that fail to be true without such a hypothesis. 
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theory of the projectivities of prime power order. Their simplest and most 
striking property is the fact that the number of their fixed points is never 
two. If the order is a power of the prime p, then p=1-+n-+ 7’ and 
l-n <p imply the absence of fixed elements whereas p = 2 implies their 
existence. If the p*-th power of a projectivity of order a power of p does 
not leave invariant complete subplanes of II, then p** is a divisor of 
(1 + 2 -+ n*)n?(v? — 1). 

In Section 4 we apply these results to groups A of projectivities with 
the property that the identity is the only projectivity in A which leaves 
invariant a complete subplane of If. [The best known instance of such a 
group is the socalled group of special collineations* of a projective plane 
over a Galois Field.] We show that the order of such a group A is always 
a divisor of (1 -+n -+ n°)(1+ n)n"(1— n)?; and if the order of A happens 
to be a divisor of one of the four factors of the above limit, then the nature 
of the projectivities in A may be determined. 


Notations. 


If Il is a projective plane,* then we denote by P + Q the line connecting 
the two different points P and Q; and we denote by hk the point of inter- 
section of the two different lines A and k. 

A projectivity ¢ of II is a 1— 1 correspondence, mapping the point P 
in II upon the point Pe in II and the line A in H upon the line hg in I 
and meeting the following requirement: 


P is on A if, and only if, Pé is on hg. 


We are considering finite projective planes. Each of the lines in such 
a finite projective plane II carries n + 1 points and each point is on n + 1 
lines. The total number of points (lines) in H is14 n + n”. This integer 
n (= 2) retains its significance throughout. 

Projectivities of finite projective planes are necessarily of finite order; 
and we denote by 0(¢) the order of the projectivity $. Since $ is completely 
determined by the permutation it induces in the set of the 1+ n 4 n° 
points in I, it follows that 


olp) Sl+n4n’. 


3 For this group, see Carmichael (1), section 93, and Jacobson (1), p. 80. 
4 For the concept of “ projective plane” as used here, see Baer (1), (2); Carmichael 
(1), Chapter XI; Hall (1); Veblen-Young (1). 
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1, The structure of the system of fixed elements of a projectivity. 
A point or line left invariant by the projectivity $ of II will be termed a 
fixed point or a fixed line of $; and we denote by N(¢) the total number 
of fixed points of ¢. 


THEOREM 1. N($) is the number of fixed lines of ¢. 


Proof. The point P and the line 4 are said to form a pair with respect 
to $, if P is both on È and on hd; and we denote by M($) the number of 
distinct pairs with respect to ¢. Denote furthermore by N°($) the number 
of fixed lines of ¢. 

If h is a fixed line of $, then P,hisa pair if, and only if, P is on A. 
Thus (n+ 1)N’(¢) is the number of pairs P, 7 such that h is a fixed line 
of @ If h is not a fixed line of $, then e and hd meet in a well determined 
point h(h¢) ; and A(h@), h is the only pair containing A. Hence 1+ n + n? 
— N” (ẹ) is the total number of pairs P,h such that A is not a fixed line. 
Combining these two results we find that 


M(¢) = (n +1)N' ($) +1+n+n—N($)=nN'($) +1+n+n2 


The point P and the line / are said to form a couple with respect to ¢, 
if 2 passes both through P and through Ph; and we denote by M’(¢) the 
number of distinct couples with respect to ¢. Since couple is the dual of 
pair, it follows by dualization that | 


M’(¢) =nN (p) +14 n%4 n. 


The point P and the line # form a pair with respect to $ if, and only if, 
they form a couple with respect to $-*. Hence 


M(p) =W (4>). 
But $ and $* have the same fixed elements, proving N(¢) == N(¢"). Thus 
we find finally that 
nN ($) $1400? — nN ($4) $14 0+ 0 = M (G) 
=M (4) =nN ($) +1 +n tn; 


and this implies N(¢) = N’(¢), as we desired to show. 


We denote by ®(¢) the system of all the fixed elements of the projec- 
tivity ¢. This system is closed under the operations of connecting points by 
a line and of intersecting lines. It contains as many points as it contains 
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lines [Theorem 1]. Consequently $ may belong to one and only one of the 
following four types. 


Type A. The fixed element free projectivities. 
They are characterized by N($) = 0. 


Tyre B. The generalized elations. 


There exists a fixed line 4 and a fixed point H on h such that every fixed 
point is on A, every fixed line passes through H. Either H and h are the only 
fixed elements; or else A is the only fixed line carrying more than one fixed 
point and # is the only fixed point which is on more than one fixed line. 
The line h and the point H are, therefore, uniquely determined by the 
projectivity ; and may, consequently, be called its avis and center respectively. 


Tyre C. The generalized homologies. 
It will be convenient to distinguish two possibilities.’ 
Tyee C. N(¢) #83. 


There exists a fixed line h and a fixed point H, not on A, of $ with the 
following properties: every fixed point, not H, is on h; every fixed line, not h, 
passes through H. The fixed line h carries N($) — 1-2 fixed points; and 
every fixed line, different from A, (if any), carries exactly two fixed points. 
The fixed point H is on N($) —154? fixed lines; and every fixed point, 
different from H, (if any) is on exactly two fixed lines. Thus H and h are 
uniquely determined by $; and may therefore be termed the center and avis 
of $ respectively. 


Remark 1. It may happen that ¢ is a projectivity of Type B or of 
Type C and that at the same time V(¢) — 1. 


Remark 2. Suppose that N($) = 2. Then ¢ possesses two fixed points 
U and'V and two fixed lines u and v; and we may select notations in such 
a way that u = U + V and U = wv. Then ¢ is a projectivity of Type B 
with axis u and center U; and at the same time ¢ is of Type OC’ with axis v 
and center V. If, conversely, the projectivity $ is at the same time of Type B 
and of Type C’, then one verifies readily that V(¢) =?. This ambiguity 


5 For an enumeration of the possible types of “degenerate projective planes,” see 
e.g. Hall (1), p. 232. Steck (1) points out a possibility of classifying projectivities 
according to the number of fixed points. . l 

° Sometimes another subdivision of Type C will be found more convenient; see 3, 
Theorem 3 below. 
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in notation will not create any confusion, mainly because of 3, Theorem 4, 
(2) below. 


Tyre 0”. N($) =3. 


Then the system of fixed elements of ¢ is just an ordinary (not degen- 
erate) triangle.’ 


Tyre D. The projectivities whose system of fixed elements is a projective 
subplane of II. 


It is well known * that the projectivity $ is of Type D if, and only if, 
there exist four fixed points of $ no three of which are collinear. If ¢ is of 
Type D, then each of its fixed lines carries è -+ 1 fixed points; and each of its 
fixed points is on è + 1 fixed lines. Furthermore o 


N($) =1 ptei and+—3(—1-+ (4N(¢) —3)); 


and we shall say that ¢ is of Type (D,1). 

A projectivity ¢ of Type D is completely determined by the system ®(¢) 
of its fixed elements and by the permutation it induces in the set of points 
on some fixed line. If $ is of Type (D, t), then it has t+ 1 fixed points on 
every fixed line; and thus it follows that 


olp) S n—i & n— 2, if $ is of Type (D, 1). 


Remark 3. If the projectivity $ belongs to Types C or D, then a proof 
of Theorem 1 may be effected by a more direct use of the structural properties 
of the configuration ®($). But such a procedure would break down, if $ 
belongs to Types A or B. 


Remark 4. One may be tempted to prove an analogue of Theorem 1 for 
groups of projectivities. If there exist three non-collinear points that are 
left invariant by all the projectivities in the group A, then it is easy to show 
that A has as many fixed points as it has fixed lines (Types C and D). But 
without this hypothesis the analogue of Theorem 1 fails to be true. For 
consider as examples the projective plane over a Galois Field and the following 
groups of projectivities of this plane: 

1. AIl the projectivities which leave invariant a given point P; one 


fixed point, no fixed line. . 


7 I. e,, the three fixed points are not collinear, 
8 Baer (2), Hall (1). 
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2. All the projectivities which leave invariant two different points P 
and Q; two fixed points, one fixed line. 


3. All the projectivities which leave invariant every point on a given 
line A; n+- 1 fixed points, one fixed line. 


THEOREM 2. If $* is of Type B or C’, then the axis and the center of 


p* are fixed elements of $. 


Proof. If x is a fixed element of ¢*, then (sọ) = (z¢*)o = tẹ, 
proving that $ maps fixed elements of ¢* upon fixed elements of ¢*. Thus 
+ induces a projectivity in ®(¢*). But axis and center of ¢* are uniquely 
determined by projective properties of the configuration ®(4*). Hence they 
are fixed elements of ¢. | ‘ 


COROLLARY 1. If $* is of Type A or Bor C’, then œ is of Type A or B 
or C respectively. 


Proof. The system ®(¢) of the fixed elements of ¢ is part of the system 
D($*) of the fixed elements of $*. If ¢* is of Type A, then it is fixed element 
free, implying that ¢ is fixed element free. If ¢* is of Type B or C’, then it 
possesses an axis A and a center H; and it follows from Theorem 2 that A 
and H are fixed elements of $ too. Now one deduces our contention easily 
from the definitions of the types. 


COROLLARY 2. N(d) = N(o") whenever N(4*) < 3. 


Proof. This is obvious if N(¢*) —0 (see Corollary 1). It is a conse- 
quence of Theorem 2 in case N(¢*) —1, since this implies that ¢* is of 
Type B or ©. If, finally, N(¢*) —2, then one verifies (as in the proof of 
Theorem 2) that ¢ maps fixed elements of ¢* upon fixed elements of ¢*. But 
‘one of the two fixed points of ¢* is on two fixed lines of ¢* whereas the other 
one is on one and only one. Hence $ cannot interchange the two fixed points 
of ¢*, proving that they are fixed points of ¢. Thus N(¢*) —2 implies 
N($) = 2. (See Remark 2.) 


COROLLARY 3. Suppose that N(o*) == 3. Then 

(a) N(¢) =R. 

(b) N(ẹ) = 1 implies N($°) = 3 and k= 2k’ for some K. 
(c) N(d) =0 implies N(¢*) = 3 and k= 3k” for some k”. 


(d) If ¢* is of Type ©” and if o(p) + 0(¢*) is prime to 6, then ¢ is 
of Type ©”. | 
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Proof. As in the proof of Theorem 2 we show that ¢ induces a permu- 
tation of the three fixed points of $*. The order t of this permutation is 1, 
2 or 3 and correspondingly N($) is 3, 1 or 0, since every fixed point of ¢ 
is a fixed point of $F. This completes the proofs of (a), (b) and (c), if one 
remembers that $” is necessarily a power of $' and that ¢ is a divisor of 0(¢). 
To prove (d) we have only to note that N($) = 3, if the hypotheses of (d) 
are satisfied and that therefore $ and $* have the same fixed elements. 


COROLLARY 1. If $* is of Type C and if 0($) — 0($%*) is prime to 3, 
then $ is of Type O. 


Proof. This is a consequence of Corollary 1 in case $F is of Type C. 
Thus we may assume that ¢* is of Type C” and possesses, therefore, exactly 
three fixed points P, Q, R which are not collinear. It is a consequence of our 
hypothesis and Corollary 3, (c) that $ possesses fixed points too; and thus, 
necessarily, one of the three points P,Q, E, say P, is left invariant by ¢. 
As to Q and È, they are either both left invariant by ¢ or else they are inter- 
changed by œ. In either case the line R + Q is a fixed line of ¢. Since the 
fixed point P of $ is not on the fixed line Q + F of ¢, it is shown again that 
is of Type C. 


2. Characters of permutations. If y is a permutation of the finite 
set S, then it is customary ° to term the number of fixed elements of y the 
character x(y) of y. In this section we shall deduce some formulas on these 
characters which we shall need for several applications in the future. It may 
be said here already that the set S may either be the set of all the points of a 
projective plane or the set of all the points on a fixed line of a projectivity. 


THEOREM 1.%° If y is a permutation of a finite set S and p a prime 
number, then 
x (y?’) =x(y” ) modulo p> for OSt <}. 


Proof. Every element x in S belongs to a cycle of the permutation y. 
This cycle consists of pt elements in $ if, and only if, x is left invariant by y”', 
but not by y?"*. Since the cycles are mutually exclusive sets, the number of 
elements in S which are left invariant by y?°, but not by y?‘*, is a multiple 
of pt; and this fact may be restated as follows: 


? Speiser (1), p. 18. 

10 This theorem is probably known to many people. But the author did not succeed 
in locating a convenient reference for it. Speiser (1), Satz 102 is a much deeper 
theorem; and the deduction of the present formula from it is not quite immediate either. 
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(1) x (72°) = x(y?"*) modulo p*. 
If è < j, then we infer from (1) that 
x(y”) =x") modulo p' 
and this implies in particular that 
x(x”) = x(y”) modulo pt“, 
Consequently we have 


x (7?!) = x(72°%) = + = x(y”") modulo p™, 
completing the proof. 


COROLLARY 1. If y is a permutation of the finite set S, p a prime 
number, OS i< p and y(y”) < pi, then 


xy”) = x). 


Proof. Since every fixed element of y?' is a fixed element of y”, we may 
deduce from our hypothesis that 


OS xy”) — x) Sxl”) < p™. 


On the other hand it follows from Theorem 1 that x(y”) —x(y?") is a 
multiple of pt. “Hence x) = x (7). 

A great number of congruences with composite modulus may be derived 
from Theorem 1. To obtain a unified derivation of them, we consider the 
class of number theoretical functions ™ f(n) with the following property: 


(P) If k is a positive integer, if p is a prime number, and if 01 < j, 
then f(kp*) =f (kp?) modulo pitt, 


Noting that y*2° == (y")?" we infer from Theorem 1 that the characters 
x(y*) = t(4) of the powers of a given permutation are number-theoretical 
functions with Property (P). Another example is furnished—by Eulers 
Theorem—by the powers of a given integer. Finally it may be worth noting 
that the sum, difference and product of number theoretical functions with 
the property (P) are again number theoretical functions with the property 
(P) so that these functions form a ring. 

In order to simplify the enunciation of our next theorem, we have to 
introduce a few symbols. If m is a positive integer, then we denote by m* 
the product of all the different prime divisors of m. Thus m* is the 1l. c.m. 


11 These are integral valued functions of an integral variable. 


€ 
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of all the squarefree divisors of m. Next we need a generalization of Mobius’ 
function, namely the function vp(d) which we define for divisors d of the 
integer D only by the following rules: . 


vp(d) = 0, if d and Dd* are not relatively prime; 

vp(d) = 1, if d and Dd" are relatively prime and if the number of 
different prime divisors of d is even; 

vp(d) = — 1, if d and Dd* are relatively prime and if the number of 
different prime divisors of d is odd. 


THEOREM 2. If D is a divisor of the positive integer m and a multiple 
of m*, and if the number theoretical function f(n) meets the requirement (P), 


then 
> vp (d)f (md) = 0 modulo mD-!m*, 
d/D 


Proof. Suppose that the prime number p is a divisor of m. Denote by 
p* the highest power of p, dividing D; and denote by p*** the highest power 
of p, dividing m. Then 0 < h, since p is a divisor of m” and, therefore, of 
the multiple D of m*; and 0 =k, since D is a divisor of m. 

(i) If the divisor d of D is prime to p, then vp(d) = — vp(dp*). 

Since d and p are relatively prime, and since p* is the highest power of p, 
dividing D, it follows that the g. c. d. of d and Dd“ is the same as the g. c. d. 
of dp* and D(dp*). Hence vp(d) = 0 if, and only if, rp(dp*) =0. Since 
d is prime to p, and since h is positive, dp” is divisible by just one prime 
number more than d; and now (i) is an immediate consequence of the defi- 
nition of vp. 


(ii) If the divisor d of D is prime to p, then 
vp(d)f(md-*) + vp (dp*)f(m(dp*)) = 0 modulo p**. 


Since d and p are prime, dp** is a divisor of m; and hence j = mdp 
is an integer. Now we deduce from (i) and Property (P) that 


vp(d)f(md*) + vp(dp")f(m (dp*)*) = w(4)[f(jp*%) — f(jp*)] 
= 0 modulo p*#. 


(ili) > vp(d)f (md) = 0 modulo pt. 
aD ` 


Every divisor of D has the form dp’ where d is prime to p and OO Sj SA. 
The divisors of D that are prime to p are exactly the divisors of D’ == Dp”. 
Noting finally that yp(dp?) = 0 whenever d is a divisor of D’ and 0 Cj < h, 
since in this case both dp’ and D (dpf) are divisible by p, we find that 
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2 vo (d)f (md) = à Do (d)f (md) -+ vo (dp*)f (m(dp*)=)]; 


and (iii) is an immediate consequence of (ii). 

But p* is the highest power of the- prime number p which divides 
mD>m*. Thus it follows from (iii) that every prime power divisor of 
mDm* is a divisor of 2 vp (d) f(md*). Hence mD-'m* itself is a divisor, 


completing the proof of this theorem. 


Remark 1. Note that d=1 is always a divisor of D and vp(1) —1. 
Thus f(m) itself appears always as a term in the sum of Theorem 2. 


Remark 2. We may let, in particular, D= m in Theorem 2. Then the 
sum ranges over all the divisors of m and the modulus of the congruence is m*. 

The most interesting special case of Theorem 2 involves in its statement 
the use of Mobius’ function #(d). It should be remembered that u(d) = 0 
if d is not squarefree, that »(d) = 1, if d is the product of an even number 
of different primes and that a(d) =-—1, if d is the product of an odd 
number of different primes. 


COROLLARY 2. If the number-theoretical function f(m) meets the re- 
quirement (P), then 


2 u(d)f (md) == 0 modulo m. 
d/m 


Proof. If d is a divisor of m, then u(d) Æ 0 is a necessary and sufficient 
condition for d to be a divisor of m*. If d is a divisor of m”, then d and 
m*d-* are relatively prime so that vme(d) = a(d) 40. From these remarks 
we infer that 


ZaD (md) — Z ywe(d)f (ma). 


Considering now the special case D = m* of Theorem 2, we find that this 
sum is divisible by mD1m*= m. 


COROLLARY 3. If y is a permutation of the finite sel S, if o(y) =m 
is the order of the permutation y and M the number of elements in S, and 
if x(y"P°) <q for every prime divisor p of m and every prime divisor q of 
mp, then x(y) =M modulo m. 


Proof. If d is a divisor of m, 1 < d, and if q is a prime divisor of md", 
then it follows from our hypothesis that x(y™*") < q. Hence we infer from 
Corollary 1 that x(y™@") = x(y"(@9"). Now it follows by complete induction 
that x(y) = x(y"**) whenever 1541 is a divisor of m. Remembering that 
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. xy) =x) =M and that eld) = 0 for m Æ 1, we deduce now from 


Corollary 2 (and Theorem 1) that xy) =H modulo m. 

If ẹ is a projectivity of the projective plane II, then ¢ effects a permu- 
tation of the 1-+ n + n? points in IZ; and the number N($) of the fixed 
points of $ is the character of this permutation. It is now quite clear how 
to use the results of the present section for obtaining fixed point formulas 
for projectivities. The following application, however, does not seem to be 
without interest. 

If the projectivity $ is of Type D, then there exists a uniquely determined 
integer 7(¢) such that every fixed line of $ carries 1(¢) + 1 fixed points of ¢. 
Furthermore every power of $ is of Type D too so that the numbers 1(¢*) 
are well determined. 


THerorem 3. If the projectwity $ is of Type D, then 
> p(d)t(¢? 4") = 0 modulo 0($). 
d/otd) 


Proof. Consider a fixed line e of $. Then ¢ effects a permutation of 
the n + 1 points of h; and it is a consequence of Theorem 1 that the number- 
theoretical function 71(¢*) + 1 meets the requirement (P). Hence i(¢*) 
meets the requirement (P) too; and now our Theorem is a consequence of 
Corollary 2. 


3. Projectivities of order a power of a prime. Apart from the number 
N($) of the fixed points (lines) of the projectivity $ we shall make use of 
the number N($,h) of all the fixed points of $ which are situated on the 
line h. The discussion of this section will be based on the following 
proposition. 


THEOREM 1. If the projectivity $ of the finite projective plane Il is of 
order o(ġ) = p” for p a prime, and if 01 < m, then 


(a) N(¢?')=1+n-+ n? modulo p°**; and 
(b) N(ẹ*, h) =1-+ n modulo p** for every fixed line h of ¢. 


Proof. œ” effects a permutation of the 1-+ n + n? points of II whose 
character is N(¢?'). Hence it follows from 2, Theorem 1, that N(¢?') 
= N(¢?") =1+2-+n? modulo p**, proving (a). If Risa fixed line of 4, 
then $ and its powers induce permutations of the n + 1 points on 2; and the 
characters of these permutations are the numbers N($', h). Hence it follows 
’ from 2, Theorem 1, that N (¢?",h) = N(¢?",h) =n + 1 modulo p**, proving 
(b). 
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COROLLARY 1. If the projectivity $ is of prime power order 0($) = p", , 
and if n4+1<0($), then 


(a) N(6)=00r 1; and 
(b) N(6)=1 if, and only if, ¢?"~ is a perspectivity; and 
(c) m= 1 implies N($9) =0. 


Proof. If h is a fixed line of ¢, then ¢ effects a permutation of the n +1 
points on A. Thus it follows from 2, Corollary 1, (or Theorem 1, (b)) that 
N(¢?""*,h) =n-+1. Hence every point on the fixed line e of $ is a fixed 
point of $?”*. But it is impossible that a projectivity, not 1, leaves invariant 
all the points on two different lines. Hence N($) = 1, proving (a). If 
N($) = 1, then the points on the fixed line of ¢ are fixed points of ¢?""; 
and it is well known *? that a projectivity, not 1, which leaves invariant all * 
the points on a certain line is a perspectivity. Thus ¢?"” is a perspectivity 
whenever N($) = 1. If, conversely, ¢?"~ is a perspectivity, then it follows 
from 1, Theorem 2, that its axis and center are fixed elements of $ so that 
N($) ~ 0; and this implies N($) = 1 by (a), completing the proof of (b). 
Since perspectivities leave invariant more than 1 point, m = 1 and N(¢) =1 
are incompatible by (b); and (c) is a consequence of (a). 


THEOREM 2A. If o(¢) = p” for p a prime, and if p* is fixed element 
free, then 1- n + n? 0 modulo pitt, 
This is a consequence of the fact that by Theorem 1, (a) 
0 = N (p) = 1 + n + n? modulo p**, 
COROLLARY 2. Projectivities of order a power of 2 possess fixed elements. 2 


For in this case we may infer from Theorem 1, (a) that N(4) is odd, 
since 14 n + n? is always odd. 


COROLLARY 3 If 1+n+n? isa prime, then o(p) =1+n-+n7 is a 
necessary and sufficient condition for to be a fixed element free projectwity 
of prime power order. | 


Proof. If N($)=0 and 0(¢) = p” for p a prime, then it follows from 
Theorem 2A that p is a prime divisor of the prime number 1-+ n + n? so 
that p=14n-+ n°. Hence ¢ is a permutation of p points whose order is 
p"=£ 1, proving that m= 1 and o(?) ==14+n+ n? If, conversely, œ is 


1° E.g. Baer (1), p. 140, Corollary 2. 3. 
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a of order the prime number p = 1 + n + n?, then it effects a cyclic permu- 
tation of the p points in II, implying N(¢) = 0. 


GF (n), then there exists 1° a projectivity y which effects a cyclic permutation 
of the 1+ n + n? points in II. Clearly y and all its powers are fixed element 
free, showing the impossibility of improving Theorem 2A. The order of y 
is the greatest possible order of projectivities of II, since every projectivity 
effects a permutation of the 1 + n + n° points whose order certainly cannot 
exceed 1 -+n + n°. 


| 
| 
| 
Remark 1. If Il happens to be the projective plane over a Galois Field 
| 


THEOREM 2B. If o($) = p” for p a prime and ġ* is of Type B, then 
n? == 0 modulo pî#; and n == 0 modulo p**, if either N($) 1 or N(G") = 1. 


Proof. Since ¢?° is of Type B, all its fixed points are on its axis 4 and 
all its fixed lines pass through its center H. It follows from 1, Theorem 2, 
that H and h are fixed elements of ¢ too. Now we deduce from Theorem 1 
that 
1+n-+n? = N (p) = N ($, h) =n -+ 1 modulo pt*t, 


Consequently n?==0 modulo p***, If furthermore N(¢?') = 1, then n= 0 
modulo p*** may be deduced from the above congruences. 

Assume, finally, that N(¢) #41. Since h is a fixed line of $, there 
exists a fixed line w of $ such that w=4 A. But every fixed element of ¢ is a 
fixed element of ¢?'; and H is consequently the one and only fixed point of °° 
which is on w. Thus it follows from Theorem 1, (b) that 


| 1= N ($, w) =n + 1 modulo pit 
LS or n == 0 modulo p***, completing the proof. 


Remark 2. It is easy to construct projectivities of prime power order 
p” = n° whose p™*-st power is of Type B (in which case'p” is not a divisor 
of n). 


COROLLARY 4. Suppose that $ is a projectivity of prime power order 
and that nis a prime number. Then ¢ is of. Type B if, and only if, 0(¢) =n 
or n’. 


Proof. If 0($) = p” for p a prime number, and if $ is of Type B, 
then it follows from Theorem 2B that p is a divisor of n. But n is a prime 


E 


18 Singer (1), p. 379. 


666 REINHOLD BAER. 


number, proving n= p. If h is a fixed line of $ and 0=i< m, then it + 
follows from Theorem 1, (b) that 


1=14n=N($”,h) modulo p. 


But the only numbers between 0 and n+ 1 that are congruent to 1 
modulo p= n are 1 and n + 1, proving that N(9”, h) is either 1 or n+ 1. 
Since A is a fixed line of $ and, therefore, of $?', this implies that $” is of 
Type B too. Hence it follows from Theorem 2B that p” is a divisor of 
n° == p? so that 0($) is either n or n°. ` 

Assume, conversely, that 0(¢) = n. Then it follows from Theorem 1, (a) 
that N(g)J=1+n+n?==1modulo n so that, in particular, N($) #0. 
If h is a fixed line of œ, then it follows from Theorem 1, (b) that 
N(¢,h) =n + 1= 1 modulon; and it follows as before that N(¢,h) is « 
either 1 or n+ 1. But a projectivity possessing fixed elements whose fixed 
lines carry 1 or n + 1 fixed points, is a projectivity of Type B. 

If, finally, o0(9)=n?, then 0(¢”) =; and it follows from the result 
of the preceding paragraph of the present proof that $” is of Type B. Hence 
it is a consequence of 1, Corollary 1, that ¢ is of Type B. 

If we had at the same time 0($) = n? and N(¢) # 1, then there would 
exist a fixed line & of 4, not the axis of $ (nor of ¢”). Thus the center of ¢ 
and $” would be the only fixed point on k; and we could infer from Theorem 
1, (b) that 

1== NV (¢”, k) =n + 1 modulo n? 


which is impossible. Thus we have not only completed the proof of Corollary 
4, but also of the following proposition. 


COROLLARY 4’, If n is a prime number, and if o($)=n, then $ ist 
either an elation (in the strict sense) or else N(¢) =1; and 0(¢) =n? 
implies N($) = 1. 

THEOREM 20’. Suppose that $ is of prime power order o(¢) = p”, and 
that p” is of Type C. | 
(a) If N($) #1, then n= 1 modulo pî*!. 

(b) If pis odd and N($) =1, then n==—1 modulo p™! and N($)=1, 

(c) If p=% and N($*)= 1, then n==—1 modulo 2. 

(d) If p=2 and N(¢) =154 N(¢"'), then either N(¢?) 1 and 
n= 1 modulo 2? or else N(¢?°*) = 1 and n==— 1 modulo 2°. 


Proof. Since $?' is of Type C’, it possesses an axis h and a center H, 


+ 
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not on A, which are by 1, Theorem 2, fixed elements of ¢. All the fixed points 
of $?' with the exception of H are on h; and all the fixed lines of $”, not h, 
pass through H. Hence it follows from Theorem 1 that 


1+ n+ n= N (p) = N (4, h) + i= (n + 1) +1 modulo p*** or 
(e) n?s=1 modulo pi. 


If N($) £1, then there exists a fixed line w of $ which is different 
from the axis h of ¢?", since h is a fixed line of 4. This line w carries two 
and only two fixed points of ¢?', namely H and the intersection wh. Hence 
it follows from Theorem 1, (b) that 


2==N(¢",w) =n + 1 modulo ptt? or n= 1 modulo p™, 


proving (a). 
Suppose finally that N($) == 1. Then we infer from (e) and Theorem 1, 
(a) that 


Lee N(¢?)H=1+n+ n == 2 + n modulo p or n= — 1 modulo p. 


If p is odd, then this implies that p and n— 1 are relatively prime. From 
(e) we infer that (n -+ 1)(n— 1) =n’? — 1 = 0 modulo p^t; and this 
implies n = — 1 modulo p**?, proving the first part of (b). If N($”) were 
different from 1, then we could apply (a) on ¢? = (¢?')™; and we would 
obtain n == 1 modulo p which is incompatible with n ==— 1 modulo p'*, 
since p 7&2. Hence N(¢™) == 1, completing the proof of (b). 

If p= 2 and N(¢*') = 1, then the fixed line h of $ does not carry any 
fixed points of #7; and we infer from Corollary 1, (b) that 


0 = N (¢”, h) =n -+ 1 modulo 24, 
proving (c). 

If finally p=? and N(¢?') = 1 = N(¢), then there exists a positive 
integer ki such that N(¢™) 41—N(¢""). Applying (a) on ¢” 
and (p7)? == 6", we find that n == 1 modulo 2***; and applying (c) on 
$ and ¢*** we find that n =— 1 modulo 2". Since it is impossible that n 
is modulo 4 congruent to + 1 as well as to — 1, it follows that k==1 or 
i=k. If k= 1, then N(¢°) 41; and applying (a) upon ¢° and ($°) 
== $” we see that n= 1 modulo 2t. If i= k, then N(dé7°*) = 1; and it 
follows from (c) that n == — 1 modulo 2‘, completing the proof. 


THEOREM 20”. Suppose that $ is of prime power order o(p) = p”, 
and that ¢®' is of Type ©”. 
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(a) If pR, 3, then n= 1 modulo ptt and N(¢) = 3. 

(b) If p= 2, then n== 1 modulo 2% and N($) =1 or 3. 

(c) If p= 38, then N($)=£0 implies n= 1 modulo 3 and N($)=3; 
and N($) = 0 implies n= 1 modulo 3? and N(¢*) = 3. 


Proof. The system ®($?') is an ordinary, non degenerate triangle, since 
$” is of Type C”; and the system of fixed elements of ¢” for 02/4 is 
part of this triangle. We show first: 


(d) N($) #0 implies n==1 modulo p'*. 


For if w is a fixed line of $, then w carries two, and only two, fixed points 
of $?'. Hence it follows from Theorem 1, (b) that 2==N(¢",w)==n+1 
modulo p***, proving (d). 

If p= 2,3, then we infer from 1, Corollary 3 that N(¢) =3; and (a) 
is a consequence of (d). If p—2, then it follows from 1, Corollary 3 that 
N(¢) ==1 or 8; and (b) is a consequence of (d). If finally p = 3, then we 
. infer from 1, Corollary 3 that V(¢) =0 or 3 and that N(¢) =0 implies 
N (¢*) == 3. Now (c) is obtained by applying (d) on ¢', if N(¢) = 0, and 
by applying (d) on ¢, if N(¢) 70. 


COROLLARY 5. If n— 1 is a prime number, then the projectivity of 
odd prime power order o($) = p” has the following properties. 


(a) If $ is of Type O and N(¢) #1, then 0(¢) =n—1. 
(b) If olp) =n-—1 and nsÆ4, then è is of Type C and N(¢) 1. 


Proof. Suppose first that $ is of Type OC and that N($) #1. Then 
it follows from Theorem 2C’, (a) and Theorem 2C” that ne=1 modulo p. 
Thus p is a divisor of the prime number n — 1, proving p == n — 1. Consider 
a fixed line e of $. Then it follows from Theorem 1, (b) that 


N(p2°*,h)e=n4+1==(n—1) +2==p+2=? modulo p. 


Thus N(¢?',h) is a number between 0 and n+ 1 which is congruent to 
2 modulo p == n— 1. Hence N(¢?',h) is either 2 or n +1, for every fixed 
line h of $. Noting 1 < N(¢) S N(¢") and noting the fact that the fixed 
points of $, and therefore those of $?', are not all collinear, it follows that 
ge" is of Type C. Hence it follows from N($) #1 and Theorem 20, (a) 
and Theorem 20” that 

n = 1 modulo p” 


so that n—1=p is divisible by p”. Hence m==1, proving that 
ol) = p =n — 1, 
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Assume, conversely, that 0(¢) = n— 15483. Since n—1=p is a 
prime number, it follows from Theorem 1, (a) that 


N(¢) =1-+n-+ n? =3 modulo p. 


If N($) were 0, then this would imply n —1 = p = 3; and we excluded this 
possibility in our hypothesis. Hence N($) 540 and there exist fixed lines 
of dg. If h is a fixed line of ¢, then it follows from Theorem 1, (b) that 


N($,h) c= n + 1=2 modulo p. 


But N(¢,h) is a number between 0 and »-+1—p-4+ 2, proving that 
N($,h) is either 2 or n-+- 1. Consequently N($) 41 and ¢ is of Type C, 
completing the proof. 


Remark 3. If If is the projective plane over the Galois Field GF(4), 
then n == 4. I{risa number neither 0 nor 1 in GF(4), then the projectivity 
¢ mapping the point with coordinates (o, Ti, £2) upon the point with coordi- 
nates (722, ro, 1) is of order 3 == n — 1 and is fixed point free, showing that 
the hypothesis n s44 cannot be omitted in (b). Note that it follows from 
the proof that we could have substituted the hypothesis N (¢) +40 for the 
hypothesis 754 4 in part (b). 


COROLLARY 6. If n+ i is a prime number, then the following prop- 
erties of the projectivity of prime power order o($) = p™ imply each other. 


(a) ol) =n+1. 
(b) ¢ is of Type C and N(ẹ) =1. 


Proof. Assume first that + is of Type C and that N(¢) =1. Then it 
follows from Theorem 2C’, (b) and (c) that a=—1modulo p. Thus p is 
a divisor of the prime number n -+ 1 and hence p==n + 1. This implies in 
particular p54 2, since 2 = n. If-h is the fixed line of ¢, then it follows 
from Theorem 1, (b) that 


N (4%, h) =n + l= p = 0 modulo p 


so that N(4? %) is either 0 or n- 1. Since N(¢,h)= 0, and since $ 
possesses a fixed point not on h, it would follow from N(¢?",h) =n -4+ 1 
that i40 and that 42° is a homology (Type ©’). If N(¢”,h)==0, then 
it follows from the definitions of the types that ¢?° is of Type © and 
N(¢?') =1. In either case we deduce from Theorem 20’, (b) that 
n==— 1 modulo p” so that p” is a divisor of n -+ 1 = p. Hence m= 1 and 
o(¢) =p=n+ 1, proving that (a) is a consequence of (b). 


a 
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Assume, conversely, that 0(¢) = n -+ 1 = p. Then p is odd; and we 
infer from Theorem 1, (a) that 


N(¢) =1 -+ n + n? =1 modulo p 


so that in particular N($) 40. If h is a fixed line of ¢, then it follows 
from Theorem 1, (b) that 


N (¢, h) =n + 1 == modulo p 


so that N($,h) is either 0 or n4- 1. But if N(ẹ, h) were a+ 1, then ¢ 
would be a perspectivity and there would exist fixed lines of $ carrying 1 or 2 
fixed points, contradicting the fact, just proven, that every fixed line of $ 
carries 0 or n + 1 fixed points. Thus NW (¢,h) =0 for every fixed line of ¢, 
proving that V(¢) == 1 and that ¢ is of Type C. Hence (b) is a consequence 
of (a). 


Remark 4. Every power of a prime may be the integer n of a projective 
plane; but it is not known at present whether any other integer may be the n 
of a projective plane. If n is a prime power and n-— 1 a prime, then either 
n == 3 or n= 21; and if n is a prime power and n + 1 a prime, then n= 2". 
We note that n— 1 is a prime, if n = 3, 4, 8, 32, 128 and that n-+1 is a 
prime for n == 4, 16, 256. 


Remark 5. Denote by Z the group of projectivities of the projective plane 
II which is generated by the perspectivities (in the strict sense of the word). 
This group has sometimes been termed ** the group of special collineations. 
If Il is in particular the projective plane over the Galois Field GF (n) con- 
sisting of exactly n elements, then it is well known * that the order of Z is 
(1+n+4n?)(14 n)n"(1— n)? and that the only projectivity of Type D 
in Z is the identity. If the prime number p is a divisor of the order Z, then 
Z contains an element of the order p. Thus it follows from the Corollaries 5 
and 6 that the results obtained in Theorems 20” and 20” are “ best” results. 
The method employed by Singer (1) may be used to prove the existence of a 
projectivity of order n+ 1 in Z. 

In the following proposition we give a summary of some of the preceding 
results which seems of particular interest in the light of the preceding 
Remark 5. 


COROLLARY 7. If $ is of prime power order o(¢) = p”, and if $P° is 


not of Type D, then, 


44 Jacobson (1), p. 80. 
15 Carmichael (1), p. 358. 


a 


=» 
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(a) pi“ is a divisor of n?(1+n-+n*) (n—1)(n+.1); and 
(b) N(¢) =0 or 1 or 3 modulo pt*. 


Proof. If ¢?' is of Types A or B, then we infer from Theorems 2A and 
2B that p** is a divisor of 1 + n + n° or n? respectively. “If $?' is of Type O, 
then we deduce from the statement (e), derived in the course of the proof of 
Theorem 20’ that p* is a divisor of n? — 1. If finally $” is of Type ©”, 
then it follows from Theorem 2C”, (a) and (b) that p*** is a divisor of n —1, 
unless p= 8 and N($4) = 0, In the latter case 3° is a divisor of n— 1 and 
3 is a divisor of 1 + n + n? so that 3** is a divisor of (n--1) (1+ n + 72°), 
completing the proof of (a). (b) is readily deduced from the Theorems 2, 
since the exceptional cases of these theorems always involve that V(¢) =0 
or 1 or 3. 

The extent to which the geometrical properties of a projectivity of order 
a power of p are determined by the arithmetical properties of the integers 
n and p will be made strikingly clear by the following theorem. Important 
applications will be made in the next section. 


THEOREM 3. Suppose that $ is of prime power order o(ġ) = p”, and 


that 6°, for i < m, is not of Type D. 


(A) If p43, then the following properties imply each other. 
(A,1) «2 is of Type A; 

(A,2) 1+n+n?==0 modulo ptt; 

(A,3) 14 n+n°==0 modulo p; 

(A, 4) gis of Type A. 

(B) The following properties imply each other. 

(B,1) 9 is of Type B; | 

(B,2) n°==0 modulo pî*; 

(B,3) n=0 modulo p; 

(B,4) «ts of Type B. 

(C*) If p is odd, then the following properties imply each other. 
(C*,1) 4" is of Type C and N(¢?") = 1; 

(C*,2) n=—1modulo p**; 

(C*,3) n=—1modulo p; 

(C*, 4) gis of Type C and N(¢) = 1 

(C) If p5&2,3, then the following properties imply each other. 
(C,1) 2° is of Type C and N ($) 1; 

(0,2) n= 1 modulo pp; 

(C,3) n= 1 modulo p; 

(C,4) «is of Type C and N(¢) 1. 
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Proof. It is a consequence of Theorem 2A that (A, 1) implies (A, 2); 
and it is obvious that (A, 2) implies (A, 3). It is a consequence of Theorem 
2B that (B, 1) implies (B, 2); and it is obvious that (B, 2) implies (B, 3), 
since p is a prime number. It is a consequence of Theorem 2C’, (b) and 
the oddness of p that (C*,1) implies (C*, 2); and it is obvious that (C*,2) 
implies (C*,3). If ps£2,3, then it follows from Theorem 2C’, (a) and 
from Theorem 20”, (a) that (C,1) implies (0,2); and it is obvious that 
(C, 2) implies (C,3). If, finally, p = 2 or 3, then we have n? = 1 modulo p 
in the last two cases. ; 

We shall make use of these implications during the remainder of the 
present proof. 

If p 3 and if (A, 3) is valid, then (B, 3), (C*,3) and (C,8) cannot 
hold, since they would imply that 1 + n -+ n° is congruent to 1 or 3 modulo p. 
Thus it follows from the implications already verified that $?' cannot be of 
Types B or ©. Hence ¢* is of Type A, proving that (A, 1) is a consequence 
of (A,3) and p-48. But (A,1) obviously implies (A, 4) ; and that (A, 4) 
implies (A, 38), is one of the implications proved in the first paragraph of 
this proof, completing the proof of (A). 

If (B,3) is satisfied by n, then (A,3), (0*,3) and (C,3) are not 
satisfied. Thus #?° cannot be of Types A or ©. Hence it is of Type B, 
proving that (B,1) is a consequence of (B,3). By the same argument we 


see that $ is of Type B, proving that (B, 4) is a consequence of (B, 3). But | 


(B, 4) implies (B, 3) by the results of the first paragraph of this proof; and 
(B, 3) implies (B, 1), completing the proof of (B). 

If p is odd, and if (C*,8) is satisfied by n, then neither (A,3) nor 
(B, 3) nor (C, 3) are satisfied by n. Thus ¢ and 4?‘ cannot be of Types A 
or B; and if they are of Type C, then N($) = N(¢®') = 1. Hence (0*, 4) 
and (C*,1) are consequences of (C*, 3); and it is clear how to complete the 
proof of (C*). 

If, finally, p Æ 2, 3, and if (C, 3) is satisfied by n, then 1 + n + n? = 
modulo p so that neither (A, 3) nor (B,3) nor (C*,3) is satisfied by n. 
Thus ¢ and ¢?* cannot be of Types A or B; and if they are of Type C, then 
N($) and N($”) are both different from 1. Consequently (C, 3) implies 
(C, 1) and (C, 4); and it is clear how to complete the proof of (C). 


Remark 6. If II is the projective plane over the Galois Field GF(q*) 
for q a prime, then there exists a projectivity of Type D and order k. It is 
now easy to construct examples showing the indispensability of the hypothesis 
that ¢?° be not of Type D. 


4 
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A. Let q and k be primes such that 1-4- 2q = 0 modulo k. Then 
n=q* and 1-+-n-+ n? is divisible by k, though there exists a projectivity 
of Type D and order k. 

B. Let g=k—p, a prime. Then n= p? is divisible by p, though 
there exists a projectivity of Type D and order p. 

C*. Let q and k be primes such that g == — 1 modulo k (e.g. q = 19 
and &k==5). Then n = q*==—1 modulo k, though there exist projectivities 
of Type D and order k. 

C. Let g and k be primes such that q = 1 modulo k (e.g. g= 11 and 

=). Then n == q* = 1 modulo k, though there exist projectivities of 
Type D and order k. 


The projectivities possessing less than seven fixed points are of special 
interest. Note that some of their properties have been given in 1, Corollaries 
2 and 3. The projectivities without fixed points are just those of Type A; and 
the projectivities of Type C, possessing 1 or 3 fixed points have found special 
treatment in Theorems 2C’ and 20”. 


THEOREM 4. Suppose that p is a progectivity of prime power order 
o($) = p”. 
(1) If ẹ is of Type B or O, then N (¢ẹ) = 1, 3 modulo p. 
(2) N($) #2. 
(3) If N(¢) = 3, and if $ is of Type B, then p=2. 
(4) If N(¢) = 4, then p= 3 and ¢ is of Type B. 
(5) If N(ẹ) = 5, then p =R. 
(6) If N(¢) = 6, then either $ is of Type B and p= 5 or else $ is of 
Type C and p = 3. 


Proof. It is a consequence of Theorem 1, (a) that N(¢) =1 4 n +4 n 
modulo p; and (1) is an immediate consequence of Theorems 2B, 20 and 20”. 

If 0< N(¢) <7, then ¢ is of Types B or C, since every projective 
plane contains at least 7 points. Thus we may make use of the statement (1) 
during the remainder of this proof. 


(2) is a consequence of the fact that 2 #4 1, 3 modulo p. 
If N($) = 3 and ¢ is of Type B, then we deduce from Theorem 1, (a) 
and Theorem 2B that 


3e=1+n+n*==1 modulo p, 
implying p = 2. 


674 REINHOLD BAER. 


If N($) =4, then ¢ is not of Type C”. If $ were of Type C’, then we + 
would infer from Theorem 1, (a) and Theorem 2C’ (a) that 


41 + n + n° = 3 modulo p 


which is impossible. Hence ¢ is of Type B; and it follows from Theorem 2B 
that 
4= N ($) = 1 4+ n + n? = 1 modulo p. 


Hence p = 3, completing the proof of (4). 


If N(¢) = 5, then it follows from (1) that 5 == 1, 3 modulo p, implying 
p =R. 

If N(ẹ) = 6, and if $ is of Type B, then we deduce from Theorem 2B 
that 6==1-+ n + n? == 1 modulo p or p = 5; and if ¢-is of Type O, then $ ~ 
is of Type C’, and it follows from Theorem 20 that 6 == 1 + n + n? = 
modulo p or p = 3, completing the proof. 

We conclude this section by giving a little information concerning the 
projectivities of Type D whose order is a power of a prime. 


THEOREM 2D, Suppose that p is of prime power order o($) = p”, and 
that $?' is of Type (D, 4). 
(a) p3 implies n= j modulo pt*. 
(b) N(¢) £0 implies n= į modulo pi", 
(c) If p=3 and N() =0, then ¢° is of Types O” or D and n=j 
modulo 3*. . 
Proof. Since $” is of Type (D, j), it possesses exactly 1 + 7 +3? fixed 
points; and it follows from Theorem 1, (a) that l l 3 
1+j+ =N (pr) = 1 + n + n? modulo pers 
or (n—-])(n+4+j+1)==0 modulo p°**. Consequently we have: 
(d) n+ 7+15¢0 modulo p implies n= j modulo p™. 


Suppose, next, that N($) 40. Then there exists a fixed line w of ¢. 
Clearly w is a fixed line of $?° which carries exactly j + 1 fixed points of ¢*. 
Thus it follows from Theorem 1, (b) that j + 1=N(¢", w) = n ++ 1 modulo 
p***; and this implies (b). 

Suppose, next, that N($) =Q and that n + j + 1 = 0 modulo p. Then 
we infer from Theorem 1, (a) that 


14 n n= N ($) = 0 = 1- n+ j modulo p 
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or j = n° modulo p. If h is a fixed line of $”', then it follows from Theorem 1, 
(b) that 

j + 1= N ($, h) =n -+ 1 modulo p 
or 


(e) j= n modulo p. 


But we have shown before that n? == j modulo p. Hence n? == n modulo p 
or n= 0, 1 modulo p. Since we verified that 0 == 1 4- n + n” modulo p, 
n== 0 modulo p is ruled out; and we find that 


(f) n==1modulo p. 


Consequently 0 == 1 + n + n? == 3 modulo p, proving p == 3, This com- 
pletes the proof of (a). 5 

Since N(¢) =0 and N(4*') s40, there exists a smallest integer k such 
that N(¢*") 0. Clearly 0 < k and N($**)=0. 


Case 1. $* is of Type D. 


Then there exists an integer 7’, not less than 2, such that $?" is of Type 
(D, 7’); and it follows from (e), (£) that 1 = n = f modulo 3. It follows 
from 8, Theorem 1, (a) that 


0 = N (+) =N (4) = 1 -+ 7 + 7? modulo 3%, 
But 7 = 1 -+ 37” where 0 < 7”, since otherwise 7’ < 2. Hence 
0==14f+7°=3 + 97"(14 7”) modulo 3, 
From 3540 modulo 9 we infer k = 1, so that in this case $° is of Type D. 


Case 2. 4 is not of Type D. 


If $*° were of Types B or C’, then we would infer from 1, Theorem 2 
the existence of fixed elements of ¢ which is impossible. Since N(¢*") £ 0, 
it follows now that ¢*" is of Type C”; and it follows from Theorem 2C”, (e) 
that N (ë) = 3, proving that in this case too k = 1 and that ¢° is of Type 0”. 

Thus we have shown in both cases that N (¢°) 40; and hence it follows 
from (b), applied upon ¢°, that n == j modulo pt, completing the proof. 


4. Special groups of projectivities. If A is a group of projectivities, 
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then we denote by o(A) the order of the group A. Furthermore we say that 
an element x in the projective plane II is A-invariant, if it is left invariant 
by every projectivity in A. (See 1, Remark 4.) 


DEFINITION. The group A of projeclivities of the projective plane IL 
is a special group of projectivities, if the identity is the only projectivity of 
Type D wm A. 


If II is the projective plane over a Galois Field, then its groups of special 
collineations are special groups of projectivities in the meaning of the above 
Definition (see 8, Remark 5). The converse of this statement is, however, 
not true, as may be seen from simple examples. 


THEOREM 1. Suppose that A is a special group of projectivities. Then 


(a) o(A) is a dwisor of (1+n-+n?) (14 n)n3(n—1)?, 

(b) If there exist A-wmvariant points, then o(A) is a divisor of 
(1+ njn? (n— 1)’. 

(c) If there exist different A-invariani points, then o(A) is a divisor of 
n (n— 1y. 

(d) If the A-invariant points are not collinear, then o(A) is a dwisor of 
(n— 1)’. 


Proof.*® The ordered quadruplet of points (K, 8, T, U) will be termed 
an ordinary quadrangle, if no three of the four points R, 8, T, U are collinear. 
The set H of ordinary quadrangles admits A, if (Rd, S¢,7¢,U¢) is in H, 
whenever (2, S, T, U) is in H and ¢ is in A. We prove: 


(i) If the set H of ordinary quadrangles admits the special group A 
of projectivities, then o(A) is a divisor of the number of quadrangles in H. 


Suppose that ¢ is a projectivity in A and (M,N, P,Q) an ordinary 
quadrangle in H such that (M, N, P, Q) = (Mẹ, Né, Pb, Qo). Then ¢ is of 
Type D, as has already been pointed out when introducing, in Section 1, the 
types. But A is special and thus it follows that 61. Consequently every 
quadrangle in H is mapped by the projectivities in A upon exactly o(A) 
distinct quadrangles in H and these sets are mutually exclusive, proving (i). 


1° The author is much indebted to the referee for pointing out this elegant proof 
which is much simpler than the author’s original one. 
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Suppose that the A-invariant points are not collinear. Then there exist 
three points P, @,£ which are not collinear and which are A-invariant. 
Consider the set [P, Q, R] of all the ordinary quadrangles of the form 
(P,Q, R, A). This set contains (n-— 1)? quadrangles, since there exist just 
(n —1)? points in II which are neither on P+ Q nor on Q + È nor on 
R + P—there are just 3n points on these three lines. This set [P, Q, R] 
admits A. Hence it follows from (i) that o(A) is a divisor of (n—1)?, 
proving (d). i 

Assume, next, that there exist two different A-invariant points, say 
Pz-@. Consider the set [P,Q] of all the ordinary quadrangles of the form 
(P,Q0,X,Y). This set contains n°(n—1)? quadrangles, since X may be 
selected as any one of the n? points, not on P+ Q; and [P,Q] admits A. 
As before we deduce from (i) that o(A) is a divisor of n?(1—1)*, proving 
(c). 

Assume now that there exists at least one A-invariant point, say P. 
Consider the set [P] of all the ordinary quadrangles of the form (P, X,Y,Z). 
This set contains exactly (n + n*)n"(n — 1)? quadrangles, since X may be 
selected as anyone of the n + n? points, not P. But [P] admits A; and thus 
(b) is a consequence of (1). 

Consider, finally, the set of all the ordinary quadrangles (W, X,Y,Z). 
Since W may be selected in 1-4 n +4 n? different fashions, this set contains 
(1+n+a°)(1+n)n8(n— 1)? different quadrangles. Since the set of all 
ordinary quadrangles admits A, our contention (a) is a consequence’ of (i), 
completing the proof. 


THEOREM 2A. Suppose that A is a special group of projectivities and 
that 3 is not a common divisor of o(A) and 14 n+ n? Then every pro- 
jectivity, not 1, in A is fixed element free if, and only if, o(A) ts a divisor 


of14+n4 n. 


Proof. If the projectivities, not 1, in A are fixed element free, then 
every point P is mapped by the projectivities in A upon o(A4) different points. 
Since these sets PA are mutually exclusive, it follows that o(A) is a divisor 
of the number of 1 -+ n + n? of points. 

Suppose, conversely, that o(A) is a divisor of 1 + n + n? and that 6341 
is a projectivity in A. Then there exists an integer k such that $* is of order 
a prime number p. Since $* is in A, it is not of Type D and its order p is a 
divisor of o(A) and therefore of 14 n + n°. Hence p=43; and it follows 
from 8, Theorem 8, (A) that g* is fixed element free. Consequently ¢ itself 
is fixed element free, completing the proof. 


- 
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Whenever we speak of p-groups, this shall signify that p is a prime 
number and that the group under consideration is of order a poyet of p. 
The following proposition will be applied several times. 


LEMMA 1. If the group A of projectivities of Il is a p-group, if the set 
E of elements in Il is mapped upon kaki by the projectiwities in A, then the 
number of A-invariant elements in È is, modulo P» congruent to the number 
of elements in Z. 


Proof. If x is an element in E, then consider the set vA of all the elements . 
in H upon which x is mapped by projectivities in A. Every set vA, for æ 
in E, is part of Z; and these sets are mutually exclusive. If æ is A-invariant, 
then zA consists of one and only one element, namely x. If x is not A- 
invariant, then the number of elements in vA is a multiple of p—as a matter 
of fact a positive power of p. Our contention is an immediate consequence 
of these facts. 


THEOREM 2B. Suppose that A is a special group of projectivities. 


(a) Every projectivity, not 1, in A is of Type B if, and only if, o(A) is a 
divisor of n°. 


(b) If Ais a p-group and p a divisor of n, then there exist A-invariant 
> points (lines) and A-invariani points on every A-invariant line. 


Proof. Suppose first that every projectivity, not 1, in A is of Type B. 
If o(A) is divisible by the prime number p, then there exists, by Cauchy’s 
Theorem, a projectivity $ of order p in A. Since ¢ is of Type B, we infer 


from 3, Theorem 3, (B), that p is a divisor of n. Thus every prime divisor 


of o(A) is prime to (1 + n -+ n?) (n? — 1); and it follows from Theorem 1, 
(a) that o(A) is a divisor of nê. 

Assume, conversely, that o(A) is a divisor of n°. If ġÆ1 is a pro- 
jectivity in A, then there exists a positive integer k such that ¢¥ is of order 
a prime number p. Since ¢* is in the special group A, it is not of Type D; 
and hence it follows from 3, Theorem 3, (B), that ¢* is of Type B as p is a 
divisor of o(A) and therefore of n. It follows now from 1, Corollary 1 that 
$ itself is of Type B, completing the proof of (a). 

If p is a divisor of n, then 1 -+ n + n*=1 modulo p. Thus it follows 
from Lemma 1, applied on the set of all the 1 4 n + n° points (lines), that 
the number of A-invariant points (lines) is congruent to 1 modulo p, proving 


+ 
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the first part of (b). If is a A-invariant line, then it follows from Lemma 1, 
applied on the set of all the n + 1 points on / that the number of A-invariant 
points on % is congruent to n -+1==1modulo p, proving the existence of 
A-invariant points on hk. This completes the proof. 


Remark 1. It is-clear from the proof of (a)—and may be deduced from 
Theorem 1, (a)—that 0(A) is a divisor of n°, if each prime divisor of o(A) 
is a divisor of n. 


COROLLARY 1. If every projectivity, not 1, in A, is of Type B, and if 
there exist at least two A-invariant points (lines), then o(A) is a divisor of 
n° and all the projectivities, not 1, in A have the same asis (center). 


Proof. It is a consequence of Theorem 1, (b) and Theorem 2B, (a) 

that o(A) is a common divisor of n° and n°(n— 1)? Hence o(A) is a 
divisor of n°. The second contention is a consequence of the fact that the 
axis is the only fixed line of a projectivity of Type B which carries more than 
one fixed point. 
_ In analogy to the division of cases used in 3, Theorem 3, we introduce 
now the following notation: the projectivity $ is said to be of Type C*, 
whenever it is of Type C and N(¢) = 1; and it is said to be of Type C**, 
whenever it is of Type C though N(¢) #1. 


THEOREM 20*. Suppose that A is a special group of projectivities and 
that o(A) and n 4-1 are not both even. 


(a) Every projectivity, not 1, in A ts of Type C* tf, and only if, o(A) ts a 
divisor of n + 1. 


(b) If A ts nilpotent and o(A) a divisor of n + 1, then all the projectivities, 
not 1, in A have the same fixed point and the same fixed line. 


Proof. Suppose first that every projectivity, not 1, in A is of Type C*. 
Thus every projectivity $ #4 1 in A possesses one and only one fixed point 
H($), one and only one fixed line h(#) ; and H(¢) is not on h(¢). Assume 
now that the prime number p is a divisor of o(A). There exists, by Cauchy’s 
Theorem, a projectivity $ of order pin A. If p were 2, then it would follow 
from our hypothesis that n would be even; and it would follow from 3, 
Theorem 3, (B), that ¢ would be of Type B, an impossibility. Thus p is 
odd. But ¢ is of Type C*; and hence it follows from 3, Theorem 3, (C*), 
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that p is a divisor of n-+-1. Consequently every prime divisor of o(A) is 
prime to (1+n+n?)n(n— 1); and it follows from Theorem 1, (a) that 
o(A) is a divisor of n -+ 1. 

Assume, conversely, that o(A) is a divisor of n+1. If 6-1 is a 
projectivity in A, then there exists a positive integer k such that ¢* is of 
order a prime number p. Since ¢* is in the special group A, it is not of 
Type D; since p is, as a divisor of o(A), a divisor of n -+ 1, it follows from 
our hypothesis that p # 2 and from 83, Theorem 3, (C*), that $* is of Type C*. 
Hence it follows from 1, Theorem 2-—and the fact that fixed elements of $ 
are also fixed elements of ¢*—that ¢ itself is of Type C*, completing the 
proof of (a). 

If A is nilpotent, then A is the direct product of p-groups Ap. If o(A) 
is a divisor of n + 1, and if A,-41, then the prime number p is a divisor of 
n+4+ 1. This implies that 1+n + n*==1modulo p; and we infer from 
Lemma 1, applied on the set of all the 1 +- n- n? points, the existence of 
A,-invariant points and limes. Since it follows from (a) that all the projec- 
tivities, not 1, in A are of Type C*, we infer the existence of one and only 
one common fixed point P(p) (fixed line 4(p)) of the projectivities, not 1, 
in Ap. If p and q are different prime numbers, and if Ap and Ag are both 
different from 1, then consider projectivities @ and y of orders p and q 
respectively. Since $y = yọ, it follows that both ¢ and y are powers of $y. 
But py is in A and therefore of Type C*. It follows from 1, Theorem 2, that 
the only fixed point P(p) of $ is the only fixed point of $y; and the only 
fixed point P(q) of y is likewise the only fixed point of ¢y. Hence 
P(p) = P(q); and A(p) =h(q) is seen in a similar fashion. From this 
fact our contention (b) is now easily deduced. | 


Remark 2. It is clear from the proof of (a) -—and may be deduced from 
Theorem 1, (a)—that o(A) is a divisor of n + 1, if it is odd and each of its 
prime divisors is a divisor of n + 1. 


THEOREM 20**, Suppose that A is a special p-group not 1, and that 
p=£2,3. Then the following properties imply each other. 
(a) The A-invariant points are not collinear. 
(b) Every projectivity, not 1, in A is of Type C**. 
(c) pisa divisor of n—1. 


(d) o(A) is a divisor of (n— 1)’. 


á 
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Proof. If (a) is satisfied, and if $=£ 1, then there exist at least three 
non-collinear fixed points of ¢: Since $ cannot be of Type D, as A is special, 
this implies that ¢ is of Type C**. Thus (a) implies (b). That (b) 
implies (e), may be inferred from 3, Theorem 3, (C); if (e) is satisfied, 
then p is prime to (1+n+ n°)n*(n+ 1), since p 42,3; and (d) is a 
consequence of Theorem 1, (a). 

Assume finally the validity of (d). Then p is a divisor of n— 1 and 
hence 1 + n + n° ==3 modulo p. Since p= 2, 3, we may infer from Lemma 1 
the existence of at least three different A-invariant points. If P and Q are 
two different A-invariant points, then there exist n° == 1 modulo p points out- 
side the line P + Q; and hence it follows from Lemma 1 that there exist 
A-invariant points, not on P+ Q, proving the validity of (a) and com- 
pleting the proof. 


THEOREM 2C. If A is a special group of projectivities whose order is 
prime to 3, then the following properties imply each other. 


(a) o(A) is a divisor of (n + 1) (n— 1)? 
(b) Every prime divisor of o(A) ts a divisor of n° — 1. 
(c) Every projectivity, not 1, in A ts of Type C. 


Proof. It is obvious that (a) implies (b). If (b) is satisfied, then 
o(A) is prime to (1-+n-+ n?)n’, since o(A) is prime to 3. But A is 
special. Hence it follows from Theorem 1, (a) that o(A) is a divisor of 
(n+1)(n—1)?, showing that (a) and (b) are equivalent. 

Assume now the validity of (c). If p is a prime divisor of o(A), then 
there exists, by Cauchy’s Theorem, a projectivity $ of order p in A. Since 
p 3, and since œ is, by hypothesis, of Type C’ or ©”, we infer from 3, 
Theorem 20’ and 3, Theorem 2C”, that p is a divisor of n? — 1, showing that 
(b) is a consequence of (c). 

Assume, finally, the validity of (b). If ¢ is a projectivity, not 1, in A, 
then there exists a positive integer % such that $* is of order a prime number p. 
Since p is a prime divisor of o(A), p is different from 3 and p is a divisor 
of n° — 1. Since A is special and ¢*=< 1, it follows that ¢* is not of Type D. 
It follows from 3, Theorem 2A and 3, Theorem 2B, that 4” is neither of 
Type A nor of Type B. Consequently ¢* is of Type C. But the order of ¢ 
is prime to 3, since the order of A is prime to 3. Hence it follows from 1, 
Corollary 4 that ¢ itself is of Type C, showing that (c) is a consequence of 
(b). This completes the proof. 
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COROLLARY 2. If A is a special group of projectivities whose order is * 
prime to 3, then the following properties imply each other. 


(a) o(A) is a divisor of (n + 1)n3?(n—1)?. 
(b) Every prime divisor of o(A) is a divisor of n(n? — 1). 


(c) Every projectivity in A possesses fixed elements. 


Proof. It is clear that (a) implies (b). If (b) is valid, then 0(A) 
is prime to 1+n+ n?, since it is prime to 3. But A is special; and hence 
it follows from Theorem 1, (a) that o(A) is a divisor of (n + 1)n*(n—1)?*, 
showing the equivalence of (a) and (b). : 

Assume now the validity of (c). If p is a prime divisor of o(A4), then x 
there exists, by Cauchy’s Theorem, a projectivity ¢ of order p in A. Since 
p> 3, and since $ is, by hypothesis, fixed element free, it follows from 3, 
Theorem 3, (A), that p is prime to 1-4-n {+ n°. Hence it follows from 3, 
Corollary 7, that p is a divisor of (n — 1)n(n + 1), showing that (b) is a 
consequence of (c). 

Assume, finally, the validity of (b). If ¢ is a projectivity, not 1, in A, 
then we distinguish two cases. 


Case 1. n and o(¢) are relatively prime. 


If p is a prime divisor of 0(@), then p is a divisor of o(A) so that 
p3 is a divisor of n?—1. But o(¢) is the order of the cyclic group 
generated by $ which group is special as a subgroup of A. Hence we may 
infer from Theorem 2C that $ is of Type C so that in particular $ possesses 
fixed elements. ~~ 


Case 2. n and o(¢) are not relatively prime. 


Then there exists a prime number g which is a common divisor of n 
and o(@). There exists furthermore a positive integer è such that ¢* is of 
order q. Since œt, as an element in the special group A, is not of Type D, 
it follows from 3, Theorem 2B, that ¢* is of Type B. Then it follows from 1, 
Theorem 2, that center and axis of $* are fixed elements of ¢. 

Thus we have shown in all generality that (c) is a consequence of (b) 
completing the proof. ‘ 


5. The group of special collineations. If II is the projective plane 
over the Galois Field GF (n), then we have pointed out in 3, Remark 5, that the 


+ 


ì 
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group Z of special collineations of II is a special group of projectivities whose 
order is (1+n-+ n?) (1+ 2)n?(1—n)?. This shows the impossibility of 
improving the limit given in Theorem 1, (a). 

If P is some point in II and Z(P) the group of all the projectivities in Z 
which leave invariant the point P, then the order of Z(P) is (1 + 1)n3(1 — nY}, 
showing the impossibility of improving the limit given in Theorem 1, (b) 
and Corollary 2, (a). But there does not exist any Z(P)-invariant line, 
showing the impossibility of substituting in Corollary 2 for (c) the condition: 
“ there exist A-invariant lines.” 

If P and Q are different points in H and Z(P,@) the group of all the 
projectivities in Z which leave invariant P and Q, then the order of Z(P, Q) 
is n°(n-—1); but the only Z(P, @)-invariant elements are P,Q and P +Q, 
showing the impossibility of improving Theorem 1, (e). 

If the points P,Q, R in II are not collinear, and if Z(P,Q, È) is the 
group of all the projectivities in Z which leave invariant P,Q and È, then 
this group is of order (n — 1)”, showing the impossibility of improving the 
limits given in Theorem 1, (d) and Theorem 2C0**, 

Singer (1) has shown that Z possesses a cyclic subgroup of order 
1-+ n- n? whose generator effects a cyclic permutation of the 14 n + n? 
points in II. Thus Theorem 2A gives a best limit. The method. employed 
by Singer (1) may be used to construct a cyclic subgroup of order n + 1 
of Z, whose generator leaves invariant a point P and effects a cyclic permu- 
tation of the n +- 1 points on some line, not through P, showing the impos- 
sibility of improving the limit given in Theorem 2C*. 

Consider finally the subgroup T of Z whose elements may be represented 


by matrices of the form 
100 
(: 1 ) 
b c 1 


It is clear that T is of order nè and that the projectivities in T do not all 
have the same axis and/or center. Thus the limits given in Theorem 2B 
cannot be improved. 

UNIVERSITY OF ILLINOIS, 
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. THE SUM FORMULA OF EULER-MACLAURIN AND THE 
INVERSIONS OF FOURIER AND MOBIUS.* 


By AUREL WINTNER. 


1. By further developing the considerations of [11], the present paper 
deals with the legitimacy of equidistant Riemannian evaluations of improper 
integrals and with its connections with both kinds of inversions mentioned 
in the title. 

‘The connection with the second of these inversions, that of Möbius, can 
easily be hidden. .\ctually, it is the basis of the following theorem: 


(a) If f(x) is continuous on the half-gpen interval O < x Æ 1, and 
if the limit 
(1) lime $ f(ne) 


€30 nes 


exists, then the improper integral 
1 
(2) fia 
+0 


is convergent (and has the same value as (1)). 


This theorem, («), sounds innocent enough. Actually, it contains the 
following theorem of Hardy and Littlewood [5]: 


(co) Every series summable in Lamberts sense (L) is summable tn 
-Ibels sense (A). è 


That (a) is quite deep, follows from the implication (2) > (a) and 
from the fact that. according to Hardy and Littlewood, («,) contains the 
prime number theorem (incidentally, the converse does not hold, since the 
proof depends on a refinement of the prime number theorem, that is, on the 
non-vanishing of €(s) on a certain open domain containing the line, o = 1, 
of the prime number theorem). 

In order to verify that (a) + (o), the continuity of f(x), assumed in 
(a). is sufficient. From quite another point of view, namely, from that of 
the heavy discontinuities. compatible with the measurability of a function, 
it is of interest that («) can be refined as follows: 
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(a*) If f(x) is L-inlegrable on every interval e S v S1, where e > 0, 
and if the limit (1) exists, then the improper integral (2) is convergent and 


has the value (1). 
s 


The converse of (æ) is obviously false (for a simple example, which can 
readily be refined, cf. [2], p. 230). That even the converse of the corollary, 
(æo), of (a) is false, is shown by an arithmetical example of Hardy and 
Littlewood [6]; pp. 265-269. What is true in the “ converse ” direction proves 
to be a criterion of the following type: l 


(B) If f(x) is of bounded variation on every interval ex a 1, where 
e > 0, and behaves, as x — 0, so as to satisfy the restriction 


(8) S 1a =o, 


then the convergence of the improper integral (2) implies that the limit (1) 
exists (and has the same value as (2)). 


Corresponding to the implication (a) > (a), the last criterion, (£), 
implies the following (partial) converse of (a): 


(Bo) Every absolutely (A)-summable series is (L)-summable. 


Not even this corollary of (8) seems to occur in the literature. What 
is known is that particular case of (86) in which the series iş absolutely 
(A)-summable for the trivial reason that the derivative of the Abelian gene- 
rator of the series has a monotone majorant which is integrable (criterion of 
Ananda-Rao [1]; a simplified proof is given by Hardy and Littlewood [6], 
pp. 258-259). In fact, the situation is as follows: | 

A series Za» is called (A)-summable if A(r) = X ant” (is convergent 
when 7< 1 and) tends to a limit, A(1— 0), as r—>1. Clearly, this is 
equivalent to the convergence of the improper integral 


1-0 
f A’(r)dr, where A’ = dA/dr. 
o 


Correspondingly, J. M. Whittaker has called the series X an absolutely (A)- 
summable if this integral is absolutely convergent, that is, if 


1-0 
f | dA(r)| < œ. 
0 
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What the known particular case of (8o), referred to above, states is that % an 
is (L)-summable if the condition required by the last formula line is replaced 
by the assumption 
1-9 
f (max | A’(q)| )dr < œ, 
Sq=r 


0 


which, of course, is more strict than 


1-0 


(4) f la@lar< a, 


6 


the absolute ‘(-1)-summability of X an. 


Only the second of the inversions mentioned in the title, the inversion 
of Möbius, seems to be involved above. That the other inversion, that 
concerning Fourier transforms, can be involved just as well, is clear from 
the connections considered in [11]. Im fact, the connection between the 
inversion formulae of Mébius and Fourier becomes manifest if the sum 
occurring in (1), a sum arrested at € = 1, is made an infinite sum. The latter 
is an Euler-Maclaurin expression and admits, therefore, of Poisson’s Fourier 
analysis (in [11], only the arrested sums, leading to Fourier constants rather 
than to Fourier transforms, have been considered). 

This Fourier analysis can be carried out very simply, by starting from 
a suitable formulation of the Euler-Maclaurin formula itself. In fact, the 
latter leads automatically to the function «-—— [a], where [x] denotes the 
greatest integer not exceeding v. All that will then be needed is the insertion 
of the Fourier series of the periodie function « — [x] into the Euler-Maclaurin 
formula. What will be needed of the properties of this series, 


OO 
(5) $— wt Xn’ sin Rrno, 


n=1 


is that (5) is convergent (uniformly on every closed interval not containing 
anz==[x]); that 


(6) the sum of (5) ise— [x] ife [x], and 0 if x = [7]; 
finally that 


(7) the partial sums of (5) are uniformly bounded. 


2. The whole theory centers about the identity claimed by the following 
remark: 
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(i) If f(x) is of bounded variation on the half-line « = 1, 


mw =. 
(8) f IHl o, 
t 
and if the value of lim f(x) (which then exists) is 
Pee fC co ) = 0, 

then the limit 

g 
(10) lim (3 f(n) — f f(u)du), 

z>V nse 

1 

where n == 1,2,: > +, eatsts and is equal to the value of 
oO i 

(11) f e—a). 


1 

If f(x) is discontinuous at an integer, x = n, then both factors occurring 
in the Stieltjes integral (11) are discontinuous at «=n, and so (11) must 
then be meant in the Lebesgue-Stieltjes sense, rather than as an improper 
Riemann-Stieltjes integral. . 

The actual content of (i) is just the Euler-Maclaurin sum formula, 
except that the above formulation avoids the usual conditions of smoothness. 
In fact, the usual wording presupposes not only the continuity of f(x) but 
its absolute continuity as well; cf. [4]. The latter restriction would preclude 
the applicability of the Euler-Maclaurin rule to “ explicit” cases of consider- 
able interest. Actually, the proof becomes particularly simply precisely under 
the above general asumptions. 

In fact, since [£] — e == 0(1) as 2-+> æ, and since (9) means that 
f(x) = 0(1), a partial integration gives 


(12) f f(u)a([u] — u) = 0(1)0(1) — 0 — f ([u] — u)df(u). 


But [u] —«==0(1) and (8) imply that, as z> œ, the expression on the 
right of (12) tends to the value (11), whereas the integral on the left of 
(12) is identical with, the difference the limit of which is taken in (10). 
This proves (i). 


(ii) If f(x) is defined for x > 1 in such a way that the Lebesgue- 
Stieltjes integral of u— [u] with respect to f(u) exists on every finite 
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interval 1S uS v and tends, as ra, to a finite limit, (11), and if 
f(x) 0, then the limit (10) exists and equals the value of (11). 


This generalization of (i) is clear from the proof of (i). In fact, (12) 
can be apphed under the present assumptions also. 
An immediate consequence of (i) is the following fact: 


(ii) If f(x) is of bounded variation on every closed half-line contained 
in the open half-line x > 0, and if the improper integral of f(x) on such a 
closed half-line is convergent (possibly just conditionally), then the series 
Sf(en) is convergent and satisfies the inequality 


OO 


(13) fa fia f 10], 
where e > 0 is arbitrary. 


Easy examples show that the convergence of both 


' 00 
(14) Sla] and f roa 
i 1 
docs not preclude the divergence of 
o 
(15) f IF} ae; 
= 1 


so that the parenthetical remark preceding (13) is not illusory. 


Since the convergence of the first of the integrals (14) implies the 
existence of a limit f(c), and since the non-vanishing of the latter is pre- 
vented by the convergence of the second of the integrals (14), the assumptions 
of (iii) contain those of (i). In addition, (i) is now applicable to f(e) 
instead of to f(r). if e> 0 is arbitrarily fixed. Thus, (10) being equal 
to (11), 

a/6 : co 
(16) lim ( X f(en) — f f(eu)du) = f (a — [w]) def (ex). 
x>w nia/e A A 
If thie is multiplied by e, then, since the second of the integrals (14) is 
convergent, what results on the left of (16) is the difference the absolute 
value of which is taken on the left of (18). Since the integral on the right 
of (16) is majorized by 
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f eslas J af f aro; - 


the assertion, (13), of (ili) follows. 


(iv) If both integrals (14) are convergent and 


(17) f lal =o) 


as e — 0, then 
co 
DO 
(18) eS f(ne) — f f(x) da >0. 
mal . 


This is a corollary of (iii). It should be noted that neither of the 
terms on the left of (18) need tend to a limit. All that follows is that, if 
one of these terms tends to a limit, the other must tend to the same limit. 
Thus (iv) implies that the Riemannian equidistant evaluation of a convergent 
(doubly improper) integral 


MO 1 oO 1 1 0 n 
(19) f fejas = | -+ Í, where f —lim Í, j = lim f i 
ü n 1 di: € 1 si 1 


n 


is legitimate whenever 
Oe 
(20) f tæl oen. 


É 


(v) If f(x) has on every half-line x >e a finite total variation which 
satisfies (20) as e> 0, and if both improper integrals occurring in (19) are 
convergent (possibly just conditionally), then 


(21) ; S f (ne) sr 


nz 
0 


If f(x) is chosen to be 0 when æ > 1, and if the continuous variable e 
is replaced by the reciprocal value of an integer, it follows that, for every 
function f(x) which is defined on the interval 0 <% < 1 so as to satisfy 
(17), the (equidistant) Riemannian relation 
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(22) 3 f(k/n)/n — lim f fejde - (n> a) 


holds whenever the improper integral on the right of (21) is convergent. 
This corollary of (v) is sharper than the usual criterion for the truth of (22) ; 
a criterion which replaces (17) by the monotony of f(z) (cf. [2], pp. 229- 
230). For, on the one hand, (17) and the convergence of the improper 
integral on the right of (21) do not imply the absolute convergence of that 
integral. And, on the other hand, the convergence of the latter and the 
monotony of f(x) imply the absolute convergence of the integral, which in 
turn implies, again by the monotony of f(x), that 


(23) ef (e) — 0 as «> 0, 
and so (17) follows by necessity. 


The criteria (iii), (iv), (v) do not take care of cases exemplified by the 
function f(x) = (sina)/x. Functions of this type are included in the 
following theorem : 


(vi) IfA is a non-vanishing real number, then the limit relation 


(e 6) 


(24) eSf(ndeMe | f(x)eede (30) 
n=1 e 
0 i 
holds whenever 
00 
(25) J |af@l< and f(0)=0 
0 


(the convergence of the series and of the integral occurring in (24) being 
implied by (25), since à z£ 0). 


The truth of the parenthetical remark following (25) is seen after a 
partial summation and a partial integration of the series (24) and of the 
integral (24), respectively. 

The proof of (vi) may be omitted, since it can be read off from one 
given by Bromwich and Hardy [2], pp. 231-233. It is true that they assume, 
instead of (25), that f(z) is a monotone function satisfying (25), and it is 
also true that not every real-valued f(x) satisfying (25) is the sum of two 
monotone functions both of which satisfy (25). Nevertheless, a glance at 
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the proof given by Bromwich and Hardy shows that (25) alone suffices for do 

the proof of (24). i 
Incidentally, the proof of (vi) differs from that of the preceding criteria 

only insofar as what corresponds to an application of the second mean-value 

theorem (namely, preliminary partial summations and partial integrations of 

the respective sums and integrals) must precede an application of the first 

mean-value theorem. 


3. If 
(26) e (a) = Bp(n)/n, (3=3), 
nzi 


where u(n) denotes Möbius’ factor, then the prime number theorem is known ~ 
to be equivalent to n*(a) =0(1), where x—» e. In their proof of the 
theorem denoted above by (%), Hardy and Littlewood [5] refer to somewhat 
more than #*(c) = 0(1), namely, to #*(x) = O(log s). What is actually 
needed is something between these two estimates, namely, 


(27) è | w#(n)|/n < œ. 


In order to prove that the theorem denoted above by (@*). can be con- 
cluded from (27), it is sufficient to repeat the proof of (a%)). The same proof 
also supplies the following extension of («*): 


(vii) Let f(x) be L-integrable on every closed half-line contained in 
the open half-line x > 0, and suppose that f(x) tends quite rapidly to 0, as 
vr > œ ; for instance, so that cdi 


(28) f(x) = O (x) as a > © 
holds for some n > 0. Then the limit 
, Js 
(29) lm e 3 f (me) 
€-30 n=l 


cannot exist unless the improper integral 


(30) firma =lim | f f(a) de 


is convergent, and has the same value as (29). 


THE SUM FORMULA OF EULER-MACLAURIN, 693 


Needless to say, the convergence of the series occurring in (29) and 
of the integral occurring on the right of (30) is assured by (28) for every 
e > 0. If the convergence, or the absolute convergence, of these expressions 
(for every e > 0) is granted, one has the impression that the actual rôle of 
(28) is that of a “ Tauberian condition.” But this is not quite the case. In 
fact, something like (28) will be needed twice, both times at very rough 
stages of the proof of (vii) ; namely, in order to make Mobius’ inversion legiti- 
mate at a fixed e > 0, that is, before the application of the crucial limit 
process, «~> 0, and then, in order to justify a term-by-term integration, but 
again just for a fixed e > 0. Nevertheless, (28) cannot be replaced by 


(31) > 3| f(ne)| < œ and f | f(x) | du < œ, 


where e > 0 is arbitrary. For, if (28) could be relaxed to (31) in (vii), it 
would be clear from the proof of (vii) (cf. below) that not only (a) but 
also the converse of (a) is true. However, the converse of (a) is disproved 
by the example of Hardy and Littlewood, mentioned after (a*). The 
situation is cleared up by the fact that, as proved in [11], pp. 17-18, the 
absolute convergence of the series (31) is insufficient for the legitimacy of 
Möbius’ inversion (at a fixed e > 0). 

In the proof of (vii), it can be assumed that the limit (29), the exis- 
tence of which is assumed, is 0. For, if it is not 0, it can be made 0 by an 
alteration of f(s) on an unessential range, say on the interval 1 < æ < 2. 
Thus the assumptions of (vii) are reduced to (28) and 


(32) F(x) = o(@) as tx 0, 
where z > 0 and 
(33) F(a) —Sf(n2), 

n=1 


whereas the assertion of (vii) becomes 


. CO 
(34) lim J f(ujdu = 0; 
2-30 
cf. (29) and (30). 
Mobius’ inversion of (33) is 


(85) f(t) = 3 a(n) F (ne), i 


“n 


694 AUREL WINTNER. 


_ 


where x > 0 is arbitrary. The legitimacy of this inversion is guaranteed by > 
(28) ; in fact, somewhat less than (28) is sufficient (cf. [11], pp. 16-17). 

It is also seen from (33) and (28) that term-by-term integration of (35) 

on every closed half-line a = e, where e > 0, is legitimate: 


0 Do 

CO 

(36) f f(u)du=% p(n) f F(nu)du. 
n=i 

Hence, the assertion, (34), is equivalent to | 
(n.°) 

(37) lim X p(n) F (nu) du = 0. 

. oO n=1 


But (37) follows from (26), (27) and (32) by the same partial summation 
which Hardy and Littlewood [5] apply in their proof of the implication 
(L) > (A), that is, of (a). 

It should be emphasized that, due to the first part of (27), this proof 
is purely “ Abelian” in nature. Correspondingly, (vii) is beyond the scope 
of the “Tauberian” technique of Karamata-Weiner, which would involve 
just the prime number theorem, that is, the second part of (27). In fact, 
this methodical situation prevails not only for (vii) but for (æo) as well, and 
(%) is contained in (vil). 


4. Before combining the facts preceding (vii) with the Fourier expan- 
sion, (5), of the kernel, v — [x], of the Euler-Maclaurin integral, (11). it is 
convenient to replace (i) by the following variant of (ii): | 


(vili) Let f(x) be defined on the open half-line x > 0 in such a way 4 


ihat ' 

(38) . f(t) > 0 asa œ 
and 

(39) ef(e) > 0 as e+0, 


and that the Lebesgue-Stieltjes integral of u-— [u] with respect to f(u) eaists 
on every closed, bounded interval, eS uS e. Suppose further that both 
improper integrals 


(40) f udf(u) = lim f, f (u — 4) -im f 


are convergent (possibly just conditionally). Then the limit 
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(41) O lim (3 f(n) — -f f(u)du), 
where n = 1,2, : - , extsts and is equal to the value of 
(42) f @—[u)aru), 

+0 


the sum of the two integrals (40). 
In order to see this, it is sufficient to.observe that u— [u] == u when 
M<%< 1, and that what therefore corresponds to (12) is 


S roau = 02004) — 04) — f (Lu — waft) 


as (e,t) > (+ 0, ©); cf. (38) and (39). 


(ix) Let f(x) be of finite total varialion on every closed half-line 
contained in the open half-line v > 0. For x— œ, choose f(o) =0. For 
z — +0. suppose that 


E 2 
(43) f | df(z)| =o (e) ase 0 
€ 
and that the improper integral 
i 
(44) f f(v)dz is convergent 
+0 


(possibly just conditionally). Then, if t > 0, the limit 


(45) P* (t) ss (t = f (nt) —- f f(u)du)," 
z0 nie 
+0 
where n= 1,2, > +, exists and has the value of 
n 
(46) Peq) =t f (o/t—[e/t})af(@), 
+0 


and the improper integral 


€—0 


(47) f*(t) = f f(x) cos ta dx = lim Ù Him f 


is convergent and represents a continuous function of t > 0. 
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First, the assumptions of (ix) imply those of (vili). This is clear, ^ 
except for the assumption (39) of (viii). But (39) follows from the remarks 
made in connection with (23). On the other hand, if ¢ > 0 is fixed, the 
assumptions of (ix) are satisfied for f(ix) if they are satisfied for f(a). 
Hence, the assumptions of (ix) imply that (viii) is applicable to f(éz). 
This proves the existence of the limit (45), and the representation (46) of 
this limit. 

Next, since sin (et) is O(e) when t is fixed, (38), (44) and (8) imply 
that the improper integral 

rd 
(48) f sin tx df (x) 
+0 

is convergent. On the other hand, if the integration range, (+ 0, ©), of 5 
(48) is replaced by the interval (e, «), then, if t=40, a partial integration, 
when followed by an application of (38) and (39), shows that the resulting 
approximation to (48) tends, as (e v) > (4-0, œ), to a limit; and that the 
latter is — # times the integral (47). Hence, in order to complete the proof 
of (ix), only the continuity of the function (47), where #4 0, remains to 
be ascertained. But this is clear from the fact that the preceding limit 
process is uniform on every closed, bounded ¢-interval not containing t= 0. 


(x) If f(x) is a function of finite total variation on the half-line 
a > 0 and tends to 0 as v— co (that is, if the assumptions (43), (44) of 
(ix) are replaced by the stricter assumption 


oO 


(49) f | df(x)| < 2 


+0 


and f(c) = 0 is retained), then the series 


(50) . . 3 f* (nt), where f*(#) -f f(x) cos tx dz, 


is convergent for every è > 0 and is connected with the Euler-Maclaurin 
function (45) by the relation 


00 
(51) BS (t) =— gf (+ 0) +-2.3/*(27n/t), (t > 0), 
provided that f(x) is normalized by 


(52) . Bf (x) =f (æ+ 0) + f(e — 0), (x > 0). 
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This normalization, made possible by (49), has no influence on the 
integrals occurring in (44) and (50). 

The identity (51) is just Poisson’s Fourier analysis (cf. [7], pp. 78-79) 
of the uler-Maclaurin sum formula, first proved, and found independently, 
by Dirichlet. Under the above assumptions, it is an immediate consequence 
of (6) and (7). 

First, if the value of (5) were always $(x) =x— [x], then ¢(2/t) 
could be substituted from (5) into (46). According to (6), the value of (5) 
ceases to be ¢(2) when v is an integer. But this discrepancy has an effect 
on the Stieltjes integral (46) only at points at which f, too, is discontinuous. 
Hence, the discrepancy has no effect if f has no discontinuities at all. On 
the other hand, when f has jumps, then, since the latter are normalized by 
(52), the discrepancy is compensated by the fact that, if do(7) denotes the 
value of (5), the normalization (52) holds, by (6), for f=% also. 
Accordingly, the function, (s/t), which multiplies df (x) in (46), can be 
replaced by ¢o(2z/t). 

Since (7) and (49) make it clear that term-by-term integration of the 
series ¢o(z/t) is legitimate in (46), it now follows from the expansion (5) 
that 


00 00 
F*(t) == t f 44f(o) — tet 3 ns f sin (2rne/t)df(x). 


+0 +0 

But the first’ integral on the right is ——4f(+ 0), by (88); and, what 
concerns the second integral, the function (48) was seen to be identical with 
— t times the function (47). This gives 

00 

P (t) == — Hf(4+ 0) — ir Z nf" (Ran/t) (— 2an/t), 

a n=1 
which is (51). . 


(xi) Jf f(x) is of finite total variation on the half-line « > 0 and if 
the improper integral 


di - ? 
(53) (0) = j fadon lim f 

A LAO A 
is convergent, then a 


OO 
(54) xf*(nt) >0 astm œ, 
nal 


. CO 
where f*(t) = f f(x) cos ta dz, whereas 


0 
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oo r 
(55) t 3 f* (nt) > brf (+ 0) as t —> +0; i 
and, tf t > 0, = 


(56) BBFC 0) + 3 f(nt)} = 1# (0) + 2 3 f* Ban/t)). 


The last identity is Cauchy’s celebrated formula of reciprocity. It 
follows from (51) and (45), since the assumptions of (xi) imply those 
of (x), the convergence of (53) being assumed now. In fact, this assumption 
and (49) imply (88). 

The proof of (54) can be based on the enk that (56) omk 
(54) into 

DO p 7 

eXf(ne) > f*(0), e-> 0 

S n=1 È 

(as seen if (56) is multiplied by ¢# and ¢ is then identified by e, finally the 
Rar/t, occurring on the right of (55), is replaced by e). In view of the 
definition, (53), of f#(0), the assertion of the last formula line is equivalent 
to (18). But (18) is applicable, since the assumptions of (xi) amply those 
of (iv). This proves (54). 

The remaining assertion, (55), is a relation of Gibbs’ type (in this 
regard, cf. [11], p. 5 and p. 28). It can be obtained by observing that, 
according to (49) and (58), 


00 
x f (nt) -> 0, t —> %. 
n=l 


In view of (56), this implies that 


> 
3f(+ 0) + o(1) = 0 (13) + 201 3 f” (Rensi) zi 
n=1 
or, if ¢ is replaced by 2x, 


H (+0) + 0(1) = 1612 f* (n/1), 


as ¿—> co. Since the last relation is equivalent to (55), the proof of (xi) 
is complete. 
The limit relation (54) neither contains, nor is contained in, the estimate 


(57) | f#(t)| < const./t (t.> 0). 


The latter holds even if the assumptions of (xi) are relaxed to those of (x). 
For, on the one hand, (48) is majorized by (49) and, on the other hand, 
(48) is — t times the function (47). 

The other limit relation, (55), can be interpreted as follows: 
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(xii). If f(x) satisfies the assumptions of (xi), then its Fourier cosine 
transform, f*(1), satisfies the equidistant Riemannian relation, 


è e) 
co 
(58) eX f*(ne) > f f*(t)dt as e->0 
; n=1 pie . 
+0 


(the convèrgence of the improper integral 


a oo 1 £ 
(59) f #WU=1im f +1im fi 
be Em LAO 
+0 € 1 


as well as the convergence of the series on the left of (58), is part of the 


statement). 
a 


In order to see this, let the function f(x), given for a > 0, be extended 
for all x by placing f(x) —0 when v < 0, and f(0) =4f(+ 0). Then the 
assumptions of (xi) imply that 


(60) Jilo 
and l 
(61) f(z) >0 as a> + o, 


and that (52) holds for —«o < x < æ. But Pringsheim ([10], pp. 405- 
406; cf. also Hahn’s presentation in [3], pp. 318-321) has shown that, 
if F(x) satisfies (60), (61) and (52), then its representation by Fourier’s 
“ double integral” is valid for every x, provided that the exterior integration 
is iuterpreted as improper not only at œ but at 0 as well. If this is applied 
at «== 0 to the above extension of the given function f(x), 0< x < co, then, 
since f*(t) is defined by (47), it follows that both parts of the improper 
integral (59) converge, and that the sum (59) has the value af(0). 

The assumption that the integral (53) converges has not been used thus 
far. If it is used, (xi) becomes applicable, and so (58) follows from (55), 
where 3rf(4+- 0) = af(0). 

Crucial in this deduction is the convergence of the improper integral 
(59) (along with the circumstance that (59) actually is improper at t = 0, 
in general), as is, correspondingly, that assumption of (xi) which is not 
required in (x), namely, the convergence of the improper integral (53). 
It is instructive to compare this situation with the proof of the following 
fact, which is more on the surface: 
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(xiii) Zf f(@) satisfies just the assumptions of (x) (so that the addi- È 


tional restriction of (xi) and (xii), that requiring the convergence of (53), 


is not assumed), then, as e— 0, 
is pas 
(62) eXf(ne) cos (tue) + f*(t), where f*(#) =Í f(x) cos ta dz, 
nel 
0 
if (540 (and 


OO 
OO Li 
(62 bis) e X f(ne) sin t(ne) >f F(a) sin tz dz, — 
=i A 


where 1=0 need nol, of course, be excluded). 


In fact, (xili) is a mere restatement of (vi), where 034A= +4. The 
case 0 = àA = of (24), (62), excluded in (vi), (xiii), represents the more 
delicate assertion of (xii). 


5. A sufficient criterion for the legitimacy of Mobius’ inversion (and 
for the inversion of this inversion, which is not always the same thing; cf. 
[11], pp. 17-18) is as follows: If 


(63) Ln = 0 (a71) 


is required for some 7 > 0, then the infinity of equations 


oO 
(64) Cam == Yu 
m=1 A 
for the infinity of unknowns @,, ®,: > has the unique solution 
xX 
(65) Xn = $ (MI Yam; 
mal 
(no matter what the sequence of data yi, y2,: © * is), where » denotes Möbius’ 


factor; whereas, if (63) is omitted and 
(66) Yn = O (nè) 


is required for some 6 > 0, then (65), when considered as a system for the 
unknowns #1, 92,1 ©‘. has a unique solution, which is precisely the y, supplied 
by (64) (no matter what the sequence of data «1, %2,: | -, given in (65), 
is this time). 

Somewhat less (but not very much less; cf. [11], pp. 16-18) than the 
assumption of an 7 > 0 ora è > 0 is sufficient. The proof requires, of course, 
nothing but formal rearrangements which, under the respective restrictions 


g 
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(63), (64), are justified by the absolute convergence of the repeated sum- 
mations involved. 

It should be noted that, by virtue of (64) and (65), the existence of 
an n > 0 is equivalent to the existence of a è > 0, and that, as a matter of 
fact. 

(67) Lu.b. y= l.u. Db, 8, 


if either of the Dedekind cuts occurring in (67) is positive (possibly œ). 
This is seen by substituting (63) into (64), and (66) into (65), where 
p(m) = O(1). 

The symmetry relation (67) will be used below to an end corresponding 
to the one-to-one correspondences, developed in [11], pp. 25-26, between the 
smoothness of a periodic ZA-integrable function and the rapidity of the 
convergence of its equidistant £-sums. 

For the sake of convenient references, let the preceding remarks be 
summarized in a slightly different form, as follows: 


(*) If t varies on the half-line t > 0, and if éither l 
(68) g(t) = 00), I> %, 
holds for some q > 0 or 
(69) h(t) = O(t), i—> 0, 


holds for some è > 0, then 


(70) A(t) =X g(nt), 0<t< %, 
is equivalent to . 
(71) g(t) =Z w(n)h(nt), 0<t<o, 


and, by virtue of the reciprocal relations (69), (70), either of the restrictions 
(68), (69) implies the other restriction; in fact, even the “ best” values of 
the exponents n, 8 are identical (in the sense of (67), where l.u.b. > 0 is 
assumed and l.u.b.== œ ts allowed). 
, 

In order to verify this criterion, (*), it is sufficient to replace ¢ in (70) 
and (71) by kt, where k==1,2,- - + ; to identify the resulting systems with 
(60), (65) (for a fixed 4), and (68), (69) with (63), (66), respectively ; 


4 
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finally, to particularize the parametric integer (== k) to be 1 in the resulting 


inversions. 
The self-reciprocal relationship expressed by (69), (68) and (67) has 
variants on other scales; for instance, on the following exponential scale: 
(* bis) The assertions of (*) remain true if (67) is retained but (68) 
and (69) are replaced by 
(70 bis) g(t) = O(exp — t1), i—> 0 
and 
(71 bis) | h(t) = O(exp —?), t> 0, 
respectively, where y > 0 and 8 > 0. È 


In fact, since the assumptions of (* bis) imply those of (*), it is 
sufficient to ascertain that (67) holds in the case of (* bis) also. But this 
follows in the same way as before; namely, by substituting the O-assumptions 
into the respective series (70), (71), where p(n) = 0(1), as n+> œ, and 
then using the fact that, as £ > co, both estimates 


(72) 3 (nt) E == 0(f1-), (73) S exp — (nt)* == O (exp — t°}, 
n=1 nzi 


the first of which belongs to (*) and the second to (* bis), hold for every 
fixed e > 0. 


These Möbius criteria will now be combined with the consequences of 
the Euler-Maclaurin lemma (ix) and its Fourier corollaries, deduced above 


from (5), (6), (7). The simplest fact which thus results can be isolated as + 
follows: 


(xiv) If f(x), where x > 0, satisfies the conditions 


(e a) 


(74) S | af(x)| < % and f(co) =0, 


0 


and if f*(t), F*(t) denote, the functions which (47), (45) then define for 
t > 0, the existence of an a satisfying 


(75) a> 1 and f*(t) == O(t*) as t-> œ 


is necessary and sufficient for the existence of a B satisfying 


THE SUM FORMULA OF EULER-MACLAURIN, 703 
(76) B> land F*¥ (2) = — 4$f(+ 0)2-+ 0(29) asa>+0; 
in fact, (74) and either of the assumptions (75), (76) imply that 
(17) a* = B, 


where a*, B* denote the least upper bounds (S œ) of the admissible values 
of the respective indices a, B. 


This is quite a refined manifestation of a general principle formulated 
by Paul Lévy [8], pp. 264-266. 


The proof will be based on (*) in a manner which will make it clear 
that the replacement of (*) by (* bis) leads to the following variant of (xiv): 


(xiv bis) The assertions of (xiv) remain true if (75) is replaced by 


(75 bis) a>0 and f* (t) = O(exp — 1°) ast œ, 
and (76) by 
(76 bis) B>0and F*(a)=—3f(+0)2+0(exp— ef) asz > +0; 


(it being understood that a* and @* in (77) now refer to (75 bis) and 
(76 bis), respectively). 


First, the assumptions of (xiv) are those of (x), if f(x) is normalized 
by (52). Hence, (51) is applicable. Let (51) be written in the form 
oO 
(78) h(t) = 3 f" Qrnt), 
nal 


where A(t) is defined by 
(79) gh (t) — F*(1/t) + 4f(+ 0) /t, (t>0). 


Next, suppose that there exists an « satisfying (75). Then (72) shows 
that (69) is fulfilled by the function (78). Hence, if (78) is identified 
with (70), where g(t) =f*(27t), it follows from (*) that both (71) and 
(68) hold in the present case. But (71) now appears in the form 


f* (rt) — 3 u(n)h(nt), 


whereas (79) shows that (68) is identical with (76). 
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On the other hand, if (75) is replaced by (76) as an assumption, then 
(79) shows that (76) is satisfied. Hence, if (78) is identified, as before, 
with (70), it is seen from (79) that (68) is fulfilled by g(t) = f*(2zt), 
which means that (75) is satisfied. 

This proves (xiv), since the remaining assertion, (77), is clear from 
(67). In addition, the last two formula lines supply the following by- 
product: 


(xv) If (52), (74) and either (75) or (76) are satisfied by f(x), 
then the Mobius expansion, 


(80) f* (n/t) = 43 p(n) F* (t/n), 


of the Fourier cosine transform, (47), in terms of the Euler-Maclaurin 
function, (45), is valid for every t > 0. 


Actually, the by-product is 
(80°) fe (27/6) — BS p(n) (P* (t/n) + 3f(+ 0)#4/n), 


and so (80) follows only if either f(+- 0) is 0 or recourse is had to 


(81) 3 p(n)/n=0, 


that is, to the prime number theorem. This means that (xv) is elementary 
or just as deep as the prime number theorem according as f(+ 0) =0 or 


f(+0) 0. 


In (xv), the assumptions are the same as in (x). Under the additional 
assumption made in (xi), the assertion of (xv) can be dualized, as follows: 


(xvi) If (52), (74) and (28) are satisfied by f(x), and if the Fourier 
cosine transform, 


(82) f* (t) af f(x) cos ta dz = lim J, 


remains convergent at t =Q, then the Huler-Maclaurin function, 


(83) F*(t) = 13 (nd) =f f(x) da, 


provides a Möbius expansion, 
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(84) af (2) = 3 u(n) F" (ne) /n, 
of f(x) for every x > 0. 


What will now follow directly, namely, 


(84) of (2) = 3 p(n) {F* (nz) + f*(0)}/n, 


will reduce to (84) without recourse to (81) only if f*(0) == 0; so that (xvi) 
is elementary or involves precisely the prime number theorem according as 
the value of the integral (53) is or is not 0. 


The assumptions of (xvi) are identical with those of (xi). Hence, (56) 
is applicable. On the other hand, (53) shows that (83) can be written in 
the form 


(18) h(t) = 3 f (nt), 
if h(t) is defined by n 
(19) h(t) = F* (t) /t + f*(0)/t. 


The last two formula lines take over the parts played by (78) and (79) 
in the proof of (xiv), (xv). In fact, it is clear that the balance of the 
proof of (xvi) is the same as, via (*) and (xiv), the proof of (xv) was. 


6. An instance of explicit interest will now be considered: f(e) = e7*, 
where A > 0. Then, since 


reco) = f j(e)de— f eda =T(1+ 1/2), 


OO 
(83) becomes F*(t) = t Xe — T(1 + 1/d). This means that P* (#1) /tA 
n=1 


is the function 


6 @] 
Set (1 -4 LAA), 
nel 
But the latter function is known to be the entire function 
oo 
3 (— 1)" (— am) i™/m}, 
m=0 l 


if O<rA< 1; cf. Mellin [9], p. 12. Hence, (80) becomes 
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[o è) 00 | 
f*(Ra/t) =4 Z p(n) 3 (—1)™E(— Am) (t/n)*/m}, $ 
nz1 m=0 
where 0<A< 1. : 


The contribution of m = 0 to this repeated sum is 


33 u(n)C(0)t/n = (0) Z u(n)/n=0, 
by (81). Hence, 


f* (20/1) = HER a(n) È (— P)” £(—dm)/(m dm). 


This result is independent of the prime number theorem. For, on the 
one hand, (81) has been used twice (first in the reduction of (80’) to (80) x~ 
and then in the omission of the summation value m = 0) and, on the other 
hand, it is clear that these two steps can be united into one which avoids 
(81) entirely. 

Since p(n) =O(1), it is easily seen (from the behavior of &(— x) 
for large positive x) that the repeated sum on the right of the last formula 
line actually is an absolutely convergent double series; in fact, as mentioned 
before, Mellin’s power series converges for arbitrarily large £, since 0<A< 1. 
Hence, the order of summations can be interchanged. The contribution of 
what then becomes the interior summation is 


% p(n) (— A)r €(—aAm)/(m ln) = (— A/m! £(—Am)/E(Am + 1), 
since S p(n) /n8= €(s) when s > 1. Accordingly, 


D it 
f* (2m/t) = HS (—M"/n! €(—Am)/E(Am + 1). 
nzi F 
But f(x) was the function e**; so that f* (t) = j e cos te dx, by (82). 


o 
Consequently, 
00 


f e? cos Rata da = ae £(— An)/K(Am+ 1)(43)2/n!. 


0 


The coefficients of this power series can be reduced by using Riemann’s 
functional equation, 


IE(1 — s) = (27)-8f(s)T'(s) cos 3rs. 


For s=14+ An, this gives 
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$¢(— An) /€(1 + An) = (27) (2n)-ME(1 + An) (— sin ràn). 


Hence, the preceding representation of the Fourier cosine integral f* (Ret) 
can be written in the form 


OO 
— (rt) ST (14 An) sin gràn (— i) (2r) r/n.. 
nel 


Accordingly, the final result is as follows: 
If 0<A< 1, then ` 


0 
f e cos ta da =: (—1)** sin d4rdnT (An +4 1)/n! 1203, 
0 io 
where ¢ is arbitrary (540). Cf. [12]. 

In the limiting case A= 1, this expansion is equivalent to that of 
(14+ 4), a geometric progression valid for certain, but not for all, values 
of ¿ It is easy to see from the above proof that, if A > 1, the power series, 
which then diverges everywhere, is an asymptotic expansion (as # + œ) of 
the function f*(#). It should be noted that, if A is an even integer, then 
all coefficients vanish, and so 


fe (t) = O (tY) asta œ, 


where N is arbitrarily large. 

A final remark is needed for the justification of the above application 
of (80), since (xv) assumes either (75) or (76). But (75), with « = 1 + À, 
is clear from the first term of the final expansion, which can, of course, be 
verified directly, and also (76) can be verified directly, by using the indications 
of Lévy, referred to after (xiv) ; in fact, Lévy formulates his general principle 
precisely in connection with the above f*(¢), the Fourier transform of a 
symmetric stable distribution (cf. [8], pp. 264-277). 
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APPLICATIONS OF INDUCED CHARACTERS.* 


By RICHARD BRAUER. 


1. Introduction. In a previous paper, the following theorem on 
induced characters of groups was proved: If © is a group of finite order g, 
every character x of & can be written in the form x == Zapwp* where the up 
are rational integers and where the wp* are characters of & induced by linear 
characters wp of subgroups Sp of ©. If we call a group elementary, if it is a 
direct product li X B of a group U of prime power order and a cyclic group 
% of an order prime to the order of U, then we may assume that all the 
groups Sp are elementary groups. This can be seen at once from the proof 
of the theorem. 

As an immediate consequence of this result, it will be shown in 2 that 
every representation of a group & of order g can be written in the field of 
the g-th roots of unity. Our new approach to this problem is simpler and 
more elementary than that given in an earlier investigation.2 At the same 
time it yields stronger results. For instance, if n is the least common 
multiple of the orders of the elements of &, then every representation of G 
can be written in the field of the n-th roots of unity. ` 


3 deals with a method of determining the irreducible characters of a 
group of finite order. If œ is a character of a subgroup § of G, we need the 
following information in order to be able to construct the character w* of ©. 
We have to know (a) the number k of classes #,, %2,- - -,& of conjugate 
elements in Œ and the number g; of elements in &;; (b) the number 7 of 
classes Li, Lo, + * <, L, of conjugate elements in $ and the number h; of 
elements in &;; (c) the value i = 1(7) such that & C Rigy f= 1,2, -,1; 
(d) the value w(%;) of w for L;.3 If this information is given for all elemen- 
tary subgroups $ of © and all linear characters w of ©, then it is shown that 
all irreducible characters of & can be constructed. In order to obtain all 
linear characters w of $, we have to know the normal subgroups Se of © with 


* Received February 9, 1947. 

+R. Brauer, Annals of Mathematics, vol. 48 (1947), pp. 502-514, 

3 R. Brauer, American Journal of Mathematics, vol. 67 (1945), pp. 461-471. 

© If w is a character of ©, H an element of the class Q of &, we denote by w(Q) 
the value »(H) taken by w for the element H. 
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cyclic factor group $/50= {SF} and we have to know the exponent fa 
p==p(j) for which the class &; belongs to the coset ok”, j = 1,2, +L 

It seems remarkable that it is possible to construct the characters of © on the 
basis of so little information concerning the structure of ©. 

In 4, an analogue of the theorem on induced characters for the case of 
modular characters is given. If p° is the highest power of the prime p 
dividing the group order g, then as an application the number N of ordinary 
irreducible representations 8 of G is determined whose degree z is divisible 
by p°. The number N is obtained as the number of representations of 1 by 
means of a quadratic form with integral rational coefficients. 


2. Representation of groups in cyclotomic fields. We first prove: 


THEOREM 1. Let © be a group of finite order and let n be the least 
common multiple of the orders of the elements of ©. Every representation 
of & can be written in the field of the n-th roots of unity. 


Proof. It is sufficient to prove the theorem for irreducible representations 
8 of ©. The field K of the n-th roots of unity certainly contains the character 
x of 8 as well as all characters œ of subgroups § of &. In particular, every 
linear representation Yt of a subgroup $ lies in K, and the same holds for 
the representation M* of © induced by M. According to the theorem on 
induced characters quoted in. the introduction, we have 


(1) X == Zapwp* 


where the @p are rational integers and where the wp* are characters induced 

by linear characters wp of subgroups Op of ©. If p is a fixed prime number, 
then (1) shows that there exists at least one wp* which contains x with a __A 
multiplicity ¢ prime to p. The representation M* belonging to wp* lies in 
the field K and contains 3 with the multiplicity #. This implies + that the 
Schur index m of 8 with respect to K divides ¢ and is, therefore, prime to p. 
Since this holds for every prime p, we have m= 1. Then, 8 can 4 written 

in the field K as was to be shown. 

The same procedure yields a slightly better result. Let K, be the field 
P(x) obtained by adjunction of the character x of 8 to the field P of rational 
numbers, and let Mm, be the Schur index of 8 with respect to Ko. As was 
shown by Schur,° mo divides the degree z of 8. If p is a prime factor of mo, 
we wish to adjoin an a-th root of unity to Ky such that the Schur index of 8 


t See I. Schur, Sitzungberichte Preuss. Akad. Wiss. (1906), pp. 164-184. á 
5 Loc. cit.* 
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with respect to the extended field is no longer divisible by p. Choose as 
above wp¥ in (1) such that wp* contains x with a multiplicity ¢ not divisible 
by p. If the values of wp lie in the field of the a-th roots of unity, then the 
adjunction of the a-th roots of unity to Ko will have the desired effect. 
However, this adjunction is equivalent to the simultaneous adjunction of 
roots of unity of prime power exponents q? where all q? divide œ. If 
q 3£0,1 (mod p), the degree of a (g*)-th root of unity with respect to Ko 
is not divisible by p. Hence the adjunction of the (g°)-th roots of unity 
cannot change the power of p in the Schur index in this case. Similarly, 
if gp, b > 1, the adjunction of the (9°)-th roots of unity can be replaced 
by adjunction of the g-th roots of unity and the same reduction of the power 
of p in the Schur index will be achieved. Finally, if g = p, b=1, the 
adjunction of the corresponding roots of unity is again superfluous. We thus 
see that we may replace « by a divisor 8 which contains only prime factors g 
of the form q == 0,1 (mod p), the factors g = 1 all with the exponent 1, and 
the factor q = p with an exponent 61 (possibly b=0). Since we may 
assume that & contains elements of the order e, it will also contain elements 
of order £. 

If this procedure is applied for all prime divisors of mo, the following 
theorem is obtained. 


THEOREM 2. Let pi, pe, +, pr be the distinct primes which divide 
the Schur index of the irreducible representation 3 of © with respect to the 
field of the character of B. (Then the pp divide the degree of 8.) We can 
find a system of elements Gi, Go: - +, Gr of © with the following properties: 


1. The order Bp of Gp contains only primes g==0,1 (mod pp). If the 
prime pp appears in Bp, it appears with an exponent = 2. All other prime 
factors of Bp appear only with the exponent 1. 


2. If vis the least common multiple of Bi, Ba © +, Br then 3 can be 
written in the field which is obtained from the field of the character of 8 
by an adjunction of a v-th root of unity. 


We add a remark for the case that the character x of the representation 
8 is real. If the degree z of 8 is odd, then A. Speiser ê showed that 8 can 
be written in the field Ky of the character x. If 2 is even, the Schur index mo 
divides 2." It is then sufficient to consider only the prime 2 in Theorem 2. 


€ A. Speiser, Mathematische Zeitschrift, vol. 5 (1919), pp. 1-6. 
© R. Brauer, Sitzungberichte Preuss. Akad. Wiss. (1926), pp. 410-416; R. Brauer, 
H. Hasse, and E. Noether, Journal fiir die reine und angewandte Mathematik, vol 167 
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As is easily seen, the number f; can be taken here either as an odd prime or 
as a power of 2. This gives 


THEOREM 3. If 8 is an irreducible representation with a real character, 
there exists an element G in & whose order B is either an odd prime or a 
power of 2, such that 3 can be written in the field obtained by adjunction 
of the B-th roots of unity to the field of characters. 


8. Construction of the characters of a group @ of finite order. 


If $ is a subgroup of order A of & and if w is a character of $, the induced 
character œ of © is given by 


(2) o*(G) = (1/h)Zo(RGR-1) 


where È on the right ranges over all g elements of G, and where o(X) = 0 
if X is not an element of $. If G belongs to the class R; of G, only terms 
w(X;) will appear on the right side of (2) for which &; is a class of $ which 
is contained in R;. If & contains g; elements and &; contains h; elements, 
the term w(%,;) appears with the multiplicity għ;/g: and (2) may be written 
in the form i 


(3) w* (Ri) = (g/hgi) Shyo (Xj), 


the sum extending over all classes &; of $ with &; C Ri. 

It is now evident that if the information (a), (b), (c), (d) mentioned 
in the introduction is given, the character œ” as a function of &; is completely 
determined, Apply this for all elementary subgroups $ of © and for all 
linear characters w of $. In this manner, we obtain a system of characters 
wy", w7," + +, wr of © such that every character of © can be written in the 
form y = 3a@pwp* with integral rational coefficients. 

Conversely, every ep“ can be written as a linear combination of the 
irreducible characters xi, X° °°, xx of © with integral rational, coefficients. 
The same holds for a linear combination € = Xzpwp* with integral rational 
coefficients xp, say 


r k 
(4) é= > Tpwp” = Di UKXkK- 
pai KEI 


The orthogonality relations for group characters yield 


(1/9) E PEREK) — (1/9) E roto F giap® (Si) Bo? (N) = Bur 
Set 


(1932), pp. 399-404. In the first of these papers, it was shown that the exponent of the 
representation is 2, and in the second paper that the exponent is equal to the Schur index. 


Le 
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(5) Mpo = (1/9) X giwp™ (Xi) o(Ms). 
Then mpo is a non-negative rational integer and we have 
(6) i > CpLlaMpo = > Un. 

pra K 


In particular, if the expression (6) is equal to 1, then either é or — £ is an 
irreducible character xx of G. It is easy to decide which of these two cases 
we have. Indeed, let R, be the class which contains the l-element of ©. 
If €(R,) > 0, then é itself is an irreducible character while in the other 
case — £ is an irreducible character.® 

In order to find all irreducible characters of ©, we have to find all 
solutions of the Diophantine equation 


(7) > LpleMpa == 1 


in rational integers tp. The coefficients mpc of the quadratic form on the 
left side can be found, if the wp” are known. Only solutions zp are to be 
used for which Xrpwp"(&) > 0. There are exactly k distinct expressions 
É == Sxpop* formed by means of such solutions zp. These k expressions are 
the & irreducible characters of ©. 


THEOREM 4. Suppose that the number k of classes Ri, Ra,- -,8 of 
conjugate elements of © and the number gi of elements in BR are known. 
Suppose that a complete system of elementary subgroups © of © is given, 
(subgroups conjugate in © may be considered as not essentially different). 
Assume further that for each © the number l of classes Ri, La, + >, of 
conjugate elements of © and the number h; of elements of 2; is known, that 
it is known to which class Ry the elements of Q; belong and that the values 
w(L;) of the linear characters w of § are known. Then the irreducible 
characters of G are completely determined. 


As already remarked in the introduction, the construction of all linear 
characters #w(£;) of $ requires only the knowledge of all normal subgroups 
So with cyclic factor group of the elementary group $ and the information 
to which particular coset (mod o) the class &; belongs. 

Since the characters wo”, w27, © +, or” are, in general, linearly dependent, 
the equation (7) has, in general, infinitely many solutions. However, it can 
be seen without difficulty that the solutions can be found in a finite number 
of steps. 


8 This method has been used by I. Schur in order to find the characters of special 
groups. 
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4. An analogue for modular characters. Let » now be a fixed prime 
number. We prove 


THEOREM 5. If ® is the character of an indecomposable constituent of 
the modular regular representation of © (mod p), then ® can be written in 
the form 

$ = >> dodo” 
g 


where the to are rational integers and where the wo™ are characters of © 
induced by linear characters wa of elementary subgroups So of orders prime 
to p. 

Proof. We first observe that ® may be considered as an ordinary 
(reducible or irreducible) character of & which vanishes for the p-singular 
classes of ©.° All characters wo” in Theorem 5 vanish for the same classes. 

As in the proof of the theorem on induced characters (see *), it is 
sufficient to show that if a congruence 


(8) > Ciwa (Ri) == 0 (mod që) 
modulo a prime ideal power q* of a suitable algebraic number field has 


q-integral coefficients c, and holds for all characters wo* in Theorem 5, then 
the corresponding congruence 


(9). > cob (R;) =0 (mod qt) 

holds for ®. It is sufficient to restrict the summation to p-regular classes Ri. 
If q does not divide p, it follows at once from Theorem 2 of the paper 

quoted in * that (8) implies (9). It remains to treat the case that q is a 


prime ideal divisor of p. Let A be an element of R; and let £o éi, +, Sa-i 
denote the linear characters of the cyclic group {A}. Set 


y (AP) = SEME). 
Then. 
a, Å =A 
(10) =d a’ 


The induced expression is y*(G) = (1/a)3y(RGR") where E ranges over 
all elements of ©. Now, (10) yields 


sa fald), @ in & 
(@) = | 0 , GŒ not in Q,° 


° Cf. R. Brauer and C. Nesbitt, Annals of Mathematics, vol. 42 (1942), pp. 556-590, 
in particular, equation (9) and the argument in § 14. 
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where n(A) = g/g is the order of the normalizer of A in ©. Substituting 
this for wr in (8), we find 


cin(A)==0 (mod qt). 
Now ®(£,) is divisible by the highest power of q dividing n(4). Hence 
cid (&) =0 (mod qt). 


This implies (9), and Theorem 5 is proved. 

The linear combinations of the characters w1”, w.*,- © +, w” with integral 
rational coefficients form a module Q. If elements of Q are linearly dependent, 
there exists a linear relation with integral rational coefficients. This is seen at 
once when the elements of 2 are expressed by the irreducible characters of &. 
Let Y,ve,°**, Wo be a basis of Q. Then yn, Wo: +--+, Wo are linearly 
independent in the field of all numbers. 

In particular, the characters ®;, ®.,: - - of the distinct indecomposable 
constituents of the modular regular representation of & belong to Q and they 
are linearly independent. Every element of Q vanishes for all p-singular 
classes &; of © and can, therefore, be expressed by the ©; with integral rational 
coefficients.!® Hence the ®; also form a basis of Q. This shows that the 
number w of basis elements of Q is equal to the number of distinct ®;, that is, 
to the number of p-regular classes 8; in ©. Further, the y; and the ®; are 
connected by a unimodular linear transformation with integral rational 
coefficients, 


(11) pi = di bid; 


While it is of course possible to determine a basis ya, W2, © ©, Yw of Q when 
the wo* are known, it seems that the ®; themselves cannot always be deter- 
mined on the basis of this information. 

It follows from (11) and the orthogonality relations for modular group 
characters that 


(12) gap = (1/9) 2. Gia (Ri) op (Ri) = 2 bapCpabso 


" 


1° If a linear combination € with integral rational coefficients of the ordinary 
characters Xs Xa: - of @ vanishes for all p-singular elements of (@, then a con- 
sideration of ranks shows that can be written in the form = 3h,?, with complex 
coefficients h,. The orthogonality relations for modular group characters yield 
h, = (1/9) SE(R>) p (R) where H Øz,- - - are the modular irreducible characters of 
( and where R ranges over all p-regular elements of @. Each ¢, (2?) can be written as 
a linear combination of the x; (E) with integral rational coefficients. Substituting this 
expression for ¢,(%), we easily see that the h, are rational integers. 
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where the cpo are the Cartan invariants of Œ. The matrix with the coefficients 
Gap is equal to BCB’ where B= (beg), O = (cas). The corresponding 
quadratic form is equivalent to the form with the matrix C. This yields 


THEOREM 6. If the characters wo* in Theorem 5 are known, a quadratic 
form can be found which is equivalent to the form whose matrix is the 
Cartan matrix of & for p. 


Consider an element £ of Q, 


É= > Loto. 
It follows from (12) that 


(13) (1/9) È giE(Ri)E(Ri) = 2 pogo. 


If the expression (13) is equal to 1, then + é is an irreducible ordinary 
character of ©. Since é vanishes for all p-singular classes of ©, its degree 
is divisible by the highest power p° of p which divides g.1! Conversely, if é 
is an irreducible ordinary character of & whose degree is divisible by p°, 
then é vanishes for p-singular classes and belongs, therefore, to Q. If we set 
E == Sroyo, the coefficients xo give a solution of 


> LpLlod po == Ta 
We thus have 


THEOREM 7. Let pe be the highest power of p which divides the order 

g of ©. The number of ordinary irreducible representations of © whose 

degree is divisible by p° is equal to the number of representations of 1 by the 

quadratic form in Theorem 6. (We count %1,%2,° * `, tw and — T1, — La, 
`, — Ze as the same representation.) 


The number determined in Theorem 7 can also be characterized as the 
number of blocks of defect 0 of & (for p). To some extent, Theorem 7 fills 
a gap left in the investigation of the blocks of a given group.” 


UNIVERSITY OF TORONTO. 


11 See the paper quoted in ®. 
1° R. Brauer, Proceedings of the National Academy of Sciences, vol. 30 (1944), pp. 
109-114, vol. 32 (1946), pp. 182-186 and 215-219. 


Y 


PRINCIPAL SOLUTIONS OF DIFFERENCE EQUATIONS.* 


By WALTER STRODT.! 


PART I. Introduction. 


One of the central problems in the theory of difference equations is that 
of eradicating, as far as possible, the arbitrary elements in the manifold of 
solutions.” In brief, a difference equation has so many solutions, (in those 
cases where the complete manifold has been determined, involving one or 
more arbitrary periodic functions), that the property of a function of being 
a solution of a given difference equation is of little value in the investigation 
of the behavior of the function. In order that a function may be studied 
by means of a difference equation which it satisfies, it is essential in many 
cases that the function be singled out as playing a somehow distinguished 
role in the manifold of solutions of that equation. 

The concept of principal solution introduced by N. E. Norlund * serves, 
in the cases of those equations for which the concept has been defined, to 
distinguish a unique solution, or a unique several-parameter family of 
solutions. Usually the solutions so distinguished are the most interesting 
solutions of the equation, being, roughly speaking, the solutions of minimal 
rate of growth at infinity.* 

The core of Norlund’s work on principal solutions is the investigation 
of the two types of equation ' 


i  f(a+0)—f(2) = o¢ (2), 


for which the principal solution is defined ® to be the solution given by the 
formula 


* Received February 7, 1947. 

1 National Research Fellow, at Harvard University; on leave from Columbia 
University. 

2 Cf. R. D. Carmichael, “ The present state of the difference calculus and the 
prospect for the future,” American Mathematical Monthly, vol. 31 (1924), pp. 172 ff. 

? N. E. Nérlund, Vorlesungen über Differenzenrechnung, Berlin, 1924, Chapters III 
and IV. 

4 The concept of minimal rate of growth has never been made sufficiently precise to 
serve as a definition of principal solution. It will be noted that in both Nérlund’s 
definition, and the author’s given below, appeal is made to other considerations. 

5 Nérlund, loc. cit., pp. 40-43. 
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(2) f(z) = limit Cf (z)eR@dz—o 5 p(z + soje (ats) ] ? 
yoo a A 8=0 


(where a is an arbitrary constant, and A(z) is a function of the form 
a? (log @)9, (p=1, g=0)), and 


(3) f(e +o) + f(t) = 2$(2) 


for which the principal solution is defined to be the solution given by the 
formula 


(4) f(a) = limit [2 $; (— 1)*6(w + sw) etero], 
4-279 820 


Carmichael has remarked ® that in the related problem of q-difference 
equations the elimination of the arbitrary elements is a comparatively easy ~“ 
matter. Where for difference equations the crucial question seems to be 
asymptotic behavior at infinity, and this is difficult to make precise in a 
general situation, for g-difference equations the simple property of analyticity 
at x == 0, (or at x = co), serves to characterize the distinguished solutions. 

For the purpose of studying difference equations we shall find it useful 
to generalize this concept of distinguished solutions of qg-difference equations. 
We define a special solution of a q-difference equation to be a solution expan- 
sible in ascending, not necessarily integral, powers of a.’ 

Using this concept of special solution of q-difference equations we give 
in this paper a new definition of principal solution, for difference equations 
with analytic coefficients. In brief, the principal solution of a difference 
equation is in this paper defined as a solution embedded in special solutions 
of certain q-difference equations which formally approximate the given 
difference equation. This definition is directly applicable to both linear ant* 
non-linear equations, and is effective in singling out those solutions of the 
difference equation which are of minimal rate of growth at infinity. It 
affords a vast generalization of Néorlund’s results, (in the case of analytic 
coefficients), and serves to link the somewhat disparate definitions (2) and 
(4) of Norlund. 

The concepts used below are, in part, modifications of concepts intro- 
duced by the author in a paper on non-linear difference equations.® 


° Carmichael, loc. cit., p. 173. 
_* CÉ. Part II, Section C, below. 
8 Analytie solutions of non-linear difference equations,” Annals of Mathematics, 
vol. 44 (1943), pp. 375-396. 
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PART II. Definitions and Notations. 


A. Quasi-neighborboods of a point. Let 6 be any non-zero number. 
By the quasi-neighborhood of b, of radius R, and argument y, will be meant 
the set 4 consisting of all points æ such that 0 < |sz—b|< R, and 
arg (2 —b) s4y. In other words, a quasi-neighborhood is a circular neigh- 
borhood cut along a radius. 


B. Generalized power-series. Let b be any complex number, By a 
generalized power-serves at b is meant a series of the form 


oO 
> Ce (a == b) ^k 
k=0 


where 0 5 Ak < Ann, (k= 0,1, +), and limit An = œ, the series being 


convergent throughout ‘a ici “of b. (We understand by 
(c—b) the function e¢*los(e-e), where in the quasi-neighborhood 
0<|a—b|< R, arg (x—b) £y, the branch of the logarithm is to be 
the one such that y—a < à (log(a@—b)) Sy+ 7.) 


C. Special solutions of q-difference equations. Let Tx, < -,Tnx be 
analytic functions of the complex variable x, such that for some (finite) 
complex number b the “fixed-point equations” Trb =b, (kK=1,---,n), 
are all valid. Let f(x,%1,: | +, yn) be a polynomial in the indeterminates yz 
with coefficients analytic at c==b. By a special solution y(x) of the func- 
tional equation 


(5) f(z, y(Tw),- ++, y(Trr)) =0 


is meant any generalized power-series at b which satisfies (5) in a quasi- 
neighborhood of b, or an analyti continuation of such a generalized power- 
series, the continuation being along a radius arg(x — b) = constant. 

Included in this definition is the definition of the special solution 
of a g-difference equation, in which Te = qxz for some constants gk, 
(kK=1,---,n), and in which b = 0. 


D. Q(«)-sequences. Let gı, 42, + * be a sequence of complex numbers, 
none of which equals unity, the limit of the sequence being unity. Let 
bı, bo," ‘ + be a sequence of complex numbers, such that limit bs(1— qi) = 1. 


If there exists a number « with —ar<aSqr mike that arg b:—« 
= 0(|b:|*), (where O is the Landau order symbol), we shall say that the 
sequence (qi, di), (t==1,2,-- +), is a Q(a)-sequence. 
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E, Approximating q-difference equations. Let 


(6) f(z, y(x + %1), ` "sy (s+ on)) =0 
be a difference equation, in which the œx are given complex numbers, and 
T(@, 91," °°, Yn) is a polynomial in the indeterminates yx with coefficients 


analytic in a region 3 which has the property that whenever zo is in 3, so 
also are all the points To + @,: © °, £o tH on. Let (gt, b+), Œ =1,2 °°), 
be a Q(a)-sequence for some a. Let qt; = (9:)®, where by (q:)“ is meant 
em Loga? Let Viz = bi(1— qu), (G—=1,---, 0; 1=1,2,-- ‘). Then 
the sequence of functional equations 


(7) i (2, y (get + Vi), e Pa y (qing "e Vin) ) ne 0, 


(t==1,2,- - -), will be called an approximating sequence of q-difference 
equations. Any equation in the sequence (7) will be referred to as an 
approximating q-difference equation. : | 


FE. Primary solutions of difference equations. Given the difference 
equation (6), and a function y(x) which is analytic in a region J having 
the property that whenever e is in J, so also are all points s+), 
(j==1,- - -,n). Let a be a number such that — < ax. We shall say 
that y(x) is a primary solution of (6), for the region J, in the direction a, 
(briefly, a Q(0, J) solution of (6)), if there exists a Q(a@)-sequence (qt, bt), 
(¢==1,2,---), such that if y:(7), (t= 1,2,: - -), is chosen suitably as a 
special solution of the approximating gq-difference equation (7), then the 
sequence y:(x), (t = 1,2,- + -), converges to y(x) in J, uniformly in every 
closed hounded subset of J. (As is customary, we allow in this definition 
that at each point x of J finitely many of the functions y:(x) may fail to 
be defined.) 


G. Principal solutions of difference equations. Given the difference 
equation (6), and a function y(x) which is analytic in a region U such that 
whenever x is in U so also are all the points s + 0,,: |<, + on. We shall 
say that y(x) is a principal solution of (6), for the region U, in the direction 
a, (briefly, a P(«, U) solution of (6)), if for every closed bounded 


° Throughout this paper we shall use the notation Log z, with upper case L, to 
indicate that determination of log z such that — r < į (Logz) Sr. Similarly, we 
shall use the notation Arg z, with upper case A, to indicate that determination of arg z 
such that — r < ArgeSr. 

1° It is readily verified that limit V,; = w, (j=1,---,”), so that (7) tends 
formally to (6) as ¢> œ, and it is easy to see that (7) is a g-differerice equation in the 
variable © — b, (Cf. Lemma I, of the Appendix.) 
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subset Jo of U, and every positive number e, there exists an ordered set of 


complex numbers 2:,- ` *,% such that ( X|zx—1]|?)#<e and such that 
k=1 


for some Q(e, U) solution y(x, z3 *, zn) of the parametrized equation 
(8) f(x, zy (t + o1),° i s Zay (E + on) ) == () 
the inequality | y(a,2,-°°,2n) —y(x)| < is valid for every æ in Jo. 


(Obviously every Q (œ, U) solution of (6) is a P(a, U) solution of (6). 
However, the converse is not true. For example, it is almost obvious that , 
the equation y(x +1) —y(z)=#@(x) has no Q(«, U) solution whatever 
if $(x) is analytic and different from zero at co, but for such a condition 
on $(x) this equation has, for every « with | «| < 7/2 and every choice of 
U as a half-plane X (x) > D> 0, (with D sufficiently large), a one-para- 
meter family of P(«, U) solutions coinciding with the Norlund principal 
solutions.) 


- 


PART III. General Program. 


The definitions given above are meaningful for every algebraic difference 
equation (6) with coefficients analytic in a reasonably extensive region. 
Moreover, special solutions of the approximating gq-difference equation 


(9) f (x, ZY (Qut T Vi), viali s Any (Qin + Vn)) = 0, 


(used for calculating the primary solutions of (8)), are, for most equations 
(6) and most choices of 21, - +, Za, readily calculated by recursive relations 
similar to those appearing in the standard procedure for calculating the 
Taylor’s series coefficients at an ordinary point of an algebraic function. 
However, the remaining convergence discussions, namely the establishment 
of a limit as t becomes infinite, and after that the establishment of a limit 
as the z’s approach unity, has been carried through in this paper only for 
certain classes of difference equations, treated in Parts V, VI, and VII. 
These classes are: (Part V) a broad class of linear and non-linear equations, 
greatly generalizing part of the author’s paper cited above, and including in 
particular most algebraic difference equations with coefficients analytic at œ ; 
(Part VI) all equations of the types appearing in Nérlund°s “ Differenzen- 
rechnung,” $$ 32-36, constituting the core of the Nodrlund theory of the 
principal solution (in the analytic case); (Part VII) a simple type of linear 
equation, for which the variation of the principal solution with the direction 
is studied. | 
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Part IV of this paper is devoted to a few simple general theorems, used 
in the sequel, on the relative invariance of the P(«, J) solution under linear 
transformation of the independent variable, and under translation of the span. 


Part VIII is an appendix in which are collected the definition of a 
special class of functions, ‘almost constant functions,” useful in Part V, 
and certain lemmas which are used in Parts V, VI, and VII. 


PART IV. On the Relative Invariance of the P(«, J) Solutions, 
‘ under Linear Transformations of the Independent Variable, 
and under Translations of the Span. 


THEOREM 1. Given the difference equation 


(10) f(x y(@ + or), +, y(%@ + on)) = 0. 
Let s = Ax + B, where A and B are any complex numbers, with A=£0. 
Let h(s) =y(x), let v = Awr, (k=1,---,n), and let 
(11) g(s, h(s, v1), © +, A(s + m)) =0 
be the difference equation in h(s) corresponding to (10). (That is, 
G(8, ha: © +, hn) =f ( (s — B)/A, ha, ,hn).) 


Then if yo(x) is a P(«, J) solution of (10), the function ho(s) 
defined by ho(s) == yo( (s — B)/A) is a P(B, U) solution of (11), where 
Be=a + Arg A (mod 2r), and U is the set of points s such that (s — B)/A 
is in J. 

Proof. Let (q:,b:), (¢=1,2,: - +), be a Q(a)-sequence, and let y(z, t) 
be a special solution of . 


(12) f(z, ziy (qua zy Vi), a any (que T Va) ) = 0, 
where Vi = b (1 — gq), (k=1,---+,”)™ 

Let h(s,t) =y((s— B)/A,t). Then A(s, t) is a special solution of 
(13) g(s, ah (7738 + Wi), + * p an (v's -+ Wa) ) = 0, 


where r = g@/A) == g(1/4)Log a, and Wy == (Ab + B) (1 — r”), (k =1,---,n). 
Since (72, Abe + B), ((1,2,:--), is a Q(8)-sequence (cf. Lemma VI 
of the Appendix), it follows easily that yo((s — B)/A) is a P(8, U) solution 
of (11). 


11 Whenever it is convenient we omit the subscript ¢ on gi, bp Vyp ete. 


a‘ 
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THEOREM 2. Given the difference equation (10). Let c be any complex 
number. Let H(ax)=y(x—c). Let (10) be written in the form 


(14) fr, H(s + e-+ o), <,H(r+c+wn))=0, 


which will be considered as a difference equation in the unknown function 
H (x), the spans being c +- on` -,6+- on. Let yo(x) be a P(a, J) solution 
of (10). Then Ho(r) = yo(x—c) is a P(a,U) solution of (14), where U 
consists of the points x such that a —c is in J. 


Proof. Let (q:,b:) be a Q(«)-sequence, and let y(z,t) be a special 
solution of (12). Let H(x,t)=y(Xi(x,t),t), where 


(15) X (z, t) = g's + b(1— q°). 
Then H(,t) is a special solution of 
(16) f(a, mH (qa + Wa), (gdr + Wa) ) = 0, 


‘ where Wy == b(1 — qo), (k=1,---,n). Evidently, limit H(z,t) 
t->00 


= limit y(«—c,t), and from this the theorem follows at once. 
t->00 


PART V. A Class of Linear and Non-Linear Equations. 


THEOREM 3. Given the difference equation (10), with f (2, Y1 © +5 Yn) 
a polynomial of degree d in the indeterminates yr, the coefficients being 
functions of x analytic at œ, and the ws being complex numbers, with 
w = 0, and R (ox) > 0 whenk >1. Let the polynomial in the y obtained 
from f(2,41,° + *;Yn) by substituting for each coefficient tts limit at œ be 
denoted by F(Y + *+,Yn). We shall assume that the following algebraic 
equation in one unknown y: 


(17) F(y,°: 3 ‘,y) =0 
has exactly d distinct finite roots y,,---,ya, and that for each ui i 
(j =1,: : :,d), the “limiting separant function” 
n 
(18) > Faly: . ye jor" 
kz1 


is different from zero for every o in the closed interval [0,1].1* (By o% we 
understand elr if o0, 0 tf o= 0 and or #0, 1 if o = 0 anda: = 0.) 


12 The condition of analyticity at © is relaxed in the next theorem. 
18 Most equations with coefficients analytic at œ fulfill these conditions: in fact, 
if f(@,y,,- + Yp) is any polynomial in the y,, of degree d; with d distinct finite roots 
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For every positive D let Y(D) be the half-plane R(x) >D. Then 
for every sufficiently large positive D, the P(0, X(D)) solutions of (10) 


consist of exactly d distinct functions y;(x), (j=1,-- <,d), each analytic 
and bounded in # (D) ; also limit y;(2) =y; (4 =1,: - -, d); finally, 
(z) >+% 


every solution of (10) which is analytic and bounded in a right half-plune 
(Dı) is for some positive D, coincident in A(D:) with a P(0, %(D2)) 
solution. 


Proof. We first seek the Q(0, %(D)) solutions of the parametrized 
equation (8). We shall denote an ordered n-tuple (Zı,* ` *,Z2n) by the 
symbol Z, the ordered n-tuple (1,: - -,1) by the symbol Zo. By the distance 
between Z = (21, ` ¢, 2n) and Z = (2,0 t, Zna), written ò(Z, Z’), will 


be meant ( $ | ze — z'r |7). We shall say that the sequence Z’, Z”, - - 
k=1 
approaches Z as a limit if limit 6(Z2™, Z) =0. 


It follows from a straightforward continuity argument that there exist 


positive numbers e, L, such that if 6(Z, Zo) < e, then (a) the equation (19) 
E (210,' > *, 2a) =0 has exactly d distinct finite roots C4,: © °, Ca, and 
(b) for every Q(0)-sequence S: (qe, bt), (¢=1,2,: © +), there is a positive 
T (depending upon Z and $S), such that when ¢ > T the equation 


(20) f (be, Z109,° * * , ŽnCo) = 0 


has exactly d distinct finite roots co, and for each such co 
(21) | 2 arty, (0, Zio * "5 ZnCo) quer | >L 
=1 


for every X= 0. We shall denote the set of ordered n-tuples Z such that 
(Z, Z) <eby N. 

We consider (8) for Z in N. Let S: (qt, bt), (6=1,2,---) be a 
Q(0)-sequence, and let (12) be the corresponding approximating q-difference 
equation. Let 


(22) y(r) => ou, where u=x— b, 
A 


Yit * sYa for the corresponding F(y¥,---,¥), and with Fp Yp: . -3%j;) and 
By (Ys i -,%j;) both different from zero, (j=1l,- - -,d), and if w,=0 while 
Wy, + *»W,_j are chosen in any fashion as points in the right half-plane, then it is 
evident that there are d analytic curves in the right half-plane, whose equations can 
easily be written out explicitly, such that if w, is chosen as any point of the right 
half-plane not on any one of these curves, then the corresponding difference- equation 
(10) will satisfy all the hypotheses of the theorem. 


w” 


o 
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be a generalized power-series, if there is one, satisfying (12). Let 
(23) G(u)=f(u+ b, 2 z CUAD, + +, Zn Di erge). 
N 


Then G(u) ==0. Evidently cə is determined by equating to zero the coefficient 
of u’ in G(w); it is any root of equation (20), which for t sufficiently large 
has d distinct finite roots. We assert that if ¢ is sufficiently large, no non- 
negative real A exists for which c,s£0 and As£0 (mod 1). For, assuming 
the contrary, let Z be an infinite subsequence of the positive integers, such 
that for each ¢ in J there exists a non-negative real A such that cx 40 and 
A 5£ 0 (mod 1), and let ào = ào(t) be for each ¢ in J the smallest such A 


Then the coefficient of wu in G(u) is ong È afn (b, Zilo * "3 &nCo) go, and 
~ this must be zero for each ¢ in J, in aae lidn with the properties of N. 
Thus 
CO 
(24) y (x) = X cx, an ordinary power-series, 
A=0 


if there is any generalized power-series at all which satisfies (12). 
For further study of the e, (A—1,2,°--), we write F(z, Y° °°, Yn) 
in the form 


' m a (p) ` 
(25) f(z yo + +39) =È do(2) I yns —¢(2), 


where (for each pair p,s) %ps is one of the yr, (k=1,---,n), and ` 
1=s(p) =d, and a(x) and $(x) are analytic at co. Then 


(26) f(a, zy (gx -+ Vi), ae. Zny (Qa fe Va)) 
m síp) 
= 2 %(2) Il 20,59 (gps + Vas) — (2), 


where Zp,s == Zk, ops = x, and Vps = Vr, if Yp,s = Yr, and where gps = q*'. 
Hence 


(27) f(a, aylar + Vi), `. s 2nay (qs + Va)) 
mo aip) 
= 2 m (2, Z) L y (qno + Vp) — ẹ (2), 


a (p) 
where p(z, Z) = ap(x) IT 2ps- 
8=1 


If ¢ is sufficiently large, then (21) holds, and in the new notation this 
becomes 


726 WALTER STRODT, 


(28) | tp (b, E yc (gyi + Poet: + aso) > L È 
valid for all non-negative real À. 
Let 
» 
(29) hp (z, Z) == 2 Ap, KU, (p = 1, "t ta m), 
and let 
A CO 
(30) ple) = È pad. 
Then i 
m 60 s(n) œ 00 
-(31) 2 ( DI Ap, } II (> CrQn, st) ma >, bur, 
g=1 =0 8=1 \=0 <0 
ad 


from which the ci, (A==1,2,---), are determined by equations of the 
following form 


m 
. (82) Or 2 Apoo" P= (Qo. +: +++ Pas) 
= — Hy (Co, Cis ©? 5 CX-13 10,8» dig), 


where Hy, (A= 1,2,: +) is a polynomial, with positive integers for coeff- 
cients, in the indicated arguments, (with i== 1,- `, m; p==1,:--,m; 
s= 1, -,s(p);9=1,-- -,A). By virtue of inequality (28), it is evi- 
dent that if numbers CA, (A==1,2,- +), are defined recursively by the 
equations 


(33) LC) =| ox] + An | co], 0°: ‘30021, | ae |), 


then (34) |e. |S On, (A=1,2,---). (We use here the fact, which follows _ 
ERA from Lemma IV, that |qps| <1.) If we define C(u) to bET® 


> Cur, then (83) are the determining relations. for the coefficients of an 


analytic function C(u) which vanishes at u = 0 and satisfies the equation 


(34) LO(u) — S| alet SLE | doa lw] l eol + OCW 
+ | ano | EC co | + OCU) — | co | #0 — s(p)| co | **0(u) J}. 


Let e be any positive number. Then there exists a positive number D 
independent of ¢ such that if ¢ is sufficiently large, and | u | < | b | —D, then 
| x | pa | ws | < eo, and | x | apa | W | < e, (p = 1,---*,m). (See Lemmas 
XVII and XIV, and Definitions I, II, of the Appendix.) a if D isa 


\ 
ha 


P atoan 


k- 
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sufficiently large positive number, (independent of #), then for each sufficiently 
large & there is a / in the set (1,- © -\d), such that the coefficients in (34), 
considered as an equation in C(u), are arbitrarily near the coefficients in the 
following equation in X: 


(35) LX = $ AZID] +X] — |v (2)] 9 


— s(p)|vi(Z)|* MX), 


where Ap(Z) = limit | a;(2,Z)], and y;(Z), (f = 1,» -, d), are the d roots 
C of (19). Since € (u) vanishes at u == 0, it follows that, throughout the 
region |u| < |b|— D, C(u) is, for D sufficiently large, arbitrarily near 
the solution X == 0 of (35). Since the equation in X obtained from (35) 
by differentiation with respect to X is not satisfied at X = 0, C (u) is analytic 
throughout the region |u| <|b|—D, if D is sufficiently large. 

Hence it follows from (34) and the fact that co is near one or other 
of the y;j(Z) when ¢ is large, that there exist positive numbers D, M, 
independent of ¢ and Z, such that whenever Z is in N, and S is any Q(0)- 


OO 
sequence, then when ¢ is sufficiently large the special solutions > e,u* of the 
=0 
corresponding approximating g-difference equation (12) satisfy the inequality 
co 
(36) | Sow | <M 
A=0 . 
for all u such that |u| <|b|—D. Hence if y(x, Z) is any Q(0, #(D:)) 
solution of (8), and if D, = max (D, D:), then 
(37) | y(2,Z)|<M 
throughout the half-plane #(D.) (Cf. Lemma XVIII.) Hence if y(x) is 
any P(0,2%(D,)) solution of (10), and if D: == max (D,D,), then 
(38) | y(z)| <M 


throughout the half-plane 2 (De). 

Since for every sufficiently large ¢ we have a special solution of (12) 
satisfying (36) in the region |u| <|b|—D, it follows from the standard 
compactness argument for bounded families of analytic functions that as ¢ 
becomes infinite on a suitable subsequence J of the positive integers, 


> c,(z—b)* approaches a limit for every x in the half-plane 3¢(D), 
=0 


uniformly in every closed bounded subset of that half-plane. Such a limit 
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function yo(,Z) is plainly a Q(0, # (D)) solution of (8). It is malore 


in &(D) by the constant M, and morepver, for some j in the set (1,- -,d) 
we have i 
(39) limit  yo(s, Z) =y; (Z). 
R (s)->-+ c0 


For let e, be any positive number, and let D, be a positive number greater 
than D and so large that | O(u)|<« if |u| <|b|—D, and 4 is suf- 
ciently large. Let x, be any point such that 8 (a) > Dy. Let to = £o — b. 


Let T be so large that | yo(2», Z) -È Cro’ | < eo if ¢>T, and so large 


that | ¢o—-y;(Z)|-< if t>T and 7 properly chosen and so large that 
| C(w)| <e if ]u|<|b|T—-D; and t> 7. Then 


00 
| yo(%o,Z) —yi(Z)| | yo(xo, Z) — Zoro | 
+ | 2 CUa | + | co — y;(Z)| S Beo. 


Since co can be chosen, for large t, near any desired one of the y;(Z) 
it is easy to see that for any desired 7 a yo(v,Z) may be obtained such that 
Yo(x,4) tends to y;(Z) as (x) tends to positive infinity. Let y;(2,Z), 
(j=1,:--,d) be such limit functions yo(x,Z) with i È Yy;(e, Z) 


(x) >+ 00 
= y;(Z), (G1, +, a). 

The functions y;(x, Zo), (j= 1,-°-:,d), are Q(0,&(D)), hence 
P(0,%(D)) solutions of (10), having all the properties of the y; (2) 
asserted in the statement of this theorem, except possibly the uniqueness 
property. 

We assert now that there exist d functions Y;(z, b), (g==1,° °° ,d), 
defined for all sufficiently large positive b, and for all x satisfying the con- 
dition |*—b | < b — Dz, for some positive D, independent of b, such that 
for every solution y*(z) of (10), bounded and analytic in a right half-plane 
A (D), there is a j in the set (1,: - -,d) such that y*(x) == limit Y; (x, b) 
in some half-plane ¥ (D,), the limit being uniform in every dai bounded 
subset of Y(D,): The justification of this assertion would evidently complete 
the proof of the theorem. 

Let @1,-- -,84 be disjoint neighborhoods of yı,' +, ya, respectively. 
Let by be a positive number such that if b > bo, then there is exactly one 
root co of 
(40) f(b, Co + >, Co) =0 
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in each B;, (7==1,: + +, d), and for each such co 
(41) | È fun (b, Cor” * °; Co) (1 Tai i ee | > L, 


for every A= 0. (The existence of such a bo follows by continuity from the 
hypotheses of this theorem.) 

For all b greater than bọ we define q as the function 1— b, and we 
define Y; (x, b), as that special solution of 


(42) f(z, yle + Yi) yle + Vn) = 


for which Y;(b,b) lies in 8;, (j=1,- - -,d). By the discussion given 
above, Y;(x, b) is almost constant in direction 0. (Cf. Appendix, Def. II.) 

Let y*(x) be any solution of (10), bounded and analytic in a right half- 
plane %(D:). Let b be a positive number greater than Ds, and greater 
than by. Then y*(x) is a solution of the g-difference equation 


(43) f, y (gs + Vi), +, y (gee + Vn)) + E(x, b) = 0, 


where 
(44) E(x, b) = f (x, y” (£ + o1),° + +, y*(@ + on) ) 

— f(a, y” (gee + Va), << y” (gee + Va)). 
Let y(x) =F y, where u = r —b. Then by (43) we have 
(45) f(b, Yo," © <3Y0) + E (b, b) = 0. 


Now E(b,b) = f(b, y*(b + 1), >>, y*(b + on)) — f(b.y*(0), y“). 
Since y“(x) is bounded in a right half-plane, it follows from Lemma XX, 
(with z = b), that y*(b + x) —y*(b) is small when b is large, (k = 1, 

-,n). Hence E(b,b) is small when b is large. From this it follows that 
if b is large then yo is in the union 8,+----, Ba, and since yp varies con- 
tinuously with b, there is a fixed J in (1,- - -,d) such that yo is in By for 
all large b. 


Let Yy(x,b) = > Yau. Let s(x) = y* (2) — ¥y(za, b) = Sow. Let 
A=0 
ty = ga + Vr, ee T ‘,n). Then f(z, s(21) + Yy(e, 0), © +58 (tn) 
+ ¥y(an,0)) +E(2,5)=0. Since f(a, Yala, b), +> +, Vs(atn,b)) = 0, 
we conclude that s(x) is a solution of the g-difference equation 


(46) G(a, 8(21),° 0» s(©n)) = 0, 


where 


CENT ni re i e = PIPER RESI ' Sa H A - ps =i 

RET pe teli op al Ee ee eT Tyee AT - ; K Tago eo Aloe ca ia die 

i Sea Sia por te Ps i; DIR DAR ea Uren ENE N AAT E Tae tress Sete e ponti Lp ERT RAS ates o ATD ped eo Ree I EPEC the 
fie fet È MR TR s K politi iag, gie ep i A ota bi f rentala. ARA eni mri para ee Maes 

Dane Rp ee ET teat am AEE aef ela Si a AP EE a a ie I RI eT A RE x i 
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Gass) SIGE Gee ey CtC 
— f(@, Y(t b), ¥s(an, b)) + E (0, d). | 


Thus G(x, 81,° -,sn) is a polynomial in the sy, with coefficients functions 
of x and b which are almost constant in direction 0. (That E(x,b) is 
almost constant in direction 0 is proved in Lemma XXII. The almost 
constancy of the other coefficients follows from Lemma XV.) 

We note that so is small when # is large. 


Let or Sap, (kK=1,---,n). Then 
(47) @(a,8(2s),- > +, 8(00)) = Š fin Bs 9 + Fo + not Yo)on 
© +Š [falast Fa(, b), > sso + Fo (tm b)) a 
— fin(B, 80-+ Yay a+ Yo) Ion 
SH (i, ring; bort- oa + E (E, b), 


where 3 is a summation over all positive integers è, -,% such that 
QZi Heo Hin S d, where the H (iiy *-,in;£;b) and K (z, b) are almost 
constant in direction 0, and moreover for some fixed Da, K (x, b) is arbitrarily 
small if b is sufficiently large, throughout the region | r—b6|< b— Da 
(Cf. Lemma XXII, and note that 


K (a,b) = (a,b) + f(x, sn + Ys(a1),° " -,80 + Yuan) ) 


— f(a, Ya (2): © +, Yo (£a).) 
‘ Thus, if 


Wi 2, b) as fu, (E So -+ Ya (t, b), "7 "4 8 + Fy (En, b)), (k mes i "3 n), 
we have 
% oO n 
(48) 2 fn (b, so + Yor: © 380 + Yo) 2 FANTA lata ass 2 (Wilz, b) 
zi zi zi 
— Wi(b, b))or — WH (i, ° t, in; bjor © on — K (a,b). 
We observe that W,(z,b) is almost constant in direction 0. Let 
CO * » co 2 . 
W(x, b) = 2 Were’, H (i: -t in3 3b) = 3 Halis cin), 
OO 
K (a, b) = 2 Kyu. 
=0 


Then the sy are determined, (À == 1,2,: > +), by equations of the form 


r 
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% 
(49) 2 fn (b, So + Yo: -So + Fajo 
== — Ny (809r; Wyr; Holin’ © +5 in) 3 Kn), 


(7,96=1,:--,A—1; k= 1,0; pel, --,A—2; h=1,- A), 
where M) is a polynomial in the indicated arguments, with positive coefficients, 

It follows from a straightforward continuity argument that if b is 
sufficiently large 


| E fus (b, so + Yo, . "589 + Yo) qr | > Lf == L/2 


for all positive A. Thus | s, |< Sn, where the numbers Si, (A= 1,2, -) 
are defined recursively by 


(50) L/S, = Ny(893| Wer | ; | Holist © +> ia) 3| Kn). 
9 

Evidently if S(u) = $, Sw, then S(u) satisfies the algebraic equation 
h=1 


n 
(51) E'S (u) = X, (WiA (2, 6) — Wr (b, b) ) S (u) 
k=l 
HIHA (i, + <p ini wyb) Ett (u) + KA (x, b), 
where the superscript A indicates here the operation defined by the equation 
00 00 : i 
(> Fyw)4 == S| Fy] ud. Let limit H4 (i + *,in3b; b) =h (ist + +, fn). 
A=0 À=0 b->00 


If D, is large, the coefficients in (51), considered as an equation in S(u), 
are for all large b and all æ satisfying | s—b | < b— Ds, arbitrarily near 
the coefficients of the following equation in X: 


(52) YX =h (ine = yta) X (ist tin) | 
Hence, since the equation obtained from (52) by differentiation with respect 
to X is not satisfied when X = 0, it follows that if D; is fixed as a sufficiently 


large positive number, then S(w) as defined by (75) and the condition 
S(0)=0 is analytic in |u| < b— D4, and sufficiently small so that 


(53) | YA (in: + <a ino; b) SH) (4) | < LA, 
and 


(54) | S(W:4 (a, b) — WiA(b, b) | < L'/4, in |u| <<b—D. 
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Let D, be fixed to satisfy these conditions. From (51) we have 
(55) = S(u) = K4 (z, b)/[I —=(WA(2) — WA (b) ) 
— SHA ing” > + ying 2;9)6U%-*e8 (u)], 


so that | S(w)| < 2K4(2,b)/L’ in lul< b-—-D., and since K4(a,b) is 
arbitrarily small in | z— b | < b— Da, if b is large, and since so is small 
when 0 is large, | s(x)| is small throughout | *«—b| < b — D, if b is large. 
That is, y(x) = limit Yy(2,b), the limit being uniform in every closed 


b-? OO 
_ bounded subset of the half-plane 4(D,). As observed above, this completes 
‘ the proof of the theorem. 


THEOREM 4. If in the hypotheses of Theorem 3 the phrase “ analytic at 
co” as replaced by “almost constant in direction 0,” and “limit at œ” is —« 
replaced by “limit as R(x) becomes positively infinite,’ the conclusions 
remain valid without change, and in addition, for sufficiently large positive D, 
each P(0, #(D)) solution is almost constant in direction 0. (We emphasize 
the fact, which was used in the proof of Theorem 3, and is proved in Lemma 
XVII, that every function which is analytic at o is almost constant in 
direction 0. The P(0, %(D)) solutions of equation (10) obtained in this 
paper constitute a large class of functions which are almost constant in 
direction 0 and which are usually not analytic at œ.) 


Proof. The proof is essentially identical with the proof of Theorem 3, 
since the salient property of functions analytic at co which was used in the 
proof of Theorem 3 is the property of being almost constant in direction 0. 


PART VI. The Norlund Equations. 


The equations to be considered are (1) and (3), under the following 
assumptions: . 

Either (56) (x) is an entire function, and for some positive numbers 
‘O, K the inequality |$(c)]< CeXlel is valid'for all z, K being less than 
27/| | in the case of equation (1), less than #/| | in the case of equation 
(3); | 
Or (57) (x) is analytic at every point of a sector 3 defined by inequali- 
ties (— 7/2) SM <args < LS (7/2), and analytic on the boundary 
of 3. Also, o lies in 3. Finally, if 8) = min (7/2, L— Argo, Argo— M), 
then there exist positive numbers C, K such that the inequality 
| (a) | < CeXlel is valid for all æ in 3, K being less than (27/|w |) sin Bo 
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in the case of equation (1) , less than (x/| |) sin Bo in the case of equation 


(5). 
Under these sli the Nérlund principal solution exists in 3 
and has a representation (for equation (1)) 


(58) 7 f(x) = (2/21) f w(a + wz) cse? rz de, 


and has a representation (for equation (8)), 
(59) f(a) =— i Í p(z + oz) cse mz de, 
Co 


where y (<) = ” (2) de, a being an arbitrary number in the open interval 
5 8 


(— 1,0), and the path of integration from « to x being a straight line seg- 
g ment), and where C; is the contour, (described in the sense of increasing p), 
z= q + petb(— co <p=0), zat pete, (0X p< co). We define 
Bo == 72/2 in the case where $(x) is entire.)™ 

In what follows we shall prove 


THEOREM 5. If either (56) or (57) is satisfied, then the P(Argo, 3) 
solutions of (1) and (3) exist and coincide with the Norlund principal 
solutions. 


Proof. Section A. The P(Argw, 3) solutions of equation (1). We 
change the notation slightly, writing (1) in the form 


(60) y(z + 0) — y(r) = of (2). 

Let’ 

(61) ny (e+ ©) — ay (2) — of (2) 

be the parametrized equation corresponding to (60). Let 

(62) (qr, be), oo E=), 


be a Q (Arg o)-sequence. Let 
(63) ziy (gs + V) — zoy (£) = of (2) 


be an approximating q-difference equation for (61) and un) (We omit 
the subscript t; V=bd(1-—-q°).) Let 


14 We have paraphrased Nérlund’s statements, for the sake of brevity; the essential 
content of Nérlund’s original statements, as well as of the generalizations which he 
suggests, is contained in this modified version. 
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(64) y(c) = z cru, (where u=x— b), = 
be a generalized power-series, if there is one, satisfying (63) in a quasi- 
neighborhood of a = 6. Let 
OO) 
(65) p(z) = 2 pxu. 
Then 
OO 
(66) : ‘By > eng?hur — Zo > cur = % S prut. 
A A k=0 
Hence 
(67) cn (21g? — zo) = ody 
for every A, where we define ¢) to be zero if A is not a apn nee nN integer. 
We consider next the equation - e 
(68) zq — 2, = 0. 


By Lemma V the existence for each sufficiently large t of a non-negative 
A satisfying (68) necessitates that either 2 = 2, or that 


(69) [Arg (20/21) + 2rko]/[| Log (20/21) + Brki |] =0, 

and 

(70) [Log | 20/2: |]/[| Log (20/21) + 2rkoi |] =—1 

for some integer ko. Equations (69) and (70) imply, for zo and zı near 1, 
that ko = 0. Thus Arg (2/z,) =0, and Log | 2o/a | = — | Log (20/21) | , 


so that 0 < (20/2) < 1. By Lemma V again, Arg Log (9°) = r, whence 
O<¢g’<l. 

We distinguish several cases, according to whether equation (68) has--« 
for every sufficiently large ¢ a non-negative solution in A. If 2) = 21, equations 
(67) have no solution unless ko == 0. We shall put this case aside 
temporarily. i 


— 


First Case. 0< 20/2, < 1, sn, for every sufficiently large t, 0 < g® < 1. 
Then for each sufficiently large ¢ there is exactly one non-negative- A, such 
that z,qg@o-— z = 0, namely ào = [Log (20/2) |/[ Log (¢”)]. Thus if equa- 
tions (67) have any solution at all in the c), then in that solution cw is 
arbitrary. (If ġa 5* 0, there is no solution; if fy = 0, then cn is arbitrary.) 
The case where there is no solution at all can obviously be avoided by 
suitable choice of the Q(Argw)-sequence. For example, if Ai, Re,°** is a 
sequence of numbers such that 0 < Ai <1, and limit&;=1, with A: ~ 


= 00 
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distinct from ‘every k-th root of 20/21, (k =1,2, <), and if qie = Rio 
== g (1/0) Log Ri, then for some sequence bi, da, + > + the sequence of pairs (qz, bt), 
(t==1,2,: <<), is a Q(Argo)-sequence (by Lemma VII), and for this 
choice of (62) the equations (67) evidently do have a solution. We confine 
our attention to the case where there is a solution in the cy for equations 
(67) (of course the’ other case makes no contribution to the principal 
solution). Then cy == (wdz)/(2ig**— zo), (all non-negative k such that 
#iq°* — % £0), and e,= an arbitrary constant when ÀA == Ào Hence 


(71) y (a) = oX pruă (2,99% — 20) + ou, 


(where &’ indicates the sum for all non-negative integers different from Ao, 
which may conceivably be an integer). We shall now transform (71) into 

-~ an expression for y(x) as a contour integral, following steps analogous to 
those used by Norlund. Some of the steps will not be justified unless the 
impossible restriction | 2:/20|< 1 is made. ‘However, these steps will be 
carried through formally, as a heuristic device, and the final expression for 
y(x) will be shown to be valid. 

Let Bo—7/2 in the case (56). Let B= min (7/2, L— Argo, 
Argo — M) in the case (57). In either case let 8 be such that 8 < Bo, but 
at the same time (2r sin B)/|w|>K. © 

We have, formally, from (71), 


(72) y (T) = (— o/z) S prut (1 — [2:9%/z0])! + ou 
da (— 0/20) X [ pru" x (219/20) "] + crudo 


= (— 0/20) $ (2/20) (3 bg) ] + or 


— (— 0/20) È [ (21/20) "P (2n) ] + aru, 


where % =g and £us == gn + V, (n ==0,1,: --). Hence 


(78) y(2) = (~ 0/20) (1/2) f” (21/20) E(t — b) +.B) cot xb di 
+ (— 0/20) (£) + crudo - 


where C is the contour (described in the sense of increasing p), £= E — pe*®, 
(— «© <p=0), ¿= + peth, (0<p< 0), with 0< # <1, and where 


15 Cf. Nérlund, loc. cit., p. 69. We have translated the contours one unit to the 
right to simplify the problem of keeping the variable of integration within the domain 
of analyticity of ¢(@). 
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(20/21) § = ef Log (2/71), This integral may be transformed in turn (using the ~ 
methods of Norlund again), to 


(74) y(2) = (0/2) f (41/20) (qe (@—b) +1) (1— ot) 2a 
+ (0/20) fo (8/2) (te — b) + 0) (1— ertag 


— (0/2) f (21/20) (s —b) + b) at 
+ (0/20) 6(2) + at 


where C, is the contour £= E + pet, (0S p< ©), Cy is the contour 
g= E 4 peth, (0S p < œ), and Cs is the contour é == E + p, (0 S p < co). sid 
Employing the change of variables 0 == g*5(z—b) + b in the integral over 

Ce, and using the fact that c,, is arbitrary, one obtains 


(75) y(2)= Cafe) fate + AA 


+ (0/2) Jo (21/20) 8b (qe! (a —b) + b) (1 — et) -adt 
lei as f (0 — b) to (6) d8 
+ (— w/ Zo) p(x) + cur, 


where x’ = g°" (x —b) + b, and c is an arbitrary constant. We shall show 
now that if 2,2, are sufficiently near 1,1, then (75) is meaningful, and 
obtainable from (71) by analytic continuation, provided œ is in J, and t is 
sufficiently large. In fact, we shall show that for every closed bounded~-—y 
subset F of 3, there is a positive 7 such that if ¢ > T then (75) is meaningful 
and ‘obtainable from (71) by analytic continuation, for every x in F. 

We consider first whether 9% (x — Db) + b is in the domain of analyticity 
of $(x). It suffices to consider the case (57). Let F be a closed bounded 
subset of 4. Since vc’ = qFx + b(1— qF), it is evident that if ¢ is 
sufficiently large, then x” is arbitrarily near x + wf throughout #. Since the 
set F + oF is at a positive distance from the boundary of d, it follows that 
if vis sufficiently large then e’ is in ð for every æ in F. Now on C, and C2 

g°S (a — b) + b == gee (cosBeisinB) (g b) +6, so since x is in d, and 
0< 6 < Bo, we may apply Lemma XIII to show that g*S(*—b) + b is in 
3, if £ is on Cy or Cp. 

Now the integrals in (75), for any fixed 8 such that (27 sin £) / lo| >K, 


PRINCIPAL SOLUTIONS OF DIFFERENCE EQUATIONS. 739 


converge if zı and z, are sufficiently near unity. (We note that ¢ (g(s —b) 
+ d is bounded when £ is on C, and Ca, since g@(x—b) +b tends to b 
as a limit when £ becomes infinite on C, or Cs.) We assert that if 21, 2 are 
sufficiently small y(x) as defined by (75) coincides in a quasi-neighborhood 
of b with y(x) as defined by (71). It suffices to prove that y(x) as defined 
by (75) is, in a quasi-neighborhood of b, a generalized power-series satisfying 
(63), since every such function is given by (71). That (75) is a generalized 
power-series is immediately apparent. That. it defines y(x) as a solution of 
(63) follows from the fact that 21y(9%x + V) — 2oy(z), calculated from (75), 
is easily seen by a familiar argument in the calculus of residues to be equal 
to oġ (z). 

Thus y(x) as defined by (75) is an analytic continuation of y(z) as 
defined by (71), and it is plain that for every point of # the analytie con- 
tinuation is an analytic continuation along a radius arg (€ — b) = constant.!* 
We shall use the symbol y(x;4;%0, 21) to denote y(x) as defined by (75). 
Then y(x;t;%0, 21) is a special solution of (63), defined in a region Bz, 
(¢==1,2,-- +), such that if F is any closed bounded subset of 3, then for 
all sufficiently large ¢ # is included in @:. 

We assert that if the arbitrary constant c is specialized as a suitable 
function of ¢, then limit y(t; t; Zo žr) exists for every x in J, uniformly in 

OD 


~ 
every closed bounded subset of 3, and that every limit function y (2; Zo, 21) 
is given by the equation 


(76) Y(T; Zo, 21) = (0/20) f (e/eo)5 (€ + of) (1 = em) tdi 


+ (0/20) f (21/20) (2 + at) (1 — eer) rag 
+ (1/20) (80/21) ©! f Yea) M09 (6) do 
+ (— w/%o) p(x) +e (20/21) ie), 


where z” = g -+ Hw, and c’ is arbitrary. 

We omit the proof, which is completely straightforward. Estimates of 
[ge —b) +5] and |(q*(e—b) +b) — (e+ of)|, useful for the 
details of the verification, are given in Lemmas X and XI. We remark also 
that one satisfactory method of choosing c is in accordance with the formula 
c — e e ™Log (b), 

Thus (23 Zo 21) is a Q (Argo, d) solution of (61); conversely every 
Q(Argw, 3) solution of (61), obtained under the First Case, is given by (76). 


N 


16 Whenever qof {w ——b) + b is in A, so is gef ('— b) + b for every e’ on the line 
segment joining b to 2. 
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We consider next the Second Case, where either 2/21, or gq” for infinitely = 

many t, lies outside the open interval (0,1). Conceivably Q(Argo, 3) 
solutions may exist, not given by (76). To show that this does not happen, 
it suffices to observe that in the Second Case the generalized power-series (71), 
(in this Case possibly deprived of the term cru), has an analytic continua- 
tion (75) with a suitable, (not necessarily arbitrary), c. (This is verified 
as in the First Case.) Hence if there is a limit for y(x), (as given by (75)), 
as t becomes infinite, (usually there is no limit, but because of the results of 
the First Case this is a matter of indifference), then it is given by (76). 

Next, let R: (Zo 21), (Zo 2'1),° | * be a sequence of pairs (Zo, 21) such 
that 2009 and 2, tend to unity as n becomes infinite. We assert that if R 
is suitably chosen, (namely, to satisfy the condition 0 < (2o™/z,™) < 1 for 
every n), then e’ can be chosen as a function of n such that y(a; 2), 2108) ——< 
tends to a limit function F(z; R), uniformly in every closed DORDESE subset 
of 3, the limit function being given by 


(77) F(z; R) =o Je + wf) (1 — eetrit) -dg 
+o f (e+ ot) (1— ert) sat 


g+Ew 
+o J 9 (0) 40 — 06 (2) 4 e”, 


where c” is an arbitrary constant. This is readily verified, and it is easy to 
see that conversely if the sequence Æ is chosen in any fashion so that, for a 
suitable choice of c’ as a function of n, the limit F(x; R) exists in 4, then 
F(s; R) is given by (77). Hence (77%) gives precisely the totality of 
P(Arg, 3) solutions. But equation (77) is a step in Norlund’s work leading ‘ 
to equation (58). - (Cf. “ Differenzenrechnung” page 70, equation (9).)! 
Hence the P(Argw, 3) solutions coincide with the Nérlund principal solu- 
tions, for equation (1). 


Section B. The P(argw,d) solutions of equation (3). 

The treatment is similar to the treatment of equation (1), but simpler, 
particularly because there is no arbitrary constant to consider. The P(Arg o, 3) 
solution, which is a unique function, (not a one-parameter family of func- 
tions), coincides with the Norlund principal solution (59). 


The arbitrary constant c”, which has no obvious counterpart in Ndérlund’s 
equation (9), is innocuous because Nérlund’s principal solution has a. (somewhat con- 7 
cealed) additive arbitrary constant, the presence of which is indicated by the arbitrary 
a appearing in the cited equation (9). 
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PART VII. A Simple Linear Example Emphasizing the Influence of « 
upon the Principal Solution in Direction a. 


THEOREM 6. (Given the difference equation 
(78) y(z) — 2y(@ +1) = $(2), 


where p(x) is analytic at œ. Let the half-plane R (xe) > D be denoted 
by (a, D). Let ox = Arg(Log 2 + 2rki), (h==0,41,42,---). Then 
the P(a, X (a, D)) solutions of (78) may be described as follows: 


a. If a= ar, the P(a, H (a, D)) solution, for D sufficiently large, is of 
the form Fyfe) + cetera where F(x) is analytic and for some 
~ positive constant M satisfies the inequality aoe <M i a| in (a, D), 
and where c is an arbitrary constant. 


b. If «54 a, the P(a, H(a,D)) solution, for D sufficiently large, is a 
uniquely determined function F(x; a), analytic and bounded in H («, D). 


c. In all cases, every solution y(x) of (78) which in a half-plane 
X(a,D,) is analytic and satisfies for some positive constants Mı, N the 
inequality | y(x)| < M, | x | X, is for some positive Dz coincident in H (a, De) 
with a P(a, Y(a, De)) solution.” 


Proof. Let C be such that $(x) is analytic in the set | s| = C > 0. 


Case 1. Let æ be different from every av, and let cosa > 0. Let 
A == gett, Then, because of Theorem 1, a necessary and sufficient condition 
for yo(v) to be a P(a, Y(«, D)) solution of (78) is that the function Yo(X) 
defined by Yo(X) = yo(Xet*) be a P(0, X (0, D)) solution of 


(79) Yo(X) —2Y (X + o) = Y(X), 


where œ = e? and y (X) = $( Xe"). 

By means of Lemma V it is readily checked that the hypotheses of 
Theorem 3 are satisfied, so that the P (0, % (0, D)) solution of (79) is unique 
and bounded, if D is sufficiently large, and therefore the P(«, % (a, D)) 
solution of (78) is unique and bounded, if D is sufficiently large. Now 
let y(x) be any solution of (78), analytic and satisfying a condition 
iy(a)| <M, |z| in a half-plane #(a,D,). Let D: = Di, and D: È D. 
Let F(x;a) be the P(a, #(a, D)) solution of (78). Then y(z)-——F(s;«a) 


18 The exponential functions e(Log(1/2)+27ki)s appearing in the P(a,, Q (a,,D)) 
solutions are bounded in Q (ap D). 
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is a solution of the homogeneous equation y(x-+-1)—2y(z) =0, and 
satisfies an inequality | y (£) —F(x;a)| < Mə] æ |X in #(a, D2), whence by 
Lemma XXIV, y(x) —F(a#;«) =0 in ¥(«, D2). 


Case 2. Let cosa <0. Let X == xe Then, because of Theorems 1 
and 2, a necessary and sufficient condition for yo(#) to be a P(a, H(a,D)) 
solution of (78) is that the function Y(X) defined by Yo(X) == yo (Xett + 1) 
be a P(0, X(0,D-— cos «)) solution of 


(80) Y(X +o) — 2Yo(X)=y(£), 


where o == — et and yY(X) = @(Xe!). We now apply Theorem 3, and 
Lemma XXIV, as in Case 1, 


ei 


Case 3. Let cosa=0. (This case cannot be brought under Theorem 3, 
in the manner used for Cases 1 and 2, since after such rotation of the variable 
we-do not have the condition ® (w) > 0 satisfied.) 

We note that if q:, (£=1,2,- - +), is a sequence of complex numbers, 
of positive imaginary part, and of modulus umity, and if the sequence tends 
to unity as a limit, then numbers di, (t = 1,2, - +), can be found such that 
(qu, di), (¢=1,2,---), will be a Q(7/2) sequence, and (1/9: — bt), 
(¢==1,2,-°-) will be a Q(— 7/2) sequence. (Cf. Lemmas II and VI.) 


Let 
(81) zoy (2) — 22,y(@ + 1) = $(2) 


be the parametrized equation for (78). Let (q: bt), (£=1,2,- - -), bea 
Q(«)-sequence chosen to satisfy the additional condition | g:|=1. Let 


(82) zoy (£) — 2aoy (qe + V) = (a) 

be the corresponding approximating q-difference equation. Let y(T; t; Zo, 21) 
be a special solution of (82). Then if (2) = S dat, where u == £t — b, | 
evidently = 

(83) y(t; t; Zo Z) = È pat / (zo — 2219"). 


If 2,2, are both near unity, then | 2 — 2z.g*| > 1/2, since | g*|=1, 
(kK=0,1,:--). Hence 


| y(@5 45 20, %)|S2 | de] [|522 |u| Meb] — 0) 


= 2MC/(|b|—C—|u)). 


LI 
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(Çi. Lemma XVI.) Thus, if |z—b| <|b|—(1, with C, >C, we have 
|y (z; t; 20, 21)| < 2MC/(C,—C), from which, by the compactness theorem 
for bounded families of analytic functions, we conclude the existence of at 
na one O(a, X (a, C)) solution y(£; 2,21) of (81), for all zo, 2, such that 
2|2|—| 2 | > 1/2, bounded in every half-plane ¥ (a, 0) with Ci >O, 
and also conclude the existence of at least one P(e, X (a, C)) solution y(x) 
ofi (78), likewise bounded in.every half-plane &(a,Ci) with C, >C. 

We wish to prove next that every O(a, ¥(a,D)) solution of (81), for 
D\> C, is majorized in H(e,D) by 2MC/(D—C). Let y*(x;3 2,21) be 
fop some positive D a Q(e, (a, D)) solution of (81). Let (qs bt), 
(d= 1,2, -), be a Q(«) sequence, and let y(£;t;Zo 21) be a special 
solution of (82), such that y*(x; Zo, 21) = limit y(z; t; Zo Z1), the limit being 
uniform in every closed bounded subset of (a, D). By virtue of the dis- 
cussion just above, for the case | q: | = 1, we may and do confine our attention 
to the case where | ge | < 1 for every t. 

r Let Ao = Ao(t) be the positive number such that | zo mr |z| |q|*=0. 
T 
($4) Y (25 È; 20, 21) = X'pru” (Zo — 2219") + cur, 


where 3 is the sum over all non-negative integers different from ào and c 
is a function of ¢, constant with respect to z. 

Let we = Arg qe Lt = Log | qe |. Then limit Li/y:= 0, by Lemma II. 
Let e: = Li/yt. iù 

Let o: == etft. Then (oc; b:), (¢{=1,2,°°-+), is a Q(a@) sequence. 
Let h(x;t;20,2:) be a special solution of 


(85) zo (£) —2ah(or + W) = (2), 


where W == b(1—o). Then for some subsequence J of the positive integers, 
(which we may and do suppose to be the entire sequence of positive integers), 
h(x3;t3%,%,) approaches a limit function h(x; 20,21) as £ becomes infinite 
on J, the limit being uniform in every closed bounded subset of H («,C); 
moreover, | A(T; Zo 21)| < 2M@C/(C1—C) in every half-plane # (a, C1), 


with C, >C. (All this follows, since |o | = 1, from the earlier discussion 
where | q: | = 1.) Now 

(86) h(@3t3 Zo 21) = > sla — Rao), 

so that 


(87) y(e;t; Zo %) — h(x; t; 20, 21) 
== 22,5 da (që — o) (29 — 221g*) 4 (zo — 22,0%) + cur 
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for some constant cı, (depending on t). We take C, > C, and Di > Ds > (0, 
with Di. — D; < (Cı — C)/2, take zo so that Ds < R (zot) < Da, and 
define ug = Zo — b. Then 


(88)  y(z;t; 20, 21) —h(£;t; Zog) 
= aux’ ou(g® Kn o) (20 ca 22,9%) * ( de 22,0%) (uo o ut do) 
Ar cou’, 


for some constant ca, (depending upon t). Let H(x;t;%, 4) be the right- 
hand member of (88), deprived of the term csu®. Then it is easy to see 
that if Di < R (ce) < Da then | H (x; t; zo 2:)| < M: | e—2xo| for some 
positive M,. (To verify this we note that (a) if k < A0/2, then 


| zo — 2a] >4>0, [gt—oF| <2, |z — za | > A, > 0. 

ju [> | utu] < (|b| — 0), and |u| < 0/(] b| — 0), 
while (b) if Ao/2 Æ k = M + 1, then 

| zo — 2219" | > Ae 





q|X|A-k|(1T—-]|q]), (with 4:>0), 
|g — E| <k|q—o|=—k(1—|¢q|), | 2 —2x0% | > Ar > 0, 
| u^ | < (| | — D3), 


| yio — ut] < | Ao —k | | £ — zo | (| b | — Da), 
and finally (c) if 


ho +1<%, then |w] <([b|—Ds)%, [g—o|<%k1—]g]), 
| zo — 221g" | > As (L—|q|)(4—Ao), — | 4% 220%] > As, 

| ero — uo | < (| b | — Ds) | £ — wo | (k —do).) 
Hence for some subsequence J, of the positive integers, limit H(z; t; Zo, 21) 


exists in Da < R (sett) < Da, uniformly in every closed rà subset of 
the strip. It follows that in that strip csu* approaches a limit as t becomes 
infinite on Ja, uniformly in every closed bounded subset of that strip. By 
Lemma XXIII this limit of cow** must be identically zero in the strip, since 
ào/b is easily seen to become infinite with ¢. Thus | y (£; Zo, 21) — h (£; 20, 21) |’ 
< M,|x—2| in the strip Ds < R (zett) < Dy. But this implies that 
Y* (T ; Zo, 21) — A(T; Zo 21) =0, since this difference is a solution of the 
homogeneous equation zoy (£) — ĉ2zy (s -+ 1) == 0, and no solution of this 
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which is not identically zero can be majorized by: M, |æ — zo | in the (hori- 
zontal) strip Ds < R (zett) Di. Hence h(x; Zo 4) coincides with y(£; Zo, 21) 


~ 


in the half-plane ¥(«, D), and thus | h (2 ; 2o 2) < MC/(D—C) in 
H(a,D). pal a 

Plainly it follows from this discussion that every P(e, XY («. D)) solution 
of (78) is majorized by MC/(D—C) in X (e, D), if D >C. The rest of 


the theorem for this case now follows immediately from Lemma XXIV. 


Case 4. a= ax. We first find a particular P(a, H(a,C)) solution of 
(78). Let qa (t=1,2,:--), be defined by the equations Log | q: | 
= (t+ (1/2))® Log (1/2), Arg qi = 2rk/(t + (1/2)). Let br = (1 — qr), 
(¢=1,2,---). Then (q:,0:), (¢=1,2,---), is a Q(a)-sequence. We 
note also that Limit | ba | | Log | qe | | = Ar, where 

2300 


Ay = (1 + (rk)? (Log?) Py. 
Let y(x, t) be a special solution of 
(89) y (a) — 2y (qe +1) = $(2). 
Then y(2,t) = > dual (1 — 2q*)+ + cw, where c is an arbitrary constant 


and à = t -+ (1/2). Hence ylz, t) == uò S Pad — utD(1 29) + du, 
where d is an arbitrary constant. fat nG t) = y(x, t) — du. Using 
estimates similar to those noted in Case 3, we verify easily that for every 
choice of positive numbers D, and D., with Da > Di >Q, there is a number 
M(D,, Dz) such that if F is a closed bounded set included in the strip 
D, > R (xe) > D, then when t is large | y:(z,t)| < M(D;, D2)| æ | for 
all z in F. Hence, by the use of d == 0, a Q(a, H(a,C)) solution y(x) of 
(78) is obtainable, such that | yo(w)| < M(D., D:)|e| in every strip 
D, > R (zet) > D, > C. Of course yo(x) is also a P (a, H («, C)) solution 
of (78). By using the arbitrariness of d, we readily obtain 


Yo (T) + ¢,¢% (Log (14) +27rk54) 





as a P(a,&(a,C)) solution of (78), with cı arbitrary. 

Now since | yo(z)| = M(D., D:)|z| in every strip D > R (rete) 
> D, > Q, it follows from equation (78) itself that for every D greater than 
C there is a positive number M(D) such that | yo(£)| = M(D)| «| in the 
half-plane &(«,D). (We use the relation, obvious from (78), that 


p(z +n) —ho(2)2*-+ (DI 6(0+ E24) 
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Next we consider any choice of 20, 2, near 1,1, and any Q(«@)-sequence, “| 
and following steps similar to those used in obtaining yo(x), (the essential 
difference in treatment being that for some choices of Zo, 21, and some choices 
of the Q(«)-sequence the term with arbitrary coefficient may be lacking), 
we prove that every Q(«, X(«,D)) solution of (81) for D> 0, must be of 
the form y,(2) + ce” (Log (zo/22:) +27). where y(x) is majorized by an 
expression of the form M.|x| in ¥(«, D), Mz being independent of Zo, a. 
From this it follows that every P(, #(«, D)) solution of (78) is of 
the form ys(2) + oe? (Log (4) #27ki) | Where y(x) is majorized by M |w | in 
Ha, D). | 

The remaining conclusions of the theorem then follow, in Case 4, from 
Lemma XXIV. 


N 


PART VIII. Appendix. 


Section A. The fundamental relation between the expansion of F(z) 
and the expansion of F (es + V). 


Lemma I. If F(a) => Fy(a—5b)> is a generalized power-series at 


x == b, convergent in a quasi-neighborhood N of b, and if o, V are complex 
numbers such that b(1—o) = V, then 


(90) P (os + V) = £ Foe—b) 


(where oò = ets), in the quasi-neighborhood N’ consisting of all points 
x such that ox + V is in N. 


Proof. Obvious. 
Section B. Q(«)-sequences. 


Lemma IT. Let Qu qat- © be a sequence of complex numbers, each 
distinct from unity, the limit of the sequence being unity. Let a be a 
number such that —x< aS. Then a necessary and sufficient condition 


that there exist a sequence di, ba, + - such that the sequence of pairs (qt, bt), 
(t= 1,2,:- +), be a Q(a)-sequence is that 
(91) limit (Arg (q+))/| Log q: | = sin g, 
1300 
and 


(92) limit (Log | q: |)/| Log gi | = — cos a. 
i~>0O t 
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Proof. Necessity. Since (qu bi), (t= 1,2,- > +), is a Q(a)-sequence, 
we must have b: Log qe = — 0 (t), where O(t) tends to unity as ¢ becomes 
infinite. Hence Arg Log q: == 7 + Arg 0 (t) —a + y(t) (mod 2r), where n(#) 
tends to zero as t becomes infinite. This implies Arg g:/| Log q: | = sin (r 
+ Arg 6(¢) —a + n(t)) and Log | g|)/| Log qt | = cos (7 + Arg 0 (t) — a 
+ 7(t)), from which the necessity follows at once. 


Sufficiency. We define bi by the equation b: =| Log g: | e$t, Then 

bi Logg: = etl%ArgLogar), and since from the hypotheses Arg Log q: == r — 2 

+ n(t) (mod 27), with y(t) tending to zero as ¢ becomes infinite, we have 

b: (Log gt) tending to — 1 as # becomes infinite. Since limit (Log g:)/(1 — qt) 
300 


= — 1, this implies that limit b: (1 — qr) = 1. 
$00 


Lemma III Let (qie, bt), (¢—1,2,:--), be a Q(a)-sequence. Let 
w be a non-zero complex number. Let o1== q, where quo = etosa, 
(t = 1,2,-°:-). Then 


(93) limit (Arg 0:)/| Logo: | = sin (a — Arg o), 
{>x 

and 

(94) limit (Log | es |)/| Logo: | = — cos (a — Arg o). 
tomo 


Proof. Since o, == e@L08, we have Logo: == Log q: (mod 2r), and 
since Log g: tends to zero as ¢ becomes infinite, this implies that if ¢ is large 
then Logo:== w Log q:. From this relation, and Lemma II, the theorem 
follows immediately. 


Lemma IV. If (qi, di), (6=1,2,-- +), is a Q(a)-sequence, and œ is 
- & complex number such that cos (Arg o — a) > 0, then | qi?| <1 if tis 
large, and if œ is a complex number such that cos (Argo — a) <0, then 
|qe|>14ift is large. 





Proof. This follows immediately from Lemma III, equation (94). 


Lemma V. Let (qi,b:), (t=1,2,-- <), be a Q(a)-sequence, let w 
be a non-zero complex number such that cos (Argo — a) 40, and let é be a 
non-zero complex number. Then a necessary and sufficient condition that 
there exist for every t a non-negative àt such that q® = E, (where gq? 
= gLoga), is that either &==1, or else for some integer ko 


(95) [Arg é + 2xko]/| Log ¢ + 2rkot | = sin (Arg o —2a), 


and 


b 
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(96) [Log|&]]/|Logg + 2rksi |=— cos (Argo—a), 
and for every sufficiently lonza t. 
(97) Arg Log (q”) == + Arg w — «(mod 27). 
Proof. Let o == q” = eLa, Then o= Lose —¢ Hence À Log o 


= Log ¢ + 2rk (t)i for some integer k(t). Thus, if 4340, then 

(98) [Arg£ + 2rk(t)]/| Log ¢ + 2rk(t)i | = (Argo)/| Logo |, 

and 

(99) (Log |¢|)/| Log é -+ 2ak(t)i | = (Log |o|)/(| Loge |). | 

By (98), (99), and Lemma III, we have l 

(100) Limit [(Arg£+ 2nk(#))/| Log ¢ + 2k (t)i |] = sin (a — Arg o) 
(101) lmit [ (Log | 1)/| Log é + 2rk(t)i |] = — cos (a — Arg o). >, 


From (101) it follows that k(t) is a constant ko for ¢ large. Hence 
(95) and (96) hold. 
| Then by (98) and (99) (Argo)/|Logo|=sin(x— Argo) and 
(Log | o |)/| Logo} = — cos (a — Arg w), for all sufficiently large t, and 
these equations imply (97). 


Lemma VI. If (qe bt), (t= 1,2,° > :), is a Q(a)-sequence, and w ts 
a non-zero complex number, then (q, w™b:) is a Q(B)-sequence, where 
B = a — Arg o (mod 2r). 


Proof. This follows at once from Lemmas II and IL, and the easily . 
‘verified relation limit [ (wd;) (1 — qe”) ] = 1. 
t> 


Lemma VII. Let R, Rot’ be a sequence of numbers such that 

0<R: <1 and limitR:=1. Let w be a non-zero complex number. Let 
1-00 

qi = Rie == g(1/0)LogRt, (t — 1,2, +). Then there is a sequence by, ba, © * 


such that the sequence of pairs (qt, bt) is a Y(Arg wo) -sequence. 


Proof. Evidently (R:, (1—R:)*), (¢=1,2,° - -),is a Q(0)-sequence. 
Hence, by Lemma VI, (R2, (1/w) (1— R:) 3), (£=1,2,-- -) is a Q(8)- 
sequence, where 8 = 0 — Arg(1/0) (mod 27) = Argo (mod 27). 


Section C. Logarithmic spirals. 


Lemma VIII. Let o be a non-zero complex number. Let (qi, br), 
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(¢=1,2,---), be a Q(Argo)-sequence. Let B be a number such that 
OZ B < (7/2). Let é (p) == peth, (p) == pei (0 < P < 0). Then if t 
is sufficiently large we shall have | qe) | <1, | qo&0 |<.1 for all non- 
negative p. 
Proof. Let o;=q:®. Then qe) — 5) — gSiLogo (7 —1,2). Hence 

(102) | gvé) | == exp{R (é; Log o)} 

= exp{p[ (cos 8) Log | o | — (sin 8) Arg 0]} 

= exp{p cos £ Log | o |(1— tan B(Arg o)/(Log | o|)}. 
By Lemma III, with a= Argo, limit [(Arg o)/(Log|oa])]=0. Hence 

->00 

1 — tan £ (Arg o)/(Log | |) > 0 ibis large. Also, Log | o | < 0 by Lemma 
IV. Thus | gE w | S e =]. 


Lemma IX. If R(y) <n, then |(1— e)/y| S eh. 


Proof. (e—1)/y = È edi, where the path of integration is a 
straight line segment. Hence [Cer — 1)/y|= max | ev | = max exp[ R (yt)] 
oO i=1 OstZ1 
= max exp[t® (y)] 5 ehl, 
Lemma X. Under the hypotheses of Lemma VIII, let t; = E + &;(p), 


(j = 1,2), where 0<E<1. Then for every positive è there is a positive T 
such that if t >T, then 


|” (—b)+b|<|e]+ ([o]+9[&]; (j= 1,2). 
Proof. ges (g — b) + b = gige + b (1 — gt). 
Now |g% | == | gE | | qv) | and each factor is smaller than unity, if ¢ 


is large (by Lemmas IV and VIII). Thus | g®%x|=]|z]|,(j= 1,2), if t 
is large. 

Let V==b(1— q%). Let è be any positive number. Let 7 be any 
positive number, to be specified later in terms of è. Let T be so large that 
if t>T, then | V—o| < 7, and 


| [(w Logg)/(estosa —1)] —1] <a, 


and 
| quer) | SI, G= 1,2), 


for all negative p. (See Lemma VIII.) Then | g®|=1, so that 
Oe (wf; Log q) < 0, 


and therefore by Lemma IX we have 
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| (1 — evbsboee) / (wf; Log q) | ZI. 
Now 
. Lge) 
103 B(1— gest) == yuo) 
(108) bg) 


ess Logg — 1 w Log q 
== (Vj) elogi viwa T ' 


Hence | 6(1— g*)| < (Jw| +y)1& (+7). If 7 is sufficiently small, 
these results imply 
| ge (z —b) +b|]<|e]+(o]+9]&], (f= 1,2). 


Lemma XI. Let Bı, B, be any bounded sets in the x,& planes, respec- 
tively. Let (qt b:) be a Q(a)-sequence. Let w be a complex number. For 
every positive è there exists a positive T such that if t >T, then ~ 


| [0 (s —b) +b] — [z + of] | <8 
for all x in B, and all £ in Ba. 
Proof. Let V=b(1—q©). Then 


(104) |[a*—3)+3]—[c+o{]|= 
e@SLoga.— 1 e@SLoga —. 1 w Log q ) 
TAO) ( wf Log q —1) Li era da | l 


Let | e| < M, in B, | E| < Min Ba Let 8>0. Lety >O be such that 
| eY — 1| < 8/ (4M) if |y] <n, and such that 


ey — 1 


x(c0Loga — 1) + (V— w)£ 








— I 








< 8/ (4M; (| @ | -+ 1)) 


if |y] <, and such that 
gı — Í 
Yı 
if |y] <n and |ye|< Let T be such that if t> 7 then all the 
inequalities | V — o | < 1, | F — w | < 8/ (4M3), | Log q | < n/ (M= | œ |), and 
| Log q | <7/| o | are valid. 
Then if t > T we have 


. | [g (e — b) +b] — [e+ of] | < M:[9/(4M.)] + [8/ (42) ] Me 
+ ({o|+1)M.[8/(4M.(|o|-+1))] 


+ (j | +1)M:[8/(4M:(|o | + 1))] 
= §, 











fl | < 3/(4M2(|0|+1)) 


eye 





t + 
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Lemma XII. (1) Let f(X) = PeXetC_ginX¥ where P>0 and 
0<C< 2/2. Then f(X) > 0 throughout the interval (X1, ©), where Xi 
satisfies 0< Xi <a, provided all the following are valid: 


a. P sin X, eXicotl 


b. X,>C 


a P > er(27+0)cotCsin C. 


(2) Let y(¥) = ReYotC4 sin Y, where R>0 and 0<C < 2/2. 
Then g(Y)>0 throughout (Yı, ©), where Y, satisfies —r < Yı < 0, 
provided all the following are valid: 


a &>|sin Y, | g-YacotC 
b. F, > O —r 


c. R` e(Te) gin Q. 


Proof by elementary calculus. 


Lemma XIII. Let d be the sector —r/2 S M < arg < LSE r/2. Let w 
be a point of d. Let a= Argo. Let Bo = minimum (7/2, L—a, a — M). 
Let 0< B< Bo. Let F bea closed bounded subset of 3. Let (qi, bi), (t= 1, 
2,- +), be a Q(a)-sequence. Let b = ga (s — b) +b, é: = qg% (x — b) 
+b, with zı = p(cos B + tsin 8), 22 = p(cos 8 — isin £) and 0S pS o, 
Then if t is sufficiently large, t, and £2 are both in 3 for every non-negative p 
and every x of F. 


Proof. We shall consider only &, since & is treated similarly. Let 
ot = qi", (f== ly Rs" ° dI Then (ot, obi), (t = Í, ae F J; is a Q(0)- 
sequence. (By Lemma VI). Hence, by Lemma II, 
(Arg oz)/| Log o | = sin qe, and (Log | ot |)/| Log ot | = — cos nt, 
where limity: ==0. Let è=8;(x) = Log | 1 — z/b: |, and let e= e(z) 
tao 
= Arg (1—2/b:). It is readily seen that 


(105) R (Eb) == 1 — ereos(8-) #5 cos (r sin(B — n) — 5 
and 
(106) A (£,/b) = er cos- +è sin (rsin (8 — n) — €) 


where r= p | Logo: |. Thus r varies from 0 to + co as p varies from 0 
to + co. Let W == M — Arg b, Lı = L— Argb. We are to prove that 


(107) M, < Arg (&/b) < La. 
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If r is large, 0 (£:/b) is near 1 and d(,/0) is near 0. Hence (107) is 
satisfied if r is large. Hence if (107) fails for some non-negative r, then for 
- some non-negative r either 


(108) | Arg(&/6)=Ia 
or 

(109) Arg (4/0) = M. 

By elementary calculations it is found that (105), (106) and (108) imply 


that the equation 
(110) PeXcot0 _sinX=0 


holds for some X in (Xi, ©), where 


X,=L—e 0—B—n X= L + rsin 0 — s, 
and 
P == sin Bye dar) co 0-3, 


and that (105), (106) and (109) imply that the equation 
(111) Re¥ ote | sinY=0 
holds for some Y in (Y, œ), where 

Yı = Mı, — e, O = B —n, Y = M, + rsin O — s, 


and 
R ponn | sin M, | er (Mre)cot CI. 


It is readily seen that (110) contradicts Lemma XII (1), while (111) 
contradicts Lemma XII (2). 

Section D. Almost constant functions. 

Definition I. Let S: (qr bt), (€=1,2,:--), be a Q(a)-sequence. 
Let f(,t) be a function of æ and t, which is defined for every sufficiently 
large positive integer ¢ as a function of x analytic in a neighborhood of bz, 
with Taylor’s expansion È fa (t) (€ —b:)F. The function f(2,t) will be 

k=0 


called “almost constant on the sequence S” if fo(t) is a bounded function 
of ¢, and if for every positive « there is a positive D, (independent of t), 
such that for all sufficiently large t the inequality 


(112) 3 | fe()| (| be | —D)* <e . 


is valid, 
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Definition II. Let F(x,b) be a function of æ and b which, for all 
sufficiently eee b such that Arg b = «, is analytic at v = b, with Taylor’s 
expansion > Fy(b)(e—6)*, We shall say that F(s, b) is “almost constant 


in na a” if F(b,b) is a bounded function of b, when Arg b == &, and 
b is large, and if for every positive e there is a positive D (independent of b), 
such that for all sufficiently large d the inequality 


(113) È | Fe()|(| — D) < 


is valid. 


Lemma XIV. Let F(x,b) be almost constant in direction a. Let 
S: (qu, bi), (t==1,2,: > ‘), be a Q(a)-sequence. Let f(x,t) be defined as 
the function F(a, | bi | e#*). Then f(x,1) is almost constant on S. 


Proof. Let F(2,c) — > P(e) (€ — c)" for all c such that Arg c = g. 


Let c: = | be | e*. Then | i | = | be | |eit — etarget | — O (1). Let e 
be a positive number. Let D, be such that. 


> | Fe(c)|(Le|—Ds)* << 


for c sufficiently large, with Arg c ==. Let Ds be such that | Di —c: | < D2/2 
for all sufficiently large #. Let D == Dı + Da. ‘Then 


E EEE È Fx(c1) (a — cr)" 
= (£ — bi)" Sri(e)(! cena 


=> (2—br)"falt). 
Hence 


(115) >| fat) I(l de] —D)"= > F(z) |(| be | —D + | bs — c: |)" 
SŠ | Fi(cr)|(lee|—Di)*<e 


: CO 
Also, since | fo(t)| S | F(ce, ce)| + $ | Fa (et) |(D2/2)*, fo(t) is bounded. 

k=0 

Hence f(z,¢) is almost constant on 5. 
LEMMA XV. (1) Let f(a,t) and g(a, t) be almost constant on a Q(«)- 


sequence S. Then f(z,t) + g(a,t) and f(x,t)g(x,t) are almost constant 
on &. 
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(2) Let F(x,b), G(x,b) be almost constant in direction a. Then 
F(2, 6) + G(x,b) and F(x,b)G(x,b) are almost constant in direction a. 

Proof. Obvious. 

Lemma XVI. Let (x) be analytic at œ, and in the domain |s] =O. 
Then there is a positive M such that | 6 (b)| S M k!/( |b | —C)** if k > 0 
and |b| >00. 

Proof. Let | (s)| S M, in the set | | =C. Then, if (2) = 5 aei, 

l = 
we have |a;| = M,C’. Let |b|>C. Letu=x—b. Then 


(116) (z) —Saj(u+ b)i = Suk S a, a) GoU; 
jz0 k=0 j=0 
Thus 
= — j -— (j+ i 
a) EMSS a] | (TI) oo 





| b | - (14k) | 





i a 
<k1S M0 | ( i 


20 
Let H(c) = M,—(M,C)/(¢+C)—Ma/(r +0). Let v=04+]|b|. 
Then 


SE: ay (i 
(118) (2) — So Sao | | -0w ( 5 ) | 

k=0 j=:0 
Hence |$®(6)|[ = H® (—]b|) =k! M,C(| h! —C)-®), which estab- 
lishes the formula with M = M,C. 


Lemma XVII. Every function analytic at œ is almost constant in 
direction a, for every a. 


Proof. This follows immediately from Lemma XVI. 


Lemma XVIII. Let (qeu bi), (t=1,2,: -< +), be a Q(a)-sequence. Let 
C be a positive number. Let di be the point-set |a — br | < R (bies) — O. 
Then if F is any closed bounded set such that R (xett) > C at every x of 
J, there is a positive T such that F is included in di whenever t >T. 


Proof. Let o = e-*, - Then 
(119) |2—b|?—|20—bo |? = [R (ob) — C]? + {R (0b)} ` 
{[2C — 20 (ox) ] + [tan (Arg b — a) å (bo) 
— 28 (ao) tan (Arg b — a) + (| æ | *?— C?)/® (ob) J}. 
Since limit R (bo) = limit | b | cos(Arg b — «) = + œ, and tania b— a) 
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= 0 (|b |), while d (bo) = |b | sin (Arg b— a) = 0 (1), it follows from 
equation (119) that there is a positive T such that if t > T, then | s —b |? 
< (R (ob) —C)? for allein J. 


Lemma XIX. If f(x) is almost constant in direction a, then f(x) 
tends to a finite limit as the real part of xe-** tends to positive infinity. 


Proof. Let e be any positive number. Let D be such that if |b | >D, 
CO 
and Arg b = g, and f(x) = $, f(b) (x — b)*, then 
k=0 


$| AOb |— D) < 


Let zı, %2 be any two complex numbers such that œ (x102) > D and 
R (23072) > D. 


Let b be such that |b] >D and Argb =a. Now 
| f(a) =t] S| Fs) — EO) IFO) — a) 
= |È fol) (mb) +| È felt —d)*| SS O) able 
+È | f(b) | |r —? |* < 2e 


T: —b | 





if b is sufficiently large, since |2:—b|<[b|—D, and 
< |b|—D, if b is sufficiently large (by Lemma XVIII). 


LemMA AX. Let F(x) be bounded and analytic in a right half-plane, 
R (x) > D> 0, and on the boundary of that half-plane. Let b be a positive 
number, and let q = 1 —1/b. Let o be a fixed complex number of positive 
real part. Let V == b(1— gq”), where q® = e2 roa, 


Let D, be any positive number greater than D. Then there exists a 
positive number M (independent of b and x), such that 


| P(g +Y) —F (£ +o)| < (M | 2|)/(0® (2)) 
for all sufficiently large b and all x in the circle | z —b | =S b — D.. 


Proof. Let x be any point of the circle |e—b|=b—D,. Then 
z= b -+ pe, where 0 = pS b — Di, and —r<6=7. Hence 


| tan Arg z | = | p sin 0 (b + p cos 0) | S(p )*(2D,)* 
< (b)#(2D,)*. 


- 
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Now R (ges + V) = R (gx) + R(V). Since V tends to the limit è as b 
becomes infinite, it follows that RX (V) > 0 if b is large. Hence R (qs + V) 
> & (qx) if b is large. Let g? = Re, with R>O and’-—r<ySz. 
Then limit y/Log R = tan (Arg o), by Lemma III. Now Log R= 0(b>), 


and y = = O(b- 1). Hence sin ym O (b=), and 1— cos y = O(b-?). We have 
(120) f (r) = BR | x | cos(y + Arg x) 
== R | æ | [cos y cos(Arg x) ](1— tan y tan Arg z). 


Now tan ytan Arg e = M, (b) (b)%, for some positive M, (independent of 
b and x). Let A be any positive number less than 1. Then it follows from 
(120) that R (qx) > AR (x) if b is sufficiently large. Hence, if b is 
sufficiently large, and x lies in the circle |w—-b| < b—D, then gr + V 
lies in the half-plane R (x) > D. Now 


(121) F(q*e + V) ~F (a+) 


ee F(E ar +V) — (a+) 

RM JE FE Fa) & 
where C is any circle lying in the half-plane P (x) =D and containing 
g’x + V and € + o in its interior. We take C to be the circle with center 
x + and radius r= R (a+) — D. Then g*x + V will lie in C provided 
(4) — (q’a+ V)| <r. There exists a positive number A; such that 
I(e+o)— (gx + V)| < Ay | x |/b, for all z, since the relation g = 1 — 1/b 
implies that œo — V = O (b>). Hence to show that gx + V lies in C it 
. suffices to show that 4,|2|/b< &(x+)—D. Since there is a positive . 
number 4» such that ® (cr +0) — D > AR (x) when R (x) = Dy, it suffices 
to show that A,|2|/b < A:R (z), or that b cos(Arg t)> A,/A>. Since 
cos(Arg ©) = (1 + tan? Arg 2)% > (1 + b/2D,)*, when | z—b| < b — D,, 
we conclude that if b is sufficiently large, and |s—b [|< b— D, then 
b cos(Argz) > A;/As. It follows that if b is sufficiently large, and | s — b ! 
< b— D, then g’a+ V is in C. 

By the same argument, if b is sufficiently large, then |(« +) 

_ — (r + V)| < r/2 for all z in the set |a—b|<b—D,. Then if 
| F(<)| = M, in the half-plane R (2) = D, we have 


(122) | F(g*e + V)—F(x+0)| 


27 M, (A | T |/b)r dé 


< (29) TODARO S (M |x|) R (x)). 


LEMMA XXI. Let G(x, b) be a function of x and b such that, for some 
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posilive Dı, G(a,b) is analytic in the circle |x—b| <b— D, for all 
sufficiently large positive. b, and in that circle satisfies an inequality | G(x, b)| 
<MUM|x}|/bR(x). Then G(x,b) is almost constant in direction 0, and 
moreover, for every D2 > D, there is a positive number Me. such that if 


oO DO 
G(s, b) = Gala Db), then | G, | ud | < Mob if |u| <b— De. 


Proof. Let G(a,b) = > Gus, where u=x — db. Let Ds be such that 
Dz > D; > Di. Let pe e, If |u| <b—Dhz, then 


(128) | 3] yw]? —= |S] Gh | Mu). 


= (È| Ga | 7) (> | u/p | ®) 


=(1—|w/p|*)*@m)* (PEG + pel |? da 


ar M?| b+ pet? |? 
DR (b + ped) 
= (1— | w/p | P)O (b? — p°) < M? (D, — Dy) + Db, 


= (1 — | u/p |?) (2r) do 


LemMA XXI. Let f(t,41,° ++, yn) be a polynomial in the yk, with 
coefficients functions of x analytic and bounded in a right half-plane. Let 
Y(x) be a function of x analytic and bounded in a right half-plane. Let 
w © *,0n be complex numbers, with wo, —0 and R (or) > 0 when k > 1 
Let b be a positive number, let qg=1—1/b, and let Va =b (1 —q%), 
(k=1,---,n). Let 


E(x, b) = f (x, Y (£ +01), + -,Y(cr+0n)) 
— F(a, Y (gs + Vi), + +, Y (qe + Va)). 
Then E(x,b) is almost constant in direction 0, and moreover if L(x, b) 
3 By (a —b)A, then there exists a positive Dz; and a positive Ms, both 
ni of b, such that 
(124) | > | Ey | uw | < Mb 
if |u| <<b—D, and b is sufficiently large. 


Proof. Directly from its definition Æ (æ, b) is the sum of finitely many 
terms of the form 
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(185) a(a) {TE [F (e + o) 1” — TI F (gee + Va) J*) 


where a(x) is analytic and bounded in a right half-plane, and in ' - >, în are 
non-negative integers such that 1 -+-- -+i,=1. Such a term may be 
written in the form . i 


M LL 
(126) a(z) 2 hs (x) [Y (x + ore) — Y(992 4 Vas) ] 


where M = t, + +++ tn, and &(s) is for each s an integer between 1 and n, 
and s(x) is a power product in the F(s + è) and the Y(g*x + V). Thus, 
since a(g) and each s(x) is bounded, it follows from Lemma XX that 
E(x,b) satisfies an inequality | E(x, b)| < M, | v | (bR (x))™ in some circle 
| £—b | < b— Da Hence Lemma XXI is applicable, to establish the present 
theorem. 


Section E. Special lemmas. 


Lemma XXIII. Let bı, bo, | be a sequence of complex numbers 
tending to œ. Let M, àz + © be a sequence of non-negative numbers, such 
that limit (A:/b:) == œ. Let ¢1,c2+ + > be any sequence of complex numbers. 


to 
Let f(x, t) = c:(a— bi), in a simply connected region B containing none 
of the points bi. (Any determination of (x —b+)™ being used.) 
Then if limit f(z,t) exists, uniformly in an open subset B, of B, the 
t-300 


limit function is identically zero in Bo. 


Proof. Evidently F(x, t)/f (x,t) = àt/ (£ — b+), where f’(2,t) is the 
| derivative of f(z, t) with respect to æ. Hence f(x, t)/f (æ, t) becomes infinite 
as ¢ becomes infinite. This precludes the possibility that f(x, t) tend to a 
non-zero finite limit at a point of Bo. 


Lemma XXIV. Let a, = Arg(Log 2+ 2aht), (k=0,+1,4+2,-°-). 
Let h(x) be a solution of the equation 
(127) h(x) —2h(a + 1) =0, 
analytic in a half-plane R (ce?) > D > 0, and satisfying there a condition 
| h(£)| SM |x| for some positive M,N. 


Then h(x) is bounded in R (zett) >D, and if a is different from 
every ax, then h(x) = 0, while if a = ax, then h(x) == c e for some constant 
c, and for ox = Log(1/2) + 2rki. 
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Proof. Case 1. cosa 40. In this case equation (127) provides an 
analytic continuation of h(x) throughout the entire plane. Let f(z) = 2°h(2). 


00 
Then f(x) is an entire function of period 1. Hence f(x) = D ane?Tire, Let 
n=-00 


oO 

g==e°tt2, and let G(2) == f(z) = $ anz”. Then G(z) is analytic for all 
N=—OO 

finite z except z = 0. Suppose there is a 7 such that a;j=40. Let H(z) 


OO 
=z İG (2) = $ anzi. Let r=|z|, and let r be large. Then there is a 
nzO 


positive C such that if z is chosen suitably, with |z | large, then | z/G(z)| = C. 
That is, |G(2)|= Ori. In other words, if æ is chosen suitably, with 
eris | =y, and r large, then |f (s)| ZC ri. 

On the boundary of the half-plane (ce?) > D we have & (x) 
= D sec a — À (x) tana. Let à(s) == — (Log r)/(2r). Then | eri | =r., 
Hence for some x with À (x) = — (Logr)/ (2r), we have | f(x)| Z 0r. 
Because of the periodicity of f(x), we may take this x to have real part equal 
to D sec a + ((Log r) (tan a)/(27)) + 6, where 0 < 9 5 1, if cosa > 0, and 
—1=0<0 if cosa<0. Then x lies in the half-plane R (re?) >D. 
Hence 


(128) |h(e)| = M|a|N=M,(Logr)N, for some positive M.. 








But | 
(129) | h(x) | =| 2 | f(x) | = exp(— R (x) (Log 2))C ri 
= C, exp[ (Log r) (j — (Log 2) (tan a)/(27))]. 


It follows that j = (Log 2) (tan a)/(2z). 

By a similar argument, using r sufficiently small, one shows that if 
a; 70, then j = (Log 2) (tan a)/ (Rr). 

Thus, if a;740, then j=(Log?)(tana)/(27). Hence h(x) =0, 
unless there is an integer k such that tan a = (2rk)/(Log 2); if tana 
= (2rk)/(Log2), then A(x) == c te rike — ¢ ¢%*, for some constant c. 

Now if tana = (27k)/(Log 2), either œ = ar, or a = o% + r(mod 2r). 
For the second possibility we must have c == 0, because if c 40, then c e”? 
is evidently not majorized by M | æ | in the half-plane @ (zett) > D when 
B == ag -+ r (mod 2r). Thus the lemma follows, in Case 1. 


Case 2. cosa==0. If h(a) =As«0, then (zo — n) = 2"A, which 


contradicts the hypothesis | h(t.—n)| SM | to—n |X. 
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ON TOPLER’S WAVE ANALYSIS.* 


By AurEL WINTNER. 


In a quite forgotten paper [2], appearing in a periodical which was not 
generally accessible even at the time of its publication (1872), the physicist 
Topler* has dealt with a generalization of harmonic analysis? (on a finite 
time-range). The generalization in question consists in replacing the over- 
tones of sin £ and/or cost by the sequence $(t), (2t), $(3¢),---, where 
(t) is an “arbitrary” periodic function. 

As implied by context and date, Toplers considerations on such a basic 
sequence are purely formal in nature, even though some of his formulae are 
quite ingenious. From what was available at that time, he could have, 
perhaps, derived more solid foundations from a suggestion made to him by 
Boltzmann, which he mentions but does not follow further. Boltzmann’s 
suggestion is that $(#) should be expanded into its ordinary Fourier series, 
in which ¢ should then be replaced by 24, 3¢,-- -; thus obtaining a (non- 
recursive) system of an infinity of linear equations (to be solved), connecting 
the functions (nt) with the functions sin mt and/or cos mt. 

This program can be carried out today. In its full generality, which 
leads to very simple results but without which the theory would become 
cumbersome, it could not have been carried out at that time. In fact, 
recourse will have to be had not only to Lebesgue’s definition of an integral 
(without which there is no Fischer-Riesz theorem) but also to Hilbert’s theory 
of bounded matrices. What will be needed in the latter regard is the theory 
of bounded “ D-matrices,” introduced by Toeplitz [3]; cf. also the Appendix 
of reference 2) in [4]. 


* Received December 10, 1946. 

*To the mathematician, Tépler’s name is familiar in connection with the quadratic 
extremal property of Fourier constants; a connection in which he is mentioned, for 
instance, on p. 639 of vol. 2 of Hobson’s Theory of Functions (2nd ed.). 

? In [5], I failed to refer to Tépler’s paper, which I knew well twenty years earlier 
but which I had not seen in the meantime. I must have forgotten it, even though 
I clearly was under its influence (in particular -in connection with Boltzmann’s 
suggestion). I realized this only recently, while turning over Burkhardt’s report [1]. 

In the literature known to me, Burkhardt’s abstract (loc. cit., pp. 905-906) is the 
only passage referring to Tépler’s paper [2]. 
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As pointed out in [4], p. 147, what is actually accomplished by Toeplitz’s 
Dirichlet matrices is a representation of the Eratosthenian sieve process. 
Hence, the situation agrees with Tépler’s prediction of arithmetical impli- 
cations ([2], p. 98). On the other hand, it cannot be surprising that certain 
assertions made, anno 1872, by a physicist interested in wave analysis should 
prove to be inaccurate (wrong is, for instance, the criterion claimed in [2], 
p. 71, concerning the sufficiency of absolute convergence). 

Actually, the whole problem becomes well-defined only if it is specified 
whether true series (with unique coefficients) or just approximability by 
sequences (that is to say, the “separation” property) is required, and there 
result two additional questions if the (L°)-metric is replaced by the l. u. b.- 
metric of uniform convergence (the corresponding questions concerning mere 
convergence, or convergence almost everywhere, are of course at least as 
intricate, hence “ special,” as in the particular case of ordinary Fourier series). 
It would be hard to say or, rather, it would be unhistorical to ask, which of 
these possibilities Tépler and Boltzmann actually had in mind. 

With reference to a sequence of constants ¢1, fe, + *, let D(®) denote 
the infinite matrix in which the indices of the rows and the columns range 
through the positive integers and the n-th column is formed by the sequence 


(1) (G9 2 0 0, 


where each block of 0’s is of length n— 1 (it being understood that these _ 
blocks are considered as missing when their length is 0, i.e. in the first 
column). Since (di, de, #3, * +) is the first, (0, $,,0, $2,0,: © +) the second, 
(0,0, $1,0, 0, da,» + +) the third,--- column of D(®), every element of 
D(®) situated above the principal diagonal is 0 and every element in the 
principal diagonal is ¢,. The n-th component of the vector, say (fi, fa: - *), 
into which a vector, say (ci, C2," © +), is transformed by D(®) is 


(2) fn = PaCn/a; 


where d runs through all divisors (= 1) of n. 

In Toeplitz’s paper [8], the matrix of his D-form is chosen to be the 
transposed matrix of the matrix of the linear substitution (2); so that (2) 
becomes replaced by 


(2 bis) Tn = Sacam 


(nm is the product of n and m, and not a double subscript). In contrast to 
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(2), the transposed substitution, (2 bis), is defined for every (ci, 2,‘ ©‘) 
satisfying 


(3) Z | en |? < œ% 
NaL 
if and only if 


fod se | bei 


If (2 bis) is used instead of (2), the Eratosthenian connection becomes 
obscured. However, since the properties of a matrix with regard to Hilbert’s 
space are identical with those of the transposed matrix, Toeplitz’s theory of 
D-forms can be formulated in terms of (2 bis) as well as in terms of (2). 
When expressed in terms of the latter, the Eratosthenian, algorithm, 
Toeplitz’s principal results in [3] are that i 


(i) the matrix D(®) is bounded (in Hilberts sense) if and only if the 
ordinary Dirichlet series 


(5) B(s) = F a/n 
is convergent in the half-plane o > 0 and satisfies the condition 
(6) | (s)| < const., where o > 0, 
(s =o + it); that 
(ii) if the assumptions of (i) are satisfied and, in addition, 
(7) | 1/(s)| < Const., where o > 0, 


then D(®) has a (unique) bounded reciprocal matrix, D-!(®), which is 
precisely D(Y), where Y(s) == 1/@(s); a fact which, as shown in [4], can 
be refined by saying that 


et 


(ii bis) if the assumptions of (i) are satisfied, then the spectrum of 
D(®) (meant in the sense in which I defined the spectrum of any, not 
necessarily Hermitian, bounded matrix) is identical with the closure of the 
values attained by the function (5) in the half-plane o > 0. 

In addition, use will be made of the following pair of facts, in which 
A* denotes A’, if A is the complex conjugate, and A’ the transposed matrix, 
of a matrix A (so that, in particular, 2*—=%Z—a2—iy, if z =g% -4+ îy is a 
number) : i 
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(a) If A*==A, where A = (anm), then the Hermitian form 


09 OO 


5 3 AnmCOnCm*, 
n=l m=1 


when thought of as a double series with the restriction that, in its partial 
sums, the index pair (n,m) occurs whenever (m,n) occurs, is convergent at 
every point (¢1,¢2,° * +) of Hilbert’s space if and only if A is bounded. 


(8) An arbitrary matrix A == (@nm), where n, m == 1, 2,* + - , is bounded 
if and only if either the product AA* or the product A*A (exists and) is 
bounded. | 

Both («) and (8) are classical (Toeplitz, Hellinger-Toeplitz) ; cf. pp. 
121-132 of my Spektraltheorte, 1929). 

From (8) and (i), it is easy to deduce the following criterion (cf. [5], 
pp. 575-576), the proof of which will be detailed for the sake of completeness: 


(I) Let $(t) be a function of class (L°) on the t-interval (0,7), 4. e., 
lel (4) be satisfied by the constants $1, 2,1 © © which result by placing 


(8) p(t) ~ 3 gasin nt 


on (0,7). Then the infinite Hermitian matrix 


(9) (f o(nt)g*(mt)ad), (n, m—=1,2,- ++), 


where (t) is meant to be defined for —— œ < l < œ by (8), is a bounded 
matrix if and only if the Dirichlet series (5) is convergent in the half-plane 
c > 0 and satisfies (6). 


Although 


(10) f o (t)dt = 0 


is not assumed, the summation index n = 0 does not occur in (8). It does 
occur in the corresponding cosine series, 


(11) (ft) fra dn cos nt, 
n=9 


of p(t) on (0,7). However, it does not occur in, or does not have any 
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influence on, the boundedness of either (5) or (9), and it will be clear from 
the proof of (I) that 


(Ibis) (8) can be replaced by (11) in (I), provided that (10) is 
satisfied (i.e, if do == 0). 


Lhe case of 
(12) b(t) ~ tao +5 (an cos nt + bn sin nt), 
where (instead of 0 < t< r) i 
(13) 0<t< 27, 


can, of course, also be treated. 
According to (8), 


(nt) —S dr sin kent 
kzt 


and (2* denoting the complex conjugate of z) 


a 
(mt) ~X dx* sin kmt. 
ket 


Hence, an application of the (“bilinear ” form of the “ quadratic”) Parseval 
relation shows that the integral occurring in (9) is a fixed multiple of the sum 


f 00 
(14) È hems nm) bkn/(njmy”s 
k=1 


where (n,m) denotes the greatest common divisor of n and m (and divides, 
therefore, the numerators n, m, 2n, 2m, - -, kn, km,- > of the indices occur- 
ring in this bilinear form of ¢; and ¢;*). On the other hand, since D(®) has 
been defined as the matrix the n-th column of which is the sequence (1), the 
sum (14) clearly is the complex conjugate matrix element at intersection of 
the n-th row and the m-th column of the product D*(®)D(®), the last asterisk 
being the one defined before (a). It follows therefore from (8) that the 
matrix (9) is bounded if and only if the matrix D(®) is. Consequently, (I) 
follows from (1). 

It will now be shown that, if (a) is used instead of (8), there results 
from (I) the following theorem: 


(II) Let $(t) be a function defined for — œ <t < œ by (8), where 


di, pa, | * is a sequence of constants satisfying (4). Then the partial sums, 


(16) p(t) = cu (nt), 


of the infinite series 
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(17) S cab (nt) 


H=1 


belonging to any sequence (ci, Ca, © *) satisfying (8) tend in the mean (L°) 
to a function 


(17 bis) f(t) = f(t; cs 2° - *), 


(of class (L*) on (0,7)) if and only if the Dirichlet series (5) is convergent 
in the half-plane o > 0 and satisfies (6). 


In other words, there belongs to every or not to every point (ci, ca, > *) 
of Hilbert’s space a function f(t) satisfying 


nr 
(18) J IOPE) dto, EA 
according as the coefficients, n, of (8) do or do not satisfy the requirements 
of (I). 
Corresponding to the cosine analogue, (I bis), of (I), there is an analogue 
of (II): 


(II bis) (8) can be replaced by (11) in (II), provided that (10) is 
satisfied (4. e., if bo == 0). 
First, if ¢:, C2,* © + is a fixed sequence of constants which need not satisfy 


(3), it follows from the completeness of the (Z*)-space that the existence of 
an f(x) satisfying (18) is equivalent to 


IT 
f POPOL do, . jbo. 
0 
In view of (16), this can be written in the form 
T 
j j 
È D Cnn f p(nt)p*(mt)dt — 0, j, k > œ, 
nek+l make) : 


where k <j. But the expression on the left of this limit relation is identical 
with the (k, j)-th remainder term of the restricted double series mentioned in 
(«),if A = A* in (a) is identified with the matrix (9). Hence, (II) follows 
from (a) and (I). 

By using (ii) instead of (i), it will now be easy to deduce the following 
solution of the Tépler-Boltzmann problem in the (L°)-case: 
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(IIT) Let $1,¢2,° + | be a sequence of constants having the property 
that the Dirichlet series (5) converges in the half-plane o> 0 and satisfies 
both (6) and (7). Then (8) defines a function which is of class (L°) and 
has the property that the relation 


(19) - f(t) ~3 cup(nt), 


when interpreted as an expansion in the mean (L°) [cf. (18), (16)], estab- 
lishes a one-to-one correspondence between all sequences (ci, ca, > * +) satisfying 
(3) and all functions f(t) of class (L°) on (0, 7). 


. The point is that the sequence 
(20) b(t), p(t), (n), 


does not (in general) consist of orthogonal functions; so that the coefficients 
of (19) cannot be obtained in Fourier’s fashion, and their characterization in 
terms of the minimum property, referred to in the first footnote, is not 
available. 

What is claimed in (III) but not in (II) contains two corollaries neither 
of which is obvious; namely, that 


(IIT) under the assumptions of (III), the sequence (20) is a basis 
of the functions f(t) of class (LF) on (0,7), 


and that 
(III”) under the assumptions of (III), 


co 00 “00 
(21) O~Sendn(nt) only when ¥ | cn |? =0 (if S| on |?< 0); 
nzi ' nal n=1 


in particular, the functions (20) are linearly independent. 


(The latter statement is weaker than (21), since all that it claims is 
that, when k is finite, 


k Te 
(21%) X | cn | 2? = 0, if Z cnp (nt) == 0 
: n=l n=l i 


holds almost everywhere.) 
The basis assertion of (III’) means that, if an f(t) of class (Z7) and 
an e > 0 are given, there exist a k and & constants Cn satisfying 


A & 
Sim Fas) di <e 
0 


le 


Ea 
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This is much less than (19), since the minimum property of the coefficients 
of (19) is not available. It should be noted in this regard that the assertion 
of the last formula line has been proved in [5], p. 566 and pp. 572-573, for 
the case 


(t) ~ Sn sin nt = (ft) 


if A > 3, whereas the assertions of (III) for (19) are satisfied only if A > 1. 
The proof of (III) will involve (II). If (II bis) is used instead of 
(II), what results is the following variant of (III): 


(III bis) (8) can be replaced by (11) in (III), provided that (19) ts 
replaced by 


(19 bis) f(t) ~ co + 3 cng (nt), 


and (€1,C2,° * *) by (Cos Ci, Ca °°). In particular, (20) in (IIT) can then 
be replaced by à 


(20 bis) Í, p(t), $(2t),° 3 `, (Mt), ue. 


According to (i) and (ii), the assumptions of (III) mean that D(®) 
is a bounded matrix and has a (unique) bounded reciprocal matrix D(®). 
But the boundedness of a matrix means that the matrix transforms every 
point of Hilbert’s space into a point of Hilbert’s space (Toeplitz). Hence, if 
(f fa, © +) is any vector satisfying 


(22) S| ial? < W, 
it is transformed by D-(®) into a vector, 


(23) (1, Co,’ * *) = D1(®) (fio fo: * "Js 


satisfying (3). Furthermore, this mapping of the Hilbert space (f) on the 
Hilbert space (c) has a unique inverse on the latter space, since (23) has a 
(unique) bounded inverse, 


(24) (fo fas i J = D(®) (¢1, C2,° ° Di 
Since sin £, sin 2f,- - is a complete orthogonal system on (0,7), the 
Fischer-Riesz assignment, 
00 
(25) > f(t) —Xfasinnt, 
n=1 
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establishes a one-to-one correspondence between the sequences (fi, fat °°) 
satisfying (22) and the functions f(t) of class (L?) on (0,7). Consequently, 
(24) and (2) imply that the n-th Fourier sine constant, fa, of every function, 
f(t) > of class (L*) on (0,2) can be represented in the form 


(26) În =. CdPn/dy 


where Cı, C2,* * > is a sequence satisfying (3). On the other hand, (II) states 
that any such sequence defines a function to which the partial sums, (16), of 
(17) tend in the mean (LF) on (0,7). Let g(t) = g(t; c1, 62: + +) denote 
this limit function of class (Z*). Then, since 


f | g(t) — f(t) | 2 dt —> 0 as b> œ, 
0 
holds for the functions (16) and since, if g(t) ~ In sin nt, 


w 
3 i 
f | g(t) — Z gm sin mt | ? dt —> 0 as j -> œ, 
; m=2 ; 
it follows from (8) that 
(27) Jn = È Capnsa. 
dln 


In fact, both of the limit processes, which lead to this evaluation of 


IT 
f g(t) sin nt dt 
0 


Or gn, can be carried out “ term-by-term,” the legitimacy of the term-by-term 
integrations being assured by convergence in the mean (L°). 

According to (26) and (27), the two functions, f(t) and g(t), have the 
same Fourier sine constants, fn and gn, on (0,7). It follows therefore from 
the uniqueness theorem of Fourier sine series (L°) that f(t) g(t) (almost 
everywhere). If this is compared with the one-to-one correspondence estab- 
lished by (23) and (24) between Hilbert spaces (22) and (3), it is seen that, 
in order to complete the proof of (III), only the assertion, (21), of (III) 
remains to be verified. 

The proof of (21) can be based on the fact used after (14), namely, on 
the circumstance that the Hermitian matrix (9) is the product D*(®)D(®). 
This implies that the matrix (9) is non-negative definite. Actually, since 
D(®) has a bounded inverse, DI (®), the bounded matrix (9) must be positive 
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definite, that is to say such that a = 0 can be refined to 2 > 0, if » denotes 
the greatest lower bound attained by the Hermitian form belonging to the 
matrix (9), on the boundary of the unit sphere in Hilbert’s space (Toeplitz). 
In particular, 
n 

co 00 ; . 

= 35 onon f db (nt) d* (mt) dt == 0 

n=1 mal 

0 


holds only when (ci, ¢2,: © -) = (0,0,: ++). Since this double sum is the 
limit, as k—» œ, of ; 


gilt m=i 


k k a j k 
5 D cncn* Í d(nt)t*(mt)dt = f |0—Senp(nt)}? dt, 
Ral 
G (1) 


the assertion, (21), of (III”) follows. 

This completes the proof of (III). The proof of (III bis) proceeds in 
the same way, if the preceding deduction is first applied to f(t) — co, that is, 
to the function which results if the constant term of the expansion (19 bis) 
is subtracted from the function f(t). 

In order to illustrate the nature of the limitations imposed on $(#), it is 
instructive to consider the case in which the last assumption, (7), of (III) 
is relaxed to 


(28) i (s) #0, where o > 0, 


but all the other assumptions of (III) are retained. It is clear from (11), 
and from the proof of (III), that the assertions of (III) cannot then remain 
true to their full extent. What is interesting is that not even (IIT), a state- 
ment much weaker than (III), is such as to allow the reduction of (7) to (28). 

In order to see this, it is sufficient to choose (8) as follows: $(#) = sin 2¢. 
Then every n except ġa = 1 is 0. Hence, (5) becomes ®(s) = 2, and so 
(6) and the relaxed form, (28), of (7) are satisfied. But (7) is violated 
(in fact | 1/8 (s)| = 2°— œ as a— co), and this alone vitiates the assertion 
of (III’). For, since $(t) = sin 2¢, the sequence (20) now becomes 


(28 bis) sin 2t, sin 4t, sin 6t,° °°, 
a sequence which cannot be (L*)-complete on (0,7). In fact, this sequence 
is a (proper) subsequence of the sequence of all odd harmonics. But no such 


subsequence can be (L?)-complete on (0,7), since the sequence of all odd 
harmonics is an orthogonal sequence on (0,7). 
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ON RIEMANN’S REDUCTION OF DIRICHLET SERIES TO 
POWER SERIES.* 


By AUREL WINTNER. 


Subject to provisos of convergence, the reduction in question connects 


f(s) = S an/n and I(r) = S ant” 
n=l n=1 


by the formal identity 
00 
r(s)f() = f aP (er)da 


0 


(cf. [8] and, for references concerning proofs of convergence in case of 
general Dirichlet series, [4], p. 11). 

The Tauberian aspects of this connection seem to have been neglected 
in recent literature. An exception is one of the Hardy-Littlewood proofs 
of the prime number theorem ([3], pp. 128-133). 

Today, it is possible to develop a Tauberian theory of the transformation 
F — f in a manner leading to more or less complete results. Curiously enough, 
even results containing F(r) alone (cf. (III) below) can be obtained from 
the representation of f as the Mellin transform of F. 


1. First, a few primitive facts will have to be collected. 


(i) If a Dirichlet series 


co 
(1) f(s) = Z an/n8 
n=1 
is convergent in the half-plane o > A, then the corresponding power series 
00 
(2) l F (r) = Xn" 
n=1 


is convergent when r < 1 and satisfies 
(3) F(r) == O(1—r)~* if c > max (0,4), 


as r— 1, 
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In fact, if A420, then the convergence of (1) for o > A means that 
(4) 3 dm = O(n) 
mel i 


holds for every e > 0. This implies that (2) is convergent when 7 < 1 and 

that, since | 
oO co Rz 

(5) Z ant” = (1 — r) X Xn, 
n=1 Nal m=i 

the function F (r) is 


(Let) S O(n) 7% == (1 —r)O(1— r)a 
n=l 


as r—> 1. This proves (3) under the assumption A=0. But this assumption 
is made superfluous by the wording of (3). 


(ii) Jf the abscissa of convergence of (1) is non-negative and finite, 


then the integral 
00 


(6) f rF (¢*) da, (ef. (2)), 

0 ; 
which is, when o < 1, improper at v = 0, is absolutely convergent within the 
half-plane of (not necessarily absolute) convergence of (1). 


The half-planes are meant to be open. 

.If A denotes the abscissa of convergence of (1),-the assumptions of (ii) 
are 0Z=A< co. According to (i), these imply that P(r) = O(1—1r)** as 
r—> 1—0, where « > 0 is arbitrary. Since this means P(e?) == O(g") 
as x—>-}+ 0, it follows that the contribution of the range 0< s & 1 to (6) 
is absolutely convergent if the real part, e, of s satisfies the inequality 


(1A 
that is, if o > A. On the other hand, the contribution of the range 1 S < œ% 
to (6) is absolutely convergent for every s, since 
(7) F(e?) =O(e?) as t> 0, 
by (2) (where F(0) =0, hence F(r) —O(r) assr-> 0). This proves (ii). 
(iii) If (1) ts convergent when o > À, and if AZ0, then 


00 


(8) f(s) = f a*1F (e-*) dx/T(s) 


when a > À. 
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This is that connection between (1) and (2) on which Riemann’s proofs 
of the functional equation of £(s) depend. His starting point is that (8), 


for o > 0, is obvious from 
0a 


(9) Ti) f vedr, o> 0, 
` , 

if (1) and (2) reduce to monomials, f(s) = 1/ns and F(r) = r*. Hence, 
(8) is true, for reasons of distributivity, in the half-plane e > 0, if (1) isa 
finite sum. This reduces the problem to one concerning the legitimacy of a 
term-by-term integration in an integral (which is improper at 2 = œo and, 
if e < 1, at z= 0 also). This term-by-term integration can be justified 
from (7) and (3), if o > max (0,À). 

The last step in this proof of (iii) is just a routine matter. Neverthe- 
less, this, the traditional, verification of (iii) is by no means as straight- 
forward as it appears. In fact, it thinks of the problem as one concerning 
the division of (6) by (9), whereas the actual problem is that of the 
multiplication of (1) by (9). Correspondingly, a proof of (iii) which is less 
artificial than the usual one and which, without additional labor, leads much 
further than (111), is contained in a general lemma concerning multiplication. 
In fact, (1) can be written as a convergent, and (9) as an absolutely con- 
vergent, Mellin integral, and so nothing more is involved than the integral 
form of the Mertens-Stieltjes multiplication theorem on series. 


2. An immediate consequence of (ili) is the following fact, which 
claims that, if (1) is convergent for o > 1 and if the coefficient sequence 
1,42,‘ *, has an “ A-mean,” then the sequence has a “ D-mean” as well 
(and the latter is equal to the former): 


(iv) If the Dirichlet series (1) is convergent for o >1 and if the 
corresponding power series (2) (which, by (i), must then converge for r< 1) 
is such that 


(10) (1—r)F(r)—lasr—>i1 
holds for some 1= const., then 
(11) ef(1-+¢«) —l ase 0. 


The implication claimed by (iv) is well-known. It can be completed by 
the following necessary condition for (10) (if (1) is convergent when o > 1): 


(v) If t ts fixed, then, under the assumptions of (iv), 
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(12) =  ef(1+e+it) 30 as e0, it 0< E< o 
(but (12) must be replaced by (11) at t=0). 


From the proof of the necessity of £(14+ it) 540 for the truth of the 
prime number theorem, standard is that particular case of (v) in which the 
(A)-assumption, (10), is strengthened to the corresponding (C, 1)-assumption, 


(13) (a+ << +@n)/n5>1° (n—> co). 


Actually, both (iv) and (v) can be concluded from (iii). 
In fact, the assumptions of (iii) are now satisfied if o > 1. Hence, 
from (8), 


00 


(14) D(1+e+ @)f(1+e4 i) = (oF (e*)ds, 


v 


if t is real and e > 0. But the assumption (10) means that 
(15) Fi(e-?) = lg + o(x*) as «0. 


It follows therefore from (7) that, as e— 0, the integral on the right of 
(14) is 


i 


f otttletde + O(1) =I farei LOC) t/a) koi: 


Consequently, if (14) is multiplied by e, 
(1+ e+ 4)f(1+e+ it) = le/ (e -+ it) + Ofe). 


This relation proves the assertions, (11) and (12), of (iv) and (v), since 
T(1+ e) 1 if #=0 and F(1-+e+ i) >IT(1+ i) #0 if t0. 


8. According to an “elementary” theorem of Hardy and Littlewood, 
proved very simply by Karamata [6], the Tauberian restriction 
(16) Un x 0 


is sufficient in order that the converse of Frobenius’ unconditional implication, 
(13) — (10), be true. In other words, 


(17) (10) and (16) imply (13). 
On the other hand, 
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(11) and (16) do not imply (13) 
or, what (in view of (17)) is the same thing, 
(18) (11) and (16) do not imply (10). 
In fact, (18) is clear from Dedekind’s example, 
(19) dn = n if n= 2 and an = 0 if n s4 2, (k-=0,1,-* +), 


(cf. [1]). What is responsible for this situation is precisely (v). For, 
in order to prove (18), it is sufficient to ascertain that the convergence of 
(1) for o > 1 and the assumptions (11), (16) together do not imply the 
assertion, (12), of (v). But (16) is satisfied in the case (19), and the 
series (1) becomes 


00 00 
f(s) = S Qk /Qks == N (Pre), 
k=0 kzl 


a geometric progression which converges when o > 1. However, since f(s) 
has the period 2rt/log 2 and possesses a simple pole at s= 1, the necessary 
condition expressed by (12) is violated at t= + 2min/log 2, even though 
(11) is satisfied. 

In order to satisfy (12), Ikehara’s theorem, which retains (16) and the 
convergence of (1) for o > 1, assumes both (11) and (12), and somewhat 
more; substantially, the existence of a continuous boundary function for 


f(s) —1/(s—1) 


on the line e = 1 (cf., e.g, [7]). 

Since the local behavior of 7/(s—1) on o==1 is the same as that of 
I£(s), Ikehara’s theorem can be formulated as follows: 

If the Dirichlet series 


(20) f= (6) —f(5) — (8) = 2 (0n —1)/n" 


converges in the half-plane o >1 to a function which attains continuous 
boundary values on the line o = 1, then (16) is sufficient for (13). 


4. This theorem will now be refined so as to replace [kehara’s assertion, 
(13), by (10) and Ikehara’s Tauberian restriction, (16), by a more inclusive 
assumption, to be placed on the function (2) (which represents averages of 
1 0,* © *), rather than on the individual coefficients an, as follows: 


(vi) Let the Dirichlet series (1) be convergent in the half-plane o > 1. 
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Then the Abelian relation (10) holds for the power series (2) whenever the 
coefficients an satisfy the following pair of conditions: 


co 
(a) F(r) = Zan" is a monotone function of r as r—>1 (i.e. ulti- 
hal 


mately), and 


(8) the function (20), where o > 1, goes over into a continuous boun- 
dary function on the line o == 1; a requirement which can be relaxed to the 
assumption that 


(Bbis) for every positive T < œ, the functions 
(21) fo (t) = f” (o + it), — 0 <t< o, 


defined by (20) for o > 1, converge, as o — 1, in the mean of the function 
space' (L) == (L*) on (—T,T) (that is, 


È l 
(22) f | F(a -H it) — f*(1+ + i)| dt>0 as & +70, 


-T 


where è > 0 is independent of n > 0). 


Remark. In order that (22) be satisfied, it is sufficient, but not necessary, 
that the functions (21) of # be majorized by an L-integrable function of t 
on (—T,T), aso—l1. | 

Since (16) is sufficient for (a) in (vi), it follows from (17) that 
Ikehara’s theorem is contained in (vi). The converse inference is not 
possible in any sense. In fact, a domain which is reached by (vi) but cannot 
be reached by Ikehara’s theorem is exemplified by so primitive a case as 


(23) Un =z (— Ln 


‘ For, since an # o0(n) in this case, the assertion, (13), of Ikehara’s theorem 
is surely false. But the assertion, (10), of (vi) is true; and the point is 
that this can be concluded from (vi) itself. In fact, (1) converges, in the 
case (28), in the half-plane o > 1 to a function, f(s), which is an entire 
function, hence such as to satisfy (8) (with Z=0), and (a) is fulfilled, 
since (2) becomes 


F(r) —3 (—1)** nr? =1r/(1+7r)? >} (l>r-1). 
n=1 


5. -In order to prove (vi), suppose first only that (1) is convergent 
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when o > 1. This means that the assumption of (iii) is satisfied by à = 1. 
Hence, (8) is applicable if the real part of s = o +- it exceeds 1. Accordingly, 
00 
(25) FT) = f eE (exp —e) dy, 
-00 

if æ is replaced by e” in (8). 

In view of (i), the integral (25) is absolutely convergent. Hence, if 
p(t) is any L-integrable function on a finite interval (— T, T), then 


T œ 
(26) f f | b(t) eR (exp — e?)| dy dt < œ. 


~T 00 


Consequently, from (25), and by Fubini’s theorem, 


27 oO 27 
(27) f p(1)f(s)T(s)dt = j F (exp — eV) e7” f e tty (t) dt dy, 
27 -00 ~27 


if T is replaced by 27. 
As in the standard proof of Ikehara’s theorem (cf., e.g., [7]), choose 


p(t) = F(1—4 | t| /T) et, 


where x is a real number. Then the interior integral on the right of (27) 


becomes 
; 27° 


3 f eene(1—4|t| /T)ät = To(T2—Ty), 


27 
if ® is an abbreviation for the function 
(28) (u) = (sinu)?/u?. 


Hence, (2?) reduces to 
27 | 
3 f 4] t| /Dyetf(o + ie) T(o + ita 
-2T 
(29) 


00 
== T f F (exp — e”) ess (Tx — Ty) dy, 


-00 


where o > 1. 
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Clearly, (29) remains true if f and F are replaced by f* and F* respec- 
tively, where, corresponding to (1), (2) and (20), 


(30) F*(r) = 3 (an — I) = P(r) —l/(1—7). 


Let (31) denote the identity which results from (29) upon the replacement 
(F, F) > (f, P*). 

In view of the completeness of the L-space, the last assumption, (£ bis), 
of (vi) implies that, as e —> 1, the functions (21) tend in the mean (L) to 
an L-integrable function, say fo(t), on every finite ¢-interval. Furthermore, 
this limit process can be carried out beneath the integral sign of the integral 
on the left of (31) (the convergence being “strong” with reference to the 
L-space). Finally, since (31) is true when o > 1, the expression on the right © 
of (81) must tend, as o—>1, to a finite limit, the latter being the limit of 
the expression on the left. Accordingly, if 


(32) gr(t) = 40 — 4 |t| /T)fo(t)E(1 + it) 
and 
(33) ġr(z) =T lim f F* (exp — ev)eov®6 (Te —Ty)dy, 


the result of the limit process in (31) is 


27 


f e*ton(t) dt = $r(7), 


-2T 


along with the existence of (33) (as a finite limit) for every real x and for 
every T > 0. Finally, since fo(t), and therefore the function (32) of #, is 
L-integrable on evéry finite ¢-interval, the last formula line shows that, in 
view of the Riemann-Lebesgue lemma, 


(34) dr(z) > 0 as tt œ. 


6. Condition (a) of (vi) has not been used thus far. Hence (if f*, F* 
are replaced by f, /’), the result of the preceding deduction can be formulated 
as follows: 


(vii) If the Dirichlet series (1) is convergent when a > 1 and satisfies, 
for a fixed T > 0, the condition 


RIEMANN’S REDUCTION OF DIRICHLET SERIES. TTY 


2T 
(35) f [f+ 8-4 it) —f(1 +44 it)| dt 0 as (8,2) > (0,0), 


-2T 


then the Abelian value, 


co 
(36) lim f eF (exp —.e") e 8 (Tx — Ty) dy, 
EdD he 
of the improper integral 
oO 
(87) f F (exp — et)ev®(Tx — Ty) dy, 
-00 


where F, ® are defined by (2), (28), exists, as a finite limit, for every real x, 
and 
(38) (36) tends to 0 ast + œ. 


The convergence of (37) is not claimed. The transition from (86) to 
(37) would correspond to one from the (A)-summability of a series % cn to 
its convergence, that is, from 


(367) S oaen >C as e> 0 
to 
N 
(87) Ica —>C as N> 0, 
n=1 ` 


which, according to Tauber’s theorem, is justified if (and only if) 
N 

(39) > nen= 0(N). 
n=1 

Correspondingly, by the integral analogue of Tauber’s theorem, 

(vii bis) (86) in (vii) can be replaced by (37) if (and only if) 
at 
(39) J. yF (exp — ev) e% (Tx — Ty) dy =o0(k) as R> œ, 
g 


where z is fixed (as is T). 


Strictly speaking, (39) belongs to those modifications of (86), (87) in 
which the lower limit of integration, instead of being y = — %, is y= Î, 
as in (39). Actually, the contribution of the half-line y < 0 to (86), (37) 


` 
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is immaterial, since, if r= exp — e”, this half-line LA an r-interval 
ending before the crucial point, r = 1, in (2). 
A condition more superficial than (39) is 


(40) F(r) =0 
(as r—>1). In fact, by (28), 
(41) D>0, 


and so it is clear that (36) can be replaced by (37) if (but not only if) (40) 
is satisfied. 


7. After this interruption of the proof of (vi), consider again (20), 
(30), Instead of (1), (2), hence (33), instead of (36). 

If the analogue of Tauber’s condition, (39°), can be assumed, then (33) — 
simplifies to 

O i 
(42) pr(a)=T J F* (exp — e¥) e¥@ (Te — Ty) dy, 
-00 
and this would admit a direct application of («) along the lines of the 
“Tauberian ” atgument of Karamata-Wiener. Fortunately, the circumstance 
that the integral (42) must be confined to its Abelian form, (33), will not 
lead to difficulties. 

First, the asumption (a) is that the function (2) is monotone when r 
is close enough to its limiting value, 1. After a suitable alteration of the 
first coefficient, a,, of (2), an alteration which clearly has no influence on 
the assertion and the remaining assumptions of (vi), it can be assumed 
that F (r) is monotone from the beginning, that is, on the whole interval 
0<r<1. Hence, F(r) will be strictly monotone, and will not therefore 
become 0 more than once, when r varies from r==0 to r==1. After an 
additional alteration of a, it can be assumed that /(r) does not become 0 at 
all (except at r == 0), and so, since F(r) can be replaced by — F (r), that 


(43) F(r) > 0 if 0<r<1 


Two cases are possible, according as the monotone function F(r) is 

: decreasing or increasing. In the first case, (43) implies that F (r) is bounded 

as r—>1 and must therefore tend to a finite limit, F(1—0). Since this 

implies what is claimed in (vi) (and much more), it is sufficient to consider 
the second case, where 


(44) P(r’) < F(t”) if < i. 
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It should be noted that, in the above normalization, the formal “ residue ” 

occurring in (20), (30) cannot be negative, since (2) and (43) imply that 
(45) I 0. á 

Incidentally, the proof of (vi) admits of a slight simplification if the sign 

of equality holds in (45), since (30) then reduces to (2). But the assertion 


of (vi) is not more evident in this limiting case than it is when l £0. 
Actually, the contribution of the trivial second term in (30) or, if 


(46) P(r) == 1/(1—7), 
in j 
(47) P*(r) = F(r) —1Fo(r), 


can be isolated in any case. 
8. According to (47), the contribution ot (46) to the integral following 


the lim-sign in (33) is 


Oo 
f Eo(y)® (Tz — Ty) dy, 
-00 
where 


Eo(y) == exp (— e” — oy) / (1 — exp — e?) 
and o > 1. I£ o->1, this quotient tends to 
(48) E(y) = ezp (~e? —y)/(1— exp — e”), 


and therefore the last integral to 


(49) Í E (y) (Tr — Ty) dy. 


In fact, it is clear from (48) that 
E(y) > 0 for — 0<y< c0 


and, as y—> ©, 
E(y) ~ exp (—ev—y)/et=exp (— e) > 1, (y> ©), 
finally, as y > — 00, 
E(y) =0(1)/(1—0(1)) =0(1), (y>— 0). 
On the other hand, from (28), 
&(Tr-Ty)=0(Y?) asy> + œ, 
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if x and T are fixed. But the four last formula lines imply the convergence 
of the integral (49), and the legitimacy of the limit process (oc — 1) which 
led to (49) is just as obvious. 

Accordingly, the contribution of the second term on the right of (47) 
to the limit on the right of (33) is —/ times the value of the (convergent) 
integral (49). Hence, (33) can be decomposed into 


DO 
(50) pr(x) == T lim f eV (exp —e4) ®(Tx — Ty) dy — IT yr(2), 
ol ne 
where, according to (49) and (48), 
(51) yr(e) = f e- Y-u(1 — eY) (Tx — Ty) dy, Y = ev, 
-0 


Since the limit occurring on the right of (50) exists, it follows from 
(43) and (41) that (50) can be replaced by 


co 
(52) brz) == T f ev (exp —ev)®(Tre — Ty) dy — Tyr (£). 
-00 i 
In fact, this reduction of (50) depends only on the trivial criterion, (40), 
mentioned after the necessary and sufficient condition, (vii bis). 
Needless to say, what this reduction actually accomplishes is that the 
representation (38) can be improved to (42). 


9. Itis seen from (51), (28), and from the four formula lines preceding 
(50), that 


00 


lim wr (2) =f (Ty) dy. 


The last integral is 


fa (Ty) dy = fa (y)dy/T = x/T, 


-00 -00 
by (28). According to (84), 


lim $r(2)=0. 
300 


Finally, (52) can be written in the form 
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br(x) + IT yr(t) = pr(2), 


where 


CO 
(53) pr (a) = | ew? (exp — 6/7) (Te — y)dy. 


-00 


The four formula lines which precede (53) imply that 


00 
(54) lim pr(a) = xl, where 7 = f (y)dy, 
BAO) 
-00 
is an identity in 7. On the other hand, the assertion of (vi) is (10) or, 
what is the same thing, 


(55) lim eF (exp — e) == I. 


U-? OO 
Hence, the proof of (vi) is complete if it is verified that (53), (54) and 
(41) imply (55) by virtue of both assumptions (43), (44), the second of 
which has not been used thus far. But the proof of this implication is exactly 
the same as in the corresponding final step in the proof of Ikehara’s theorem 
(namely, steps 1)-2) in [7], pp. 526-527) and will therefore be omitted. 


10. The theorem just proved, (vi), implies the following: 


(vili) Jf a Dirichlet sertes (1) is convergent for a > 1 and, for some 
constant I, the corresponding function (20) satisfies the boundary condition 
(22) for every positive T < œ, then 


DO 
(56) (1— r) Sar? ->lasr>1 
n=1 
holds whenever the coefficients of (1) satisfy the estimate 


(57) Zan = 0 (2). 
Clearly, the restriction 
(58) an = O(1) 


is sufficient for (57). Under this restriction,’ Ikehara’s theorem supplies 
(13), instead of just (56). Nevertheless, it is seen from (17) that (13) 
can be concluded from (viii) also, if the Tauberian conditions of (viii) are 
strengthened to those of Ikehara’s theorem. Conversely, if the latter re- 
strictions are replaced by those of (viil), then (56) can hold when (13) is 
false. This is shown by the example (23), which satisfies (57) and (22) 
(with ¿= 0 in (20)). 


9 
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The true theorem is, however, one which, instead of the partial sums 


(59) Gnu È du 


m=i 


occurring in (vili), involves only the sums 


(60) ta == > Mamy 


m=i 


which occur in Tauber’s own theorem. In fact, from (59) and (60), 


n-1 
ta == NEn — > Sine 
m=1 
Hence, 
if sn = O(n), then tn = O(n?). 
Consequently, (vili) is contained in the following theorem: 


(ix) In (viii), the coefficient restrictions can be replaced by 
(61) Z Nan = Or (T°) 
n=1 


(in particular, (16) can be relaxed to tts averaged form, 


(62) ` S na, = 0, 
n=i 
and (57) to 
(63) | 3 na, = 0 (2°), 
n=i 


the corresponding averaged condition). 


- It is readily verified that, by adding a constant to every dn, one can 
. reduce the sufficiency of (61) to that of (62). Hence, in order to prove both 
(viii) and (ix), it is sufficient to show that condition. (a) of (vi) is satisfied 
if (62) is assumed. In other words, it is sufficient to ascertain that the 
derivative of (2) is non-negative if the sums £n, defined by (60), are non- 
negative. But this is obvious, since the derivative of (2) is 


DO CO 00 

3 NAT? = D (in tn)! = (1 — r) & tar 

n=l n=l n=1 

11. The rôle of (61) in (ix) is that of supplying a sufficient condition 

for the first assumption, («), of (vi). It will now be shown that a sufficient 

condition for the remaining assumption, (8 bis), of (vi) (that is, for (22), 
where 0 < T < co), is supplied by 
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(64) J G—nl Fender < o. 
(x) Let 
(65) f(s) = 3 m/n, hence f*(s) =3 (an— 1n, 


be convergent for o > 1 (and, therefore, 
(66) P(r) = 3 anr” and P*(r) = $ (an —1)m 
n=l l n=l 


forr <1). Then (61) and (64), respectively, are sufficient for the assump- 
tions (a) and (B bis) of (vi) and imply, therefore, that 
(67) (l—r)F(r) Lie, F¥(r) = o(1—1r)7, as ro 1. 

There is something unsatisfactory in the structure of the last conclusion, 
since both the assumptions, (61) and (64), and the assertion, (67), involve 
only the power series, (66). Thus the sole part played by the Dirichlet series, 
(65), consists in their convergence in the half-plane o > 1. This, an assump- 
tion not implied by the convergence of the power series for r < 1, enters, of 
course, via (vi). | 

This anomaly can be disposed of, since (vi) can be generalized as follows: 


(I) Let F(r)=Saw" and 
n=1 


[o e; 


(68) (s) =Í si (e-*) dx 


G 
be convergent for r < 1 and o > 1 respectively. Suppose that 


(69) F(r) is monotone as r—> 1 — 0 


(for instance, that (58) is satisfied) and that the function 


(70) A p” (s) = $ (s) — lt (8) 
or, equivalently, the function 
(71) $* (s) = $(s) — 1/(s—1), 


where l is a constant, satisfies the boundary condition 
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T 
(12) f |6*(1+8+i) —6*(1+7+)] di0 as (8,7) > (0,0), 


-F 


* 


for every fixed T < œ. Then, as rl, 
(73) (l1—r)F(r) Lie. S (an — l)” = 0 (1 —17) >. 
n=l ? 


The point is that this theorem, (I), ineludes Dirichlet series (65) 
which have no half-planes of convergence. Nevertheless, the proof of (I) is 
the same as that of (vi). In fact, if f*(s), instead of being defined by (20), 
is defined by eo 


(74) f* (s) = $*(s)/T(s), (e > 1), 


where $*(s) is the function (70), then, since T'(s) is continuous and distinct 
from 0 on the closed half-plane o = 1, the assumption (72) of (I) becomes 
equivalent to the assumption (8 bis) of (vi), whereas (69) represents («) 
in (vi). But this suffices for the proof of (vi). For, on the other hand, 
(ili) implies that, ¿f the Dirichlet series (1) or (20) is convergent for o > 1, 
then (74) holds by virtue of (68) and (70), and, on the other hand, only 
the functions (68), (70), (74), rather than the two series (65), have been 
used in the proof of (vi). 


12. This reduces the problem of (x) to one involving. the power series 
(66) only. In fact, (x) can be reduced to (I) and to the following criterion: 
(II) If a power series | 
00 
(75) G(r) = 3 Bar” 


n=l 


and the corresponding Mellin transform 


(76) W(s) = f rG (e2)dz 
0 
are convergent forr < 1 and o > 1 respectively, and if 
1-0 
(77) f (1—r)| G(r)| 2dr < œ, 


0 


then the function y(s) =y(0 + it), where o > 1, goes over into a locally 
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L-integrable boundary function on the line o==1 (that is, there exists a 
measurable function polt), — 0 <t < œ, satisfying 


T 
(78) f Iy(1+e+ it) —yo(t)| dt -> 0 as e> 0, 


-T 
where T < œ is arbitrary). 


Actually, the convergence of (76) in the half-plane o > 1 need not be 
required, since even the absolute convergence of (76), for o >1, is implied 
by (77). In fact, (76) is convergent in the half-plane o > 1 if and only if 
the improper integral 


f (log r): G(r}dr/r 


is convergent for every e > 0. Hence, (76) is absolutely convergent in the 
half-plane o > 1 if and only if 


1 
f |(1—r): G(r)| dr < co when e> 0. 


9 , 


But Schwarz’s inequality shows that the last integral is majorized by the 
square root of JC., where J denotes the integral (77) and 


1 2 
o= f (a—r) jdr j (1 — r) dr < œ. 


0 0 


Clearly, (78) implies that 


F 
09) |yA-+38-4i)—y(1 +44 it)| dt as (8,7) > (0,0), 


-T 


i.e., that (72) is satisfied for ¢*—y. Hence, if (II) is granted, (1) 
supplies the following Tauberian theorem, which involves nothing but a power 


series: 
(III) Ifr<1, let 
co 
(80) P(r) =3 cut” 


be a convergent power series satisfying the integral condition 
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(81) Sanza, 


0 


and suppose that, as r— 1, 
(82) P(r) is a monotone function 


(which is sure to be the case if 


gz 
(82*) Xncy= Or(x°) as goa; 
+ n= 
for instance, if 
v 
(82°) nen Z0 
nzi 


holds from a certain x onward). Then 
(83) P(r) =0o(1— r)" asr 1. 


Clearly, (x) is a corollary of (III). Since (1) and (II) imply (III), 
and since (I) has already been verified, it follows that only (II) remains to 
be proved. i 


13. The assertion of (II) is the existence of a measurable function 
p(t), — œ% < t< co, satisfying (78), where T is arbitrary (< œ). In 
view of the completeness of the Z-space on a t-interval, the existence of such 
a wo(t) is equivalent to (79). On the other hand, since T < co, it follows 
from Schwarz’s inequality that (79) is sure to be true if (797) is true, 
where (79?)r denotes the relation which results if the function integrated 
in (79) is replaced by its square. But (79?)z, where T < œ, is certainly 
true if: (79%)o0 is true (with the understanding that y(o + it) should be 
of class (L°) on the line — œ < t< œ, if o > 1 is fixed). Finally, Plan- 
cherel’s theorem states that (79?) is true if and only if 


oo 


(84) f | F(u) — y(u) |? du —> 0 as (8,4) > (0,0), 


-00 


where (in the (L?)-sense) 


o : 
(85) 2rt(u) ~ f w(1 + e + it) ettudt 
-00 
and, for every e > 0, 
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RIEMANN’S REDUCTION OF DIRICHLET SERIES. 787 


co 00 
(86) Í y(i + e+ it)|? dt < œ, i. e, J | ¥e(u)| edu < co. 

-00 -00 
Consequently, more than (II) will be proved if it is verified that the assump- 
tions of (II) imply (86) and (84), where % is defined by (85) in virtue 
of (86). 

To this end, put s=14+e+ i and z=" in (76). Then (76) 


appears in the form 
00 


y(14e+4#4)=> f e G+) 4G (exp — e) ett du, 
= 00 
As verified after (II), this integral is absolutely convergent by virtue of the 
assumption (7?) of (II). Since (77) implies that the function 


e (Hou G(exp — e) 
is of class (L*) (cf. below) and since, being analytic, it is of bounded 
variation locally, Fourier’s inversion is legitimate. This means that the 


integral on the right of (85) is convergent (beforehand, as a “ principal ” 
integral in Cauchy’s sense), and is equal to 
Qre (Hou G(exp — e”). 

But now it is clear that (in view of the absolute convergence of (75) and 
(76) for r< 1 and o > 1, respectively) the condition (86) is satisfied, and 
that the function on the left of (85) is precisely the function in the last 
formula line; in fact, the Fourier transform (L°) of a function of class (L7) 
is (L*) -unique. 

It also follows that (85), the only relation which remains to be verified, 
is equivalent to 


DO 
f | (edu — enjeu (exp — e)|?du->0 as (3,7) > (0,0). 
-00 
Since this condition is identical with 
oO 
f x | (#5 — 27) G(e*)|2dz—-0 as (3,7) > (0,0), 
0 


it is satisfied if 


(6,0) 1 
f lalede < æ, ie, f (logn)[G(n)]*d/r< o 
0 


0 
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(r = e). But, since — logr —1— r as r— 1, the convergence of the last 
integral is equivalent to (76) (there is no trouble at r= 0, since, according 
to (75), 

(— log r)| G(r) | ?/r = (—log r+) O(1?)/r as r— o0, 


and this is O(—rlogr) — 0). 


14. This proves (II), and therefore all theorems formulated above. 
Actually, the proof is such as to lead, without additional effort, to certain 
variants of these theorems. ‘This is illustrated by the following extension 
of (III): 

(IV) If A>1 and u=X/X— 1), then (III) remains true when tts 
assumption (81) is generalized to 

py 
(38) | J (L—r)")| P(r)| 4dr < œ 
0 
(which becomes (81) when A=2 = p). 

In order to see this, it is sufficient to observe that the preceding 
application of Plancherel’s theorem can be replaced by that of its Holder 
form (Young, Hausdorff, Titchmarsh). Then all that remains to be ascer- 
tained is that, just as in the particular case (81), the (absolute) convergence 
of (76) for e > 1 is aways implied by (88), where P = G. Thus it is seen 
from the formula line following (77), where o == 1 -e (and G= P), that 
it is sufficient to prove 


f | logr |e | P(r)| dr/r < œ, i.e., f (1—r) | P(r)| dr < œ, 


for every e > 0. But this follows from (88) in the same way as in the above 
case, A=2 = p, of Schwarz’s inequality. 

In view of the classical case, (8), of (Bbis) in (vi), the following 
limiting form of (IV) is of particular interest: 

(V) Theorem (III) remains true if its assumption (81) is replaced by 

1-0 
(89) f IP@M)|dr< © 
0 

(which is (88) with a = 1 + 0, À = p/ (p — 1) = ©); in fact, (89) implies 
that l 
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[sa] 


(90) y(s) =f a*1P(e?)dx 

y : 
is absolutely convergent at s = 1, and so the analytic function defined by (90) 
in the half-plane o > 1 goes over into a continuous boundary function on 
the line o == 1. 

It is true that, in the limiting case (89) of (88), the (Z?)-theory of 
Fourier transforms does not apply. But such a theory is not needed now, 
since what is required by (8 bis) in (vi) is trivial from the continuity of 
(90) on the closed half-plane o = 1. Hence, (V) follows from the proof 
of (vi) for the same reason as (x) did. 
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ON SKEW-METRIC SPACES AND FUNCTION GROUPS.* 


By Hwa-CHunG Ler. 


Introduction. In two previous papers! we have studied the even- . 
dimensional spaces equipped with a nonsingular skewsymmetric fundamental 
tensor. We shall extend the consideration of such spaces to the cases where 
the fundamental tensor is not necessarily nonsingular, and the dimensionality 
may also be odd. We shall generalise the study of function groups to the 
flat spaces of this nature, and discover that the “ group spaces” of function 
groups are natural examples of such flat spaces. 

Let Lm be an m-dimensional space endowed with a skewsymmetric 
covariant fundamental tensor a@ag(x)," not necessarily nonsingular, whose 
components in each coordinate system are (differentiable) functions of the 
coordinates st,- - -, x". The rank of the matrix dag being necessarily even, 
let it be 2n, which we also call the rank of Lm. 

The skewsymmetric quantity 








__dagy  daya , daag 
(1) Kapy = da La dB T da 
is a covariant tensor, which we call the curvature tensor of Im. If this curva- 
ture tensor vanishes, Lm is said to be flat. For a flat Lm, we may use results 
in the Pfaff Problem to prove the existence of a special coordinate system 
in which the exterior form agg[de®dxF] reduces to? 


2[datde?| + 2[de8da*] +. - >. 


Hence, in this special coordinate system, the matrix whose element in the «-th 
row and -th column is Zag has the form 


o) pa trte T 


* Received December 1, 1946. 

1H, C. Lee, “ A kind of even-dimensional differential geometry and its application 
to exterior calculus,’ American Journal of Mathematics, vol. 65 (1943), pp. 433-438; 
“On even-dimensional skew-metric spaces and their groups of transformations,” ibid., 
vol. 67 (1945), pp. 821-328. These will be referred to as (I) and (II). 

2 The indices a, B, Y, p, c, r run through the range 1,- - -,m. 

2? Cf. (I), p. 434. The reasoning applies whether a,g is singular or nonsingular. 
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where the 2 X 2 matrix (_ 1 i is repeated n times, and the last direct 


summand ( ) denotes the zero matrix of order m — 2n, By rearrangement 
of rows and columns we have 


THEOREM 1. For a flat space Lm of rank 2n, there exists a “ canonical” 
coordinate system in which the fundamental tensor dag has constant com- 
ponents given by a matrix of the form 


(3) = o) +( i 


where I and 0 denote the unit and zero matrices of order n respectively, and 
( ) is the zero matrix of order m — 32n. 


If m is even and if Lm is of rank m, the covariant skewsymmetric tensor 
Gap being nonsingular has an inverse aff which is a contravariant skewsym- 
metric tensor. But if agg is singular (certainly so if m is odd), a? does not 
exist. We are therefore led to introduce skew-metric spaces of another kind 
as follows. 


1. The space ZL”. Let there be given a skewsymmetric contravariant 
tensor a(x), of rank 2» say. An m-diménsional space equipped with such 
a fundamental tensor is called an L” of rank 2n. The skewsymmetric quantity 

day dave dar? 
ABY m (YUP —— BP YP 
(4) # Oa? ae Ox? Li 


‘ da? 





is a contravariant tensor, which we call the curvature tensor of L”. 

When (and only when) m is even and 2n = m, the space L”, of rank m, 
is said to be nonsingular. In this case a has an inverse dag, and the space L™ 
is at the same time a space Lm. The two tensors (1) and (4) are now related 
to each other by the equations * 


KOPY = AG POQYTK por, Kapy = dapdgo0yrKP97, 


In any case, a space L™ is said to be flat if its curvature tensor KF” 
vanishes ; 


(5 ite daPY 


dr? 





dare dasf 
as ire 


The question arises whether there exist special coordinate systems for a flat 
L”, in which the fundamental tensor a? has constant components. The 


‘See (II), p. 324. 
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answer is immediate in case m is even and L” is nonsingular: for then L”™ 
is also an Im, the fundamental tensors a? and aag of L” and Lm being inverse 
to each other, and by Theorem 1 there exists a canonical coordinate system 
of Lm in which aag is given by 


(6) 337 


whence, in this coordinate system, a% is 


lo È E. 


However, this proof is invalid in case L™ is singular. We shall show that for 
any flat L”, the answer to the above question is in the affirmative. 


2. Some properties of flat spaces. In passing we note certain formulas 
which will be of use later on. Consider any space L”, not necessarily flat, 
For any two functions f(x), g(x) of the coordinates we form the (generalised) 
Poisson expression 


af ag 
=e BD gts E A 
(8) (fg) =at EE, 


which is skewsymmetric in f and.g: 
(9) =— (gf). 
For any three functions f(r), g(x), h(x), it is easy to verify the relation 


(9) E (h) + (gs (sf) + (hy (fog) = Ker GE OS r 


Hence, when L” is flat, the Jacobi identity 
(10) (f (9. h)) + (gs h f)) + (A, (f.9)) = 0 


is valid. If we define the operators 


(11) At == gb —_ 


called the fundamental operators of the space L”, we find 








0 0 0 0 
B_ ABAO = ga Boa u] pap 
ATAP — ABA a 2 (a x) om (a =) 


0afY dav*\ ð 
-( asp e -|- aBp ) 


Ox? JOLY 














and so we have the formula 
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(12) AtAB — ABAT = dal. AY. Keby sl 
- dxY ILY 


In particular, when L" is flat, we have the relation 


F ĝas? 
GAB — ABAT = cco 
(13) ASAP — APAT = AY, 


which states that the commutators of the operators A“ are linear combinations 
of these operators themselves. Hence the m fundamental operators At,- - , A” 
of a flat space L” constitute a “ complete system.” — 


3. Canonical coordinate systems of a flat space L”. We are now in 
position to show that for any flat space mm we can determine a coordinate 
system in which the components a ofthe fundamental tensor are all constants. 

If all the a°f vanish, there is no more to prove. 

In the other case, take any a” 40 where p and o are fixed, p 5&0. 
If neither p nor o is 1, we interchange the roles of the coordinates x? and a’. 
In other words, we can always choose the new coordinate x* (here by a mere 
renumbering of the coordinates) such that a'#=40 for at least a value of 
B (#1). 


Then we set up the equation 





whose solutions do not depend on x! alone (since a!!= 0). Choosing any 


: i f 3 dr” 
solution of this equation as the new coordinate x*, we have atf ———-1 so 


0x8 
that 
a = — 1, 
Consider now the two equations 
ôf Of 
Ipu oas 28 amten seem 
l 1 ab 9, v dal i 

which are independent since a = 0, a? == — 1, a” = 1, a” = 0; they can 

iu 0 a 
be solved for the two derivatives T and we as linear combinations of the 


remaining derivatives. The corresponding operators are At and A°, and their 
commutator is by (13) 


AltA? — A2At — a(—1) AY == Q. 
da” 
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Hence the two equations in question constitute a complete system, which, 
therefore, has m — 2 independent solutions. Let f? (p = 3,- +, m) be any 
set of such solutions. These functions being independent, the matrix 


(70 it th) 





det? da? gm 
of m —— 2 rows and m columns is of rank m — 2. Since the first two columns 
of this matrix are linear combinations of the remaining m-—® columns, 
these m — 2 columns must have a nonzero determinant, which is the func- 
ô (f, i saf) 
Gk a Then 


U A ET Oe) ay 


tional determinant 


0(23, a, x3, me, am) a 9(28, “+, g”) 
and therefore the m functions 2°, s”, f?,- --,f” are independent. Hence it 
is justified to choose f*,- - -,f" as the new coordinates w*,---,x2”. If in 
the conditions 
0 Ofe 
ge OP _ ? abi o (p = 3, sm) 


. we set fP= 22, we have 
qi? = 0, a°? = 0 ; (p=3, = ym): 


We recall then the identities (5). Giving the free indices @, 8, y various 
values we have that the components a’? (p,q ==3,:: +, m) are functions of 
the coordinates x*,- - -, x" only, independent of «t and 2’, and that they 
satisfy the identities 


dat ĝar? Jara | 
j i di = oaeen o n a 
Ox? + a 0x8 -+ a pye 0 (p, q, T, S 3, 3 m) A 











Consider a space of m — 2 dimensions with the coordinates z*,- + -, 0”. 
A transformation of coordinates in this space is effected by m — 2 independent 
functions 
3 — p? (2, put ,a™), dali >a” us p” (23, badd a), 


It is easily seen that the components at (p,q = 3, -,m) constitute a 
contravariant tensor in this space. In fact, if in the known transformation law 


so dro - 
apo soccer asB ox? ð 


Ize def 


of af we restrict the free indices p and o to the range 3, - +, m, we have 
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aad ala pe ay (p, q, 7,8 = 8, + m). 


This proves the tensor character of a?° in the space considered. This space, 
equipped with the skewsymmetric contravariant tensor a?%, is an L”?, The 
curvature tensor of this L”? vanishes because of the identities satisfied by a?%, 
whence the space L”? is flat. 

For this flat Lr-?, the whole of the above proof may be repeated, with 
the result that either all a%==0 or we can determine a new coordinate 
system in LZ”? for which 


GR == — 1, at = qt? = 0 (t= 5,* m). 


Continuing this method of proof we finally arrive at a coordinate system 
in which the components of a°? are given by the matrix 


(14) Cat + TH) 


If a°? is of rank 2n, the 2-rowed matrix se i) occurs times, and the 


1 
last term ( ) is the zero matrix of order m — 2n. By a permutation of the 


coordinates we have the following theorem, analogous to Theorem 1: 


THEOREM 2. For a flat space L" of rank 2n, there exists a canonical 
coordinate system in which the fundamental tensor a"? is given by 


wm CDA) 


where I and 0 denote the untt and zero matrices of order n respectively, and 
( ) is the zero matrix of order m — 2n. 


We note that in the nonsingular case, we have two different proofs of 
the same results (6) and (7). 


4, Equivalence of flat spaces. Two spaces L™ (or two spaces Lm) 
are said to be equivalent if the fundamental tensor of one can be transformed 
into the fundamental tensor of the other by a change of coordinates. In 
consequence of Theorems 1 and 2, we have 


THEOREM 8. Two flat spaces L™ (or two flat spaces Lm) are equivalent 
if and only if they are of the same rank. 


5. Function groups. Consider a space L”. Let there be r (Sm) 
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independent functions yt, - +, y" of the m coordinates zt, - -,2™” such that 
the “ Poisson parentheses ? i 

(16) | ie (ay we 

are functions of the functions y*,- + -, y” themselves. If f(y) and g(y) are 


any two functions of these functions y, we find by (8) 


of ag 

17 = BAM Fa 

CONI anto 
which is again a function of the functions y. Hence the totality of functions 
of the functions y is closed with respect to the operation of Poisson parentheses 
in L”, and is then called a function group of order r in L”. The r indepen- 
dent functions y’,-:-,y” constitute a basis of the group, and any r 
independent functions 

i Yt = p(y, ` Sy") 

(18) Ske we: a 
yf" Pome o” (yt, Pb y”) 
of the group also constitute a basis. The Poisson parentheses 

pry = (J5, g”) 


of tk new basis functions 71,---,¥’ are, by (17), given by 
(19) DEV sn PAY i Le 


6. Group spaces. Any r functions of the group, arranged in a definite 
succession, may be regarded as the “ coordinates” of a “point” in an r- 
dimensional space. We call this space the group space of the given group. 
A change of basis (18) of the group is a transformation of coordinates in 
the group space. It follows from the transformation law (19) that the 
quantities b (skewsymmetric by definition) are the components of a contra- 
variant tensor in the group space. Introducing this tensor as the fundamental 
tensor of the group space, the latter is an L’. 

The curvature tensor of this group space L", referred to the coordinate 











system {y*,- - -,y"}, is similarly defined to be 
abu db” GbLAN 
AUY n BAK vK 
(20) EM = b aye + bex dye +b TA 


We shall obtain another expression for this curvature tensor. 


ë The indices A, &, r, « run through the range l,- - -,*. 
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Let us examine formula (17). Its left-hand member is the Poisson 
expression of f and g in LZ” according to definition (8), and its right-hand 
member is, according to a similar definition, the Poisson expression of f and 
gin L". Hence 


THEOREM 4. For any two functions f and g in the group space L" 
(which are also functions in the space L™), the expression (f,g) has a double 
meaning, whether relative to the space L™ or to the group space Lr". 


This double meaning of the formation (f,g) has important consequences. 
Let f, g, h be any three functions in L”, and consider the expression 


(f,(9,2)) + (g (2. f)) + (A, (F 9)). 


Regarding it as relative to L”, we have formula (9); and if we refer it to L" 
we have the similar relation | 
df dg h 
= PAW mt eto 
(21) (f.(9. h)) "a (g,(h, T)) T (h, (f, g)) — h^ Jy dy# dy” ° 
Hence, comparing this with (9), we have 


Of 0g h 

Nu tota ii n RO LE 

(22) ee bys dye Oy” y dx? daB ILY 

If we set f, g, h in (22) equal to x, y4, y” respectively, we find that the 
curvature tensor of the group space L” is given by 


MID —. Kaby + I 12 
(23) as = ” 3ra dxP dx" 


In particular, when L” is flat: K°8Y — 0, we have also R == 0. Hence 


THEOREM 5. The group space of a function group of order r in a flat 
space L” is a flat space L”. 


7. Function groups in flat spaces. Consider a function group of order 
rin a flat space L”. The group space L” of the group is flat by Theorem 5. 
Hence, by Theorem 2, there exists a canonical coordinate system for L" in 
which the fundamental tensor 6 of L" (defined by (16)) reduces to a form 
like (15). Consequently, 


THEOREM 6. For a function group of order r in a flat space L”, there 
exists a canonical basis {y',: ` +, y7} such that the Poisson expressions (4^, y*) 
are given by a matrix of the form 


(o (ro) +) 
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where I and 0 denote the unit and zero matrices of order s and ( ) is the 
zero matrix of order r — 282 


The rank of the r-rowed skewsymmetric matrix (4^, y#) is 2s, which we 
call the rank of the group. This is also the rank of the group space Lr. 

Take any p (< r) of the functions yt,- -,97 of a canonical basis. 
The Poisson parenthesis of these functions being constants (= 1,0), they 
can be regarded as functions of the p functions themselves. Hence these p 
functions, being independent, constitute a basis of a function group of order 
p, which is a subgroup of the given group. We have then 


THEOREM 7. A function group in a flat space L” contains subgroups 
of every lower order. 
The set of all functions of the coordinates x of LZ” is evidently a function 


group of order m. Hence 


THEOREM 8. Ina flat space L™ there exist function groups of every order 
r= l, sym. 


8. Induced operators. Consider a general space ZL” and the group 
space L" of a function group, as in 5 and 6. With (11) we define the induced 
operators l 


dy* 
AWW AQ 
(25) 8 zra Ô : 


It is required to find the commutators 643 — 56’ of these operators. We 
proceed as follows. 

We first note that for a function g of the coordinates « we have in view 
of (25) and (11) 


(26) dg = (yr, g). 
Hence . 
eg — SKg = D (ye, g) — H (yò, g) 
STR (9, (y", g)) — (y*, (13, g)) 


dy* dy" 0g 
ai i A , aby 2 ee 
(9, (y) ) + Keer af ay 


by (9), and since 


€ This is a generalisation of a classical theorem. See L. P. Eisenhart, Continuous 
groups of transformations, p, 285. 
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apra apra 
etree A R =— A = y = y 
(9, (9, y") ) | (b^e, g) By? (y’, 9) ay? dg 


we obtain the formula 








dura dy dy# 0 
ASH cu DRIA cu in I apy I DI _°_ 
(27) dò 548 iy’ è + Kary dae ack par 


If in particular the operand g (as function of the x) is a function of 
the functions y, we may write 
| 3 ô 
da Oa? On” 





in (27) and on account of (23) we have 


db p nur 2 
vt BM 





(28) Su — su — 


dy” 
It should be remarked that in this case the right-hand side of (26) may be 


written (y^, y) a so that we have 
0 
A, FAL — 
(29) Sr = b dy * 
Hence, operating on functions of the y’s, the Ys are the fundamental operators 
of the group space I” in the same way as the A’s are fundamental operators 
of the space L”. With this in view, and recalling (12) in connection with 
(11), we could have written down formula (28) without proof. 
In particular, when L” is flat (then E” is also flat), (27) or (28) 
reduces to l 


| apra 
ASH — SUSA — 
(30) Ped 





and so the operators 3',- > +,8 constitutes a complete system (whether for 
the space L” or for the group space L"). 


9. The reciprocal group and the centrum of a function group in flat 
space. Suppose that the space L” is flat. Consider then the complete 
system of equations 


(31) dg = 0 (A= 1, i gif), 


which are not necessarily independent. For every solution of this system 
we have (4^, g) == 0 by (26), whence (f, g) =0 for all functions f(y) of the 
function group. We say that g is involution or commutative with f. 

If g is regarded as a function of the variables st, | -, 2”, the number k 
of independent equations in the system (81) is equal to the rank of the 
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à 
product matrix ge? (see (25)); thus k = min (r,2n) where 2n is the 
rank of a°f. In particular, if L” ‘is nonsingular (i.e m = 2n), then k =r. 
The system (31) has m— k independent solutions, g? (£) (p=1, <<, 
m — k). For any two of these solutions we have È 


S^ (gP, 99) = (Y^, (gP, g9) ) 
= — (gP, (a) + (9% (99) 
—— (g, Bg?) + (9%, dg") 


0, 


so that (g?,g?) is again a solution of (31) and is therefore a function of the 
functions g*,: + -,9"*. It follows that these functions constitute the basis 
of a function group of order m—k, Hence 


THEOREM 9. A function group in a flat space L™ determines another 
function group, the “ reciprocal group,” ‘consisting of functions in involution 
with every function of the gwen group. 


If g is regarded as a function of the functions y*,- --,y" the number 
of independent equations in the system (31) is (see (29)) equal to 2s, the 
rank of 6. This system has r — 2s independent solutions, g?(y) (p= 1, 

+ +, "—2s), which are commutative with every function of the given func- 
tion group. The functions g',- - , g’ ** being themselves functions of the 
| group, they constitute. the basis of a subgroup. Hence 


THEOREM 10. The.“ centrum” of a function group of order r and rank 
28 in a flat space L”, consisting of all those functions of the group which are 
commutative with every function of the group, is a subgroup of order r — 2s. 
This subgroup is the intersection of the given group and its reciprocal group. 


ACADEMIA SINICA. 


STUDY OF A SURFACE BY MEANS OF CERTAIN ASSOCIATE 
RULED SURFACES IN AFFINE SPACE.* 


By Grorca Wu. 


In this paper we shall deduce some results concerning the theory of 
surfaces in affine space. Some of these results may he regarded as analogues 
of the projective theory of surfaces immersed in ordinary space. Others 
seem to be properties of surfaces immersed in affine space. In what follows 
we shali use the same notations as in Blaschke’s Vorlesungen über Diferential- 
geometrie II. 

First, we define the canonical quadric Q at an ordinary point P of a 
surface o in affine space by means of the Bompiani-Klouboucek’s asymptotic 
osculating quadrics. Using this quadric Q we give a simple geometrical 
interpretation of the Pick invariant J and the Gaussian curvature S of the 
fundamental quadric form ¢ = 2Fdudv of e. In particular if S = 0, Q is a 
paraboloid, and conversely. 

Next we study the Moutard quadrics Q,™ ana Qn® belonging to the 
tangent tn and the asymptotic ruled surfaces R™ and R° generated by the 
asymptotic u- and v-tangents along the v- and u-curves respectively. Using 
these two quadrics Qn and Q,), we give a characteristic property of the 
tangents of Segre. We have shown that the loci of the diameters d, and 
dn of Qn and Qn® are two quadrie cones Tr% and IT, passing 
respectively through the asymptotic u- and v-tangents and having the affine 
surface normal as a common generator. The cones T% and I. intersect 
the quadric of Lie in the asymptotic tangents and in a pair of non-composite 
twisted cubics C: and CC®). The tangent plane m of o at P cuts the 
tangent surface of C;™ and C3° in a pair of parabolas, mutually inter- 
secting, besides the point P, and at three other points lying on the tangents 
of Segre. This property of the Segre gri is similar to properties 
demonstrated by Cech! and Su.? 

Analogous to a theorem of Transon we prove that the loci of the affine 


* Received February 27, 1947. 
1 E. Cech, “ L’intorne di una superficie considerate dal punto di vista proiettivo,” 
Annali di Matematica, vol. (3) 31 (1922), p. 205. 
2 B. Su, “ The quadrie of Moutard I,” Tohoku Mathematical Journal, vol. 33 (1931), 
p. 35. 
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normals of the sections of R° and R® made by any plane map as it rotates 
about a non-asymptotic tangent tn are two planes mm“) and.7n0. As ty 
varies, an‘) and a, ) envelop two cones which coincide with Tn, Tn. 
Moreover, the planes a, 2a) and the Transon plane T are concurrent in 
the conjugate tangent of în. The envelopes of the harmonic conjugate planes 
of w and 7 with respect to nl and a, ) are found. The planes a, and 
an) and those corresponding to the conjugate tangent t-n are studied in 
detail. 


1. Analytic basis. If we assume the asymptotic curves to be para- 
metric then the coordinates x of any non-parabolic point P of a non-ruled 
analytic surface o satisfy the following system of completely integrable 
equations : 

Yuu == (Pu/P)tu + (A/F) tv, 
(1) tuo = F9, 
You = (D/F) tu + (F/F) tv; 
(2) j Yu = — Hyu + (A/F) te, 
Qe + (Du/F) £u — Hgv. 
From (1) and (2) we have 
uuu = (Puu/P) Lau + (An/F)A5, 
Yuu = — PH + (A/F) + Fui, 
Tuvo = (Du/P) Lu —2F H» -+ Fo, 
Tovo = (Do/F)tu + (Puv/F) te + Dg; 


Luuuu = (*) Lu + (*)to + 2Aud, 
Cuuno = (*)tu + C*) to + (Ay + Puy) d, 


where (*) denotes terms we shall not need. Let us: denote the coordinates 
of any point (3) in space by 


a==L + ta + yo + 20. 


(3) 


Then we have 
t= + (1/F) (3 — t, tv 9), 
y == — (1/F) (8 — t, tu, 9), 
z = + (1/F) (8 — t, Lu; do). 


2. The canonical quadric. Lane? has defined the canonical quadric 


by using Bompiani-Klouboucek’s asymptotic osculating quadrics. “In an 


® E. P. Lane, Projective Differential Geometry of Curves and Surfaces, University of 
Chicago Press, p. 119. Ex. 38. 
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analogous manner we can obtain the canonical quadric at a point of a surface 
in affine space. The equations of the asymptotic osculating quadrics* corre- 
sponding to the curve C) through P immersed in the one-parameter family 
of curves, 
dv — Adu = 0, 
in affine space are 
Q® Hz? — 224 2Fay + 2(D/F)d az + 2(D/F)Ayz 
— (A/F?) {A/F + MAu/P) + A°(0/0v)log (A°/F) — N} = 0 

and 
Qe) Hz — 22 + 2Fay + 2(D/F)X°x2 + 2(D/F)Ayz 

— (D/F?){ (D/P) a8 +A? (D/F) + A(0/3u) log (D?/F) +X} = 0 
where A’ is the total differential of A with respect to u. 

The equation of the osculating plane of Ca at the point P is 


2FA(ke—y) + (A/F — (Fa/P)A + (Po/F)X — (D/P) +X} = 
This plane intersects the quadric Q™ in a conic. The locus of this conic as 
Cy varies but remains touching a fixed tangent t\ at P is the quadric whose 
equation is i 
(4) QW: d3(82?— 22+ 2Pay) — 4(4/F)X° az + 4(A/F)Ayz 
— (4/F°){RA/F 4 A(0/0u)log (A/F) + 2d? (0/dv) log Aves = 0), 

On replacing the quadric Q by Q®, we find another quadric: 
(5) Gs S22— 224 Fry + 4(D/F) M02 —4(D/F) dye 

— (D/F°){(2D/P)A + d2(8/du) log D/F + 2A(9/0u)log D}2 = 0. 
When A-> œ in (4) and A—> in (5), both G% and Q approach the 
same quadrie Q: 


aay — 2z + 822 = 0 
where 


R EE eee a ax log F, 


0% 
F Qudv 


S being the Gaussian curvature of $ = 2Fdudv. It is well known that the 
quadric Q is the canonical quadric of o at P. Hence we have the 


4B. Su, “A note on the affine differential geometry of a surface,” Japanese Journal 
of Mathematics, vol. 9 (1932), p. 235. 
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THEOREM. If S=0, Q is a paraboloid and conversely. 


The center (3) of the quadric Q is 
(6) =z + (1/9). 


That is to say the reciprocal of the affine distance p of the center (3) of Q 
from the point P is the Gaussian curvature S. Let us denote the affine 
distance of the center of the quadrie of Lie F, whose equation is 


(7) ery — 22+ Hz? = 0 


from P by p’; then p’==1/H. The Pick invariant J of o is equal to 

1/p—1/p’. It is easy to see that a necessary and sufficient condition for 

Q==F,isJ=0. That is to say: Q =F, if and only if o is a ruled surface. 
From (6) we have 


du == (7/8)tu + (4o/F28)%wo + (1/8)ab, 
30== (Du/P"8)tu+ (J/8) te + (1/8) od. 


Hence a necessary and sufficient condition for (3) to be a fixed point in 
space is that o be a ruled affine sphere (J = Ay = Dy = 0). l 


3. The Moutard quadrics of R™ and R). Let us consider the asymp- 
totic ruled surface R(™ [R] generated by the asymptotic u-tangent [v- 
tangent| along the v-curve [u-curve]. It is evident that the point 


3 =r + i 


lies on the u-tangent of xy. Hence we may take the v-curve and the curve 
generated by 3 as the director curves of R™. Thus we have 


pàu -+ du, 0) = g -+ tudu + tuu (du?/21) + tuuu(due/3!) + tumm (dut/4!) + (5), 
a(u + du, 0) = g + to + (tu + tuodu + (Xun + Euu) (du?/2 !) 
+ (uun + tuuuv) (du?/3!) + (4). 
If we write 
z(u + du, 0) =g EO gy + 9 ty + £4, 
alu + du, 0) =g + EM -HOt + EMH 


then in view of (3) we find 
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Fa du? Fus du? 





éO — du “TF “Of Br + (4), 
7) i di Far = (4), 


£0) == A (du3/3 M + 2Ay(dut/41) + (5); 
EM — du + [(F./F) — FH] (du?/2!) + (3), 
n) = 1 + [A/F + 4y/F](du?/2!) + (8), 
(0) — Fdu + Pu(du?/2!) + [A + Av -+ Fuu] (du?/31) + (4). 
The coordinates of any point on R0) may be expressed in the form 
& (0) + pe") 7 6) -+ pn) £ (9) | pl) 
8 t = =f, = a ee t—_ 
1+p a+ p 1+p 
where p is to be regarded as a parameter and x, y, z as current coordinates. 
The equation of one of the planes mp passing through the non-asymptotic 
tangent tn: | 
z = y — ng = Q 
is of the form i 
(9) z = p(y — na) 
where p is a parameter. We demand that the parameter p be such that the 
point (8) lies on the plane (9). Substituting (8) into (9) we get 
(10) p = ndu + {207 + nFu/F — A/F -4 2nF/p}du?/2! 
+ {6n® + n?[6(7,/F) — 3FH] + n[Fuu/F — 64/F — 3A,/F | 
— Ay/F —2A/p 4 6nFu/p + 12n?F/p + 6nF?/p?}du8/3! + (4), 


and 
(11) (1+ p)“ ==1 — ndu + {—2F./F + A/F — 2nF/p}du?/2!4 (8). 


Substituting (10) and (11) into (8) we get the expansion of æ up to the 
third order, namely : 


s= du +e DE 4 (Sn + (Fu/F)}du/3! + (4); 


and that of z up to fourth order namely: 
z == nF du? + {6nF,-2A4 + 6n(F/p)}du?/3! 
+ {n° [—12FPH] +4 n[SPun — 8Av + 6(F°u/F}] — 24u — 3AF /p 
+ 86n (FFu/p) + 24n(F3/p) }dut/4! -+ (5). 


It is not difficult to express z as power series in z, in the form 
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(12) a= ae” + aax? + asa" + (5), > 4 
wherein we have placed 
a, = nf, 
— 1/6[— 24 + 6n(F*/p)], 
Qa = 1/24[12n°FH — 8nAy — Au + 64(Fu/F) —BA(F/p) + 24n(P°/pî)]. 


Evidently (12) is the projection of the section of R‘ made by the plane mp 
on the x2-plane. The osculating conic of (12) at P is 


(13) | — g?’ + 2(ae + pz +y) =0 
where a, B, y have the values 
Q A /3nf? — 1/np, 
1H | | 
pa —5 nf + Aon? F? + Ay/12n3F3 — AFy/4n3F* 
+ A? /9ntF* — A/3n3F", 
y = nF, 


By eliminating p from (9) and (13) we get the equation of the Moutard 
quadric *° of R™) belonging to the tangent tn at P in the form 


Qn : B6NEF? (2— Fay) + 24n° AF"? — 13n AF?y? 
+ {44° — 8Pn[A(0/0u) log (F*/A) — 4nAy 
— 6n2F (82/dudv) log F — 6n°4D/F]|}:2=0. 


Similarly we get the Moutard quadric ° of R® belonging to the tangent tn 
at P in the form 


Qn : 36F?(2 — Fay) — 12n2DF%x2 + 24nD Pye 
+ {4n?D? — 3F[n*®D(0/0v)log F?/D — 4nDu 
— 6F (6*/dudv) log F — 6AD/F | }2? == Q, 
The residual conic K of the intersection of On™ ain Qn lies in the ins 
10 For the projective equivalence of these two quadries see my paper, “ Systems of 


quadries associated with a point of a surface I, II,” Duke Mathematical Journal, vol. 10 
(1943), pp. 499-513, 515-530. 
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12n?F° (ZA + n°D)x — 12nF°(A 4- 2n*D)y 
+ {4(A°— n°D*) — 3Fn[A (9/0u)log F8/A 
— n*D(0/0v)log F*/D4- 4n? Dy — 4A] }z = 0. 
A necessary and sufficient condition that K touch the tangent t» at P is 
A— n? D = 0. 


THEOREM. The conice K is tangent to t, if and only if tn is a tangent 
of Segre. 


4, Associate cones T,™ and r,). The diameter dy) of Oni at 
P has the equations 


ZAZ + Bn Py = 
j Az 8n? Pg = 


Similarly we have the diameter d, of Qn® at P: 


*nDz— 3F’c = 0, 
n?Da + 3F°y= 0. 


The loci of dn‘ and da®) as tn varies in a pencil with the center P are the 
two cones 

T: BH*y? + 4Axz=0 
and 

Tr.) ; 3F°%x° 4 4Dyz = 0 


which, we shall call the associate cones T.™ and I, respectively. 


THEOREM. The loci of dn and di) as tn varies in a pencil with the 
center P are two quadric cones T.™ and T. passing respectively through 
the asymptotic u- and v-tangents with the affine surface normal as a common 
generator. 


A parametric representation of the quadric of Lie (7) is 


2A Pan . RAJ 


(14) = Du + 2P° y= Hin + 2F ’ — Hiu + 25° 


Therefore, beside the asymptotic tangent z = y = 0, the intersection of (14) 
and Ts is a twisted cubic 03€ whose equations are 


SPA 4AN 4AA’ 


5 S ne II comceee nanita e SER eean 
(15) s=3p pali? !7 3 edn? 5735934 * 
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Similarly on replacing IT. by T.) we obtain another twisted cubic 0; 
whose equations are 
4D yu? 3? yu 4Dp? 


TIT 3F?—_2DHe’ IT 39 2DH° *TT 39 2DH * 


(nr ERGE: aa Cms niet 


di  (8F?—2AH)*)? ? di © (3F°-—RAHX)? ’ 


de — — 36AF%° 
dx (8F°—RAHX)? ° 


Hence the tangent surface of C3€ can be represented by 


BED 


fill ay 2 3 3 
4AX° 
(16) Y= gp — ade — SALE F CARNI, 
gara, 
SORT gp gaye IRR 


The section of (16) made by the tangent plane z = 0 is then 


x = (2/3P)A, = (4A/9F°)X,  z=0 
or 


(mo 2° + (P/A)y=0, 2=0 


which has the asymptotic tangent + == z = 0 for its diameter and touches the 
asymptotic tangent y=z=0. Replacing C;™ by C3) we find another 
parabola 


(18) y? -+ (F/D)z =0, z= 0. 


The two parabolas (17) and (18) intersect in the point P, and in three other 
points on the straight lines 
z = Ax — Dy? = 0. 

Thus- we have the 


THEOREM. The sections of the tangent surfaces of C30 and 03 
made by the tangent plane at P are two parabolas, each of which touches 
one of the asymptotic tangents and has the other asymptotic tangent as its 
affine normal. They interseci in the point P, and in three other points lying 
on a tangent of Segre. 
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The polar planes of the tangent tn with respect to T‘ and I, 
determine a line 
j 8nF?y +- 4Az = 0, 
QP°xr + 4n Dz = 0. 


By eliminating n from the above equations we obtain the equation of a cone 
of the second order i 
9F*zy — 4AD2? = 0. 


We call this cone the associate cone T). Thus we have the 


THEOREM. The polar line of the tangent plane of o at P with respect 
to the associate cone T”) is the affine surface normal. 


5. An analogue of a theorem of Transon. Transon® has proved that 
all of the affine normals of the plane sections of o made by rnp lie in a plane T. 
The equation of T is 


8P°(y4 nx) — (A + Dn?)z = 0. 


This plane is the so called Transon Plane. Analogously we shall prove that 
the affine normals of the plane sections of R9 [R)] made by rnp lie also in 
a plane wa) fan]. We call it the associate plane mn [an]. 

In order to prove the statement we adopt Salkowski’s interpretation ê 
of the affine normal of a plane curve. He has stated that the affine normal 
at a point of a plane curve is the diameter of the parabola osculating the 
curve at this point. It is easily shown that the osculating parabola of the 
curve (12) at the point P is of the form 


(19) z == (rg + sz)’, y= 0 
wherein we have placed 
r= VnF, s= 1/12r°(— 2A + 6nF?/p). 
Hence the affine normal of the curve (12) at P is 
(20) re + (1/12r*) (— 2A + ênF?/p) = 0, y == 0, 
By eliminating p from (9) and (20) we obtain the equation of the associate 


plane wn‘) in the form 


°A. Transon, “ Recherches sur Ja théorie des lignes et des surfaces,” Journal des 
Mathématiques (1), vol. 6 (1841), pp. 191-208. 
‘E. Salkowski, Affine Differentialgeometrie (1935), S. 49-50. 
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(21) 3F?n(y + nz) — Az = 0. 

Similarly the equation of the associate plane 7,‘ takes the form 
(22) 3H? (y + ng) — n? Dz = 


It can be shown that the associate plane a [an ©] envelops a quadric cone 
which coincides with T3% ma 


THEOREM. The afine normals of the sections of R®[R®] made by 
planes nnp at P lie in a plane arm]. The envelope of this plane 
tnt) [mn] is the associate cone T: [1.0]. 


This may be taken as another construction of the r,™® [T:®]. From 
this theorem we can easily write,T.( and T. in plane coordinates in the 
form | 

BE Urus + Ate? = 0 
and 

BF Uzus ne DY = 0 
respectively. 

By eliminating p between (9) and (19) we obtain the locus of the 
osculating parabola (19) as a parabolic cylinder whose equation is of the 
form 


(23) 2 = (1/360 F°) [3nF? (y + na) — Az]. 
Similarly by replacing R™ by R® we get another parabolic cylinder 
(24) g = (1/36n8F*) [3£°(y + na) — n° Da]?. 


It is easily seen that the diametral planes of (23) and (24) passing through 
P are (21) and (22) respectively. Hence we have the 


THEOREM. The locus of the osculating parabolas of the sections of 
R [R0] made by planes rnp is a parabolic cylinder whose diametral plane 
coincides with nn [an] and consequently envelops the cone YT,“ [T,®)]. 


The above theorem is similar to a theorem of Kubota’ in which he has 
proved that the envelope of the Transon piane T, as tn varies in a pencil, is a 
cone T, found by Su. ` 

It is easily seen that- the Transon plane T, the associate planes my‘) 
and ma) belong to a pencil whose axis is the line t-n. 


1T. Kubota, “ Einige Bemerkungen zur Affinflichentheorie, Science Reports Tohoku 
Imperial University (1), vol. 19 (1930), pp. 163-168. 
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THEOREM. The associate planes tn and mn, and Transon plane T, 
are concurrent on the conjugate tangent of tn. 


6. Further associate cones. The harmonic conjugate plane 7' of the 
Transon plane T with respect to mn“) and wn) has the equation 


3F?n(A + n8D) (y + na) — (A? + n8D?)z = 0, 


or in plane coordinates 
pl, = Bn’ (A 4 n*D), 
(25) pu, == 3E n(A + n°D), 
pus == — (A? + n®D?). 


On eliminating p, n from (25) we obtain the equation of the envelope of 7 
in the form 
At, + Du,’ + BF Utot (Au, + Du) = 0. 


We state our result in the 


THEOREM. The harmonic conjugate plane T of the Transon plane T 
with respect to the associate planes mn and a») envelops an algebraic cone 
of class six. 


We now consider the plane # conjugate to the plane x with respect to 
the associate planes wn) and mn). Hence the equation of # can be written 
in the form 

3F?(A + n®D) (y + nv) — 2A Dn?z = 0 
or 
pu, = Bn (A + n3D), 
pus = BFP (A + nD), 
pus = — 2A Dn’. 


The envelope of this plane as ¢, varies is 
Bus (Au? + Dus?) + 2FJu u? = 0. 
THEOREM.. The envelope of the plane î, conjugate to the tangent plane w 


with respect to the associate planes 7,“ and mn belonging to a.variable 
tangent tn, 1s an algebraic cone of class four. 


Now the equation of the harmonic conjugate plane 6, of m with respect 
to the associate plane 71‘ and the Transon plane T can be written in the 
form 
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BnF” (RA + nD) (y +- na) — RA(A + n8D)a =0 
or 
pu, = BNF? (2A + n3D), 
pu, = INE? (2A +- n°D), 
pug = — RA(A + n° D). 


Hence the envelope of this: plane has the equation 
BF u us (RA us? + Du?) + 24 (Au? + Duis) = 0. 
ere ae the plane 6, determined by 
(ay, Tig) = — Í 
envelops a cone whose equation is 
SF ttotts (Áu? oe 2Du3) + 2 Du, (Aus + Dus?) = 0. 
Hence we may state the 


THEOREM. The harmonic conjugate plane @, [62] of the tangent plane a 
with respect to the associated plane a) [rn] and the Transon plane T 
envelops an algebraic cone of class five. 


%. Further consideration of the associate planes 7, and 7, 
From the last theorem of 5 we observe that the conjugate tangent t-n plays 
an especially important rôle in the affine theory of surfaces. The associate 
planes an and mn belonging to the conjugate tangent t-n are worthy 


of consideration. The equations of a.“ and 7, ‘are 
‘3 


dnl? (y—nz) + Az = 0 
and i 
3F°(y—ne) — n? Dz = 0 


respectively. Hence the line (mn, r-n), the interséction of m,“ and 
an, has the equations 
3n? Pa — Az = 0, 
y= 0 


and the ‘line (a), mn) has the equations 


l 3n’ F”y — Dz = 0, 


g == (), 


Evidently as tn varies (rn ® , mn) and Un, rn) describe two pencils 
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with the center P. The plane in which I(a,™, 2.) and ZMrn®, a_n) 
lie has the equation 
(26) Bn? F” (De + Ay) —ADz=0. 
This plane always passes through the tangent 
z = Ay + Dr = 0. 


As t, varies the lines 


2a 3 sca 
Iran) è | SAI 


6n°FP°2a — (A — n°D)z=0 
and 
nE s — (A + n3D)z = 0, 


Ilr. a) n 0) : 
ar) 6n7f?y — (AT—-n*D)z==0 


describe the cones 
162 ?a7y? + 27 (Aa? — Dy?) — 9FJ ryz? — J?2* = 0 


and 
L62fPa?y? + 27 (Ay? — Da) — OF J ryz? — J?zt = 0 


respectively. These two cones are of order four and each has double contact 
with the tangent plane along the asymptotic tangents. The plane containing 
the lines (rn, an) and Hrn, an.) is 


(27) 6n?F? (£ + y) — {(A— °D) + n(A+ n8D)}2 = 0, 
which describes a pencil with the tangent 
z= g 4+ y= 0 


as its axis. It can be easily verified that the line determined by the planes 
(27) and (26) generates an algebraic cone T, of order seven. 


8. Further considerations of diameters d,( and d,™. The plane 
a(dn™, di), containing da and di! is given by the equation 


n(2A+4+n°D)xr + (A + 2n3D)y — n° BF z = 0 


which envelops an algebraic cone of order six and class four. The equation 
of this cone in plane coordinates is 


(28) 47 ug(Aue® + Du?) + 18 FPS Urtats" + FI uy U — 27 FP ust = 0. 
The equation of the cone (28) in point coordinates is 
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27 (A?c’ + D°y°) + 1448 Jasy® + 54FIcy2(Ax° + Dy’), 
— J? (Az? + Dy?) — FJ e, + 15 FPS 2x? y?2? = 0. 
Obviously the plane x(d_,™, d_..), ee equation is 
n(2A — nè D)e — (A — 2n°®D)y + n°FJz= 0, 
also envelopes the cone (28). The line of intersection of r (da, dn) and 


; ‘Da + Ay — n° FJ z = 0 
dn (u) ; da {v} { n > 
A ii Dn°y + Az = 0 


which generates an algebraic cone T; of order three, whose equation is 
: Aa’ + Dy? + FJeyz = 0. 
This cone intersects the tangent plane in the tangents of Darboux. 


In a similar way we may show that the planes 7(dn, d.,) and 
(An, dn) envelop the same cone whose equation is 


4Jug (Aus + Duy?) — 6° Jutott? — (5/8) FIU u — IY Fu; = 0, 
and their line of intersection describes the cone 
Ax + Dy? + (5/3) FJxya == 0. 
Finally the planes 7(d4,, dn yY and r(dy™, dn) pass through the 
line 
j Az + 3n F?r = 0, 
n°Dz + 3F°y = 0, 


which describes the cone 
(29) 9F*ay = AD. 


This cone has been studied first by Su e and subsequently by Kubota.® The 
polar line of the tangent plane with respect to the cone (29) is the affine 
surface normal. . 


NATIONAL UNIVERSITY OF CHEKIANG, 
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8 B. Su and A. Ichida, “ On certain cones connected with a surface in affine space,” 
Japanese Journal of Mathematics, vol. 10 (1930), p. 214. 

®T. Kubota, “ Einige Bemerkungen zur Affinflichentheorie,” Japanese Journal of 
Mathematics, vol. 10 (1930), p. 216. 


VORTICES AND NODES.* 


By AUREL WINTNER. 


Let a, b, c, d be real constants with a determinant 
fy. + ad — be ~ 0, 


and let f(x,y), g(x,y) be real-valued functions, defined in a circle, say 
r < a, about the origin of an (z, y)-plane so as to be continuous and to satisfy 


(2) f(2,y) =0(r),  g(e,y) =o(r) asr>0, 
where 
(3) T == COS Ô, y = r sin ô (r > 0). 


The following considerations, which will always assume that the above con- 
ditions are fulfilled, will deal with the problem initiated: (and, in the analytic 
case, solved) by Poincaré (cf., e.g., [1]), namely, with the problem of 
asymptotic connections between the solutions of the system 


(4) g =ar + by + f(s y), y = cs + dy + g(s y) 
and of the trivial system 
(5) v=ax + cy, y = cs -+ dy, 


where the primes denote differentiations with respect to a real variable, t. 


1. Let the point (x,y) = (0,0) be called an attractor of (4) if the 
above « can be replaced by a 8 (= «) having the following property: If a 
solution path, 


(6) a=e(t), y=y(t), 


of (4) has at least one point in the circle r < 8, then (6) tends to the 
point (0,0) (when either t—> œ or t—>— co). The existence of (6) for a 
whole #-half-line is part of this requirement. In Poincaré’s terminology, 
vortices (foci) and nodes (of any kind) are attractors in this sense, but 
whirls (centra) and saddle points are not. Since f and g, instead of being 
analytic, are arbitrary continuous functions satisfying (2), an attractor can 
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be neither a pure vortex nor a pure node. In addition, (4) can have more 
than one solution (6) passing through the same point (o, yo), since the 
assumptions made before (3) do not imply anything like a Lipschitz condi- 
tion. Nevertheless, the following fact is true under the assumptions preceding 
(3): 

(i) Jf (0,0) ts an attractor of (5), then it is an attractor of (4) also. 


The converse of (i) is false, since, even in Poincaré’s analytic case, 
(0,0) can be a vortex of (4) when it is a whirl of (5). 
First, if a real matrix 


© Pa 


has a positive determinant, and if B(x, y) denotes the bilinear form belonging 
to (7), it is easy to verify (for instance, by considering the various affine 
normal forms of a real binary matrix), that, after a suitable affine trans- 
formation of the (x, y)-space, either the characteristic numbers of (7) are 
purely imaginary or else | 


(8) min B(æ, y) >0 
æ?+y =l 


(whether the characteristic numbers be complex or real and, in the second 
case, whether (7) does or does not have a multiple elementary divisor). It 
follows that (0,0) is an attractor of (5) [if and] only if a matrix equi- 
valent to the matrix of (5) satisfies (8). In fact, if the determinant of (7) 
is negative, then the characteristic numbers of (8) are real and of opposite sign, 
and so the affine normal form of (5) is 2’ = px, y = — qy, where p > 0 and 
g > 0. Similarly, if (7) has purely imaginary characteristic numbers (and 
so, in view of (1), a positive determinant), the affine normal form of (5) 
is e" == sy, y = — sv, where s20. Hence, (0,0) is a saddle point of (5) 
in the first case and a whirl of (5) in the second case, and so no attractor 
of (i) in either case. [It is clear, but for the present immaterial, that (0, 0) 
is either a node or a vortex, and therefore an attractor, of (5) in the 
remaining cases.] Accordingly, (i) will be proved if it is shown that (0, 0) 
must be an attractor of (4) if (7) satisfies (8). 

To this end, let r= r(t) in (6) refer to a solution (6) of (4). Since, 
ax’ + yy’ = rr, it is seen from (4) and from the definition of B(x,y) that 


rr = B(2,4) + af (x,y) + ygs y). 
Hence, (2) and (8) imply that 
rr’ = dr? -+ (77), 
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where A is a positive constant and r==r(t). It will be convenient to replace 
t by — £ (this is admissible, since (4) does not contain t explicitly). Then 
it is clear from the last formula line that 


r° = — ddr whenever r < £, 


where A and £ are positive constants. But a well-known argument shows 
(cf. [8], Appendix) that the existence of two such positive constants A, B 
implies the following fact: If a solution curve (6) of (5) is within the circle 
r< B at some t= fọ, then this solution of (5) exists on the whole half-line 
to << co and is such that r(t) > 0 holds as #-> ©, Since this means 
that (0,0) is an attractor of (4), the proof of (i) is complete. 


2 The term node was used above in its usual sense: The point (0,0) 
is a node of (4) if it is an attractor having the property that every solution 
path tending to (0,0) has a tangent at (0,0). Let (0,0) be called a proper 
node of (4) if it is a node and has, in addition, the property that every 
half-line issuing from (0,0) is the tangent at (0,0) of some solution path 
tending to (0,0). 

In the trivial case (5), the point (0,0) is a node if (and only if) the 
characteristic numbers of (7) are real and of the same sign, but a proper 
node (if and) only if the characteristic numbers of (7) are equal and belong 
to distinct elementary divisors. [In fact, the prototype of (5) is 2’ =a, 
y == y in the latter case. This has the general solution 2 = Toet, y = yoo, 
which (besides the trivial solution determined by zo = 0, yo = 0) represents 
all half-lines issuing from (0,0). But there are two further cases of real 
characteristic numbers with common sign, namely, the cases in which the ` 
prototype of (5) becomes either 2’ = x, y = Ay, where 0 < A541, or v =g, 
y == a+ y. In these cases, the general solutions are x == zoet, y = yoe* and 
a == Boe, Y = (xt + yo)e' respectively. Hence, (0,0) is a node in both 
cases, but is not a proper node in either case, since only a finite number of 
half-lines issuing from (0,0) become tangents in both cases. | 

Since only the continuity of f and g is assumed in (2) and (5), nothing 
hinders that, when (0,0) is a proper node of (5), the correspondence between 
solution paths and half-lines through (0,0) be not one-to-one. 

The following facts lie quite on the surface and are collected here only 
in order to contrast them with (ili) and (iv) below. 


(iia) If (0,0) is a proper node of (5), it can be a vortex of (4). 
(iib) Jf (0,0) is a vortex of (5), it must be a vortex of (4) also. 
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(iic) Jf (0,0) is a vortez of (5), and if the unit of length on the 
t-agis is so chosen that the real part of the characteristic numbers of (7) 
becomes of absolute value 1, then log r(t) ~— t holds for every solution (6) 
of (5) satisfying r(t) = 0(1). 


Here, and in the sequel, the point (0,0) is called a vortex of (4) if it 
is an attractor of (4) and has the property that | 8(ż)| —> co holds for every 
solution of (4) satisfying 0 < r(t) >0; cf. (3) and (6). 

Let a=d=1 and b=c=0. Then (0,0) is a proper node of (5), 
and (4) becomes 


f 


(9) g =g + f(y), y =y + gley). 


The assertion of (iia) is proved by an example of Perron [2], pp. 128-. 
129, as follows: Choose, in terms of (3), 


f(z, y) ==—h(r)rsin 9, g(x, y) = h(r)r così, 


where A = A (r) is any continuous function vanishing at r—=0. Then f(x,y) 
and g(x,y) are continuous functions satisfying (2). Clearly, A(7) is identical 
with (g(x, y) cos 6 — f(a, y) sin 6)/r and therefore, by (3), with (ag — yf)/r? 
and so, by (9), with (y’s—a2’y)/r?, which is #, by (3). But the definition 
of f and g (in terms of an A) also shows that æf -+ yg vanishes identically, 
and so sg + yy = gsr -+ yy, by (9). In view of (3), this means that 
= 7, that is, r= ret. Since h(r) was seen to be identical with @, it 


follows that 6(t) = f h(re')dt. Hence, it is sufficient to choose 


h(r) = (logr)> (if r > 0, and h(0) == 0), in order to see that r(t) — 0 
and | O(t) | > œ (as #->— co) are satisfied by every choice of both inte- 
gration constants 9,1 (> 0). This proves (iia). , 

The assertion of (iib) is well-known and will be verified here only 
because a simple proof can be based on (i). In order to see this, let (0,0) 
be a vortex of (5). It can be assumed that (7) is in the normal form 
mentioned in (iic). Then (5) appears in the form 


(10) s =—s+ayt fley) y'= —y— ae gley) 


(after a suitable rotation of the (2, y¥)-plane, the characteristic numbers of 
(7) being — 1 = tA, where A+ 0, and so, without loss of generality, A > 0). 
Since # is identical with (yz —~2’y)/r?, by (8), and therefore, by (10) and 
(2), with 1/r? times 0 — Ax? — Ay’ + 0 (r°), 


(11) 126" = — dr? + 0(12). 
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But (0,0) is a vortex of (5), hence an attractor of (5), and so, by (i), an 
` attractor of (4). Hence, r(t) ->0 holds when either {> © or t>— œ, 
As will be seen in the proof of (iic) below, the normalization (10) implies 
that r(t) —>0 holds when t+> co, Since A > 0, it now follows from (11) 
that 6’ == — àA + 0(1), hence 8 = — M + o(t), and so |0 '— œ, as t-> œ, 
This proves (iib). 

Finally, from (10) and (3), 


(12) pet = — t? + of + yg, 


Hence, 7” == — r + o(r), by (2). Since this means that (log r)’ = — 1 + o(1) 
as £—> co, the assertion of (iic) follows. 


3. IË (4) is of the form (10), then (5) becomes 
(13) g = —g My, Y = —y— ÀT 
and has therefore the general solution 
(14) «w= (v cos At -+ usinM)e*, y = (v sin At— u cos At) et, 


where u and v are arbitrary integration constants. Since (14) implies that 
r(t) == (a? + y?)} is identical with reet, where ro == (u? + 02)? is arbitrary, 
one might expect that the (logarithmic) assertion of (iic) can be refined to 
r(t) ~roet, where ro (> 0) is an integration constant. But the example 
proving (iii bis) below will show that this refinement of (iic) is false. 
However, it becomes true under the Tauberian restriction which replaces the 
o(r) in (2) by O(r™:), where e> 0. This Tauberian fact (and somewhat 
more) is contained in the following theorem: 


(iii) ZF (0,0) is a vortex of (5) and if (2) in (4) is refined to 
(15) f(z, y) = 0 (r), g(a, y) = 0(1°*), (e > 0), 


then every solution path (6) of (4) tending to the vortex (0,0) of (4) ts 
asymptotic to a solution path (6) of (5), and every solution path (6) of (5) 
is asymptotic to a solution path (6) of (4). 


It is not claimed that this asymptotic correspondence between the solu- 
tions of (4) and those of the trivial system (5) is a one-to-one correspondence. 
In fact, such a claim is prevented, among other things, by the circumstance 
that the assumptions placed by (iii) on f and g, assumptions consisting of 
(15) and of the mere continuity of f and g, are compatible with a variety of 
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1 


. solution paths of (5) which pass through the same point (zo, yo) # (0,0); 
cf. the remarks made before (i). 

What will actually be ascertained is an integral refinement of the order 
restriction (15): 


(iii*) The assertions of (ili) remain true if (15) is relaxed to 
(16) HONESTO | 9(,y)| Sv), 


where y(r) is any continuous, monotone non-decreasing function of r defined 
for 0=r = in such a way that 


(17) y(r) = 0(r) (0) 
and 
(18) f r°y(r)dr < œ. 


10 
On the other hand, some restriction of the o in (2) is indispensable: 
(iii bis) The assertions of (iii) can fail if (15) is relawed to (2). 
In order to see this, let, in virtue of (3), 

f(a, y) = h(r)r così, g(c,y) = h(r)r sin ð, 


where h(7) is a continuous function vanishing at r—=0. Then f and g are 
continuous functions satisfying (2). But (12) now becomes 7” == — r + rh(r). 
In particular, if A(r) = 1/log r, then w = — 1 + 1/5, where w = log r. This 
differential equation for w gives w+log(w—1)=t—t, that is, 
r(logr—1) =me Hence, the assertion of (iii), which implies that 
r(t) ~r, where ro (> 0) is arbitrary, cannot be true in this case. This 
proves (iii bis). 


4. In the proof of (ili) and of its generalization (iii*), it can be 
assumed that (4) and (5) are in their respective normal forms, (10) and (13). 

Let u and v in (14) be thought of as functions of t, to be determined 
in such a way that (14) becomes a solution (6) of (10) (variation of con- 
stants). To this end, the formal substitution of (14) into (10) supplies the 
necessary and sufficient conditions 


(19) w = (f cos At + g sin At)et, v = (f sin At— g cos At)et, 


where f = f(z, y) and g = g(x,y) must be expressed, in terms of (14), as 
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functions of u, v and #. In other words, (19) represents two differential 
equations of the form 


(20) w = f” (u,v, t), v = g* (u, v, t), 
where f* and g* are continuous functions defined in the region 


(21) — o <i< w, (u + 0v°)be!t <a 
of the (u, v, t)-space. 

By the asymptotic correspondences referred to in (iii) and (in) is 
meant the following: If (6) is any solution of (10) satisfying r(t) = 0(1), 
as $-> œ, then the corresponding solution 
(22) u=u(t), v=ov(t) 
of (20) is such that the limits 


(23) lim u(t) = u(%), lim vt) = (00) 


‘exist; conversely, if a pair of constants u(c), v() is arbitrarily specified, 
then there exists at least one solution (22) of (20) satisfying (23). 

According to (19), the functions f*, g* occurring in (20) are majorized 
by (f + g?)#e#. Hence, if the factor 2% is thought of as being submerged 
into the function sign y, then, by (14) and (16), 


| FC, 0, | Syu + verter, | g” (u,v, t)| Sy u + tee, 


if (u,v,t) is a point in the region (21). Let C denote an arbitrary positive 
number and let T == 7°(C) be defined by Ce? = a. Then, by the monotony 


of y, 
|f*(u, 0, t)| =y(Cet)et = | g* (u,v, t)| Sy (Ce*)et, 


if (u,v, t) is a point in the region 
(24.) u + 0° = C°, T=Zi< ow. 


Thus, it is possible to define a pair of functions F (u,v, t), G(u,v,t) which 
are continuous in the product space of the entire (u,v)-plane and the half- 
line Ot < co, are given by 


(25) P(u,v,t)=f*(u,v,t),  G(u,v, t) = g* (u,v, t) 


when (u,v, t) is a point of the region (24), and satisfy the inequality 
(26) (F(u, v, t)? + G(u, v,t)?)} = A(1) 


for all points («,v,t), where 
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27 OLE v( = 
en) (2) y(a)e! if Ce* > ua. 
In order to apply to the system of differential equations 
(28) u == F(u, v, t), v = G (u,v, É) 


the theorem proved in [3], let the majorant, A(¢), on the right of (26) be 
written in the form A(t)¢(u? + v?), where f(r) =1. Then 


(29) f A(t) dt < co and f dr/b(1) = 0, 
since i 
co i T 00 
f ad= f plaerat+ f y(Ce-*) etdt 
na 0 0 T 
y(Ce')etdt == C J yir) dr < œ, 
by (18). i 


It now follows from the general theorem of [3] that, if (22) is any 
solution of (28), then the limits (23) exist, and that the latter can attain 
arbitrary values u(%), v(c0) when (22) is suitably chosen. 

On the other hand, since (25) holds on the region (24), it is clear 
that, if (22) is any solution of (30) which satisfies 


(30) ult)? + v(t)? <= C? for sufficiently large t, 


then it is a solution of (20) for all large #, and conversely. Since the 
constant C was arbitrary, it follows that the proof of (iii*) can be completed 
by showing that, if (6) is any solution of (10) satisfying r(t) = 0(1), then, 
for the corresponding solution (22) of (20), there exists a constant C 
satisfying (30). In view of (14), this is equivalent to the assertion 


(31) r(t)et=0(1), . (E> œ}. 
If r > 0 is small enough, then, according to (12) and (16), 
r E —r + y(r). 


On the other hand, (17) shows that the inequality r—2y(1r) > 0 holds 
whenever r > 0 is small enough. Since r= r(t) tends to 0 as t— œ, it 
follows that, when ¢ is large enough, 
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(MN < 1 
Finally, the identity 
(r — 3 (r) ) T = + By (1) (7? — 3r (r) ) 5, 
when integrated with respect to t, pila the inequality 


r = const. e~t exp ef y(u) (u? — Ruy (u) ) du), r= r(t). 


r 


Clearly, (31) now follows from (17) and (18). 
This completes the proof of (iii) and of its generalization (iii*}). 


¢ 


‘5. The preceding proof has nowhere used the assumption that À £0 in 
(10), (13), (14). But if A=0, then (13) and (14) become e'=— rz, 
y = — y and cr = toe, y = ye" respectively, representing (except for the 
unit of length and the orientation on the ¢-axis) the only case in which 
(0,0) is a proper node of (5); cf. the second section in 2 above. Corre- 
spondingly, it is clear from the definition of a proper node that the assertions 
of (iii) now become equivalent to the statement that (0,0) is a proper node 
of (4). Accordingly, the proof of (iii) implies the following theorem: 


(iv) If (0,0) ts a proper node of (5) and if (2) in (4) is refined 
to (15), then (0,0) is a proper node of (4) also. 


This limiting case of (iii) was proved by Perron ([2], p. 128, Fall II) 
under the assumption of continuous partial derivatives fe, fy, gx, gy for the 
functions f(x, y), g(x,y) in a circle about (0,0). In (iv), these derivatives 
need not exist at any (x, y) s£ (0,0), the functions f, g being just continuous. 
Correspondingly, Perron’s additional statement that just one solution path 
of the system (4) issues from (0,0) in every direction is not true under 
the general assumption of (iv), since the situation is the same as in the 
observation following (ili). 

Perron’s method of proof in his particular case of (iv) consists in a 
reduction of the system (4) to a single equation dy/de == F (x,y). Such a 
reduction is made possible, of course, only by the circumstance that s = x(t) 
or y== y(t) in (4) becomes substantially monotone near the node (0,0). 
Since this circumstance is not presented by the spirals about a vortex (0,0), 
Perron’s method would not lead to (iii) even under the assumption of con- 
tinuous partial derivatives for f, g (cf. Perron [2], pp. 280-283, where only 
(iib) is proved for vortices). 
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(iv*) The assertion of (iv) remains true if (15) is relaxed to (16), 
(17), (18). 


In fact, (iv*) relates to (iii*) in the same way as (iv) to (iii). 

However, some Tauberian restriction of the o in (2) is necessary in 
order that the assertion of (iv) be correct. In fact, the truth of the negation 
which corresponds to (ili bis) is a corollary of (iia). 
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ANALYTICITY IN HILBERT SPACE AND SELF-ADJOINT 
TRANSFORMATIONS.* 


By Martinus Esser. 


i 


1. Introduction. The spectral theory of self-adjoint transformations in 
Hilbert space has been developed in many different ways, both for particular 
cases and for the general case [von Neumann],’ [Stone] etc. One method, 
which has formerly been used only for two particular types of self-adjoint 
transformations [ Hellinger I and II], is based on Cauchy’s integral theorem 
for analytic functions, and obtains the spectrum of the transformation by 
studying the singularities of certain analytic functions. The present paper 
will show how this method can be used to derive the whole theory of self- 
adjoint transformations. To this end, we must synthetize the usual features 
of analyticity and of Hilbert space, and use the notion of analytic dependency 
of elements in Hilbert space on a complex variable. We begin by studying 
integrals of elements in Hilbert space. Such integrals will be used for con- 
tour integrations of analytic elements and in the formulation of our final 
result [cf. Maeda and, later, Riesz and Lorch]. 


2. Integrals in Hilbert space. We consider a Hilbert space H. To 
distinguish between points f(A) in H and complex numbers L(A), both 
depending on a complex variable A, we shall ascribe the word “element” to 
the first case and restrict the word “ function ” to the second case. The inner 
product of two elements f, g will be denoted by (f, g) and the modulus (f, f)” 
will be denoted by | f |. Definitions of equality, limits, continuity, series and 
integrals in the space H can be made in the usual manner by means of the 
modulus | f | . Two types of Stieltjes integrals will be considered, namely 


(1) fF) aL (A) — lim E FNACA) 
T 6-30 n 
and 
(2) f LOJIO) = lim Z L(a) AfA), 
T 3->0 n 


* Received November 9, 1946. The present article is derived from the first part of 
my doctoral dissertation [Esser]. The dissertation has been written under the guidance 
of Ernst Hellinger, Northwestern University. 

1 Names in brackets refer to references, 
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where f(A) is an element in H, L(A) a complex valued function and A a 
complex variable describing a curve IT. These integrals have properties 
similar to those of ordinary Stieltjes integrals, and we shall assume such 
properties without proof. In particular the integral (1) exists when the 
element f(A) is continuous and the variation of D(A) on T is finite. A 
similar sufficient condition of existence can be formulated for the integral (2) 
if we define the variation of an element as follows: 


Definition I. The variation of an element f(A) on a curve T is defined 
to be the least upper bound of |XanArf(A)| for all possible partitions of 


the curve T° and for any complex numbers a, whose modulus does not 
exceed one. 

It should be noted that the analogies between the variation of functions 
_and the variation of elements are not as complete as the analogies between 
integrals of functions and integrals of elements. For instance the variation 
of an element f(A) does not equal, in general, the least upper bound of 
%|Anf(A) |, and the variation of an element over the sum of two intervals 
of A may differ from the sum of the variations over each interval. 

We have the following theorem: 


TuEoreM II. If an element f(x) depending on a real variable x satisfies 
the orthogonality relation 


(3) G) — f(a), f(d) —f(c)) =0 


for any set of numbers a S b Sc Sd, then the variation of f(x) on any 
interval (y,2) is finite and equals |f(z) —f(y) |. 


Proof. We divide the interval (y,z) into successive intervals and denote 
by Anf the increment of f(x) over the n-th interval. We consider also com- 
plex numbers a, with | an| <1. We have then, by the linear properties of 
inner products, 


(4) (© anAnrf, > GnAnf) = X aulin (Anf, Amf). 


By the orthogonality relation (3), and a the definition of moduli of elements, 
relation (4) becomes > OnAnf |? = X | an|?|Anf[? Considering different 


sets of an, we obtain the least upper bound of the second member by taking 
each a, equal to one, and looking at the first member, we see that this upper 
bound is |ZAnf | ? = This value is independent of the sub- 
intervals of (y,z) considered, and therefore equals the square of the variation 
of f(z) on that interval. 
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3. Analyticity in Hilbert space. A limit in H of the form 


410) L yim fo) =F) 


> B— À i 


where f(A) is an element in H and A is a complex variable, will be called a 
derivative in H. An element f(A) which is defined and has a derivative for 
each A of an open domain D in the A plane, will be said to be analytic over D. 
The usual properties of analytic functions can be generalized to analytic 
elements [Cf. Wiener]. We have the following theorems: 
Let f(A) be an analytic element over a domain D. Then: 


THEOREM III. For any element g, the function (f(A), 9g) is analytic 
over D and has the derivative (df(A)/dA, g). 


b 
THEOREM IV. For any two points a, b in D, the integral f(A) dA 


exists and is independent of the curve of integration joining a to b, provided 
that such curves are not separated by points not belonging to D. 


Tarore V. Considering a curve T in D encircling once and in the 
positive sense a point A, we have Cauchy's formula 


mifa = f (A) (H) de 


THEOREM VI. For each point p in D, we have the Taylor series 
expansion 


(sa) 
FOA) =È (1/21) (A — p)" (df (u)/der), 
pa 
convergent over any circle centered at u and contained in D. 


Only Theorems III and IV will be used in this article. The integral in 
Theorem IV exists for each curve joining a to b because f(A) is continuous, 
and the integral is independent of the path because, for each element g, 


b b 
the number ( f f(A) ad, g) = f (f(A), 9)dA is independent of the path. 


4, Self-adjoint transformations. The analytic element with which we 
shall be concerned in this article is the element whose existence is stated by 
the following theorem. 


THEOREM VII. Considering a self-adjoint transformation T, an arbi- 
trary element u in H, and a non-real complex variable x, the relation 
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(5) TUJI —af(a) =u 


defines a unique element f(r’). This element is analytic and its derivative 
satisfies the relation 


(6) T [df (a)/da] —Adf(a)/d = f(a). 
Denoting by A. the imaginary part of à, we have the inequality 
(7) F| SJ Ae] ful. 


The existence and uniqueness of f(A), and the inequality (7) are well-known 
[Stone, Definition 2.11, Theorem 4.14]. The existence of the derivative 
can be shown as follows: The transformation T being linear, we have 
(8) TIA) — fle) ] Aff) — fe) ] = (A — u) f(e). 
Inequality (7) gives then 

FQ) —F@) [|a |A =] [fH [S| awe | A] a—e| al 


The right member of this inequality approaches zero when u approaches A, 
therefore f(A) is continuous. 
We divide both members of (8) by (A—zpz): 


fA) — fle) elio 


A— p A— p 





(9) 


and let u SR A. The second member approaches f(A). In the first 
member [f(A) — f(#)]/[A—#] must then approach a limit, because the 
transformation from f(x) to [f(A) —f(#)]/[A— u] defined by equation (9) 
is a closed bounded transformation [Stone, Definitions 2. 5 and 2.13]. There- 
fore df(A)/dA exists and satisfies relation (6). Theorem VII is thus proved. 

We shall now find a few properties of the element f(A) which will 
justify the consideration of Lemma VIII below. 

We consider elements satisfying the two relations’ 


TIf(A)] — AFA) =u, 
T{g(#)]—ug(n) =v. 


By definition of self-adjoint transformations, we have (T[f(A)],9(#)) 
= (f(A), T[g(#)]). Substituting for T[f] and T[g] the values given by 
(10), and using the linear properties of inner products, we get 


(11) (AA) (FA), 9(#)) = EA), v) — u, g la) ), 


where à denotes the conjugate of p. 


(10) 
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We introduce a function L(A) defined by 


(12) L(A) = (f(A), u) = (u, f(A)). 
By Schwarz’s inequality and mequality (7), we have 
(13) [LANS JIA] fe] Sj |]U]. 


By taking v = u, g(p) = f(x) in equation (11) and using equation (12), 
we obtain 


(14) (A— A) GA), f(#)) = LA) — L(u). 
5. Proof of a lemma. Relations (13) and (14) lead to a lemma whose 


proof constitutes the essential part of our construction of the spectrum of 
the transformation T. 


Lemma VIII. Let f(A) be an analytic element defined for non-real A, 
and satisfying for each non-real XA and p the relation 


(15) (A a) (FA), F) =LA) —L(4), 


where L(A) is a function for which | X:L(A)| stays bounded. Then there 
exists an element u(x) depending on the real variable x, which has a finite 
variation on the interval — o Sr S -- œ, and such that 


+00 

(16) f(A) = f du(2)/(@—d). 

The element u(x) is continuous on the right 

(17) u(x) = limu(x + e), e >0, 
€730 


and satisfies the orthogonality relation 
(18) «(u(b) —u(a), u(d) — u(c))=0 
for any set of numbers aS b Sed. 
The function L(A) has the three following properties: 


1). L(A) is analytic in the upper half A plane, as is seen by Theorem 
III applied to equation (15). 


2). D(A) has a non-negative Imaginary part L(A) for positive Ae, 
because, for A == p relation (15) becomes dz |f (A) |? = L (À). 


3). By hypothesis, A: | Z(A)| is bounded. 
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It is known [Doob and Koopman, Esser] that functions L(A) which 
have the three preceding properties can be represented, for A: > 0, by the 
integral 


(19) LA) = f rH), 


where p(x) is a certain real, bounded, non-decreasing function. We may 
suppose p(x) continuous on the right. 

____ Moreover, when we make A==,~ in equation (15), we see that 
L(A) = L(A), and therefore relation (19) is also valid when A is in the 
lower half plane. Substituting the integral du for L in equation (15), 
we obtain successively 


(20) (a) FA), fm) = fe O), 
(21) Fat ST RE. 


This formula shows us how the inner product (f(A),f(4)) depends on the 
variables A, x, and thereby will enable us to study convergence properties of 
the element f(A). 

We consider two points a; b in the same half A plane, and integrate the 
two members of (21) with respect to A over a curve from a to b in that 
half A plane. In the first member, the integral of the inner product may be 
replaced by the inner product of the integral of f(A) by f(x). In the second 
member, the order of the two integrations can be interchanged because of 
the uniform convergence of the Stieltjes integral. We thus obtain 


PFOA) ff LA. 


We rewrite this equation with a and b replaced by 6 and 4, and add the two 
equations. Defining, except for an additive element independent of A, an 
element «(A)by 


(22) enifa) —u(a)]— fiat Farad, 
we obtain i 
(23) r(u(b) — ula) Flu) = f ‘ang et 22, 


where arg stands for the argument contained between —7 and + r. 
By repeating the sequence of operations which transformed (21) into 
(23), we transform (23) into 
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(4) (ub) — (a), uld) —u(o)) = f ang go are 77 dela), 


where a, b, c, d are any four numbers with positive imaginary parts. If, in 
particular, we take c = a, d == b, we obtain 





(25) n° |u(b) —u(a) |? = f arg? 2 dp(2). 


The function p(x), being monotone, is continuous for almost all v. 
When a and b approach a real point y where p(s) is continuous, then the 
integral in (25) approaches zero. Thérefore u(a) converges when a approaches 
y, and we can define an element u(y) by u(y) = limu(a). If we let a 


approach a real point y of continuity of p(x), the members of equations (23), 
(24) and (25) approach limits, which are obtained by replacing a by y in 
these members. Similarly, we can let b, c, d approach real points where p(x) 
is continuous, and thus find that the equations (23), (24), (25) stay valid 
when a, b, c, d are real points where p(s) is continuous. The formulas so 
obtained are: 


(26) (u(b) —u(a), F(x) = f PED, a<b, 
(27) (u(b) —u(a), u(d) —u(c)) =0, a<b<c<d, 
(28) |u(B) — u(a) |? = p(b) —p(a), a Sb. 


When a and b approach from the right an arbitrary real point xz, the 
members of (28) approach zero. Therefore lim «(x + e), where x + e varies 


over the points of continuity of p(x} on the right of x, exists for all æ. This 
limit will define u(x) at the points of discontinuity of p(s). 

Thus we have defined for all real x an element «(x), which will be the 
element u(x) mentioned in Lemma VIII. This element satisfies the relation 
- (17). Moreover, by letting one or more of the points a, b, c, d approach, 
from the right, points of discontinuity of p(s), we see that formulas (26), 
(27) and (28) remain valid when one or more of the points a, b, c, d are 
points of discontinuity of p(x). Thus in particular the orthogonality relation 
(18) is proved. 

Since p(x) is bounded and monotone, the limits om co) = lim 1 p(z) 


and p(+ œ) = lim p(z) exist. Therefore, by (28), the limits ae 2 ) 


= lim u(z) and ee co) == ia u(x) exist. The element «(x) has been 
g>- @>+00 
determined hitherto except for an additional element independent of x. This 


element may be determined by the additional condition 
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(29) u(— c0) = lim u(x) = 0. 
. 3-00 


By Theorem II, the variation of «(x) on the infinite interval of æ is 
finite. It equals [p(+ œ) — p(— œ) f. 

The integral of equation (16) exists because (e —A)7 is continuous 
and the variation of «(x) is finite. By the construction used in its definition, 
the integral is contained in the closed linear manifold determined by the 
values of the element f(x) considered for all non-real p. Therefore, to prove 
equation (16), it is sufficient to show that its two members have equal pro- 
jections on each element f(a), in other words that for all non-real » we have 


(30) GA), FH) = Cf, pu). 


Using (26) and (21), we get successively 


SORR e 


_ et, ewi S a E E, 


ee ee ~co Y — À = (A) (a 


which proves (80) and therefore (16). The proof of Lemma VIII is thus 
completed. 





6. Spectral projections. Given a self-adjoint transformation T, the 
correspondence of elements f(A) to elements « established by relation (5), 
and of elements u(x) to elements f(A) established in Section 5, associates 
with each element u in H an element «(x) defined and unique for each 
real x. This element u(2) will be called the “spectral projection” of u. 
In the present section, we shall show mainly that for each real x, u(x) is the 
projection of u on a linear manifold Nt., this manifold depending only on 2 
and T, but not on w. ° 

We shall first show that 


(31) u(+ 0) — lim u(2) = 


Equations (26), (29), (19) and (12) give successively 


Lla) 


+00 dofx 
(u(+ o) f()= (PET Gp 
' -co È ju 
Therefore, and because 4(+ œ) is in the closed linear manifold determined 
by f(a) for all non-real p, we find that u{-+ œ) is the projection of u on 
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this manifold. To establish (31), we have yet to show that u is in this 
. manifold. 
If u is in the domain D of T, we get successively 





P{F F(A) J} — ATT(A)] = Tle] by (5), 
TFA] |S | re | |TT] ] | by (7), 
Hm T{f(A)] = 0, 

u= lim AFCA) by (5). 


The last equation shows that u is in the closed linear manifold determined 
by f(A) for all non-real A, and therefore u == u(+ œ). This equality can be 
extended to arbitrary elements u in H because the domain D of T is every- 
where dense in H and the transformation from u to «(+ œ) is linear and 
bounded. ‘Therefore (81) is proved. 

We show next that the orthogonality relation (18) can be generalized 
into 


(32) (u(b) — ua), v(d) — v(c)) = 0, aSsbSe8d, 


where u(r), v(x) are the spectral projections of two different elements u, v. 
To these elements u, v correspond elements f(A), g(x) defined by equations 
(10). By (16) we get 

; ide) 
(33) (Fa), = fe, 
where o(s) = (u(x), v). The function o(7) has a finite variation on the 
infinite interval because the variation of the element «(x) is finite, and it 
is continuous on the right because (x) is continuous on the right. By 
taking À = in equation (11), we see that 


(u, g(#))= O(a), 0) = 


Therefore equation (11) becomes 


Ang f E (TEA. 


LÀ co Lee 


+0 do(x) 


-00 Camb 


From this equation we can derive (32) by the method used in deriving (18) 
from (20). 

By particularizing a, b, c, d in (32), and using (29) and (31), we get 
(u(x), v—v(z))=0 for each z. Thus, for each 2, the linear manifold 
Mx formed by all elements u(x) is orthogonal to the linear manifold formed 
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by all elements w—u(z). As each element u in H is the sum.of an element 


u(x) in Me and an element orthogonal to Pts, the manifold Wiz ‘must be . 


closed and u(x) is the projection of u on Wa 

The orthogonality relation (32) gives, moreover, (w(2),v—v(y)) =0 
for x <= y. Therefore u(2) belongs to the manifold Wty of all elements ortho- 
gonal to all v— vty), and we infer that Dt» is contained ‘in My. 


7. The transformation T. This section will prove that an element f, 
with. spectral projection f(x), is in the domain D of the transformation T 


+00 P . 
if, and only if, the integral f xdf(x) exists, and that we have then 


7 ' , 7400 ', 
(34) T= f sat(e). 
Let us first suppose that f is an element in D. We define an element u by 
(35). ui u=T[f] if. 


Then formula (16) gives f = f (y—i)-!du(y). Projecting on Dts, 

we get f(z) = f GD uy). From this integral we obtain, for each 
s i b 

real a and b, u(b) — u (a) = Í, (7+-i)df(e). The first member has the 


limit u when a -> — 0, b —> + œ. _ Therefore So (r — i)df(x) exists and 


we have 

, , +00. , +00 
(36) u= f (— id) = f x df () — îf. 

, Ja l a | 
Compating (35) and (36), we-obtain (34). i 

Conversely, let f be such that the integral in (34) exists. Then we 
; a 

define u by (86). We obtain u() -f (y —tiydf(y). The integral 
Se (x —)"du(x) exists and equals f. Therefore f is the element which 
satisfies (35). It results that f is in D and satisfies again (34). 


8. Conclusion. We have shown how the theory of analytic functions 
can be used to derive the known characterization of pedo VIRUBIORDRA 
tions, which is: 


Turorem IX. Hach self-adjoint transformation T in Hilbert space can 
be defined as follows by means of a certain family of closed linear manifolds 


ete 


Niue 
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Ma: Let f(x) denote the projection of f on Wae. Then f is in the domain 


of T if and only if the integral f df (x) exists. The integral equals 
then TEF). | i 
The manifolds Ms are such that: 
1). Fora Sy, Me is a subset of Wty. 
2). For each f we ae) = 0 and im f (2) = f, 
3). The element f(a) is continuous on the right: f(x) — lim f(s + e), 
e> 0. 


ILLINOIS INSTITUTE OF TECHNOLOGY. 
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ON THE SUMMABILITY OF MULTIPLE FOURIER SERIES.* 


By A. ZYGMUND. 


1. Let f(x,y) be an L-integrable function of period 27 with respect to 
both « and y. Let 


+00 
(1) x Cane? (ma+ny) 


My =~ CO 


be the Fourier series of f, so that 


2 297 
Cmn == 1/ (27)? fi fo f(x, y) et man) dedy 
0 0 
for all m and n. As regards the convergence of the first arithmetic means 


(2) Tm,n (2, y) cnc Cnn (©, y; f) 
= Za (1 |/(m + 1)) (1 — (|v [/(v + 1) et aor 


of the series (1) the following results are known. 


THEOREM A. There is an f such that oma(x,y) diverges everywhere. 
More precisely, 
lim sup om,n(%, y) = + œ 


Fits BP +00 
everywhere. 


THEOREM B. If m and n tend to + œ in such a way that the ratios 
m/n and n/m remain bounded, then 


Oman (2, Y; f) è f(z, y) 
almost everywhere. 


Tarore C. If not only f but also |f|log*|f| is integrable, then 
aom n(Y; f) >f(x,y) almost everywhere as m and n tend to + œ inde- 
pendenily of each other. 


Corresponding results hold for the Abel means 


+00 
fr.p (e, y) = x Cmne* eee rll ole 


M 2M=—-OO 


* Received February 1, 1947. 
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of (1) as r,p—> 1. The condition of boundedness of the ratios m/n and 
n/m is then to be replaced by the boundedness of the ratios (1—7)/(1—p) 
and (1— p)/(1—r). 

All this, and the literature, will be found in Saks [5], Zygmund [7], 
Jessen, Marcinkiewicz and Zygmund [2], and Marcinkiewicz and Zygmund 
[3]. It may be added that considering the limit of om, when m and n tend 
to infinity in such a way that m/n and n/m are bounded, was first suggested 
by C. N. Moore [4, p. 567]. That the last restriction is essential, follows 
from Theorem A. Of course, this kind of summability—let us call it 
restricted summability (C,i)—is analogous to the classical concept of 
restricted differentiability of multiple integrals. For, as shown by Lebesgue, 
for any integrable f(z, y), 


h k 
lim 1/hk Í, 1 f(a + u, y + v)dudv = f (z, y) 
hik —>0 9 
almost everywhere, provided % and k tend to 0 in such a way that the ratios 
h/t and k/h are bounded. 

The main purpose of this note is to prove the following extension of 
Theorem B. 


THEOREM 1. Let m = m(t) and n=n(t) be any two non-decreasing 
and integer valued functions of the parameter t, OSt< œ, tending to 
infinity with t. Then, for any integrable f(x,y) 


lim omn (z, Y; f) = f (2, y) 
$3400 
at almost every point (x,y). More generally, let à be any number =. 1. Then 
ony (2, y; f) > f(a, y) 
almost everywhere, if u and v tend to infinity in such a way that 
(3) Mtm(t)SpSam(t), A(t) Sy S M(t). 

The second part of this theorem reduces to the first part if A=1. If 
m(t) =n(t) = [t] (= the integer part of t), we obtain Theorem B. For 
clearly, if Theorem 1 is proved for any fixed number A = 1, it is auto- 
matically established for A=A(,y) varying from point to point. The 
novelty of Theorem 1, in comparison with Theorem B, is that m and n need 


no longer be of the same order of magnitude (consider, for example n,n? or 
ono"). Their rate of increase may be totally different, provided that— 
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except for a bounded factor—one of them:is a monotone function of the 
other. 

The analogue of (the second part of) Theorem 1 for Abel means is as 
follows. - 4 = E 


THEOREM 2. Let p(u) and y(u) be non-decreasing functions of u 
defined in the interval 0<u< 1, satisfying the inequalities 0< (u) = 1, 
0 < y(u) S 1, and tending to 0 with u. Let AZI1 be fixed. Then, for 
every integrable f and almost every point (2,4), 


frole y) > f (2y) 
as r and p tend to 1 in such a way that 


; ato (u) S 1—r Sag(u), 
i) | \y(u) Sl—pSaraAp(u). 


More generally, at almost every point (x,y) we have 
fre (€ n) > f(z, y) 


provided the points retë and pe tend respectively to eit and ev along any” 
non-tangential paths and in such a way that conditions (4) are satisfied. 


It will be sufficient here to prove Theorem 1 only. The proof of 
Theorem 2 is completely analogous since the Poisson and the Féjér kernels 
satisfy similar inequalities (see inequalities (4) below), which are their only 
properties required in the proof. The fact that r and p are, unlike m and n, 
continuous variables. does. not affect the argument. Nor does the case of 
non-tangential paths mentioned in Theorem 2 introduce any new difficulty. 
For all that, Theorem 2 is more interesting in applications than Theorem 1. 
We shall return to some of these applications in another note. 

The proof of Theorem 1 is given in Section 2, below. Section 3 will 
be devoted to some additional results. | 


2 LEMMA 1. Let h(t) and k(t) be.two positive functions defined for 
t > 0, non-decreasing, and tending to 0 with t. Let E be any plane set whose 
outer measure | E| is finite and positive. Suppose that to every point 
(x,y) eE corresponds a rectangle R == Roy, with center (x,y), and sides 
2h(t), 24(t) parallel to the axes, where t = t( R) varies with R. Then there 
is a finite number of rectangles Rewo Ray» °°, Rey, without points in 
common and such that 
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n i N 
(5) S| Bn | > |E | /26 
where Ry = Bonta: 


Proof. Let Ko denote the aggregate of all the rectangles Æ corresponding 
to the points of Æ. Let 


(6) t* == Sup (E). 
ReKo 


We may assume that the sides of the rectangle Re Ky are bounded. For 
otherwise there would exist rectangles R with areas arbitrarily large, and (5) 
could obviously be satisfied with n == 0. 

Let us now define a rectangle Ry and a number to == t (Ro) by the 
following conditions. If ¢*) in (6). is actually attained, that is if there is a 
rectangle Be Ko such that t", = t( R), we take that R for Ro, and set ta = t*o. 
Otherwise, we take for Ry any È such that to = t (R) satisfies both conditions 


h(to) TIM —0), b(t.) > 44 (t*—0). 


Let us now denote by K’, the set of all the rectangles Re Ky which have 
points in common with Fo, and let K, be the class of the remaining rectangles 
E. Thus Ko = K^ + Kı., Moreover, it is immediately seen that if we 
denote by È, the rectangle concentric with Ro, with sides parallel to the axes 
and dimensions five times those of Ro, then all the rectangles Re K’, are 
covered by Žo. 

Let us now set . , 

(7) i*, — Sup #(R), 
ReK, i 


and let us define a rectangle Æ, and a number t, = #(£,) by the following 
conditions. If é, in (7) is attained, we take 4,—1":, and for £, we take 
the corresponding Æ. Otherwise, we take for R, any R.eK, such that 
tı = t( R) satisfies the conditions 


h(t) = 4h (t*i— 0), Hlth) SH, — 0). 


Thus Æ, has no points in common with Ry. Let K’: be the set of all the 
rectangles Re K, which have points in common with R, and K, the set 
of the remaining rectangles: from K, Hence Kı = K's -+ X:. Again, all 
rectangles from K’, are covered by the rectangle Ry casio with and similar 
to E,, with sides five times larger. 

The general procedure is now clear. Suppose we have already ‘defined 
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tai Ém-i; Kumis Rki We then set K m-i =" R'm 4 Ku, where Ka consists 
of the rectangles Re Xm-1 which have points in common with Rn+, and Km 
of the remaining rectangles from Km... The rectangles from K'’m-ı are con- 
tained in the rectangle Rm, concentric w similar to, and five times larger 
than Ems. We set 
(8) tm = Sup t(R) 

' teKm 
and set tm== tm if the supremum in (8) is attained. Otherwise we take 
tm = t( R) for an Re Km and satisfying 


h(tm) = $h(t*m—0), Klim) Z 4k (t*m —0). 


Obviously E» has no point in common with Ru,***, Ri, Ro. 

The sequence Ro, Ri, Rap’ - + may be finite or not. In the former case, 
Km is empty for some m. Let us first suppose that the sequence is infinite. 
Since t*o == t, = ta =: +, there are two possibilities 


(1) all the numbers #*n are bounded below by a positive number; 


(ii) the numbers t*» tend to 0. 


In case (i), inequality (5) is obvious for n large enough. Let us there- 
fore pass to case (ii). It is easy to see that every rectangle R’ from Ke is 
contained in some m. For suppose that this is not true. That would mean 
that for each m the rectangle A’ is contained in Km, which is clearly impos- 
sible since the dimensions of the rectangles from Km do not exceed MAN 
2k(t*nm), and so tend to 0 with 1/m. 

Since È is contained in the sum of the rectangles RÈ from Ko, it must 
be contained in Ry + Rx +--+. Hence, 


. (9) |E| SE | Rn|—25 >| Ral, 


and this gives (5) for n large enough. 
If the sequence {Rm} is finite and ends with Rn, the above argument 
gives (9) with oo replaced by n. The inequality (5) is then true a fortiori. 


Remark. The above proof is a simple adaptation of the proof in the 
special case A(t) = t, k(t) = at, « being any positive but fixed number (see 
Marcinkiewicz and Zygmund [3]). It is easy to see that the coefficient 1/26 
in (5) could be replaced by any number > 1/9, but the numerical value of 
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it is without importance. There is an extension of Lemma 1 to the case 
when each point of # belongs to infinitely many rectangles £ with dimensions 
tending to 0 (see Jessen, Marcinkiewicz and Zygmund [2]). This extension 
is not needed here. 


Lemma 2. Let f(x,y) be an integrable function defined in the square 
(Q’) — or STS r, — r Sy SZ az, 


and let h(t) and k(t) be the functions of Demma 1. For (x,y) belonging 
to the square 


(Q) —r<xZm —r£SySr 


let 
h k 
(10) fe(w, y) = Sup 1/4hk f, f Fle +u y + v)| dude, 


where t is so small that the rectangle over which we integrale is contained 
in Q’. For any € > 0, let E.(É) denote the set of points (x,y) «eQ at which 
f-(a.y) >é Then 


(11) |E] S26 f SITE dedy. 


Proof. If (x,y) «e€ (€), there is a rectangle R with center (s, y), with 
sides parallel to the axes and of length 2h(¢), 2X(#). By Lemma 1, we can 
select a finite number of these rectangles without points in common and 
such that the set E == €.(£) satisfies (5). This gives 


inn f | dedy = > Sf, f | dedy > £| &(€) | /26, 


m=0 


from which (11) follows. 


LEMMA 3. Let h(t), k(t), f(t,y) be the functions of Lemma 2, let a 
and R be fixed positive numbers, and let fe? (x,y) be the functions f(a, y) 
of Lemma 2 with h(t), k(t) replaced by ah(t) and Bk(t) respectively. For 
(z, y) cQ, let 


P (2,9) = Sup (F (e, y)24ED} for é,7—=0,1,2,- >. 
: ts] ' 


and let E*(£) be the set of points (a,y) eQ at which f¥(z,y) > & Then 


(12) | €#(é)| < AEs f Í, |f] dedy. 
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Proof. Let €.%8(£) be the set €.(€) of Lemma 2 when'we replace there 
h(t), k(t) by ol(t), Bk(t). A necessary and sufficient condition for the 
inequality f” (s, y) > £ is that f.?"* (x,y) > é2()/2 for some non-negative 
integers 1,7. Thus 


E* (È) (2 Ss E 31,2! (23 (i+j) J, 
i, f=0 


and so 
oO 00 . 
EOS E Erran) cee Zaen) f f F] dedy, 
i, j=0 4,9=0 7 Q’ 


which leads to (12). 
The arithmetic means ou of the Fourier series of f are given by the 
formula 


(13) op (a, y) =x? i f f+ uy +0)Ku(u) Ky (v) dudv 


where Ku(u) is the Féjér kernel, 


___1 sin’d(e+1)u 
ASS, 
satisfying the inequalities | 

(14) Ky(u) = Au, Ku(u) = Apu? 


for »= 1 and OSu=-7. By A we mean here and hereafter.a positive 
absolute constant not necessarily always the same. 


Let 
(15) Sola,g) =? ("| Fe +u.y +») | Ku(u)Ky(v) dudo 


and let m==m(t) and n==n(t) be the functions of Theorem 1. Then 


ee RIN { dv +f d ff du 


i n fa Jir faf g }du 


dj 


ulti the curly hacia { ) stand for the tai on the right of (15). 
Using the inequalities (14) ane observing that for each £ 


Ve È 
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XV = u/m = A, XI = y/n ZA, 
we immediately find that 


0= plr, y) = Admn fa du So 2| f(a@+u,y+v)| dv 
+ Adm n fa dv fo MiG tate du 
+ AX°m min f Ser liete y+ v)| dudv 


+ Axmn (°° (li@+uy+)| dude 


= ANP: (a, y) + AX Qi (2,4) + APR: (a, y) + ANS (2, 4), 
say. 


Let | 
1/m T 
*P(x,y) = Sup Pi (z, y) = Sup mn Í. du f | f(z + u, y +v)| dv 
t t 0 1/n 


and let us similarly define *Q (z, y), “R(x, y), *S(z,y). 


Lemma 4. For (2,4) e@, each of the functions *P, *Q, *R, *S ts 
majorized by Af*(x,y), where f* is the function of Lemma 3 formed, with 
h{t)=1/m(t), k(t) = 1/n(t). 


Proof. Let us consider the integers J = I (t), J == dJ (t) defined by the 
conditions 
n= Um < Br, r E&E 24 /n < Br. 
Thus l 


J M1i/m 23 /n 
Fg A J dv f etuyo) ld 
<tmn 32 f iu ( [fetus y+ 0)| dvs 16 Zf (x,y), 


where the function fet (x, y) is formed with h(¢)'=1/m(t), k(t) =1/n(t). 
From the definition of fe (x,y) it follows immediately that 


P.(2,9) < 16f*(a,y) X 248, *P(0,9) < Af*(2,9). 
1 


It is clear that the last inequality holds for *Q(a,y). As to “A, we 
observe that 
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Riley) Smint>Dd Í. Í wv if(@tu,ytv)| dudv 
2 


i,j=1 t-1/m -1/n 


Id , 2i/m 2t/n 
= 16mn $, 2-2 (449) f f | f(x +- u, y + v)| dudv 


f j=1 2t/m Zijn 
I,J 
= 64 E 2- (49) F242! (a, y) 
į, j= 
00 
= 64f* (x, y) Z2-60 
4, jr 


so that *R (t,y) = Af*(x,y). Since *S(2,y) S 4f.(a,y) S 4f* (x,y), 
Lemma 4 is proved. 


Let us introduce the function 


(16) o*x(%,y;f) = Sup | ow(2,9;f)|; 

Usb 
where u Z 1 and v= 1 satisfy (3). From the formulas (13) and (15) we 
see that | ouv | is majorized by a sum of four integrals typical of which is Gp». 
Since | 


Guv(%,y;f) = AX°{*P(2,9) +*Q(2,9) + “£(2,9) +*5(2,9)}, 
Lemma 4 and Lemma 3 lead to the following 
Lemma 5. The function o(s, y) is majorized by AAX°f*(x,4), where 


f* is the same as in Lemma 4. The set of points (x,y) eQ at which 
o” (x,y; f) > É£ > 0 is of measure not exceeding 


ARES f fo -|f| dedy. 


Theorem 1 is a corollary of Lemma 5. For let us consider a decomposition 


(17) f= fi ++ fe, 


where f(x, y) is a trigonometric polynomial, and the integral f fi [fo] dady 
dg 


is arbitrarily small. Given an arbitrary è > 0, we may assume, by virtue 
. of Lemma 2, that the set of points (s, y) at which o*\(x,y;f:) exceeds 8 
is of measure less than è. Since ow(%,y;71) tends (uniformly) to f(z, y), 
and since | cpv(a,y;f2)| is less than è outside a set of measure < 8, it 
follows without difficulty - that ow(,y;f) = ow(2, y; fi) + owr yY; fe) 
tends to f(z,y) almost everywhere, provided conditions (8) are satisfied. | 


3. For certain applications one needs extensions of Theorems 1 and 2 
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to Fourier-Stieltjes series, that is to series (1) whose coefficients are repre- 
sented by Stieltjes integrals 


Cun (27)? f f e-i (matny) dP(E). 
Q 


Here, as before, Q denotes the square — r Sa Sa, —r Sy Sz, and P(E) 
is an additive function of sets. The arithmetic means of the series (1) are 
then represented by the formula 


(19) ow(a,y3dF) =r? f f. Ku(x— u)Ky(y—v)dF(E). 


As is very well known, the function F(£) has almost everywhere a finite 
derivative f(z, y), and f(z,y) is also the derivative of the absolutely con- 
tinuous component of F(E). 


THerorem 3. Let F(E) be an additive function of sets in Q, and let 
f(x, y) be the derivative of F. Then, at almost every point a, 


opv(2, Y 3 dF) = f(e, q) 
under the same conditions for p and v as in Theorem 1. 


In the same sense, Theorem 2 remains valid for Fourier-Stieltjes series, 


It is again sufficient to prove the part of Theorem 3 concerning the 
arithmetic means. A perusal of the proofs of Lemmas 2, 3, 4, 5 shows that 
these remain valid in the new case. In particular (compare Lemma 5) the 
set of points (2,9) eQ at which o*\(x,y;dF) > É> 0 is of measure not 
exceeding 


(20) axe ff 14E). 


This immediately shows that at almost every point the numbers ow (æ, y; dF) 
are bounded. To prove, however, that they tend to f(z, y) we have to adopt 
a method slightly different from the one used before, since no decomposition 
corresponding to (17) can be used for singular mass distributions. 

Let F == F, +- F, be the decomposition of F into its absolutely continuous 
and singular parts. Thus op (x, y; dF) = opw (x, y; dP.) + op (z, y; dF). 
Since ow (x, y; dF) = op (£, y¥3f) > f(x, y) almost everywhere, it is enough 
to prove that opv(2,y;dF2)—>0 almost everywhere. We first prove the 
following lemma. e 


Lemma 6. Suppose that the function F of Theorem 3 has the property 
13 7 
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that Sf. | dF(E)|=0, where R is a rectanglea<a<a’, B<y<B. 


Then at almost every point of R we have cw(x,4;dF)->0 as m, v tend to 
+- © independently of each other. 


Proof. In the formula (19) we can now integrate over the set Q — R. 
If (x,y) e R, there is an n >O such that for every (u, v) eQ— R at least 
one of the inequalities |x--u] 2, | y— v | Z= ņ is satisfied. Since Ky(t) 
tend uniformly to 0 if y S |t| Sr, it follows that 


| cuv(®, y; dF) | 
< 0(1) SS) dF (E)| + 0(1) ff, Ev] are) 


< o(1)[ REAC ff Ky(y—v)| aF (E) |], 


and it is enough to show that the first of the integrals in square brackets is 
hounded for almost every æ, and the second for almost every y. It suffices 
to consider the first integral. It can be written 


f Ku(e—w)a(u), 


if x(u) denotes the integral ff | dF | extended over the rectangle 


nr STS uU, qr SyS. The last integral is the (C, 1) mean of. the 
Fourier-Stieltjes series of dy(u), and so is bounded (indeed, tends to a limit) 
for almost every æ. ‘This completes the proof of Lemma 6. 

Let us now revert to the singular function F(E). It is well known that, 
given any number e > 0. we can find an open set O C Q, of measure differing 


from that of Q as little as we please and such that ff | dP(E)|< e. 
O 

Let us write F.(£) = F.(OF) + F(E — 0) = F(E) + F(E), say. By 

Lemma 6, ou(2, y; dF) converges to 0 almost everywhere in O. The set of 

points of Q, and a fortiori the set of points of O, at which o*\ (x, y; dF's) > ef, 

is of measure 


= AN f f [dE | = AX° Í f | dB, | < Ade . 
J Ja JO 
9 


2% 


Thus, if we exclude from O a subset of measure < AA ez, at the remaining 
points of O the least upper bound of the numbers | opy(2, ¥;dF2)| is < e 
Since both e and | Q — O | can be arbitrarily small, cpv (z, y; dF.) tends to 0 
almost everywhere in @. This completes the proof of Theorem 3. 
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From the extension of Lemma 5 to Fourier-Stieltjes series (cf. 20)), 
we see that the function o*\(x,y;dF) is integrable in any positive power 
less than 1. More precisely, 


THEOREM 4. Under the assumptions of Theorem 3, and for 0 < p< 1, 


eD Off, [ete aP papes (a/a p) ff jar 


(22) SS [{ow(x, 4; dF) — f(x, y)|Pdr>0. 
Q 
The corresponding result holds for Abel means. 


So far we have discussed, for simplicity, the case of double Fourier series. 
The results corresponding to Theorems 1, 2, 3, 4 hold, however, for Fourier 
series (or Fourier-Stieltjes series) 
+00 


(23) ba Carine! (namit NEEE] 


Rise- ART- 00 
of functions of variables. So does, as is well known (see Jessen, Marcin- 
kiewicz and Zygmund [2]), Theorem B, which then asserts that if not only 


the function f(2:,° ' `, æ) is integrable, but also | f |(log*| f |)*+, then the 
(C.1) means 


On,...m, (21; Tos’ "ks f) 
ngrok | Vi dual. | VI | l 
= S li At.) gi (re... tykak) 
mA cnt Ni -+ 1 Jal). i as Nk + 1) 
of the series (23) converge almost everywhere to f(a1,° © °, 8k) as ni’ © +, N 


tend to + co independently of one another. The theorem that follows is 
intermediate between the latter result and the extension of Theorem 1 to the 
case of k variables. 


Landi 


THEOREM 5. Let f(a1,%2,° 0 ‘,%%) be a function of k = 2 variables, of 
period 2x with respect to each x. Suppose that r is an integer satisfying 
0 Sr k— 1, and that the function |f|(log*|f]|)" ts integrable. Let 
s == k — r, let X = 1 be fixed, and let ni (t), no(t), © < ms(t) be non-negative, 
non-decreasing, integer-valued functions of t tending to + œ with t. Then 
at almost every point the means op,...n,%4...v,(C12,° °T; f) tend to 
f (21, En °°, Tk), 08 Mi’? “> Pry V1,’ “ve tend to infinity, provided that 
n, ©, va tend to infinity in such a way that 
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An; (t) = vj S An; (t) (j= 1,2, ~*, 8). 
The corresponding result for Abel means is also true. 


Proof. Given an integrable function g(a) of period 27, let 


g»(x) I 1/h f | f(x- u)| dul, 


and let ce(s) denote the least upper bound of |on(x)|, oa denoting the 
(C, 1) means of the Fourier series of f. It is well known (Hardy and Little- 
wood [1]; Zygmund [6], p. 247-248) that o.(x) = Ag+(z). It is also 
known that if | g |(log* | g|)® is integrable, so is g+(log* g+)®! and 


2r 2yr 
(24) f gQog'g)de = Aa f |g |(log*|g |)ede +40 = (a=1) 
where A, denotes a constant depending on « only. 
Let o*\(x1, ta * * 2p) denote the least upper bound of the numbers 
ChB. Y (1° * *> Ue) under the conditions on pi, fe, °°; fr; Vip" ‘rs 


expressed in the statement of Theorem 5. It is enough to prove that for 
every p, 0 < p< 1, we have 


(25) fi . Was def f fo “Pdr - dap P 
T -g 


SPN fT.. SIFI Qog |f rde: adi 


Tip p 


That this inequality implies the boundedness almost everywhere of the 
numbers oy,...v,(%1,' < ‘, x) is clear. In order to prove that it also implies 
T.v (Lit °°, @x) > f(t ©, x) almost everywhere, we proceed in a 
familiar way. First of all, we fix p and apply (25) to the function Mf, 
where M is a positive constant so large that in the resulting inequality 


(26) s: I Sa det ft f> Pde, > + + depp 


a ie A | f |(log* | ap ede - dey + vis 
the last term A4,4*/M(1-— p) on the right is < e/2. Then we make a decom- 
position f = f + f”, where f’ is a trigonometric polynomial in Tu’ - -, r, 
and the first term on the right of (25), with f replaced by f”, is also < €. 
The final steps may be left to the reader. 
Let us revert to (25). Let us fix vo,- - -, ax, and let fı (ti, 2,0% *, 2x) 
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he obtained from f(a1,%.2,°-*,2%) in the same way as g*(x;) is obtained 
from g(x:). Similarly we obtain fe(%1,-++,2%) from fi(x,° ° >, xx), this 
time fixing zı, Ts,’ *,%, and so on. Denoting for simplicity integrals 
extended over the k dimensional cell Q(|2;|=7, j=1,2,:--,k), by 


+ + + doz, we get from (24) 
4 Qn 


(27) f. fido < A f fra log* fradop HAS 
Qu ef Qr 
<A f LEI Qog |f |) du + Ay, 
so that f- is integrable. Let us now observe that 
| Opp.v avra (Lit 3 Uy Yay” 3 Y8) | 


r Š 
Eat f [FH t sYa to)| JE Ku, (14) I Eo, (0) don 
a k t= i= 


=A filtr Ta + Ua * +5 Ys + Vs) Il Ku (ws) Il Kv, (vi) dors 


k-i 


<A, SF ` "3 Er, Y + 015° s ‘,Ys + vs) [I Kv, (v) dow. 


The last integral, multiplied by 7*, represents the arithmetic mean of the 
Fourier series of the function fr(@1,: © *,@r, 41° °,Ys) of the variables 
Y` © ° Ya (so that zı’ '',®@r are constants). Using the analogue of 
Theorem 4 (inequality (21)) for the s dimensional case and F absolutely 
continuous, integrating the result with respect to 2,:°°*,2%,r, and applying 
(27), we get (25). This completes the proof of Theorem 5. 


Remarks. a) Inequality (25) implies that under the assumptions of 
Theorem 5, 


g Kig F ti 
E PR f dz ` dart f: am f | Tpm... v, (2a E - Ck) 
J y of" -T ww -T 


— f (24, ° . ` , Ge) | P dEr’ . - dex}? > 0 
and «a fortiori, 
Sh GHn Va (Ti; ei. Lr) a f(a, a tr) | Plor > 0. 
r 


b) The part of Theorem 5 pertaining to Abel summability, is imme- 
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diately extensible to non-tangential paths, as in Theorem B (see Marcinkiewicz 
and Zygmund [3]) and Theorem 2. Remark a) applies also to that case. 


c) The results hold for fractional summability (C,o:,- - -, ax) if all 
the a; are positive. 


d) In Theorem 5 we actually have +-+1 indices tending to + co 
independently of one another. This is easily seen if one of the functions 
ni(t),- © <.ms(t) is taken as a new independent variable, instead of t. 
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ON RIESZ SUMMABILITY AND SUMMABILITY BY DIRICHLET’S 
SERIES.* 


By ©. T. RAJAGOPAL. 


Addendum and Corrigendum. 


Dr. L. S. Bosanquet has pointed out to me that Corollary 2 (This Journal, 
vol. 59, pp. 374-5) is incorrectly stated. The corollary is a generalization of 
only the sufficiency part of Schnee’s theorem and should run: 


Sufficient conditions for the E(An, &)-summabilily a= = 0) of Za, lo s 
are (i) and (iï). If F(t) converges for t > 0, the conditions lim F(t) = $, 


t+ +0 


B(x) == 0(2*") as x-> œ, are necessary for the R(àn, k)-summabdility 


(k > 0) of Èo. 


Dr. Bocangiei has also kindly suggested the following as a generalization 
of Schnee’s theorem. 


COROLLARY 3. Necessary and sufficient conditions for the R(An, k)-sum- 


oo 
mability uf = la, of 2 av to s are 


(1°) x GTT n 1) ta Ax(u)e“tdu converges (absolutely) for t > 0 
and tends to s as t> + œ. 


+ 


(ii*) B(x) = o (2°), g> c0. 


Further, in the special case in which k is an integer, (ii*) may be 
replaced by 


(11) Bx(x) = 0(Ant*), MEg L àma 


Proof. For any k= 0, the necessity of (1*) is easily proved and that 
of (ii) follows from the definition of B(x} and the fact that both Ax(x)/aF 
and Ara(z)/z*" tend to s as t > œ. 

To prove the sufficiency of the conditions (i*) and (ii*), for any k = 0, 
we note that (i) implies the validity of Lemma 4 and that of the proof 
in 1.2. Consequently (i*) leads to Azi(x)/e"*—»s and thence, in con- 
junction with (ii*), to Ax(2)/2* > s. 
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The replacement of (ii*) by (ii**), when & is integral, is justified by 
the fact that the latter condition implies the former whether & is integral 
or not, while the former implies the latter in the special case of integral % 
as we can see by putting a == k, p=1 and taking o instead of O in the 
following theorem of Dr. L. S. Bosanquet which is to be published in the 
Journal of the London Mathematical Society: 


If B(x) = O(a”), where k is a positive integer and k + p = 0, then, 
for p=0, 1, -.k. 


Bu(3) = O (ara? (te 


er J An SB < Ana 
ka e =) Li ti < R+1 


It may be observed that the special case of Corollary 3 reduces to 
sSchnee’s theorem in the usual form when k = 0; also that, in any case, we 
can obtain a variant of the corollary with the integral in (i*) replaced by 


ey 00 
Fi(t) =t Í, dal) edu, 


I take this opportunity to draw the attention of the reader to a misprint 
in condition (ii) of Corollary 1, p. 374. The restriction on Br(æ) should be 


B(x) = — KA, not B(x) == — bàr. 


MADRAS CHRISTIAN COLLEGE, 
TAMBARAM, S. INDIA. 
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ON MOBIUS’ INVERSION.* 


By Parure HARTMAN and AUREL WINTNER. 


1, Let z= (a#(1),2(2),- - -) and y = (y(1),y(2),: © -) be two vectors 
with an infinity of components. Let E and M denote the infinite matrices 
of the linear substitutions 


00 

(G) © B: Ss(am)=y(n), 0 (n=1,2,-)), 
mal 

and 
oO 

(2) M: Xp (m)y(nm) = x(n), (n==1,2,° °°), 
m=i 


respectively, where nm or mn denotes the product of m and n, and u(m) is 
the Möbius factor. 

Mobius’ formal rule for the inversion of the Eratosthenian sieve process 
states that the linear substitutions (1), (2) are inverses of each other. 
Correspondingly, if (1) is written as Ex =y and (2) as My=<, then 
e == My will be called the Möbius solution of Ex = y, where ‘y is given and x 
ig unknown, and a corresponding manner of speaking will be used if E and M, 
and x and y, are interchanged. 

In a paper appearing in vol. 68 (1946), pp. 321-339, of this Journal, 
the legitimacy of Mobius’ formal inversion was considered. It was shown 
that if a vector z == (z(1),2(2),- - -) is called regular when 


= | 2(n)| < œ, 


then neither of the Mobius inversions need be legitimate if nothing but the 
regularity of the respective solution vectors, z ==% or z == y, is assumed; cf. 
theorems (IV) and (VII), loc. cit. On the other hand, various sufficient 
criteria were developed under which the Möbius inversions are legitimate. 
The present paper contains further results in the latter direction. 


2. The above definition of the “regularity” of a vector is justified by 
the following fact: 


(i) Fora given vector y, the system Ex = y cannot have more than one 
regular solution 2 = Ty. 


* Received February 13, 1947. 
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This is theorem (V), loc. cit., where it is explained that this statement 
is equivalent to a result of Haar concerning the homogeneous system Er = 0. 

It should be emphasized that only the regularity of æ is assumed in (i), 
whereas the given vector y can be arbitrary. 

As to the dual of (i), viz. the statement which results if Ex == y is 
replaced by its formal inverse My = g, the situation is as follows: Loc. cit., 
p. 335, a partial dual of (i) was verified, and the question as to its complete 
dual was left as a desideratum. It will now be shown that the complete dual 
of (1) is true: 


(11) For a gwen vector x, the system My=x cannot have more than 
one regular solution y == Yo. 


In (ii), no restriction is placed on the given vector x. 

A corollary of (ii) is the following dual of Haar’s result: y= 0 is the 
only regular solution of the homogenous Möbius equations My = 0. Needless 
to say, this corollary of (ii) contains (ii) itself. 

The idea of the proof of (ii) is somewhat similar to that of Haar’s dual 
of the last italicized statement (that is, of the fact that c=—0 is the only 
regular solution of the homogeneous Eratosthenian equations Ex = 0). The 
formal details turn out to be more elaborate than in Haar’s case. 


3. In view of the negative results (IV) and (VII), proved loc. ctt.. 
there is a problem concerning the consistency of regular solutions and Mobius 
solutions when both exist. Without any restriction, this question will be left 
undecided, as it was loc. cit. However, some information can be obtained in 
this regard by the method proving (ii). In fact, a slight modification of the 
procedure, which would prove (ii) directly, also leads to the following 
theorem : 


(ii*) Fora given regular x, the system My == z cannot have a regular 
solution y distinct from the Möbius vector Ex, and the latter represents a 
solution y of My = x whenever the vector Ex is regular. 


In other words, if x is a given regular vector, then, according as the 
vector Ex is or is not regular, the system My=x has the unique regular 
solution y= Ex or no regular solution at all. The point in this alternative 
is the fact, mentioned before, that the concepts of Möbius solutions and 
regular solutions are, in general, distinct. The italicized statement following 
(ii), which is equivalent to (ii), makes it particularly clear that (ii*) is a 
refinement of (ii); so that only (ii*) will have to be proved. 

There arises the question whether or not (i) can be refined to a theorem, 


_ 
` 


ES 


wr 
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say (i*), in the same way as (ii) is refined to (ii*). The answer turns out 
to be affirmative: 


(i*) For a given regular y, the system Ex = y cannot have a regular 
solution x distinct from the Mobws vector My, and the latter represents ua 
solution x of Ex = y whenever the vector My is regular. 


The proof of (i*) will depend on an adaptation of Haar’s proof for the 
uniqueness of the regular solution of the homogeneous system Ez == 0. 

It is worth mentioning that (i*) and (ii*), respectively, make clear the 
methodical rôle of the steps by means of which (VIII) and (IX) have been 
verified loc. cut. 


4. In order to prove (ii*), suppose that x is a given regular vector 
with reference to which the system My = « has at least one regular solution, y. 
It will be shown that this y must then be the vector Ex. This will imply the 
first assertion of (il*). 

It will be sufficient to prove that y(1), the first component of the vector y, 
is the first component of the vector Ex; j.e., that (1) must then hold for 
n= 1. In fact, suppose that this has been deduced from the system (2). 
Then it can be applied to the system which results from the full system (2) 
when 7, in (2), is restricted to multiples of a fixed positive integer, say of 4; 
that is, to the system 


Z u(m)y(mni) —2(ni), (n= 1,2, °°). 
m=1 


Since the system which corresponds to the latter system in the same way 
as (1) corresponds to (2) is 
OO 


(3) z x(mnt) = y (nt), (a = 1,2, + +); 
221 


n 


and since the assertion is supposed to be true for n= 1, it follows that 
co « . 
Za(m)=y(1). 
mil . 


Since this means that (1) itself is true for n= and, since 1 is arbitrary, 
itis seen that it is sufficient to prove (1) for n = 1. 

Let j and & be two positive integers and let the equations (2) be summed 
over those values of the index n which are composed of the first 7 primes 
pı = 2, po=3,-- + with multiplicities not exceeding & (the value n=1 is 
included). This gives 
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k k k k œ 
(+) > ne Se >, «(più de ti pi) — 5 I ie > 5 u(m)y(mp™ > ia pi). 
h 


hO hj=8 339 hj=0 m=i 


Since the vector y = (y(1),y(2),- - +) is supposed to be regular, and since 
(m) is a bounded function of m, the expression on the right of (4) is 
absolutely convergent. It can be rearranged into 


(5) 3 3 a(m/a)y(m), 


if the index of the interior summation is restricted to those divisors d of m 
which satisfy the following restrictions: 


(6) d = ph piu and 0 S hu S k, (t= 1,2,- -,)). 


If d runs through all divisors of m, then, by the definition of the 
Möbius function, the sum 


(7) pel d) 


is 1 or 0 according as m = 1 or m > 1. On the other hand, a(n) is (—-1)? 
or 0 according as n is the product of g distinct primes or is not square-free. 
Hence, it is easily verified that, if the summation index is restricted to those 
divisors d of m which are enumerated under (6), then the corresponding sum 
(7) is 

(8) u(m),  (—1)ip(m/P*3) or 0 


according as m is relatively prime to the product P = Pj == pı: > + p;,-the 
quotient m/P*" is an integer relatively prime to P or m is in neither of 
these cases; that is, according as 


(9) (m, P) =1, m==1P™ and (L P) =1 or ua 


where the asterisk denotes the negation of the first two cases of (9) and the 
three cases of (9) correspond to the respective cases of (8). 

It follows that, if d is restricted as in (6), then the double sum (5) 
is identical with 


(10) 3 pu(m)y(m) + 2 p(l)y QP). 
(in, P) =1 ` (1,P)=1 


Since the expression on the left of (4) is identical with the sum (5) 
restricted by (6), which is the expression (10). and since | #(l)| <1, it 
follows that the absolute value of the difference 

k 


k 
(11) 3 elpt > pl) — 3 a(m)y(m) 
nP) = 


h20 h}=0 
cannot exceed 


(12) x |y (iP) |. 
(i,P)=1 


-j> 
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Hence, (11) is majorized by 
cQ 
(13) l > 190); 
l 1=Pbti 

(13) being a majorant of (12). 

The indices k and 7, hence P = pı’ - - pj, had fixed values thus far. 
Now let k—> co, while 7 is fixed. Then (18), hence (11), tends to 0. In 
view of the regularity of the vector z, this result can be written in the form 


00 OO 
So Ba(pit + py) == X u(m)y(m). 
hy=0 hyd (m,P) =1 


Since (1) = 1 and | #(m)| Æ 1, this implies that 


(14) |S. ° -Sa(pys- > +p) —y(1)|S 3 | y(m)|. 
h20 hj=0 m=pj+1 


Finally, let j-> co. Then, since the vector y is supposed to be regular. 
the expression on the right of (14) tends to 0. On the other hand, since 
the vector x is supposed to be regular, it is clear that the difference, the 
absolute value of which occurs on the left of (14), tends to 


00 
b> a(m) —y(1), 


as 7-> co. Hence, the latter expression is 0. This proves that (1) is true 
for n == 1. 


5. In order to complete the proof of (11*), the truth of the following 
assertion remains to be verified: 


(ii bis) If x and Ex are regular vectors, then y = Ex is a solution y of 
the system My = x. 


In view of the definitions, (1) and (2), of E and M, the assertion (11 bis) 
can be formulated as follows: If 


oo CO DO 
(15) ><: and X | Zam] <, 
n=1 nzi =L 
then 
oO INI ’ : 
(16) Z a(n) Za(mni) = (1) 
nzl mz 
holds for 1 == 1,2,: >. Corresponding to the above reduction of the case 


on arbitrary n in (1) to the case n = 1 of (1), it is sufficient to show that 
(15) implies “a 


(19) 3 a(n) Z2(mn) — 2(1), 
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which is the case t = 1 of (16); in other words, that (17) holds when both 
e and Ex are regular. 

Instead of considering, as above, two independent indices, % and j, 
consider only one of them, j, and put again P = pi - -pje Then, in view of 
the first of the assumptions (15), 


1 


i CO 
(18) So Sept più) Sa(mps- - - pi) = Z a(m) 


hy=0 hj=0 m=1 (m,P)} =1 
is a “logical identity” (Sylvester), implied by the definition of the Mobius 
factor. If j-> co, then the convergence of the first of the series (15) implies 
that the sum on the right of (18) tends to (1). Hence, in order to prove 
(17), it is sufficient to show that the expression on the left of (18) tends to 
the expression on the left of (17), as /> œ. But this becomes clear from 
the second of the assumptions in (15) if it is observed that, on the one hand, 
(n) is a bounded function of n and, on the other hand, p(n) is 0 when n 
is not square-free. 
This completes the proof of both (ibis) and (ii*). 


6. In order to prove (i*), suppose that y is a given regular vector with 
reference to which the system Ex = y has at least one regular solution, v. ` 
It will be” shown that this « must then be the vector My. This will imply the 
first assertion of (1%). 

The claim is that (2) hold for every n. Corresponding to the above 
reductions of an arbitrary n to the case of n= 1, it is sufficient to show that 
(2) holds for n == 1. 

To this end, choose an dia integer 7, put P = P; = pit <P; 
multiply the n-th of the equations (1) by the factor p(n) and sum the result 
over those values of n which are divisors of P. This gives 


1 


1 
S.. -J p(p™: 3 -pj jy (ph - : + ppi) = N a(m). 


1y=0 hy=0 (a, P) =1 
The case n == 1 of (2) now follows in the same way as (ii bis) did, the last 
formula line playing the part of (18). 
In order to complete the proof of (i*), the truth of the following dual 
of (ii bis) remains to be verified: 
(ibis) Jf y and My are regular vectors, then a = My is a solution x 
of the system Ex = y. 


The proof of this fact can be omitted, since it differs from the proof 
of the first part of (ii*) only in obvious details. 
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DESARGUES’ AND PAPPUS’ GRAPHS AND THEIR GROUPS.* 
By I. N. Kaeno. 


= 


1. Introduction. The graph A consisting of the vertices A, B, C, D, E, 
F, G, H, L, J, and the ares AC, AD, AG, AH, Al, AJ, BD, BE, BF, BH, BI, 
BJ, CH, CF, CG, CI, CJ, DF, DG, DH, DJ, EP, EG, EH, EI, PG, FJ, GH, 
HI, IJ, is called Desargues’ Graph. The graph II consisting of the vertices 
A, B,C, D, E, F, G, H, I, and the arcs AD, AH, AF, AG, AH, AI, BD, BE, 
BF, BG, BH, BI, CD, CH, CF, CG, CH, CI, DG, DH, DI, EG, EH, EI, FG, 
FH, FI, is called Pappus’ graph. These graphs are defined by Sister Van 
Straten in an abstract of a paper to be published,* and she states the Theorems, 
(1) Desargues’ Graph is an irreducible non-toroidal graph; (2) Pappus 
Graph can be imbedded in a torus. The purpose of this note is to present 
i few additional properties of these graphs, and to derive their groups. . 

In a previous paper? we have defined the group & of a graph G as 
follows; Corresponding to any one-one continuous map of G into itself there 
is a substitution r on its vertices h, © *,@n. Corresponding to the group 
of all possible maps of G into itself there is a substitution group & on the 
letters a1,: + - . (n. © is called the group of G, and we say that G has the 
group &. In this paper we also defined the adjacency number I of a pair 
of vertices a, b of Œ as follows: If G contains the arc ab, then Drt = J, = 1, 
If G does not contain ab, then Jy" == Ie? == 


2. Desargues’ graph. 


THEOREM 1. Desargues’ Graph A cannot be imbedded in a projective 
plane, 





* Received November 12, 1946. / 

* Sister Petronia Van Straten, “ Toroidal and non-toroidal graphs,” Bulletin of the 
American Mathematical Society, vol. 52 (1946), p. 831, Abstract No. 345. She uses a 
numeral notation to designate the vertices instead of the notation we find it convenient 
to use here. The full paper is to appear in Reports of a Mathematical Colloquium 
{Notre Dame), No. 8. 

2“ Linear graphs of degree =6 and their groups,” American Journal of Mathe- 
matics, vol. 68 (1946), pp. 505-520. We shall refer to this paper as [L]. In this paper 
the author gave an example of a graph of Degree 7, with no vertex of degree < 3, 
having no non-identical substitution group. It is of interest to note that if the restric- 
tion on the degree of the vertices is removed it is possible to find a graph of fewer 
than seven vertices which has no non-identical substitution group. Namely, the graph 
consisting of the vertices a, d,c, d,e,f, and the ares ab, be, bd, ce, de, cf, ef, has this 
property. (We omit the proof, which can readily be supplied by the reader of [L].) 
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Proof. A contains as subgraph the graph A* consisting of the vertices 
A,: * +,d, and the arcs AC, AD, AI, AJ, CF, DF, CI, CJ, DH, HI, BD, BJ, 
lJ, BE, FH, EP. A* is homeomorphic with the irreducible non-projective- 
planar graph Giv-a-e discussed by the author in a previous paper.* Hence A 
is non-projective-planar. 


Definition. Let G be a connected graph of n vertices, having no simple 
loops. Let N be the complete #-point formed by joining each pair of non- 
adjacent vertices of G by an arc, and let G’ == N — the arcs of G. @ will 
be called the complement of G. 


THEOREM 2. The complement of Desargues Graph is Petersen’s Graph. 


Proof. The complement of A is the graph A’ consisting of the vertices 
of A and the arcs AB, AE, AF, BC, BG, CD, CH, DE, DI, EJ, FH, FI, GI, 
GJ, HJ. Let us replace the letters A,- --,J by unordered number couples 
as follows; A= (1,2), B= (4,5), C= (2,3), D= (1,5), E= (3,4), 
F = (3,5), G= (1,3), H = (1,4), [= (2,4), J = (2,5). Then it will 
be seen that A’ is precisely Petersen’s Graph.* 


Lemma. If G’ is the complement of G, then G and Œ have the same 
group. 

Proof. Let p,q be any pair of vertices. If J,2—1, (0), in G, then 
in G’, I =0, (=1). Now suppose r is any map of ( into itself. Since 7 
is arc preserving, Ig? = I i Now since in G’, IP and I dia each have the 
opposite value they have in G, Ig? = I7@) in G’ also. Consequently + maps 
G into itself.” Conversely any map of G’ into itself also maps G into itself. 
Hence G and G’ have the same groups. 


THEOREM 3. Desargues’ Graph has a group of degree ten and order 120, 
which is simply isomorphie with the symmetric group Gs; on five letters. 


Proof. By the lemma, A has the same group as its complement, Petersen’s 
Graph. But Petersen’s Graph has the group given in the Theorem.® 


3“ The mapping of graphs on surfaces,” Journal of Mathematics and Physics, vol. 
16 (1937), pp. 46-75; page 66 and plate I on page 62. Note that on page 66 the symbol 
for Giya- is misprinted. It should read Giya- = (B/0/P/PPrar PPags PP ag) 

tR. Frucht, “ Die Gruppe des Petersenschen Graphen . . ..° Commentarii Mathe- 
matici Helvetici, vol. 9 (1937), pp. 217-223. l 

5 [L], Theorem 1. 

© Frucht, loc. cit. The group of A can be obtained from ©, as follows; Replace the 
letters A,- - -, by the number couples as was done in the proof of Theorem 2. Every 
substitution of ©, on the numbers 1,- - - , 5 will determine a substitution on the dis- 
tinct number couples, that is, a substitution on the letters 4,---,J. ©, can be gene- 
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3. Pappus’ graph. 

THEOREM 4. Pappus’ Graph Il cannot be imbedded in a projective plane. 

Proof. I contains as subgraph the graph II* consisting of the vertices 
of II and the arcs AD, AF, AF, BD, BE, BF, CD, CE, CF, GD, GE, GF, 
HD, HE, HF. Y* is homeomorphic with the irreducible non-projective-planar 
graph Gia.’ Hence II is non-projective-planar. 


THEOREM 5. Pappus’ Graph has the group 


© = GE, X G X Gs X G@ = (ABC)all (DEP all (GHAI) all (ADG - BEH - CFI) 
of order 1296.* 


Proof. We note the following adjacency numbers for II 
[pA = Io? = Iot = 0, IpP=IF=IpP=0, [yo = D” = 1,9 = 0, 


and Jy? == 1 for any other pair of vertices of II 

A set of generators for © is [(ABC), (AB), (DEF), (DE), (GHI), 
(GH), (ADG)(BEH) (CFI), (AD)(BE)(CF)]. It can readily be seen 
that each of these substitutions maps II into itself. Hence II is mapped into 
itself by every substitution of ©. 

Suppose II is mapped into itself by a substitution 


ae Oi tn ese 
abcdefghi 

Case 1. r(A) is A, B, or C. Since [48 = 0, Iaf = 0, Ia = 1, (where 
e = Å, B, or Č; pÆ A, B, or C), r cannot carry Bor C into D, E, F, G, H, 
or J. That is, a, b, c is a permutation of A, B, C. The subgroup ©, of G 


)# 1. We shall show that ve @. 


contains a substitution e such that ot = (| b o) Let 


ABC}' 
e: mf EEC i) 
°C \AB0defghi}' 


(a) If dAG, H, or I, since Ip” = 0, Ial = 1, (where n= FE or F; 
q= G, H, or I; d= D, E, or F), « cannot carry E or F into G, H, or I. 
That is, d, e, f is a permutation of D, E, F. The subgroup E. of © contains 
def 


=\pa J and the subgroup @, contains a 


a substitution p such that p* 


rated by the substitutions (1234) and (15). These correspond to the substitutions 
(AHEC)(BFJD)(GI) and (AJ)(BH)(FG) respectively, which generate the group 
of A. 

7“The mapping of graphs .. .,” loc. cit., page 65 and plate I on page 62. 

*Where Œ, = {1, (ADG) (BEH) (CFI), (AGD) (BHE) (CIF), (AD) (BF) (CF), 
(AG) (BH) (CI), (DG) (EH) (FI})}. 
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ghi 
GHÌ]' 


substitution x such that p! -( Hence pipor =] and 


T == opp E SG. 
(b) If d=G, H, or I, since /p"=0, Ia” = 1, (where n= or F; 
T= D, 5E, or F;d=G,H, or I), « cannot carry £ or F into D, E, or F. That 
is, d, e, fis a permutation of G, H, I, and consequently g, h, è is a permutation 


of D, E, F. The subgroup ©, of & contains a substitution A, such 
that A, = ( de] ) and the subgroup ©, contains a substitution A» such 


GHI 
a [ghi aa, SABO DEF P _ 
that Ae (5h) Hence AA, a=(450 GHIDEF)* The sub 


group @, contains the substitution A, = (DG) (E) (FI). Hence As) A> 0 
no Aghi Ag ta 44 = 1, and T == OAcA Ag E ©. 

Case 2. r(A) is D, E, or F. Since I4*—0, L8= 1, (where k= B or 
C; a=D, E or F; s=A, B, C, G, H, or I), r cannot carry B or C into 
- A, B,C, G, Hor.I. That is, a, b, c is a permutation of D, E, F. The sub- 


group &. of © contains a substitution v such that v! = ( ah Let 

Buri (ABCO DEF peg i 
7 _ \DEF de f ghi] 

(a) If d= A, B, or O, since Ip'=0, Lif= 1, (where {= £ or F; 

. t= D, E, F,G,H,or I; d= A, B, or C), B cannot carry E or F into D, E, 

P,G,H,or I. That is d, e, fis a permutation of A, B,C. Now ©, contains 


a substitution ¢, such that 4," -( 251); and &s contains a substitution 


ABC ped © 
DEF ABC] © 


ps such that z? -( A ni) , and hence 2%¢,78 = ( 


contains a substitution ġa = (AD)(BE)(CF). Hence 
papz “pr B = pape oy = 1, and +t = vdidods € È. 

(b) If d==G, H, or I, since Ip? == 0, Ig*==1 (where v= E or F; 
u= A, B, C, D, E, or F; d= G, H, or I), B cannot carry. E or F into 
A, B,C, D, E, or F. That is, d, e, f is a permutation of G, H, I, and conse- 
quently g, h, t is a permutation of A, B,C. Now @s contains a substitution 6, 


such that 0,7 = + A , and ©, contains a substitution @, such that 


a (ghi ABC DEF GHI 


= mA LR mn : 
8, e and hence 0710,8 ey HT ama): Gs contains 


a substitution 6s such that 047 — (ADG) (BEH) (CFI). Hence 019,298 
serait 0,°762718, y+ =s 1 and T= vO;008. € &. 


Case 3. +(A) is Œ, H, or I. The proof is similar to that of Case 2. 


New YORK CITY. 
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THE ISOPERIMETRIC PROBLEM IN THE MINKOWSKI PLANE.* 


By HERBERT BUSEMANN. 


The slow progress in the theory of Finsler spaces as compared to 
Riemann spaces is partly due to lack of information regarding the corre- 
sponding local, that is the Minkowskian, geometry. Those Minkowskian 
features will contribute most to an understanding of Finsler spaces which 
are not merely verbal generalizations of known euclidean statements. The 
purpose of the present note was originally only to show that the isoperimetric 
problem (for any dimension) in Minkowski spaces leads to such a feature. 

. It turned out, however, that the plane problem can be solved in a general 
form—no longer significant for Finsler spaces—and then exhibits a phe- 
nomenon which is of interest for the theory of isoperimetric problems in the 
calculus of variations. The result seems to indicate that the standard methods 
may have followed too closely the pattern of the fixed endpoint problem. 
For that reason the plane case is here presented separately. 

The following are the results: let F(x,y) be continuous, positive for 
t,y=£ 0, and positive homogeneous of order 1. The problem, to find among 
all simple closed curves z(t), y(t) with a given orientation and a given 
Minkowski length L = f F(a, ġ)di one which bounds the greatest (euclidean) 
area, has a unique solution (up to translations) no matter whether the 
indicatriz C : (x,y) = 1 is convex or not. For non-convex C the solution 
is the same as for the boundary C of the convex closure of O as indicatrix 
and is homothetic to the polar rectprocal (figuratrix) of C with respect to 
the unit circle rotated through + 7/2. | 

For Finsler spaces only the case is of interest where C is convex and 
has the origin as center. Since Finsler or Minkowski area differs from the 
euclidean area by a constant factor, the solution of the Minkowskian isoperi- 
metric problem is the same as for the above problem. In intrinsic Minkow- 


‘ skian terms it may be described as the curve of length L for which as new 


* Received January 22, 1947. 

1 Since the euclidean geometry is a special Minkowskian geometry, every theorem 
on general Minkowskian spaces is a generalization of some euclidean fact.-—It has been 
stated that the so-called relative differential geometry is the differential geometry of 
Minkowski space. This is however not so. Relative length or area are noù Minkowski 
length or area. 
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unit circle (indicatrix) perpendicularity (transversality) is the reverse of 
perpendicularity with respect to O. It is in general not a Minkowski circle." 

The result for non-convex C suggests the question: what is the relation 
between the lengths defined by C and C as indicatrices respectively. An 
answer is given in the final section for general n-dimensional Finsler spaces 
to the effect that the corresponding Lebesgue lengths are equal. 


1. The form and the uniqueness of the solution for a convex indicatria 
C can be derived in a few lines from the Brunn-Minkowski Theory. If 
x—=rcosé, y=rsiné and F(cos 6,sin@) = p(@), then r=p"(0) is the 
equation of Č in polar coordinates. 

Let D be an analytic closed convex curve which contains the origin in 
its interior. If A(z,y) is the supporting function of D then h(@) 
== h(cos ĝ, sin @) is the distance of the origin from the tangent of D at the 
point g where the exterior normal of D has direction @. The radius of 
curvature of D at g is h(8) + h” (6) (see [1, p. 65]) so that the euclidean 
line element of D at q equals (h(0) -+ 2”(0))d0. Therefore the Minkowski 
length L(D) of D is 


(1) L(D) = f (A(O) + (8) )p(8-+ de/2)d0 


where ô= 1 (= — 1) if the orientation of D is positive (negative). From 
now on we fix the orientation of D and give è the corresponding value. 

If C is convex then F(x,y) is convex, hence H(z, y) = rp(0 + dr/2) 
is convex and therefore the supporting function of a certain convex curve K. 
Then L(D) is by (1) twice the mixed area A(D,K) of D and K (see [4, 
p. 2451), 


(2) L(D)=24(D,K). 


Both L(D) and A(D,K) do not change. when D or K undergo translations 
([1, p. 40]) and depend continuously on D. Since every convex curve can 
be approximated by analytic convex curves ([1, section 27]), the relation 


(2) holds for any convex curve D. The Theorem of Brunn-Minkowski yields 
([1, p. 97]) that 


(3) A°(D, K) = A(D)A(K), 


? This fact was first noticed by S. Ulam who found, and communicated to the 
author, that the solution for F(@,y) = max (|#|,|y|) is |e] -+ |y |= const. In 
this connection it is of interest that the Minkowski circle is the solution of the problem 
to find among all curves with a given Minkowski diameter one which bounds the 
greatest area, compare [2, section 2]. 
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where A(D) and A(X) are the areas bounded by D and K respectively, and 
the equality sign holds only when D and K are homothetic. The relations 
(2) and (3) yield the isoperimetric inequality 


(4) L?(D)/A(D) = 4A(K). 


If D is a general simple closed curve with the given orientation, then 
L(D) is to be defined by the Weierstrass sum. If D is not rectifiable in 
the euclidean sense, then L(D) = co. If D is rectifiable and suitably para- 
metrized (for instance by the arc length) then the Weierstrass sum coincides 
with the Lebesgue integral f F'(z,y)dt along D (see [5, p. 51]). If C is 
convex the euclidean straight lines are shortest connections. Hence, if D 
is not convex the boundary of the convex closure of D has by the usual 
arguments at most the length of D and bounds a greater area, so that (4) 
holds for any simple closed curve with the given orientation, and the equality 
still holds only for D homothetic to K. 

It is well known that the curve Æ with the supporting function F(z, y) 
(the so called figuratrix of F) originates from C by a polar reciprocity with 
respect to the euclidean unit circle (see [4, pp. 146, 147]). Then K is 
obtained from Æ by a rotation through — 37/2 about O. 


2. This way of generating K leads to the property of K which permits 
the discussion of non-convex indicatrices. Call tangent of K a supporting 
line of K which is at the same time a right hand or left hand tangent of K 
at one of its common points with K. Then (if C is convex) 


(5) No tangent of K is parallel to a radius of C from O to an interior 
point of a (euclidean) segment ab which lies on C. 


For the polars of the different points of ab with respect to s? + y7 =1 
pass through one point p and are supporting lines of K at p. Hence a 
supporting line S, of X which.corresponds to an interior point x of ab cannot 
be a tangent of K. After rotation of K through — 62/2 this fact becomes (5). 

Let now C be not convex and call F'(z,y) the positive, positive homo- 
geneous function of degree 1 for which F(x,y) =1 is the boundary Č of 
the convex closure of C. Then F(a,y) = F(x,y) and if E(D) denotes the 
length of D measured by F, 


(6) L(D) <L(D). 


If K denotes the curve originating from C by a polar reciprocity in 
a? + y? = 1 and rotation through — 67/2, then by (4) and (6) 


i ` 
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L(D)/A(D) = L?(D)/A(D) È 44 (E) 


and the equality signs can hold only if D is homothetic to K and L(D) 
= L(D). The last relation holds always for D homothetic to K. 

For if u(t), v(t) represents K with the euclidean are length ¢ as para- 
meter, then u and v exist except for an at most countable number of #s and 


L(D) = f F(u,o)dt,  L(D) = f F(a, ò)di. 


If F(z, y) > F(x,y), then the ray from O to (z,y) intersects C in a point 
where C has no supporting line, and therefore C in an interior point of a 
segment ab which is part of C. The statement (5) shows now that 
F(u,v) =F(4,6) for any t for which ù and è exist, which proves 
L(D) = (D). The following has been proved 


THEOREM 1. Let F(x,y) be continuous, positive for x,y0 and 
positive homogeneous of degree 1. If r=p*(0) is the polar equation of 
the boundary Č of the convex closure of F(x,y) =1, then for any simple 
closed curve D 


27 
(7) I*(D)/A(D) = 2 ( (3°(0) —#*(8)) 9 
where L(D) is length in terms of F and A(D) is the euclidean area. 


The equality sign holds for positively (negatively) traversed D only if 
D is homthetic to the polar reciprocal K of C with respect to x? + y? = 1 
 rotated about O through — x/2(7/2). 


The right side of (7) equals 44 (JC) by a known integral representation 
of area in terms of the supporting function, see [1, p. 66]. It is true that 
this reference states the formula only for analytic curves, but its validity — 
for general convex curves follows from the fact that if the analytic convex 
` curves r==pv4(6) tend to r= p(0), then their derivatives o’ tend auto- 
matically to p’, see [1, p. 35]. 


3. Area is defined only for symmetric Finsler spaces [see 2, section 2]. 
Therefore, as far as Minkowski geometry is concerned, Theorem 1 is inter-. 
esting only when C is convex and has O as center (F(z, y) =F(—z,— y)). 
In that case the (non-oriented euclidean straight) line g is said to be perpen- 
dicular to the line h (or h transversal to g) for the Minkowski geometry with 
unit circle C, in a formula: g Lo h, if the parallel to A through O intersects C 
in those points where Ç has supporting lines parallel to h. This terminology ` 
is due to the fact that the intersection of g and h minimizes the Minkowski 
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Cistance of a given point on g from a variable point on h. If K is defined 
as before, then the statements 


(8) g Loh and h Lg g are equivalent 


This may be scen as follows: If p is a point of C and A is a supporting line 
of C at p let the euclidean normal to A from the origin O intersect A at f and 
K at p. By the definition of Æ the line Op must intersect a supporting 
line Å of Æ at Pata right angle. Denote the intersection by f. It p, f, È, 
are transformed into pi, fi, A. after rotation through — 7/2 about O, then 
Op is parallel to hy and Op, is parallel to h. This means: if Ôp == g is an 
arbitrary radius of C and h is a supporting line of C at p then the supporting 
line A, of K parallel to g contains a point p, for which gı == Op, bs parallel 
to h, which is equivalent to (8). | 

Minkowski area (measure) is the euclidean area (Lebesgue measure) 
multiplied by # and divided by the euclidean area A(C). Hence, if M(D) 
denotes the Minkowski area bounded by D, then 


M(D) =2rA4(D)/ f oae, 


where r == p" (0) is the polar equation of C. The relation (7) yields then 
the Minkowskian Isoperimetric Inequality 


277 2r 
(9) L*(D)/M(D) == { (@*—p)d0 ( pae, 


and the equality sign holds only for the curves K which satisfy (8). 

The right side of (9) is a Minkowski invariant, hence jt does not 
change if the z,y undergo a non-degenerate affine transformation. 

or the theory of Finsler spaces it is interesting to find out in which 
eases the Minkowski circles solve the isoperimetric problem. By (8) ihe 
symmetry of the relation glef is necessary and sufficient. The analytic 
equivalent to this statement is that the supporting function 2(@) of C must 
be proportional to p(0+/2). The factor of proportionality is easily. 
evaluated by expressing A(C) first in terms of the radius vector and ther 
in terms of the supporting function of C. It is then found that 


(10) A(O) = f aog Lf CO) — (8) a0} pCO + 7/2) 


All curves with a continuous non-vanishing curvature (the Legendre 
condition of the caleulus of variations) which satisfy (10) have been 
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determined by Radon in [6]. But there are other curves with this property, 
for instance the regular n-gons with n == 2 mod 4.* 

To have examples for the preceding theory it is useful to construct K- 
for any convex polygon C, not necessarily with O as center. Since the convex 
closure of any polygon is again bounded by a polygon, this construction will 
yield K for arbitrary polygonal C. To obtain the counterclockwise solution 
corresponding to C let Pi, pa, > |, pa be the vertices in counterclockwise order 
(see figure). Orient the radii 





of C from pi to O. Then K is the polygon 4,’ `, gn such that the oriented 
side qs-1gs is parallel to p:0 and0g; is parallel to Pipis (subscripts are to be. 
reduced mod n if necessary). In the figure the polygon X is also the solution 
for the polygon C’ = (pipepspp.) which has C as boundary of its couvex 
closure. If ab denotes also the euclidean distance of the points a,b and fi 
the angle p;.Op:, the following formula determines the lengths of the sides 
of K: 


(11) L(K) _ tht-+h Opi! sin Bai — On sin (Bi + Bist) + Opis! sin ĝi 
2A (K) sin 8; sin Bis , i 


This relation can be obtained through solving the isoperimetric problem 
for the polygon Pi © `°, Pa directly by means of elementary calculus and 
trigonometry. (11) contains the inequality (3), including the discussion 
f the equality sign, and yields thus a new elementary proof for the Brunn- 
Minkowski inequality for polygons. By a limit process the mequality for 
general convex curves is obtained, but the “only if” part in the condition 
for the equality sign is lost. For a regular n-gon (11) yields 


red 


* While this paper was in print a geometrie construction for all curves O with 
symmetric |e was given by M. M. Day in: “Some characterizations of inner-product 
spaces,” Transactions of the American Mathematical Society, vol. 62 (1947), pp. 320- 
337. The author seems to be unaware of the earlier work of Radon, ilelly, and 
Blaschke on symmetrie transversality. 
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E?(D)/M(D) = rn? sin? (r/n) 
which hecomes for n— © the ordinary isoperimetric inequality. 


4. The discussion in Section 2 leads to the question: what js for 
arbitrary D the relation between E(D) and E(D). This question will be 
answered completely in the present section for general n-dimensional Fiusler 
spaces because it throws some light on the implications of the Lebesgue 
type of definition of length and area. 

Let F(x’ + .2n3 25,0") ==F(e,a) be defined and continuous 
for all contravariant vectors (,«) of an n-dimensional manifold of class 1, 
positive for 040, and positive homogeneous of order 1 in the «i. The 
Lebesgue F-length of a continuous curve #(#) is defined as 


Az (e(0)) => inf [lim int [ F(a,(t), dv(#)) dl] 


for all sequences {xy(t)} of curves of class D’ which tend to w(t) in the 
sense of Fréchet. 

With #(a,«) we associate a quasiregular integrand F (u,a) as follows. 
For fixed x (in a definite coordinate neighborhood) let Ce be the boundary 
of the convex closure of the indicatrix F(s, a) = 1 in a-space. Then P(r. 2) 
is the integrand whose indicatrix (in the same z-system) is Cy. The relation 
between Z(D) and £(D) is then determined by the following general theorem, 


THEOREM 2. For any continuous curve x(t) 
L L 
ag (a(t) = Ape). 


eo 2 L l E RE. 
Since F is quasiregular the ordinary /’-length dle) ) of a curve” coincides 


L 
with the Lebesgue length A ple), so that Theorem 2 may also be formu- 
lated as 


THrorEM 2’. For any continuous curve x(t) 


vp (a(t) =A plet). 





‘ For further details see [3]. The following considerations follow closely Section 3 
of that paper. The present Theorem 2 is a generalization of Theorem 1, [3, p. 184]. 

This means again the limit of the Weierstrass sum 5 F(a(t,), a(t, a — 2(t;) ) 
which for absolutely continuous @(¢) coincides with the Lebesgue integral f F(a, a) dt. 
The F-length A» is defined correspondingly. Regarding these questions compare [5, 


p. 51]. 
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Proof. Since F(2,@) SF (a,a) and A » is lower semicontinuous it 


follows that for a suitable sequence of curves y(t) of class D’ which tend to € 


er 


L Cod su 
À ple) == lim A pla) = lim inf d alr) = ple). 


_ Since apis lower semicontinuous it suffices to prove À p) = vy (2) for 
-z which are of class D’. For then with a suitable sequence of curves of 
- class D’ which tend to z i i 


(z) =li Saia 
à pla) lim A pile ) = lim inf À alt) = A p(T). 


Since both lengths are additive it is also sufficient to consider a curve x(t), 
acts b, of class C’ which lies entirely in one coordinate neighborhood. 
If ‘the norm of the partition [t] =>[h=@4<{t<t:<::<<ina=b] 
tends to 0 


LF (a (ti), T (tis) «e v(t) ) —> A (2). 


| The direction of æ is called*quasiregular for F(x, a) if P(x, «) possesses 
at its point of the form da, 8>0, a supporting plane. The relation 
P(x,a) = F(z,«) holds if and only if œ is quasiregular. If @ is not quasi- 
regular choose è > 0 such that 8a lies on F(z, a) =1. Then m,2Sm<n,. 


regular directions 8,,: * <,8m exist such that 
(12) > WA 850, =l 
For F(a, a) = 1 is,connected, hence n points £u  -, Bn on F(c,a)=1 


exist such 1 that the (n -—1)-simplex spanned by @1,:-°-,8n contains de 
` (see [1, p. 9]). If 8 is not in the interior of the simplex choose the notation 
so that the (m—1)-simplex spanned by f:,-°-,8m contains Sa in its 
interior. ‘There is a hyperplane through 3e which is simultaneously “a sup- 7 
porting plane P of F(a,a) =1 and #(x,a) 1 (see [1, p. 6]). Then P- “ 
cannot separate any two of the points £8;,: + +, Bn and must therefore contain i 
all the points Bı,” ‘©, Bm, so that all these points.are regular. This proves 
(12). “a 
Applying this result to a = æ (tin) — z (ti) yields relations of the form 


dy == DI 8458), . dij > 0. 
F 


Because F' is homogeneous and the simplex spanned by Ba’ >, Bim, lies by 
construction on F(x, a) = 1, 


4 
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Pelli), ca) = X F (a(t), du Bu) = E F (e(t), Yii Yir) 
j k 


Is l 
whore ya is the point g(t) + 2 bui. Since all the Bix are quasiregulin 

jai 

Pelli) yi — yin) = E (2 (ti), Yir Yi). 
if p(') is the euclidean polygon with vertices 
f 

ya s(a), Yor” © o Yom = a(t), Yrs > °° > Yim, = a(t»). Uva FF x(b) 
ther f F(p, p)dt will, for sufficiently small norm of [é! differ arbitrarily 
utile from 


SDL (a4), ya — ye) = BP (e(t), tla) — 2(..)). 
è k 


Hence, as the norm of [4] tends to 0. the curve p(t) ten: to Glicine 


sense of Fréchet and 


SP(p.p)dt> f F(a, 2)di 


tin si E 
whiel proves the theorem, because digi?) Slim f F(p, p)at. 


tu”! 


A consequence of Theorem 2, which is contained in the results of |, 
and which can be generalized to planes as minimal surfaces in Minkowsk’ 
spaces is this: 

For any integrand F(a) in a- Minkowski space the straight lines are 
shortest connections of their endpoints for Lebesgue F’-length. 

This is true since they are shortest connections for F-length. 


UNIVERSITY OF SOUTHERN CALIFORNIA. 
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CORRECTIONS. 
By 1. N. Kaono. 


$a 


The author wishes to make the following corrections to his paper 
“ Linear Graphs of Degree = 6 and their Groups,” this Journal, vol. LXVIII, 
ne. 305-520, 


Page 607. line 28 should read 
“Suppose that / pr i» 
Page 514, line 14 should read’ 
H, == [ab, ad, ae, af, be, be, bf, cd, ce, cf, de, df]. 
Page cl4, Theorem 3.4 should read 
| E, has the group s: == (abcdef) 4s: 
Page 520, Theorem D.12 should read 
Gan == has the graph H, (Theorem 3. 4). 
Pege 520, delete lines 20 and 21. 
Page 520, line 10 should read 
The group $1» has the graph H,. (Theorem 3. 3). 
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